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-4-3 7. 

1. The slope of the line is m = — - = — -. Using the point-slope form of the equation of a line, we have 

2 ( 1) 3 

y - 3 = -| (x + 1), or y = -^x + |. 

2. Putting the given equation in slope-intercept form, we have 2x + 3y = 6 => 3y = — 2x + 6 => y = — ^x + 2. Then 

1 1 3 

raj — - 2 



the slope of the required line is = ^ — Using the point-slope form of the equation of a line, we have 



y + 2 = \ (x - 3) <=> y = |jc - ^. 
3. We first find the equation of the line passing through A (—1, 4) and B (1, 1). Using the point-slope form of an equation of a 



line with 



ith slope m — r~^rn — — § an d the point 5 (1, 1), we have y — 1 = — j (x — 1), or y = — jx + j. If C (3, —4) 
satisfies this equation, it lies on the line. We find that — j (3) + ^ = —2 ^ —4, so C does not lie on the line. 

^ Q ^ 

4. Using the points (4, 0) and (0, 6), we find that the slope of the line is m = = — . Using the slope-intercept form of 

0 4" — 



3 



3 



the equation of a line, we have y = — ^jc + 6. 



5. Find the intersection: « 



4x - 5y = 1 
2x + 3y = -5 



4x - 5y = 



Multiply the second equation by 2: (— ) 4x + 6y = 



1 

-10 



-lly = 



11 



y = — 1 => 4.x; — 5 (— 1) = 1 4x = —4 =^> x = — 1. So (—1, —1) is the point of intersection. 

Since 3x + 4y = 6, we find that 4y = — 3x + 6, and y = — + j. Since the required line is parallel to this line, its slope 
is — |. Using the point-slope form of the equation of a line, we have y + 1 = — | (jc + 1), or y = — jj* — ^- 



| 0.1 Li 



nes 



4 - (-2) 
1. m — — ■ — 6 



3. m = 



2- 1 
1.4-3.6 -2.2 



3.2-1.2 



= -1.1 



5. a. m\ > 0, i7i2 > 0, m 3 = 0, m 4 < 0 
b. L4, L3, L2, Li 



7. 5 = 



a — 3 
-4-1 



—25 = a — 3, so a — —22 



2. m — 



4. m = 



3 - (-2) 
(-l)-(-4) 

V3-(-3) 



(-3) - (-3) 
undefined. 



5 
3 



The denominator is 0, so the slope is 



6. L 1 : (—3, 1) and (0, 4), so m \ — 



4-1 



L2'. (1, 2) and (3, 1), so n%2 = 



8 



0 - (-3) 

1 -2 _ 1 
3- 1 ~ ~2 
2- 1 

L3: (6, 1) and (5, 2), so — - — - = — 1. 

5 — 6 

3-a 

—3 = => 33 = 3 — a, so a — —30. 

-9-2 



= 1 



1 
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9. m = tan 45° = 1 



_ V3 



11. m = tan 30° = 



13. m — tan ? = V3" 

15. 0 = tan" 1 (-1) = 135 



O 



17. 0 = tan 



19. 6 = tan 



= 60 



1 (-*) - 



o 



150 



o 



21. 



(l,2):m = 3 = T 



(2, 5) 



(1, 2) 



1- 



0 




H h 



H 1 1 1 — ^ 



(-1,-2): m 




1 = - 




y* 




1 1 1 1 \ 


l. 


— i — i — > 




*o 


1 -v 




i" 




(-l,-2> 




-1 



-1 

r 



(0, -3). 



25. m\ — 



Tll 2 = 



-10 -(-2) 
-3-1 



= 2 



-1 - 1 

Since mj = m 2 , these two lines are parallel. 

2-5 __1 
~ ~~2 



27. mi = 



m 2 = 



4 - (-2) 
6 - (-2) 



= 2 



10. m = tan 135° = -1 



12. m = tan ^ = 1 
14. m = tan ?f = -V3 



16. 0 = tan 



'0) 



26.6 



18. 0 = tan" 1 (10) % 84.3 
20. 0 = tan" 1 (20)% 87.1 

22. (2,3): m = -2 = ~ 2 



O 



o 



o 



1 




24. (-2,3): m = 4= y 















(- 2 ,3»/_j : 








l. 

1 1 1 




0 


I 1 "-3 

1 , 



26. 



-2-6 
m i = — — , undefined 



4-4 
8-5 



m 2 = 



, undefined 



-i-(-i) 

These two lines are vertical lines, so they are parallel 



28. m\ — 



3-(-l) 

Since m \ ■ m,2 — — 1, these two lines are perpendicular. 



m 2 



4 - (-2) _ 3 

3 - (-1) " " 
-2 - (-6) 



9 



2 
3 



3-9 

Since mi • m 2 — —1, these two lines are perpendicular. 



-I -a (a + 2) -6 -1-a a- A 
29. m i = — — and m 2 — - — - — . The two lines are parallel if and only if m i = m 2 , so — 



3 - (-1) ~ -5-3 

2 + 2a = a — 4, or a = —6. 

a - 4 -4-8 
30. mi = — - and m 2 — 



-8 



3- (a + 4) 



. The two lines are perpendicular if and only if mi • m2 = —1, so 



1 - (-2) 

a -4 -12 = _ L (_! _ a) (fl -4) (-4) = _i ( _ 1 _^^_4^_ 4) = i +fl ^_ 4fl + 16= i +fl 



3 -1 -a 
or a = 3. 



-1-a 



15 = 5a, 
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k-3 . ... k-3 
31. m i — — -, m,2 = 3. Two lines are perpendicular if and only if m\ • 1112 — —1, so — -3 = — 1. 



-5 - 1 



-6 



(-2) 



k-3 
-2 



= - 1 (-2) => A; - 3 = 2, or & = 5. 



2 -(-8) 5 4-2 2 -8 -4 _ nm 

32 ' = 23^2) = 2' m ^ = -3^2 = Z5- m CA= - 2 -(-3) = ~ 12 ' Since m 



m _ 5 2 _ i 

AB m BC ~ 1 ' =5 - _1 ' 



side AB and side 5C are perpendicular. This proves that triangle A ABC is a right triangle. 

/_l + 3 l + QA 

33. Midpoint M I — - — , — - — I = (1,5). The slope of the line passing through (—1, 1) and (3, 9) is m\ — 



9-1 



3-(-l) 



= 2; 



the slope of the line passing through (3, 4) and (1, 5) is mi — - — - = — -. Since m\ • = 2 ■ ^— ^ = —1, the line 

passing through (3, 4) and (1, 5) is perpendicular to the line segment. 
7-1 13-7 

= 2, m-TTTT = 



34 m AB = ! _ ( _ 2) 



# c — - — — = 2. ^-^-g = m Yc i m P nes mat me nne AB and the line Z?C are parallel. Since the 



lines have the same slope and common point B, the points A, B, and C lie on the same line. 
35. Since m-r-a — —X ^ —\ ^ m-nr, the line AB is not parallel to the line BC, so the points A, B, and C do not lie on the 



AB 
same line. 



36. — 3 v = 1 2 — 2x 



2 



y = f*-4 

m = I, b = -4 



37. 4y = 3jc + 8 

y = f* + 2 

m = |,6 = 2 



38. y = -4 

ra = 0, b = -4 



y = -jx + 4 

ra = -4, £ = 4 



42. 4* - 8 = 7y 

4 8 4 

y — jx — 7, so m = j 



tan 



'(0 



30°, so 0% 30°. 



44. V3y = 5 - 



x 



V3 V3 



tan 



1 = -3O°,so0 = 150°. 



39. £y = -Ax + C 

A C 

A a c 

m — , b = — 

B B 

41. V2x-4 = v / 3y 



V2 r _ J_ _ V6 

V3 X V3 



4V3 



y — k x k — 3 x 3 



43. V3x + 4 = y 



m 



= V3, tan" 1 = 60°, so 0 = 



60 



O 



45. y = 8- x 

m = -1, tan" 1 (-1) = -45°, so 0 = 135 



o 



46. X = 7T 



48. y - 3 = 0 (x + 3) 

y = 3 



47. y + 3 = 2(x-4) 
y=2x-\\ 

8-4 
49. ra = = 4 

3-2 

y - 4 = 4 (jc - 2) 
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50. m — 



-4 - (-2) 



3-(-l) 
y + 2 = -\{x + \) 

52. y = -2x + 3 



1 

2 



28-5 

51. m = — — — . Since m is undefined, the equation is that of 
the vertical line passing through the two points, or x — 2. 



53. y — 3x — 5 



54. The slope of the line passing through (3, 0) and (0, —5) is 55. 3y = —2x + 12, m — — | 



m — 



-5-0 
0-3 



^ 2 

= -. The y-intercept is —5, so y = jx — 5. y + 5 = — 3 (x — 3) 



56. The slope of the line with equation y = — 3* — 5 is 
mi = —3, so the slope of the required line is 

m2 — — ^ = \ and its equation is y = ^x + 7. 

6-2 1 

58. mi = — — — 1 and mi — = — 1, so 

3-(-l) mi 

y + 4 = — l(x — 3), or y = —x — 1 . 



y = -3* - 3 

57. The slope of the line with equation y = 3x — 4 is m\ = 3, 
so the slope of the required line is m^ — — — — ^, and 

its equation is y + 4 = — ^ (x + 2), or y = — — 



59. m = 



tan -g- - — 
3 = ^ (x - 2) 



+ (3"¥) 



60. 3x — 8 = 4y, y = — 2, so mj = |. 6x — 10 = 8y, y — Jjc — |, so m2 = |. Since mj = m2, the two lines are parallel. 

61. Since x — 3 is the equation of a vertical line and y = 5 is that of a horizontal line, the two lines are perpendicular. 

62. 2x — 12 = 3y, y = |x — 4, so mi = |. 2y = 6 — 3x, y = — \x + 3, so m^ — — |. Since mi • n%2 — —1, these two lines 
are perpendicular. 

y x b b x y a a 

63. — = 1 , y = x + /?, so m 1 = . - — 1 = — , y = -i-a, so m2 = -. Since m \ • mi — —1, these two lines are 

baa a b a b b 



perpendicular. 



64. Multiplying the first equation by 2 and then adding the two equations gives 
Substituting x — 2 into the first equation gives y = 3. Intersection: (2, 3) 



2x — y — 1 
3x + 2y = 12 



lx = 14 <^> x = 2 



65. Adding these equations gives 



x -3y = -1 
4x + 3y = 11 



5x = 10 ^> x = 2. Substituting x = 2 into the first equation gives 



— 3y = —3 => y = 1. Intersection: (2, 1) 



66. a. Using the distance formula, we find that ^(4 - l) 2 + (7 - 3) 2 = V3 2 + 4 2 = V25 = 5. 



i 2 + 4 2 = V25 = 5. 

c. Using the distance formula, we find that ^/(4 - (-1)) 2 + (9 - 3) 2 = y/5 2 + 6 2 = V25 + 36 = VoT. 

d. Using the distance formula, we find that ^(10 - (-2)) 2 + (6 - l) 2 = V 12 2 + 5 2 = V144 + 25 = Vl69 =13. 

67. a. The equation of the circle with radius 5 and center (2, —3) is given by (x — 2) 2 + [y — (—3)] 2 = 5 2 , or 

(x - 2) 2 + (y + 3) 2 = 25. 

b. The distance between the center of the circle and the point (2, 3) on the circumference of the circle is given by 

d = yj(2 — 0) 2 + (3 — 0) 2 = +J\3. Therefore r — VT3 and the equation of the circle centered at the origin and passing 
through (2, 3) is x 2 + y 2 = 13. 
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c. The distance between the points (5, 2) and (2, -3) is given by d = yj(5 - 2) 2 + (2 - (-3)) 2 = y/3 2 + 5 2 = -v/34. 

Therefore r = V34 and the equation of the circle passing through (5, 2) and (2, —3) is (x — 2) 2 + [y — (—3)] 2 = 34, or 
(*-2) 2 + (y + 3) 2 = 34. 

d. The equation of the circle with center (—a, a) and radius 2a is given by [x — (—a)] 2 + (y — a) 2 = (2a) 2 , or 
(x + a) 2 + (y - a) 2 = 4a 2 . 

a\ 

68. The slope of the line with equation a\x + b\y + c\ — 0 is m\ — and that of the equation a2X + b 2 y + C2 = 0 is 

h 

a2 a\ a2 

mo = — — . These two lines are parallel if and only if mi — m?. So — — = — — , or a\bo — aobu and a\bo — aob\ — 0. 
b 2 b\ b 2 

69. The slope of the line passing through (a, 0) and (0, b) is m = ^ — - — —-. Using the point-slope form of the equation of a 

0 — a a 

b b b x y 

line, we have y — 0 = (x — a), or y = x + b. So -x + y = b, or — I — = 1. 

a a a a b 

x y 

70. By the result of Exercise 69, an equation of the line with ^-intercept 2 and y-intercept 5 is — I — = 1. 

— ^ 

x y 

71. By the result of Exercise 69, an equation of the line passing through (—4, 0) and (0, —1) is — - H = 1. 



-4 -1 



/-1 + 3 l + 9\ 2-5 3 o 

72. M I , — - — J — (1, 5). The slope is m — — —-. An equation of the line is y — 5 = — | (x — 1), 

, , _ 3 r . 23 

73. Since y = 2x + 3, the slope of the given line is 2. The line perpendicular to this line passing through (5, 3) has 



or 



slope — ^ and equation given by y — 3 = — ^ (x — 5), or x + 2y = 11. Solving the equations 



2x — y = — 3 
x + 2y = 11 



simultaneously, we find that the point of intersection is (1,5). Thus, the distance between (5, 3) and (1,5) is 



d = 7(1 - 5) 2 + (5 - 3) 2 = 716 + 4 = 2^5. 



74. 




3V7 9-0 



7 



0-a 



<=> -3^7 a = 63 <^ a = 



63 



-3>/7 



= -3V7 



L = J(o + 3Vt) +(9-0) 2 = V63 + 81 = 12ft 



75. 



1000 ft 




tan ^ = 



1000 
6000 



6 — arctan 



9.5 



o 



6000 ft 



76. 




1000 1000 
— — = tan^ = 0.22, d = — — % 4545 ft 
1000 ft d 0.22 



d 



77. The coordinates of the points O, A, B, C, and D in the figure are O (0, 0), A (3.5, 0), B (9.5, 0), C (6, 3), and D (1.75, 3) 



3-0 



12 



12 



a. m-TTTY = = — . y = 4^jc, 0 < x < 1.75. 

OD 1.75-0 7 ' 7 



b ' m ^ = 3^L75 



12 



12 



12 



-y. y -0 = --y (jc - 3.5) ory = -if-x + 6, 1.75 < x < 3.5. 



3-0 

c. m—= - — — = 1.2. y - 0 = 1.2 (x - 3.5) or y = 1.2* -4.2, 3.5 < x < 6. 



AC 



6-3.5 
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d. m-FTP? — 



0-3 



BC 9.5-6 



6 
7 



= --. y - 0 = -f (x - 9.5) or y = -^jt + ZJ-, 6 < jc < 9.5. 



78. a. 




20- 
10- 



(0, 32) 



b. m = | indicates that for each one degree increase in °C, there is an 
increase or | F. 

c. The F-intercept is 32. It represents the temperature in Fahrenheit 
degrees that corresponds to 0°C. 



t 1 1 r 



1 2 3 4 5 C 



79. a. 



80- 



60- 



40- 



20 



y (% of total capacity) 

(1, 72.0287) 
(0, 70.082) 



b. The slope is 1.9467, and the y-intercept is 70.082. 

c. At the beginning of 1990, the plants' output was 70.082% of their 
total capacity, and their output was increasing (as a proportion of their 
total capacity) by 1.9467% per year. 



d. 100 = 1.9467? + 70.082 ^ t 
the year 2005. 



15.37 (years), or sometime during 



0 



1 



t (years) 



80. a. y = 0.0765.x 

b. The social security contribution will be increased by 7. 65c per each additional wage dollar. 

c. y = 0.0765 (75,000) = $5735.50 



81. a. W = 3.51 (80) - 192 = 88.8 (British tons) 



b. 



A W (tons) 



200- 
150- 
100- 



50- 



0 



:-//- 



60 70 80 90 100 L(ft) 



82. Using the points (0, 0.68) and (10, 0.80), we see that the slope of the required line is m = 



0.80-0.68 0.12 



= 0.012. 



10-0 10 

Using the point-slope form of the equation of a line, we have y — 0.68 = 0.012 (t — 0), or y = 0.012? + 0.68. If t = 14, we 
have y = 0.012 (14) + 0.68 = 0.848, or 84.8%. 

83. Suppose the line L passes through the point P\ (x\ , y\) and let Q (x, y) be an arbitrary point on the same line. Then these 

y-yi 



two points uniquely determine a line with slope m = 



, where x ^ x\. Then y — y\ = m (x — x\). Therefore, if a 



x — X\ 

point (x, y) satisfies this equation, it lies on the line L passing through the point P\ (x\ ,y\). 

84. Refer to the figure. By Equation 6, m = tan <j>. If 90° < <f> < 180°, the slope of L 
is negative, that is, Ay = yi — y\ < 0 and Ax = X2 — x\ > 0. Therefore, 

yi - y\ 



x 2 - x\ 



A y f , y 

- — = m — tan cp = — . 

Ax x 
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86. True. Since Ax + By + C = 0, we have m = . Similarly, ax + Z?y + c = 0 = 

A <2 

parallel, = and A/? = aB, or Ab — aB — 0. 

87. True. Since m\ ■ mi — — 1 and m\ > 0, it follows that < 0. 

88. True. Since ax + by + c\ = 0, we have m\ = ——. Similarly, bx — ay + q = 
mj • m2 = ( — ^) * — — 1' an d these two lines are perpendicular. 



a 



m — . Since the two lines are 

b 



0 => rri2 — — . Therefore, 

a 



0.2 Self-Check Diagnostic Test 

1. /(-4) = V 3 F4) = 2,/(0) = V0 + 1 = 1,/(9) = V9 + 1=4 



2. 



f(x + h)-f (jc) + *0 2 + 2 (* + /z)] - (x 2 + 2*) 



x 2 + 2xh + h 2 + 2x + 2h-x 2 -2x 2xh + h 2 + 2/i 



= 2* + h + 2 



ft h 

3. We require that 2x + 1 > 0, or * > — ^, and x 2 -\- x — 2 — (x + 2) (x — 1) ^ 0. Thus, the domain of / (*) is 

[4,l)u(l,oo). 

4. The domain is (— oo, oo). The range is [—1, oo). 




5. / (-*) = 



2 (-x) 3 - (-jc) -2.x 3 + x - ( 2 * 3 " *) 



(-*) 2 + 1 



x 2 + \ 



x 2 +\ 



= —f(x). Therefore, / is an odd function. 




1. / (0) = 3 (0) + 4 = 4, / (-4) = 3 (-4) + 4 = -8, / (a) = 3a + 4, / (-a) = 3 (-a) + 4 = -3a + 4, 

/ (a + 1) = 3 (a + l) + 4 = 3a + 7, / (2a) = 3 (2a) + 4 = 6a + 4, / (^5) = 3y^+4, f(x+l) = 3(x+ l) + 4 = 3x + 7 

2. / (-V2) = -2V2 - 1, / (* + 1) = 2 (f + 1) - 1 = It + 1, / (2t - 1) = 2 (2* - 1) - 1 = At - 3, 
/(|)=2(|)-l = *-l,/(fl + A) = 2(fl + A)-l = 2fl + 2*-l 

2 2 

3. g (-2) = - (-2) 2 + 2 (-2) = -8, g (V5) = - + 2V 7 ! = 2V3 - 3, g (a 2 ) = - (a 2 ) + 2fl 2 = -a 4 + 2a 2 , 
g (a + h) = - (a + h) 2 + 2 (a + A) = -a 2 - 2a/! - rc 2 + 2a + 2h, — i— = 



* (3) - (3) 2 + 2 (3) 3 



V2^T 



V(* + 1) - 1 



7 (2.x - 1) - 1 V2jc-2 
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3 

/ (-1) = 2 (-1) 3 -(-!) = -!,/ (0) = 0, / (a- 2 ) = 2 (jc 2 ) -x 2 = 2jc 6 -jc 2 , f (VI) = 2 (0f) 3 - V* = Ixjx-Jx, 



\JC/ \JC/ * jc j JC 



V* + /* 



V4 2 

/(4) = ^2^7 = 17- /(* + *) = - (JC + W 2 +1 " x 2 + 2 ^ + / ,2 + 1 ' 



\fx zr h ^x + 2h 

9 f(x + 2h) = 



f ^ k) (jc - /*) 2 + 1 x 2 - 2x/z + /z 2 + 1' 7 vv ' (jc + 2h) 2 + 1 

/ (-2) = (-2) 2 + 1 = 5, / (0) = 0 2 + 1 = 1, / (1) = VI = 1 

-2 



V* + 2h 



x 2 + 4xh + 4h 2 + 1 



8. / (-2) = 



-2+1 



= 2,/(-l) = 1 + V=T + T= l,/(0) = l + V0TT=2 



/ (x) = jc , so : = — = x + 1. 



a- 1 



x — 1 



10 



/ (1 + h) - f (1) _ [ 2 0 + + *] - ( 2 * 12 + *) _ 2 + 4ft + 2/z 2 + 1 - 3 _ h (4 + 2h) 



h 



h 



h 



h 



= 2/i + 4 



11 



f(x + h)-f (jc) [(* + *)"(* + ^) 2 ] - (* - * 2 ) 



12. 



f(a + h)-f(a) 



h 



h 

x + h — x 2 — 2xh — h 2 — x + x 2 _ h — 2xh — h 2 

h ~ h 

x/a + h — «Ja (y/a + h - «Ja) [\fa + h + +fa) 



= 1 — 2x — h 



h 

a + h — a 



h (y/a + h + y/aj 
1 



/z (y/a + h + V^) \la + h + 



13. a. 3 = l 2 -2 - l + £, so& = 4. 



b. 0= |-1 - 1| +k, sole = -2. 



14. Given / (1) = a + b = 1 and / (2) = a (2) 3 +b = 15, we establish a system of equations 



1 = a + b 
\5 = %a + b 



Subtracting 



the second equation from the first gives — 14 = —la => a — 2. Substituting a — 2 into the first equation gives b = — 1. 

15. / (x) is not defined at 0, so the domain of / is (-co, 0) U (0, oo). 

16. / (x) is not defined at 1, so the domain of / is (— oo, 1) U (1, oo). 



t+ 1 



— — ■ is defined for t ^ — j and t ^ 1, so the domain is (— oo, — ^ U (— l) U (1, oo). 



18. h (jc) = V2x + 3 is defined for 2x + 3 > 0, or jc > — ^, so the domain is [~ — §> °°)- 

19. / (a) = yj9 — x 2 is defined for 9 — x 2 > 0, or — 3 < x < 3, so the domain is [—3, 3]. 

20. F (x) = \/x 2 — 2x — 3 is defined for x 2 — 2x — 3 = (x — 3) (x + 1) > 0, so the domain is (— oo, — 1] U [3, oo). 

21. / (x) = \/x — 2 + y/4 — x is defined for x — 2 > 0 and 4 — x>0<=»x>2 and ^ < 4, so the domain is [2, 4]. 



22. / (x) = 



x 2 — x — 6 



is defined for x — 1 > 0 and (x — 3) (x + 2) 7^ 0; that is, for x > ^ 3, and x ^ —2, so the 



domain of / is [1, 3) U (3, 00). 



23. / (J) = 



V* + 2+ V2^ 



— ^ 



is defined if < 



x + 2 > 0 
2 — jc > 0 <=> 
x 3 -x^0 



x > -2 

x < 2 

jc (jc + 1) (jc - 1) # 0 



<=> 



-2 < jc < 2 
jc ^ -1,0, 1 



So the domain of / is [-2, -1) U (-1, 0) U (0, 1) U (1, 2]. 
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24. / is defined for all values of x, so the domain is (— oo, oo). 

x 3 + 1 . 



25. / (x) = 



x 



is defined for x/O, and — 1 = (x + 1) (x — 1) > 0. So the domain of / is (— oo, — 1) U (1, oo) 



26. / (x) = 



1 



is defined for \x\ — x > 0; that is, for x > x or x < —x. Only the second inequality has a solution, so 



■s/\x\ — X 

2x < 0, or x < 0. Therefore, the domain of / is (— oo, 0). 

27. Refer to the given graph. 

a. / (0) = -2 

b. i. x = 2 
u. x = 1 

c. The domain of / (x) is [0, 6]. 

d. The range of / (x) is [—2, 6]. 



28. Refer to the given graph, 
a. /(7) = 3 



b. x = 4 and x = 6 



c (2,0);0 

d. The domain of / (x) is [—1,9], and the range of 
f(x) is [-2, 6]. 



29. Since / (3) = 



3+1 



30. Since / (3) = 



|-3 + l| 

(-3) 3 + 2 



+ 2 = 3, P (3, 3) lies on the graph of the function. 



2 1 / i \ 

— — 7^— — , P [— 3,— 35 J does not lie on the graph of the function 



31. / (x) = -2x + 1 



32. / O) =1*2 + 1 




The domain is (— oo, oo) and the range is (— oo, oo) 




33. g (x) = V* — 1 is defined for x — 1 > 0, 

3>4 



The domain is (— oo, oo) and the range is [1, oo) 



34. f(x) = \x\ - 1 



o 



y = g(x) 



H h 



H 1— >• 









\. 1 

1 — 1 — 1 — 1 1 — 




/y = m 




— i — jr i 

. A 


— \ \ 1 \—i 

* 


-r 







The domain is [1, oo) and the range is [0, oo). 



The domain is (— oo, oo) and the range is [—1, oo) 
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35. h (jc) = \l x 2 — 1 is defined for jc 2 — 1 > 0, that is, 
— oo < x < — 1 or 1 < jc < oo. 



36. / (0 = 



t - 1 
t- 1 



is defined for f ^ 1 



\ 










y = h(x) 


\ 1 

1 1 1 






-1 0 


1 


— 1 1 * 

J 



1 



H 1 h 



-1 



H 1 1 h 



1 



H h 



The domain is (— oo, — 1] U [1, oo) and the range is [0, oo). 



The domain is (— oo, — 1) U (1, oo) and the range is 
{-1,1}. 



37. / (jc) = 



-x + 1 if x < 1 
x 2 - 1 if x > 1 



38. / (J) = 



—x — 1 if * < — 1 
0 if — 1 < x < 1 

x + 1 if * > 1 




The domain is (— oo, oo) and the range is [0, oo). 




-l l 

The domain is (— oo, oo) and the range is [0, oo) 



39. No 



40. Yes 



41. No 



42. No 



43. The Horizontal Line Test is applied to the graph of a function of y . Since no horizontal line intersects the curve at more than 
one point, the graph does represent a function of y. 

44. Since there are horizontal lines that intersect the curve at more than one point, the graph is not the graph of a function of y. 



45. Even 



49. / (— x) = 1 — 2 (— x) 2 = 1 — 2x z = f (x). Therefore, / is an even function. 



46. Odd 



2 



47. Odd 



48. Neither 



50. / (-x) = 



(-x) 



x 



i- x y + 1 



2 + i 



x 



= —f(x). Therefore, / is an odd function. 



51. / (-x) = 2 (-x) 3 - 3 (-jc) + 1 = -2x 3 + 3x + 1 = - (2x 3 - 3x - l). Since / (-jc) # / (jc) and / (-*) # -/ (x), f 
is neither an even nor an odd function. 

52. / (-*) = 2 (-x) 1 / 3 - 3 (-x) 2 = -2x x l 3 - 3x 2 = - (ix 1 / 3 + 3x 2 ^. Since / (-jc) # / (x) and / (-x) # -/ (x), f i 

neither an even nor an odd function. 

I— jc| + 1 1*1 + 1 



is 



53. / (x) = 



(-jc) 4 - 2 ( — jc) 2 + 3 jc 4 - 2jc 2 + 3 



= / (jc). Thus, / is an even function. 
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54. / (-X) = yj(-x) 2 + (-X) + 1 - yj (-X) 2 - (-X) + 1 = y/x 2 - X + 1 - y/ X 2 + X + 1 

= - (V* 2 + * + 1 - V-* 2 - X + l) = -/ (jc) 
Thus, / is an odd function. 



55. a. 




/ is an even function. 



b. 




/ is an odd function. 



56. a. Since / is defined at 0, the condition 

/(-*) = -fix) => f(0) = -/(0) => /(0) = 0, 
Thus, / cannot be an odd function. 

b. 




-2 -1 0 



2 x 



f is an even function. 



57. The Jacksons had their first stop from 9:00 to 9:15 A.M., and their second stop from 12:00 to 1:00 P.M. Otherwise, they 
traveled at constant rates between stops. 



58. a. The graph of D = f (?) 



M ( miles ) 



3267 • 




taking off 



(6,3267) 
landing 



b. The graph of A = g (t) 



g(t) (feet) 



35,000- 



t (hours) 




cruising 




t (hours) 



59. 



P=f(t) 



100% - 




Normal level of oxygen content 



t (days) 
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0.59-0.61 

60. a. The slope of the straight line passing through (0, 0.61) and (10, 0.59) is m = — — — - — = —0.002, and an equation of 

the line passing through the two points is y = —0.002? + 0.61. Similarly, an equation of the line passing through 

0.60 - 0.59 

(10, 0.59) and (20, 0.60) with slope m = = 0.001 is y = 0.001? + 0.58; an equation of the line passing 

20 1 0 

0.66 - 0.60 

through (20, 0.60) and (30, 0.66) with slope m = — — — — — = 0.006 is y = 0.006? + 0.48; an equation of the line 

0.78 - 0.66 

passing through (30, 0.66) and (40.0, 0.78) with slope m = — ^ — = 0.012 is y = 0.012? + 0.30. Therefore, the 



rule for / is / (?) = 



-0.002? + 0.61 
0.001? + 0.58 
0.006? + 0.48 
0.012? + 0.3 



40-30 
ifO < ? < 10 
if 10 < ? < 20 
if 20 < ? < 30 



if 30 < ? < 40 

b. The gender gap was expanding between 1960 and 1970 and shrinking between 1970 and 2000. 

c. 1960 to 1970: Expanded by the rate of 0.002 per year. 
1970 to 1980: Shrunk by the rate of 0.001 per year. 
1980 to 1990: Shrunk by the rate of 0.006 per year. 
1990 to 2000: Shrunk by the rate of 0.012 per year. 

61. At age 65: P (0) = 4.9623%. At age 90: P (25) = 0.0726 (25) 2 + 0.7902 (25) + 4.9623 = 70.0923% 

62. The amount spent in 2004 was S (0) = 5.6, or $5.6 billion. The amount spent in 2008 was 

S (4) = -0.03 (4) 3 + 0.2 (4) 2 + 0.23 (4) + 5.6 = 7.8, or $7.8 billion. 

63. a. The average daily rate from 2001 through 2003 was c. m (dollars) ♦ 

$82.95. 95 + 



b. 



Year 


2004 


2005 


2006 


Rate ($) 


85.65 


90.25 


96.75 



90 



85 



80 



75 



0 



H >■ 



1 2 3 4 5 6 t (years) 



64. a. The domain of / is (0, 13]. 



b. 



A f(x) (postage in cents) 



/(*) = 



1.13 


ifO 


< x < 1 


1.30 


if 1 


< x < 2 


1.47 


if 2 


< x < 3 


1.64 


if 3 


< x < 4 


1.81 


if 4 


< x < 5 


1.98 


if 5 


< x < 6 


2.15 


if 6 


< x < 1 


2.32 


if 7 


< x < 8 


2.49 


if 8 


< x < 9 


2.66 


if 9 


< x < 10 


2.83 


if 10 < x < 11 


3.00 


if 11 <x < 12 


3.17 


if 12 < x < 13 



300 



200 - 



100 



0 



T 

5 



10 



x(oz) 
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65. a. In 1989: / (0) 
In 1992: / (3) 



130 tons/day. 
100 tons/day. 



In 1996: / (7) = 1.25 (7) 2 - 26.25 (7) + 162.5 

= 40 tons/day. 



b. 



/(/)A (tons/day) 



66. a. At the beginning of 1900, / (0) = 22.9 years old. 
At the beginning of 1950, 

/ (5) = -0.7 (5) 2 + 7.2 (5) + 1 1.5 = 30 years old. 

At the beginning of 1990, 

/ (9) = 2.6 (9) + 9.4 = 32.8 years old. 




b. 



a f(t) (years) 



40- 



123456789 10 t (years) 




3 

(1930) 



7 

(1970) 



10 Kyears) 
(2000) 



_ T t /(*) + / (-*) A h ( \ fW-f TU ( ^ / (-*) + / (*) /(*) + / (-X) 

67. Let g (x) — and h (x) — . Then g (—x) — — = g (x), 



and g is an even function. Also, h (—x) = 
Finally 



/ (-x) -f(x) f (x) - f (-x) 



= —h(x), and h is an odd function. 



f(x) = g(x)+h(x) = fv+J^ + f(x) - f( - x) 



2 2 

and this shows that / can be written as the sum of an even function and an odd function. 

68. Define g (x) = fl^fc* 2 * + a 2k-2 x2k ~ 2 H 1" a 2 x2 + a 0 an( l h (x) = «2A:+l-^ 2 ^ +1 + a 2k-\ x2k ~ l H 1" a 3 x?> +a\x. If 

the degree of / is even, then let n — 2k. If the degree of / is odd, then let n — 2k + 1. Thus, / (x) — g (x) + h (x). 

Since g (—x) = a2k (—x) 2k + £*2£-2 ( — x ) 2k ~ 2 + • • • + «2 ( — x ) 2 + a 0 = 8 ( x ) i s an even function and 

h (—x) = a2k+i (— x) 2k+{ + ci2k-\ (— x) 2k ~ l H h «3 (— x) 3 + a\x — —h (x) is an odd function, / (x) can be written 

as the sum of an even function and an odd function. 



69. True. This follows from the definition of a function. 

2. 



70. False. Consider the example / (x) = x L \ f (2) = 4 and / (-2) = 4, but -2 # 2. 

71. False. Consider the example / (x) = ^x: f (9 + 16) = V9+ 16 = V25 = 5 # V9 + Vl6 

72. True. For example, consider the graph of y = x. 



=3+4=7 



0.3 Self-Ch 





1. sec 6 — — — ^. Let r — 5 and x — 3, then v = y/5 2 — 3 2 = 4. Therefore 



tan ^ = - = - 



r 

y 

X 





2. / (-jc) = 



sin (2 (-jc)) 



— sin 2x 



1 + [cos (-x)] 2 + 1 Vl+cos 2 x + 1 



= — / (x). So / is an odd function 
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cosx cosx — sin * 

cotx — 1 _ sm ^ sinx _ cosx _ CQix 

1 - tanx j _ sinx cos x - sin * sin* 



cosx 



sinx 



4. a 2 - x 2 = a 2 - (a sin 0) 2 = a 2 (l - sin 2 6>) = a 2 cos 2 0 

5. cos 0 - 2 sin 2 0+1=0^ cos 0-2^1- cos 2 0^ + 1 = 0 <^ cos 0 - 2 + 2 cos 2 0 + 1 = 0 ^> 

2 cos 2 0 + cos 0- 1 = 0^ (2 cos 0 - l)(cos0+ 1) = 0 <^=> cos 0 = \ or cos 0 = -1 o 0 = f , 
7r, and 







77. 


/ 7T \ 




\ V 








1. 


150 ' 180 - 6 


2. 


210.^ = 


7tt 

6 


3. 


330- 180 - 


llTT 

6 


4. 


405 'lS) = T 


5. 




6. 


-225 • -t|q 


- 4 


7. 


~ 75 * m = 


5tt 
■ ~ TT 


8. 


- 495 - tSj = - 1 t l 


9. 


n . 180 = 6Q o 


10. 


3tt 180 _ 

4 7T 


135° 


11. 


5tt 180 _ 

6 7T 


150° 


12. 


^ . 180 = 405 o 


13. 


. JJ2 = _90° 


14. 


llTT 180 
6 TT 


= -330° 


15. 


13tt 180 

4 7T 


= -585° 


16. 


Utt . 180 _ 660 o 

3 7T 


17. 


sinf = ^,cosf = 


^,tanf 


= V3 




18. 


sin(-f) = 


-^,cos( 


:-f) = 


^,csc(-f) =-v / 2 



= -2 



19. cos ?f = -I, tan ^ = -v% sec ^ 
21. sin 7r = 0, tan 7r = 0, esc 7r is undefined. 

23. esc ^ = 2, sec ^ = cot ^ = - 73 



20. sin 



5tt 1 



= \,cot^- = -V3, C! 



2 



6 

22. cos = 0, cot (-^r) = 0, esc (-^f) 

24. sin (-1^) = ^, tan (-1^) = V3, cot (-1^) = 



CSC 



5tt 



6 
CSC 



= 2 



3tt\ _ 



v/3 



25. 



sin0 = | = Let y = 3 and r = 5, so x = -^5 2 - 3 2 = -4. Thus, 
cos0 = — ^, tan 0 = — |, cot 6 — — |, sec 0 — — |, and csc0 = |. 



26. 




cot0 = — | = y. Let A" 
sin0= ^j3,cos0 = - 



= -5 and y = 3, so r = j(-5) 2 + 3 2 = V34. Thus, 
tan0 = sec 0 = and csc0 = ^ 



27. / (0) = 0, / (f ) = ^, / (- f ) = - / (3tt) = 0, / (a + f ) = sin (a + f ) = cos a 

28. / (0) = 2 + VT^O = 3, / (1) = 2 + VT^T = 2, / (2) = 2 cos 2tt (2) = 2 

29. / (t) = Vsin r — 1 is defined if sin t — 1 > 0, or sin t > 1. Since sin t < 1, we must have sin t — 1, and so the domain of / 

consists of the numbers t — y + Inn, where n is an integer. 

x 

30. Note that 2 + sinx > 1, so / (x) = : — is defined for all x and its domain is (— oo, oo). 

2 + sin x 

31. a. / (— x) = 2 sin (— x) = — 2 sinx = — / (x). Thus, y = f (x) is an odd function. 

cos 2 (— x) 



b. / (-*) = - 



cos 2 * 



— X 



X 



= —f (x). Thus, y = f (x) is an odd function. 
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c. f (x) = — esc (— x) = — (— cscx) = — / (x). Thus, y = / (x) is an odd function. 

32. a. / (— x) = cot (— x) = — cot (x) = — / (*). Thus, y = / (x) is an odd function. 

(—x) x 

b. / (— x) — 2 sin — - — = —2 sin — = — / (x). Thus, y — f (x) is an odd function. 

c. / (— x) — 2 sec (— x) = 2 secx = / (x). Thus, y = / (x) is an even function. 



1 1 — cos 2 1 
33. sec t — cos t = cos f = 



cosr 



cos? 



sin^ r 
cos? 



= tan t • sin ? 



34. 2 esc 2m = 



1 



1 



sin2w 2 sin u cos w sinw cosw 



= esc u • sec u 



siny cosy . . 

35. 1 = sin y • sin y + cos y • cos y = 1 

esc y sec y 

36. sin* (esc* — sinx) = sin* ( — sin* | = 1 — sin 2 * — 

\ sin x J 



= cos^ X 



sin A sin B sin A cos B + sin 5 cos A sin (A + 5) 
37. tan A + tan B = h 



cos A cos 2? 



38. 



cos 6 tan 0 + sin 0 
tan0 



COS0 • 



sin0 

COS0 



cos A • cos B 



+ sin<9 2sin0cos0 



cos A • cos B 



39. esc t — sin r = 



1 



sin? 



— sin ? = 



sin0 

COS0 

1 — sin 2 1 cos 2 1 



sin 6 



— 2 cos 6 



smt 



smt 



= cot r • cos r 



40. sin 3? = sin (2t + t) = sin 2? cos t + cos 2? sin t 

= 2 sin ? cos 2 r + (l — 2 sin 2 tj sin ? 

= 2 sin r (l — sin 2 t^j + sin ? — 2 sin 3 t 

— 2 sin t — 2 sin 3 t + sin t — 2 sin 3 £ = 3 sin t — 4 sin 3 t 

41. 2 sin 3 0 cos 0 + 2 sin 0 cos 3 0 = 2 sin 0 cos 0 (sin 2 0 + cos 2 6>) = sin 20 



42. 



1 — cos t 
sin? 



1 - cos 2 (£) 1 " [l " 2 sin 2 (£)] 2 sin 2 (£) 



sin2(^) 



2sin(i)cos(^) 2 sin (£) - cos (£) 



M = tan (l) 



43. The domain is (— oo, oo) and the range is [—2, 2] 

h(6) A 



44. The domain is (— oo, oo) and the range is [0, 1] 
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45. A = 1, P = 2tt 



46. A = 1, P = 2tt 



y \ 






1 

1 1 1 




3tt 


-77 0 






-1 








47. A = 1, P = 2tv 



48. A = I, P = 2tt 





49. A = 1, P = 2tt 



50. A = 1, P = 2tt 





51. j = 2sin[2(;c + f )], so A = 2 and P = 



2tt _ ^ 



52. j = cos [2 (jc + £)], so A = 1 and P = 



2tt 




1 









\ 77 




— 77 

1 — 1 — 1 — 1 — 1 — 1 — | — 1 — 1 — H 


1 1 1 1 


\ 2 






77 








8 


\ 8 / 






-1 





777 

8 



2tt 

53. y — 2 sin* cos* = sin2x, so A = 1 and P = — = tx 

2 



54. j = cos 2 x — sin z x = cos 2x, so A = 1 and 



2 v _ 
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55. A — 2,P — 




56. A = 3, P = 




57. A = 3, P = = 7T 



58. y = -3 sin [tt 0 + 1)1, so A = |-3| = 3, P = 2jL = 2. 




3- 




-3 




H > 



1 



59. sin 2.x = 1 



v _ 7T 57T 

T' "4" 




60. tan20 = -l 



•->/) _ 37T 77T ll7T 157T 

w - T» T' T' I - 



Z) _ 37T 77T 117T 157T 

* - ~g~' ~8~' ~8~' ~8~ 




61. cos ? + 



+ 3 = 0 



cos 



2 ? + 3 cos ? + 2 



cos? 

(cos? + 2) (cos? + 1) 
cos? 

COS? 7^ 0. So ? = 7T. 



cos? 



= 0 



= 0. Thus, cos ? = — 1 and 



62 



sec x — 1 = 0 => 



. ^sec 2 x — 1 j — 

(secx — 2) (secx + 1) = 0. Thus, secx = 2 or 
sec* — — 1. So solutions are x = y, ^ = 7r, and x = 



5tt 
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63. cos x (cos x — sin x) = 0 => cos x = 0 or cos x = sin * 
cos* = 0 or tanx = 1. So x = ^, |, 



64. ^1 + cot 2 xj — cotx — 1 = 0 => cot 2 x — cot* = 0 = 
cot* (cot* — 1) = 0. Thus cot* = 0 or cot* = 1, so 




7T 7T 57T 37T 

T' 2 ' 4 ' ~2~* 




65. (2cosx — 1) (cos* — 1) = 0 => cosx = ^ or cos* = 1, 66. sin2x sin* = 0 => 2 sinx cosx sinx = 0 => cosx = 0 or 



so x — 0, ^ , . 



sinx — 0, so x — 0, |, 7r, 



3tt 




67. 




sin 20° = 



10,000 



d 



10,000 



sin 20 



o 



10,000 ft 



68. 




/ = 



x — 



d 



10,000 



200 200 • sin 20° 
1000 

1191.75 ft 



146.2 s & 2.4 min. 



1000 ft 



tan 40° 
1000 



1000 



* + y = 



tan 30° V3/3 
y « 1732.05 - 1191.75 = 540.3 ft 



1732.05 ft 



X 



y 



Thus, her speed was approximately 



540.3 
60 



9 ft/s. 



69. True, because cos (x) = cos (— x). 

70. True, because / (— x) = sin (— x) cos (— x) = — sinx cosx = —fix). 

71. True, cos (x + 7r) = cos x cos n — sin x sin 7r = — cos x. 

72. True, cos (x + ^) = (cosx) - (sinx) (^p) = ^ ( COSJC ~~ sin *)- 0n tne other hand, 
— sin (x — ^) = — (sinx cos ^ — cosx sin ^) = — sinx — ^ cosx^ — ^ (cosx — sinx). 



73. False. Since y = / (x) = cscx = — — and / (— x) — — 



1 



sinx 



= —f{x), the graph is not symmetric with 



sinx sin(— x) 

respect to the y-axis. Also, see Figure 13d in the text. 

74. False, y — f (x) = sin 2 x is an even function because / (— x) = [sin (— x)] 2 = (— sinx) 2 = sin 2 x — f (x). 
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!• (/ + g) ( x ) — 2 X H " — • I ts domain is (—00, — 1) U (— 1, 00). 

x + 1 

(/ — g) (x) — 2x — . Its domain is (—00, — 1) U (— 1, 00). 

x + 1 

2x 

(fg) (x) = -. Its domain is (—00, — 1) U (—1, 00). 

x + 1 

(jt) = 2x (x + 1) = 2x 2 + 2jc. Its domain is (-00, -1) U (-1, 00). 

2. (g o /) (jc) = g [/ (jc)] = - . Its domain is [-1, 00). 

10 0 10 > — ~ 10 

3. h (jc) = g [./' 0)1 = , Then / (jc) = 3x 2 + 1 and g (jc) = -=, or / (jc) = V 3x 2 + 1 and g (jc) = — 

y/3x 2 + 1 V* * 



4. g (jc) = 3/ (jc - 2) - 5 = 3V^2 - 5 

5. Letw = jc+1, sojc = u-l. Then / (jc + 1) = / (w) = 2 (w - l) 2 +5 (m - l)+2 = 2w 2 -4w+2+5w-5 + 2 = 2w 2 + w-l 
Therefore, / (jc) = 2jc 2 + jc - 1. 




1. a. (/ + g) (jc) = jc 2 + 3jc — 1, domain: (—00, 00) 

b. (/ — g) (jc) — — jc 2 + 3jc + 1, domain: (—00, 00) 

c. (fg) (x) — 3jc 3 — 3jc, domain: (—00, 00) 

d. I - ) (jc) = , domain: (-00, -1) U (-1, 1) U (1, 00) 
\gj 

2. a. (/ + g) (jc) = jc 2 + *Jx + 2, domain: [0, 00) 
b. (/ — g) (jc) = jc 2 — y/x, domain: [0, 00) 

c (fg) (x) = jc 5 / 2 + jc 2 + jc 1 / 2 + 1, domain: [0, 00) 

/ f \ jc 2 + 1 

d. ( — I (jc) = — — , domain: [0, 00) 

\gj V^+l 

3. a. (/ + g) (jc) = *Jx + 1 4- y/x — 1, domain: [1, 00) 



b. (/ — g) (jc) = y/x + 1 — s/x — 1, domain: [1, 00) 

c * (fg) ( x ) — V* + 1 ' <Jx — 1 = y/x 2 — 1, domain: [1, 00) 

d. ( — \ (jc) = ^ % * , domain: (1, 00) 
Vg/ V* - 1 

1 jc jc — 1 + jc 2 + jc jc 2 + 2jc — 1 
4. a. (/ + g) (*) = — — + = = = = — , domain: (-00, -1) U (-1, 1) U (1, 00) 

X + 1 x - 1 JC Z - 1 JC Z - 1 

b. (/ - g) (x) = — — = 2— = \ - 7 = ~ , domain: (-00, -1) U (-1, 1) U (1, 00) 

x+l x—l x l — 1 jc z — 1 1 — JC 

c (/g) 0) = — — = -~ -, domain: (-00, -1) U (-1, 1) U (1, 00) 

x+l jc — 1 jc — 1 
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1 



1 



x - 1 



x - 1 



X + 1 x x (x + 1) 



, domain: (-oo, -1) U (-1, 0) U (0, 1) U (1, oo) 



x- 1 

5. if o g) (x) = f[g (jc)] = (2x + 3) 2 = 4x 2 + 12jc + 9, domain: (-oo, oo). g o / = g [f (jc)] = 2x 2 + 3, domain: 
(— oo, oo). 

6- (/ ° g) (x) = f[g (jc)] — Vl — x 2 , domain: [— 1, 1]. g o / = g [/ (*)] = 1 — (V*) 2 = 1 — domain: [0, oo). 



7. (/o*)(*) = /[*(*)] = 



1 



*+ 1 jc + 1 



1 i 

* ~ 1 , domain: (-oo, -1) U (-1, 1) U (1, oo). g o / = g [f (x)] = ± 1 + * 



x-l 

domain: (-oo, 0) U (0, 1) U (1, oo). 



- - 1 

x 



1-jc' 



8. (/ o g) (x) = f[g (x)] = + 1 = y^j, domain: (-oo, 0] U (1, oo). 



(gof)(x) = g[f(x)] = 



1 



1 



y/x + 1 + 1 V* + 1 + 1 



V* + l - l V* + i 

9. A (2) = g [f (2)] = 3 (#2* - l) +1 = 10 
10. h(2) = g [f (2)] = 2 sin + 3 cos (j^j = 



- l V^TT+ l 



, domain: [— 1 , 0) U (0, oo) 



11. a. (g o /) (x) = 



x 2 + 2x+ 1 if jc < 0 
jc 2 -2jc+ 1 if jc > 0 



b. (/ o g) (x) = 



jc 2 + 1 if x < 0 
x 2 - 1 if jc > 0 



y\ 




\ 3 




\ 2 




— i — i — i — i i — 


^^^^^ i — i— J 


-3 -2 -1 ■ 


12 3- 




12. / (x) is defined on the interval [0, 1]. 

a. h{x) — f (2x + 3) is defined for 0 < 2jc + 3 < 1, or — | < jc < — 1 and so its domain is ^— |, — lj. 

b. h(x) = f (2jc 2 ) is defined for 0 < 2jc 2 < 1, or < jc < and so its domain is [-^, 

13. a. feo/)(0) = g[/(0)]=g(2) = 2.2 2 + V2=8 + V2 

b. (g o /) (2) = g [f (2)] = g (4) = 2 • 4 2 + V? = 32 + 2 = 34 
c (/ o g) (4) = / [g (4)] = / (34) = 34 + 2 = 36 

d. teos)(l) = s[*(l)] = g(3) = 18 + V3 



2sinf 



14. a. g [/ (0)] = , (f ) = Tq ^ f 



= 2 



b. ^o/)(f)=g[/(f)]=g(0) = 



2 sin 0 
1 + cosO 



= 0 
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d. (/o/)(f)=/[/(f)] = / (0) = f -0 = f 
15. (/ogoA)W = /b»W]) = /[g (x 2 -l)] = /[2 (x 2 -l) + l] = /(2x 2 -l) W2*2-l 



16. (/ o g o h) (x) = f {g [h (x)]} = f[g (cosx)] = f(a -bcosx) = 



1 



a — b cos x 

\3/2 



17. If / (x) = 3x 2 + 4 and g CO = x 3 / 2 , then = g [f (x)] = (?>x 2 + 4^ . 

18. If / (x) = x 2 - 2x + 3 and g (x) = \x\, then h = g [f (x)] = |x 2 - 2x + 3 

19. If / (x) = y/x 2 -4 and g CO = -, or if / (x) = x 2 - 4 and g CO = then A = g [/ (x)] = —=L 

20. If / CO = V2x + 1 and g (x) = x + -, then /* (x) = g \f (x)] = ^2x + 1 + 1 

x V2x + 1 

21. If / (0 = t 2 and g (0 = sin?, then h (t) = g [f (t)] = sin (V 2 ). 

22. If / (0 = tan t and g (t) = —t—r, then h(t) = g \f 0)1 = 

l + 7 

23. a. If / (x) = ^/x, g (x) = 1 — x, and (*) = *Jx, then F {x) — f [g [h (x)]} = ^1 — ^/x. 
b. If / (x) = x 3 , g (x) = sinx, and h (x) = 2x + 3, then F (x) — f [g [h (x)]} = sin 3 (2x + 3). 



-4 



1 +coU 



1 



24. a. If / (x) = -, g (x) = x 3 , and h (x) = 2x 2 + x + 3, then F (x) = f {g [h (x)]} = 



1 



x - 1 



(2x 2 + x + 3) 



3* 



b. If / (x) = — — , g (x) = y/x, and h(x) = x + l, then F (x) = f {g [h (x)]} = — 

x + \ J 



* + l + l 

25. a. (/og)(l) = /[g(l)] = /(3)=4 b. (go/)(2) = g[/(2)]=g(2) = 5 c. / [g (2)] = / (5) = 1 



d. *[/(0)]=*(l) = 3 



e. / [/(2)] = /(2) = 2 



f. g[gd)]=g(?) = 6 



26. g [f (-2)] = g (2) = -1, g [f (-1)] = g(l) = -1.8, 
g [/ (0)] = g (2) = -1, g [f (1)] = g (3.5) = 2, 
*[/ (2)] = s(4) = 3,*[/(3)]=*(3)=l 




27. Curve 1 is the graph of y = / (x) + 1, and curve 2 is the graph of y = / (x) — 1. 

28. Curve 1 is the graph of y = / (x + 2), and curve 2 is the graph of y = f (x — 2). 

29. Curve 1 is the graph of y = f and curve 2 is the graph of y = / (2x). 

30. Curve 1 is the graph of y = / (— jc), curve 2 is the graph of y = 2/ (x), curve 3 is the graph of y = — / (x), and curve 4 is 
the graph of y = (—x). 



31. $ (*) = / (x) + 3 = x 3 + x + 2 



33. g CO = / (x + 3) = x + 3 + 



32. g CO = / CO - 2 = x + V* + 1 - 2 



1 



V* + 3 



35. g(*) = 3/(*) = 4v7 

x z + 1 



34. gC0 = /(x-4) = 



36. g{x) = \f{x) = 



sin (x — 4) 
1 + cos (x - 4) 

y/x^4 



37. §W = / [\x) = 



= | sin f 



38. g(jc) = / (3jc) = 5sinl2x 
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39. The function that shifts the graph horizontally 2 units to the right is g (x) = / (x — 2) = ^ A — (x — 2) 2 . The function that 

compresses this graph by a factor of 2 is h (x) = g (2.x) = ^4 — (2jc — 2) 2 , and finally, the function that shifts this graph 

vertically upward 1 unit is F (x) = h (x) + 1 = ^4 - (2x - 2) 2 + 1 = ^4 - 4* 2 + 8;t - 4 + 1 = y/Sx - 4x 2 + 1, the 
required function. 



40. The function that shifts the graph horizontally 1 unit to the left is g (x) = f (x + 1) = y/x + 1 + 1. The function 
that compresses this graph by a factor of 3 is h (x) = g (3x) = ^/3x + 1 + 1 . Finally, the required function is 
F (x) = h(x)-2 = V3x+ 1 + 1-2 = V3x + 1 - 1. 



41. a 



h h 




y = /(x) + l 





H 1 1 



-1 




y = 2f(x-l) + 2 



2f(x-l) 
f(x~l) 



f. 



y a 



v = /(x + 2) 



7 



\ 




-3 



\ 



\1 



H h 



1 



v = f(2x) 



/ 



I 1 1 1 1 ^- 




-1 



N 



y = M 



\ 



I 1 1 1 1 h 



i 



y = f(-x) 



y = fix) 




h. y * 

y = -2f(x+l) + 3 



y = f{x+l) 




v = f(x) 



-2 



H 1 *■ 

3 4 x 



y = -2f(x+ \) 
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42. a. 



y = m 



y = f(x-i) 




b. 



-2 




y = fix) 



c. 




y = \m 



4 > 

X 



3 4 



y = m 



d. 



2- 



* — ° — J 



H ^— 



-2 -1 



j = m 



/ \ 



\ 



■4 h 



\\ 3 4 



.v 



e. 




f. 



4- 



-1- 



-2- 



-3- 



f(x)\ + f(x) 




\ 



\ y 

\ 



=m 



y = -2f(-x) + \ >'* 

51 




y = ft-*) 



y = -2f(-x) 
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43. 





y [ 






\ A 

\ 






\ \ 






\ \ 2 


1 




\ \ 1- 

1 \ 1 h^*- 


^ 1 / 1 1 1 1-^- 


1 1- 

-3 


-2 \-l 


1/2 3 a- 




\ -1 " 











44. 



y [ 




\ 4 




\ 3 




\ 2 




y = *\ h 

1 1 1 1 1 


A J y= 

— 1 l^-l-^l 1 1 — >- 


-3 -2 -1 


1 2 3 a- 



45. 




46. 




= 2Jx 



47, 



3; = 2\x + 1 




48 



y = |2- 



y = 2\x+\\-l 




49, 




50 
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51 



v = sin x 




y = 2 sin j 



52. 



yj t 



-l 



\ V = COS X 




= Los(a-j) 



53. 



y = (x-l) 




54. 



y=\x 2 -2x-l\ 
' =|(a--1) 2 -2| 



/ y=(x-l) 2 -2 



55. a. First, sketch the graph of / (x) for x > 0, then 
reflect the graph about the y-axis. The graph of 
/ (\x\) includes both the left and right parts of the 
graph. 



;y = tan (-v+f) 





y — sin 



56. Let k = x + 1. Then x = k - 1 and / (x + 1) = / (k) = 2 (k - l) 2 + 7 (k - 1) + 4 = 2A: 2 + 3k - 1. Therefore, 
/ (x) = 2x 2 + 3x - 1. 

57. a. h — g ( f (x)) = g (x — 1) = 2x + 3. Let w = x — 1, then x = w + 1, and g (m) = 2 (w + 1) + 3 = 2w + 5. So 

g (x) = 2x + 5. 

b. h = g[f (x)] = 3f (x) + 4 = Ax - 8, so 3f (x) = Ax - 12 and / (x) = £x - 4. 



58. /z (x) = g [/ (x)] = = - — i_ = — — "|" ^ — - = - . Therefore, / (x) = 2x + 1. 



If (x) - 1 4x + 1 (Ax + 2) - 1 2 (2* + 1) - 1 



59. /? (x) = g[/ (jc)] = g (lx 2 + x \ = 6x 2 + 3x - 1 = 3 (2x 2 + x\ - 1, and g (x) 



= 3x - 1. 



60. a. h (x) = (g o /) (x) = g [/ (x)] 

b. h (x) = (g o /) (x) = g [f (x)] 
function. 

c. h (x) = (gof) (x) = g[f (x)] 

d. h (x) = (gof) (x) =g[f (x)] 
function. 



h (—x) = g [/ (— x)] = g [/ (x)] = /? (x). Therefore, h is an even function. 

h (-x) = g [/ (-x)] = g [-/ (x)] = g[f (x)] = /z (x). Therefore, h is an even 

h (— x) = g [/ (— x)] = g [/ (x)] — h (x). Therefore, h is an even function. 

h (— x) = g [/ (— x)] = g [— / (x)] = — g [/ (x)] — —h (x). Therefore, h is an odd 
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61. a. Since g is to be an even function, we define g{x) — f (—x) for x e [— 2tt, 0]. Thus, 



*oo = 



«J—x — sin* — 27T < x < 0 
+ sin x 0 < x < 27T 



b. Since /z is to be an odd function, we define h (x) = —f (—x) for x e [— 27T, 0]. Thus, 



/i(jc) = 



— V - * + snl -* — 27T < x < 0 
-v/* + sin x 0 < x < 2-7T 



62. a. g (— x) — f {—x) + / (— (—•*)) = / (— a:) + /(*) = £ so g is an even function, 
/z (— x) — f (—x) — f (— (— x)) = / (— x) — f (x) — —h (x), so h is an odd function. 

b. Put / (x) = ^ [/ (x) + / (— *)] + 2" [/ (x) — f (—*)]• The first function on the right is even and the second is odd. 

c. Using the result of part b, we have 



/ 0) = 77 7 + 7 

2 I x — 1 — x — 1 



1 r* + i -x + i 

2 x — 1 — x — 1 




x z + 2x + 1 + x 2 - 



*2- 



, 2 -2x+l\ 1/ 

> — h( 



x 2 + 2x + 1 - x 2 + 2x - 




+ 



2x 



x 2 -l x 2 -l 
The first term is even and the second is odd. 

63. a. D(t) = f (t) -g(t) = 0.33? 2 + 1.1?+ 16.9 for 0 < t < 4, so D (4) = 26.58. In 2007, there were 26.58 billion 
non-spam messages per day. 



b. P (0 = 



g(t) _ l.2\t 2 + 6t + 14.5 
7(0 ~ 1.54r 2 + 7.1f + 31.4 



for 0 < t < 4, so P (4) % 0.69. In 2007, 69% of all e-mail messages were spam. 



= 267 (tons) and g (t) = 2t 2 + 46t + 733 (tons), 0 < t < 13 
-- f (0 + 8 (0 = 2? 2 + 46t + 1000 (tons), 0 < t < 13 
c. /* (13) = 2 (13) 2 + 46 (13) + 1000 = 1936 (tons) 



64. a. / (0 
b. h (0 



65. a. (g o /) (0) — g{f (0)) = g (0.64) = 26, so the mortality rate of motorcyclists in the year 2000 was 26 per 

100 million miles traveled. 

k. (8 ° /) (6) = g (f (6)) = g (0.51) = 42, so the mortality rate of motorcyclists in 2006 was 42 per 100 million miles 
traveled. 

c. Between 2000 and 2006, the percentage of motorcyclists wearing helmets had dropped from 64 to 51, and as a 

consequence, the mortality rate of motorcyclists had increased from 26 per million miles traveled to 42 per million miles 
traveled. 

66. a. (g o /) (1) = g (f (1)) = g (406) = 23, so in 2002, the proportion of reported serious crimes that ended in arrests or in 

the identification of the suspects was 23%. 

k. (8 ° /) (6) = g (f (6)) = g (326) = 18. In 2007, 18% of reported serious crimes ended in arrests or in the identification 
of the suspects. 

c. Between 2002 and 2007, the total number of detectives had dropped from 406 to 326 and, as a result, the proportion of 
reported serious crimes that ended in arrests or in the identification of the suspects dropped from 23% to 18%. 

67. a. The gap is G (t) — C (t) = (?>.5t 2 + 26.7t + 436.2^ - (24.3/ + 365) = 3.5t 2 + 2At + 71.2, where 0 < t < 10. 

b. At the beginning of 1983, the gap was G (0) = 3.5 (0) 2 + 2.4 (0) + 71.2 = 71.2, representing 71,200. 
At the beginning of 1986, the gap was G (3) = 3.5 (3) 2 + 2.4 (3) + 71.2 = 109.9, representing 109,900. 
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68. a. At the beginning of January, occupancy is r (0) = 55%. At the beginning of July, occupancy is 

r (6) = $ (6) 3 - f (6) 2 + (6) + 55 = 95%. 

b. At the beginning of January, revenue is R (55) = — (55) 3 + ^ (55) 2 = 444.675, representing $444,675. At the 
beginning of July, revenue is r (95) = (95) 3 + ^ (95) 2 = 1110.075, representing $1,110,075. 

69. True. Since any linear function of x can be written as y = ax + /?, we may let / (*) = 01* + b\ and g (x) = a2X + Z?2- 
Then (/ o g) (x) = f[g to] = (a\x + b\) + Z?2 = (a2 a \) x + ( fl 2^1 + ^2)- Similarly, go / is also a linear function. 



70. True. Let / (jc) = a n x n + a n -\x n ~ l + 



+ ci2X + + ciq and g (*) = 



Q to 



, where P and 2 are polynomials. Then 



(/ ° g) to = / [g to] = fl/i 



Both are rational functions. 



P(x) 

Lew J 



H h «2 



Lew J 



n2 



+ fll + and ° /) to = £ U to] = 



Gto 



G [/ to] " 



71. True. Let h{x) — f (x) + g(x). If both / and g are even, then h (—x) = f (—x) + g (—x) = f (x) + g (x) = /z (x). So /* 
is an even function. 

If both / and g are odd, then h (—x) = / (— *) + g (— *) = — / (x) — g (x) = — [/ (x) + g (x)] = —h (x). So h is an odd 
function. 

72. True. Let h (x) = f (x) + g (x). If / is even and g is odd, we have 

h (—x) = f (—x) + g (—x) = f (x) — g (x) = — [— / (x) + g (*)]. This shows that h is neither even nor odd. 

73. True. Let h (x) = / (*) • g (x). If both / and g are even, then h (—x) = f (—x) • g (— x) — f {x) ■ g{x) — h (x), so /z is an 
even function. 

74. False. Let h (x) = / (x) • g (x). If both / and g are odd, then 

h (—x) = f (—x) • g (— x) = [— f (x)] • [— g (x)] = / (x) • g (x) = h (x). So is an even function, not an odd function. 




1. a, 



10 



0 



-10 



-10 



0 



10 



0 



-500 - - 



-1000 




-20 



0 



20 



2. a, 



10 



0 



-10 



— 


^ — 


1 


1 1 



-10 



0 
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10 
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-2 



0 
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11. 



0.02 



0.00 



-0.02 




-0.2 



0.0 



0.2 



12. 



1.0 



0.5" 



0.0 




-20 



0 



20 



13. 



1.0 -- 



0.5 



0.0 




0 



100 



200 



14 



-10 



N 


W 


1 


1 



0 



10 



15 



0 



-5 




-5 



0 



0.2 



0.0 



-0.2 




-0.2 



0.0 



0.2 



16. 



100 



50 



0 




-10 



0 



10 



0.01 



0.00 




0.0 



0.1 



17. -1.47569 



18. -3.20147, 0.45490, 2.74657 



19. -1.11769,0.35855 



20. -0.54120, 0.54120, -1.30656, 1.30656 



21. -0.45662, 1.25873 



22. 0.26983,2.24831 



23. (-2.33712,2.41174), (6.05141,-2.50154) 



24. (-2.58634, -0.35855), (6.18634, -4.56944) 



25. (-1.02193, -6.34606), (1.2414, -1.59306), (5.78053, 7.93912) 

26. (-0.04835,2.06085), (2.0823,2.89865), (4.96605, 1.14050) 



27. (-2.51746, -1.16879), (0.91325, 1.58299) 



28. (-0.77513, 0.48973), (0, 0), (0.77513, 0.48973) 
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29. a. 



10 



0 



-10 




-10 



0 



10 



b. 



0.1 



0.0 



-0.1 




-0.1 



0.0 



0.1 



c. When x is large, the graph of / resembles that of x since the term 0.01 sin lOOx is small in magnitude (< 0.01). On the 
other hand, when x is small in magnitude, the second term is significant. Together, the two graphs give a good 
description of /. 



30. a. 




-5 



0 



31. a. 



1.0 



0.5 



0.0 



-5 



0 



/ is even. 



b. Since 



/ (— x) — cos (sin (— x)) — cos (— sinx) 

— cos (sin*) — f (x) 
we see that / is even. 



b. 



They are not identical because / is not defined at 
x = 0 and g is defined, at x = 0. For x ^0, 
/ (x) = g (x), so the functions are otherwise 
identical. 



32. a. 



b. 



0 




0 





_ o v 3 



c. Write f(x) = 2x 




If x is large, then the terms 



2x ' 2x 2 
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, and — are small. So if x is large, 



x 



then / (x) «s g (x) and the graph of / is close to that of g. 



34. a. 



b. 



2- 



0 




0 



0 



10 






/(*) 


10 


2.59374 


100 


2.70481 


1000 


2.71692 


10,000 


2.71850 


100,000 


2.71827 


1,000,000 


2.71828 


10,000,000 


2.71828 


100,000,000 


2.71828 


1,000,000,000 


2.71828 



The values of / (x) seem to approach 2.71828 



0 



50 



100 




1. a. / (x) = 3x — 1 



b. f(x) = 2x 4 -3x 2 + l 



c. f(x) = 



X 



x 2 -9 

d. / (x) = x 5 / 7 e. / (x) = — 1 f- / (jc) = 2 sinx 

2. a. The V -intercept is given by V (0) = C. It represents the initial book value of the asset. 



C — S 

b. The asset is being depreciated by dollars per year. 



n 



3. 



12-2* 



1 

i x 

1 


1 r 

*: 




X 


L 


X 


X 


r 


X 


"~}x 

1 


*\ 





12 



V (x) = (12 - 2x) 2 (x) 

= (l44 - 4Sx + 4x 2 ^j (x) 

= 4 X 3 _ 4Sx 2 + 144jC9 o < x < 6 




1. a. Polynomial function (degree 3) 



b. Power function 



c. Rational function 



d. Rational function 



2. a. Algebraic function 
d. Trigonometric function 



e. Algebraic function 
b. Algebraic function 
e. Trigonometric function 



f. Trigonometric function 

c. Algebraic function 

f. Polynomial function (degree 2) 



3. a. The number of enterprise IM accounts in 2006 is given by Af (0) = 59.7, or 59.7 million. 
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b. The number of enterprise IM accounts in 2010, assuming the trend continues, is given by 
N (4) = 2.96 (4) 2 + 11.37 (4) + 59.7 = 152.54, or 152.54 million. 

4. a. The property tax in 1997 is given by N (0) = 2360, or $2360. 

b. The property tax in 2010, assuming the trend continues, is given by N (13) = 7.26 (13) 2 + 91.7 (13) + 2360 = 4779.04, 
or $4779.04. 

5. In 1999, N(0) = 648,000. In 2000, N (1) = -35.8 (l) 3 + 202 (l) 2 + 87.8(1) + 648 = 902,000. 
In 2001, N (2) = -35.8 (2) 3 + 202 (2) 2 + 87.8 (2) + 648 = 1,345,200. 

In 2002, N (3) = -35.8 (3) 3 + 202 (3) 2 + 87.8 (3) + 648 = 1,762,800. 

6. In the 50-54 age group, N (0) = 0.7 fatalities per 100 million vehicle miles driven. 
In the 85-89 age group, 

N (7) = 0.0336 (7) 3 - 0.118 (7) 2 + 0.215 (7) + 0.7 % 7.95 fatalities per 100 million vehicle miles driven. 

7. At the beginning of 1970, P (0) = 4.6%. 

At the beginning of 1985, P (15) = -0.01005 (15) 2 + 0.945 (15) - 3.4 = 8.51375%. 
At the beginning of 2000, P (30) = -0.01005 (30) 2 + 0.945 (30) - 3.4 = 15.905%. 



8. a. 



9. 




b. In 1993, P (3) = -0.9 (3) + 10.2 = 7.5 million. 
In 1995, P (5) = 0.7 (5) + 2.2 = 5.7 million. 

In 2002, P (12) = 0.12 (12) + 6.26 = 7.7 million. 

c. The population was lowest in 1995. 

d. Yes, in 1997. 



0 2 4 6 8 10 12 t 
1990 1994 1998 2002 




s-c s-c T7/ x s-c 

in = , V (t) = 1 + C, so 



n - 0 



n 



n 



C — S 

V(t) = C t, 0 < t < n. 



n 



10. a. The graph of the function passes through the points (70, 120) and (80, 160). 

160 - 120 

The slope of the line is m = — — — = 4. The equation of the line is TV - 120 = 4 (t - 70) = At - 280. Therefore, 

4; = AT +160, or; = ijV + 40. 

b. Solving the equation in part a for N, we find %N = t — 40, or N = f (t) = At — 160. When t — 102, we find 
N = 4 (102) - 160 = 248, or 248 times per minute. 



11. a. 0.50 = 



100 • 40 



b. R (60) = 



b + AO 
100 • 60 



b = 7960. Thus, R (x) = 



\00x 



7960 + x 



,x >0. 



0.748 = 74.8% 



7960 + 60 

12. By 2005, N (5) = 0.0018425 (5 + 5) 2 5 % 582,650 jobs. By 2010, N (10) = 0.0018425 (10 + 5) 2 5 « 1,605,594 jobs 
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13. a. We first construct the table and then draw the graph of N (t). 



♦ N(t) (millions) 



t 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


N(t) 


52 


75 


93 


109 


122 


135 


146 


157 


167 


177 



b. The number of viewers in 2010 is given by 

N (8) = 52 (8) 0 - 531 « 156.87, or approximately 157 million 
viewers. 



180- 
160- 
140- 
120- 
100 
80 J 
60- 
40- 
20- 



0 



1 2 3 4 5 6 7 8 9 10 11 *t (year) 



14. a. C (x) = cx + F, x > 0 
b. (^) = 



c. P(x) 

d. P (0) 



sx, x > 0 

(jc) - C (jc) = (j - c) x - F, jc > 0 
—F. If no thermometers are produced or sold, the manufacturer will sustain a loss of $F (the fixed costs) 

F 



e. P (x) = 0 => 0 = (s - c) x - F x = 



s — c 



15. a. The mathematical model giving the approximate amount of CO2 

in the atmosphere during this period is given by 

A (t) = 0.010716; 2 + 0.8212; + 313.4. 

c. The average amount of atmospheric CO2 in 1980 is given by 

A (23) = 0.010716 (23) 2 + 0.8212 (23) + 313.4 % 337.96 or 
approximately 338 ppmv. 

d. Assuming that the trend continues, the average amount of 
atmospheric CO2 in 2010 is given by 

A (53) = 0.010716 (53) 2 + 0.8212 (53) + 313.4 % 387.02 or 
approximately 387 ppmv. 

16. a. y = f (0 

= 44.56017; 3 - 893.94r 2 + 23,463.283? + 273,288 

where t — 0 corresponds to the beginning of 1970. 

c. / (0) = 273,288, / (10) = 463,087, / (20) * 741,459, 

/ (30) ^ 1,375,765. The calculated values are the same as the 
given data. 



17. a. / (r) = -0.425? 3 + 3.65714? 2 + 4.01786? + 43.6643 
c. $43.66 million; $77.16 million; $107.63 million 



b. 



b. 



b. 




1.5e+6 



le+6 



5e+5" 



0 




0 



10 



20 



30 



100-- 




0 
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18. a. / (0 = -2.4167? 3 + 24.5; z - 123.33; + 506 

c. 506,000; 338,000; 126,000 

d. Approximately 200,000 



19. a. / (f) = 0.00 125? 4 - 0.005093; 3 - 0.024306? 2 + 0.128624? + 
1.70992 

c. 1.71, 1.81, 1.85, 1.84, 1.83, 1.89 



b. 



b. 



400" 



200" 



0 




0 




0 



20. a. T(D) = 1.000308D 150199 

b. T (D) « D 15 and T 2 % D 3 . Therefore, this result confirms Kepler's Third Law of Planetary Motion, T 2 = KD 3 



21 



22, 



y = 40 - x 



y = 



250 

A' 



Since there is 80 feet of fencing available, 2x + 2 y = 80, x + y = 40, 
or y = 40 — x. Then the area of the garden is given by 

/ = xy = x (40 - x) = 40x - x 2 . The domain of / is (0, 40). 



250 



The area of Ramon's garden is 250 ft 2 . Therefore, xy = 250 and y = . The 

x 

amount of fencing needed is given by 2x + 2y. So 

— 2x-\ . The domain of / is (0, oo). 



x 



x 



23. 



i 



15 



8 



The volume of the box is given by 

(area of the base of the box) x (height of the box). Thus, 

V = f (x) = (15 - 2x) (8 - 2x) x = 4x 3 - 46x 2 + 120*. We must have x > 0, 
15 — 2x > 0, and 8 — 2x > 0. This implies that 0 < x < 4, so the domain of / is 
(0,4). 



24. 



X 



y = 20/x 2 



The volume of the box is given by V = (area of the base) (height) = x 2 y = 20, so 

20 

we have y = —. Next, the amount of material used in constructing the box is 

x l 

given by the area of the base of the box, 



plus the area of the four sides, plus the area of the top of the box, or x 2 + 4xy + x L . Therefore, the cost of constructing the 



box is given by / (x) = 0.30x z + 0.40.x 



-) 20 o o 8 

- " m -r- + 0.20x z = 0.5x z + -, where x > 0. 



x 



x 
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25. 



y 



The perimeter of the semicircle is nx. Next, the perimeter of the rectangular 
portion of the window is given by 2 y + 2x , so the perimeter of the Norman 

window is nx + 2 y + 2x and tzx + 2y + 2x = 28, or y = ^ (28 — 7t.t — 2x). 

1 9 

Since the area of the window is given by 2xy + j-nx , we see that 

1 9 

A = 2xy + ^7tjc . Substituting the value of y found earlier, we see that 

A — f (x) — x (28 -TTx- 2x) + ±irx 2 = ±irx 2 + 28x - nx 2 - 2x 2 = 28x - ^-x 2 - 2x 2 = 28x - + 2) x 2 , so the 

56 




domain 



in is ^0, 



4 + 7T 

26. The average yield of the apple orchard is 36 bushels/tree when the density is 22 trees/acre. Let x be the unit increase in tree 

density beyond 22. Then the yield of the apple orchard in bushels/acre is given by (22 + x) (36 — 2x) — —2x 2 — %x + 792, 
where x > 0. 



27. 




50 



xy — 50 and so y — ^ . The area of the printed page is 

A = (jc - 1) (y - 2) = (x - 1) - 2\ = -2x + 52 - ^. So the required 

function is / (x) = -2x + 52 - 33 We must have * - 1 > 0 and ^ - 2 > 0. 



Solving this last inequality we have > 2 => x < 25, so the domain is (1, 25) 



28. a. Let x denote the number of bottles sold beyond 10,000 bottles. Then 

P (x) = (10, 000 + x) (5 - 0.0002*) = -0.0002* 2 + 3x + 50,000, where 0 < x < 25,000. 

b. He can expect a profit of P (6000) = -0.0002 (6000 2 ) + 3 (6000) + 50,000 = 60,800, or $60,800 

29. a. Let x denote the number of people beyond 20 who sign up for the cruise. Then the revenue is 

R (x) = (20 + x) (600 - Ax) = -Ax 2 + 520.x + 12,000, where 0 < x < 70. 

b. R (40) = -4 (40 2 ) + 520 (40) + 12,000 = 26,400, or $26,400. 

c. R (60) = -4 ( 60 2 ) + 520 (60) + 12,000 = 28,800, or $28,800. 

30. Let / (x) = ax 2 + bx + c, a ^ 0. Then 



f{x)=a\x 2 + -x + 



b 



b 



a 



Atx = 



2a ' ^ \ 2a) 



Aa 2 Aa 2 



b 



b b 2 
+ c = a \ x" + -x H T 

<3 4<3 Z 



2 



& 2 / b 

— - + c — a I x + — 

4a 2 V 2a 



Z? 2 

- — + c 

4<2 



= c , so the vertex of the parabola / (x) = ax 2 + bx + c 

4<2 



uesat ("^' / ("^)) 




1. m = 



-4-3 



7 
3 



2-(-l) 
3. Ay — 2x — 6, y — 2 X — 2' 



2. 3y = -2x + 8, y = -2* + f , m = -£ 



m 



= -2 



4. m = tan 120° = - V3 



5. y = -4 



6. y - 3 = -4 (jc - 1) => y = -4x + 7 
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7. m — 



-5-3 
4 - (-2) 



4 
3 



= ~ y-3 = -f (* + 2)=>y = 



4 i J_ 
3 xt 3' 



8. 4y = 8 - 3jc, y = 2 - |jc, m = -|. y - 3 = -| (x 



- 2) => y = - 



3 r 4- 9 
4"-* + 2- 



9. m = 



1-4 



2 - (-3) 



3 
5 



_ 3 



y = - 



5 X ^ 5 • 



10. 2x - 24 = 3y, so y = |x - 8 and m = y + 4 = (x + 2) ^ y = -|x - 7 



11. Solve « 



x + 2y = 3 
2x - 3y = 13 



o (-) 



2x + 4y 
2.x — 3y 



6 
13 



7y = -7 



y 



= -l 



Next, x + 2 (— 1) = 3=>x = 5. The point of intersection is (5,-1). m — 
y = -\. 



-l-(-l) 
5-2 



= 0, so the line has equation 



12. a. Let y denote the number of households, in millions. Then y = 42.5 when t = 0. The rate of decline is the slope of the 
linear equation in t and y. So, with m — —3.9, we find y = — 3.9? + 42.5. 

b. The estimated number of households at the beginning of 2010 (t = 6) is y = —3.9 (6) + 42.5 = 19.1, or 19.1 million. 

27.4-8.5 

c. The slope of L is m = —2.1. Using the point- slope form 

of the equation of a line with the point (0, 8.5), we find 
y -8.5 = 2.7 (x - 0) <^=> y = 2.1x + 8.5. 

d. The estimated number of satellite TV subscribers in the United States 
in 2006 is y = 2.7 (8) + 8.5 = 30.1 or 30.1 million. 




7 x 



14. 



_ [(* + ft) 2 + (* + ft)+l]-(* 2 +x + l) 



ft 



X 



ft 

2 + 2xh + ft 2 + x + ft + 1 - x 2 - x - 1 



ft 



2xh + h 2 + h h(2x + h + 1) 



= 2* + ft + 1 



ft ft 

15. / (0) = 0, / (£) = ^, / (f ) = 1, / (f ) = V3, / (tt) = 0 

16. a. /(-4) = V=F4) = 2 
b. / (1) = (l) 2 +1=2 

/(_i-/o-/(-i) v- (-i-zo-V^Fi) yr+ft-i 



c. 



ft 



ft 



ft 



d. 



/(2 + ft)_/(2) [(2 + ft) 2 + (2 + ft)] - (2 2 + 2) [ 4 + 4ft + ft 2 + (2 + ft)]-6 



ft 



ft 



( 6 + 5ft + ft 2 )-6 5 ^ + ^2 a (5 + a) 



ft 



= 5 + ft 



ft ft ft 

17. We want x 2 - 4 ^ 0 => x # ±2, so the domain of / is (-00, -2) U (-2, 2) U (2, 00). 

18. We want x 2 — 4 > 0 => x < — 2 or x > 2, so the domain of g is (—00, —2] U [2, 00). 

19. We want x — 1 > 0, 1 ^ 0, and x — 2 7^ 0, so the domain of ft is [1, 2) U (2, 00). 
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20. All real numbers except * — ^ + n, where n is any integer. In other words, • • • U ^— |, — ^ J U ^— ^, U y^, |J 

21. / (*) is defined for all real values of *. (Note that 2 — cos* > 1 ^ 0.) Thus, the domain of / is (— oo, oo) 



U 



22. 









y = m 

1 1— J 


1 1 1 1 

0 


1 y 



23. 



/ (x) = VI — x is defined for 1 — x > 0, or x < 1, so the 
domain is (— oo, 1]. The range of / is [0, oo). 




h 1 h 



— 77 



0 



y = g(t) 



H 1 1 1 > 

7T 2lT t 



g (t) — | sin 1 1 + 1 is defined for all real numbers t, so the 
domain is (— oo, oo). Since 0 < | sin f | < 1, the range of g 
is [1,2]. 



24. / (-x) = -3 (-x) 1 + 4 (-*) 3 - 2 (-x) = 3* 7 - 4* 3 + 2* = - (-3* 7 + 4* 3 - 2jc) = -/ (x), so / is an odd function. 



sin(— x) — sin* . 
25. g (— *) — — = g (*), so g is an even function. 



26. a. 120° • 



— x —x 

7T 2-7T 



180 



O 



b. 450° • 



7T 577 



180 



O 



c. -225°. 



7T 



57T 



180 



O 



llTT 180° _ 

27. a. — = 330° 



7T 



5tt 180° 
b. = -450° 

2 7T 



c _Z f .i!2! = _ 3 i5° 

4 7T 



28. /(0) = cosO = 1; / (f ) = cos (f ) = ^; / (-f ) = cos (-f ) = cos f = ^; / (3tt) = cos3tt = costt = -1; 
/ [a + y) = cos (a + y) = — sin a 



29. a. cos 0 = £ implies that 0 = f or $f 



b. cot 0 = -73 implies that 0 = ^ or 



30. a. (sec 0 + tan 0) (1 — sin 0) — sec 0 + tan 0 — sin 0 sec 0 — tan 0 sin 0 

= sec 0 + tan 0 — tan 0 — tan 0 sin 0 
1 sin 2 0 _ 

cos 



cos 0 cos 0 
cos0 



»s0 V 



1 - sin 2 0 1 - 



cos 2 0 

COS 0 



1 



b. 



sec 0 — cos 0 
tan0 



COS0 



-cos0 !_ cos 2 0 COS 0 sin 2 0 



sin 0 

COS0 



cos 0 sin 0 sin 0 



= sin0 



X — T' T ' "3"' or ~T~ 



31. a. cot 2 * — cot* = 0 => cot* (cot* — 1) = 0 => cot* = 0 or cot* = 1 = 

b. sin* + sin2* = 0 => sin* + 2sin* cos* = 0 => sin* (1 + 2cos*) = 0 => sin* = 0 or cos* — —j => * = 0, 7T, 
or — . 
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32. (f + g)(x) = 2x + 3 + 



(2x + 3) (2x 2 - l) + x 4x 3 + 6x 2_ x _ 3 



(g ~ f) to = 



x 



2x 2 - 1 2x 2 - 1 2x 2 - 1 

* - (2* + 3) (2* 2 - l) _ 4x 3 _ fa 2 + 3x + 3 



2jc 2 - 1 



- (2* + 3) = 



2x 2 -l 



(fg) (x) = (2x + 3) 



X 



2* 2 + 3x /A 



2x 2 -l 
2x 2 - 1 4* 3 + 6x 2 



-2x-3 



x 



X 



f ) (X) (2x 2 - 1) • (2x + 3) 4x 3 + 6x 2 - 2x - 3 

33. g [/ (x)] = V/ M + 1 — \I x 2 — 1 + 1 = |jc|. Its domain is (— oo, oo). 

34. If / (x) — 7rx and g (x) = cos 2 x, then /z (x) = g [f (x)] = cos 2 (nx). 



35. If / (x) = x , g (x) = cosx, and /i (x) = 1 + «Jx + 2, or / (x) = cos jc, g (x) = 1 + x, and /z (x) = y/x + 2, then 
F(x) = f {g [h (x)]} = cos 2 (1 + VT+2). 

36. h (x) = g[f (x)] = 4x 2 - 1 and / (x) = 2x. So let u = 2x, or x = \. Then g (u) = 4 (|) 2 - 1 = u 2 - 1. Therefore, 
gW = x 2 - 1. 



37. 




38. 



y = 3(a- + 2) 2 



-2 




-3 -2 -1 



1 2 a: 



39, 



40 




y = -six 




41 



42 



y 



v = 



sin A' 
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43. 



44. 



20 



0 



-20 




-2 



0 



2.0e-6 



0.0e+0 



-2.0e-6 




-0.01 



0.02 



45, 
46, 
47, 
48, 

49, 
50, 



-2.18271, 0.59237, and 1.89858 

(±3.16164, 0.99960), (±2.46433, 0.60729), and (±1.18626, 0.14072) 
-1.08659,-1, 1.26456 

(-0.5972, -0.9300); (0.9866, 0.9201) 

500 • 35 9 
£(35) = ^^ = 116§mg 

P (9) - P (0) = 50,000 + 30 (9) 3 / 2 + 20 (9) - 50,000 = 990, representing an increase of 990 people in 9 months. 

P (16) - P (0) = 50,000 + 30 (16) 3 / 2 + 20 (16) - 50,000 = 2240, representing an increase of 2240 people in 16 months 

T 



51. T = f (n) = AnJn^A. f (4) = 0, / (5) = 20, / (6) % 34, 
/ (7) % 48, / (8) = 64, / (9) % 80, / (10) ^ 98, / (1 1) % 1 16, 
/ (12) ~ 136. As the length of the list increases, so does the length of 
time required for learning. 




52. 2.3 + 0.4? = 1.2 + 0.6r, 1.1 = 0.2t, so t 
Drug Store after about 5.5 years. 

53. a. / (r) = irr 2 



4 6 8 10 12 n 

5.5. The annual sales of Cambridge Drug Store will surpass those of Crimson 



b. g (t) = It 



C. h(t) = f [g (t)] = 7T (20 2 = 4tt? 



54. 



C(x) = 



55. a. 



12.5 
15 



if 1 < x < 100 
if 100 < x < 200 
if 200 < x < 300 
if 300 < x < 400 



7 + 0.02* if x > 400 



X 



X 



10 in. 



d. h (30) = 4tt • 30 2 = 3600tt ft 



20- 



15 



10- 



O 



H h 



H h 



0 1 100 200 300 400 x (ft) 

2 a„3 a^2 



b. V (x) = (10 - 2xY ■ x = 4x* - 40x z + \00x 

c. V (1) = 4 - 40 + 100 = 64 in. 3 
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56. 





h = 



54 
irr 2 



57. a. 




t 






h 















9 54 9 108 
S (r) = 2tit 2 + 2irr T = 2irr l + , r > 0 



7rr 



108 



5 (4) = 2tt • 4 2 + — = 32tt + 27 % 127.5 in. 3 



32 

b. 32-tt = V = nr 2 h, so h = ft. S (r) = 2-zrr 2 + 2tit/z, so 

r z 

o 32 o 2567T 
C (r) = 8 • 2tit 2 + 4 • 2tit • = 167rr 2 + dollars. 



c. C (2) = 16tt • 2 2 + 



256tt 



603.19 dollars 



58. The graph of the function is a straight line that passes through the points (0, 10000) and (5, 2000). The slope of the line is 
2000 - 10,000 



m — 



5-0 



= -1600. The equation of the line is V - 10,000 = -1600 (f - 0), or V = -1600? + 10,000. 



I 11 Concept Questions 



1. The values of / (x) can be made as close to 3 as we please by taking x to be sufficiently close to 2. 

2. a. We cannot say anything about / (3). The existence of the given limit tells us nothing about the existence and/or value of 

/(3). 

b. Knowing that / (2) = 6 tells us nothing about the existence and/or value of the limit. 

3. As x approaches 3 from the left of 3, the values of / (x) can be made as close to 2 as we please by taking x to be sufficiently 
close to, but less than 3. 

4. a. lim / (x) does not exist because the left-hand limit and the right-hand limit are not equal. 

1 

b. We cannot say anything about / (1) because the existence or nonexistence of the limit tells us nothing about the value of 
/ at x — 1 . 
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1. 


a. 


lim f(x) = 2 

x^>2~ 


2. 


a. 


lim f{x) = 2 

x^2~ 




b. 


lim f(x) = -\ 




b. 


lim f(x) = -l 

x^2+ 




c. 


lim / (x) does not exist. 
x->2 




c. 


lim / (x) does not exist. 


3. 


a. 


lim f(x) = 2 


4. 


a. 


lim f(x) = 2 

jc->3" 




b. 


lim . /(*) = 2 

*->l+ 




b. 


lim fix) = 2 




c. 


lim f{x) = 2 

x — > 1 




c. 


lim fix) = 2 


5. 


a. 


lim / (x) — oo 
jc->~1~ 


6. 


a. 


lim / (x) — — oo 

x->0- 




b. 


lim / Cr) = 1 




b. 


lim / (x) = oo 




c. 


lim f ix) does not exist. 
— > — 1 




c. 


lim f ix) does not exist. 



7. a. True. 

b. True. Since lim / (x) 

x->0- 

c. False. Since lim / ix) 

x^2~ 

d. True. 



2 and lim / (x) = 2, lim / ix) — 2. 
2 and lim / (x) = 2, lim / (x) = 2 ^ 1 



e. True, lim / ix) — oo, which is another way of saying that lim / ix) does not exist. 

jc->4+ *->4+ 

f. False. From part e, we know that the right-hand limit does not exist. Therefore, lim / ix) does not exist 
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8. a. True. 

b. True, lim f (x) 

jt->0- 

c. True. 

d. True. 



3= Mm /W 
*->0+ 



e. False. Since lim / (x) = 3 and lim / (x) 

f. True. 



3, lim / (x) = 3 

x->3 



9. 





0.9 


0.99 


0.999 


1.001 


1.01 


1.1 


/w 


-0.90909 


-0.99010 


-0.99900 


-1.00100 


-1.01010 


-1.11111 



lim —= = -1 

*->l x L — 3x + 2 



10. 



X 


0.9 


0.99 


0.999 


1.001 


1.01 


1.1 


fix) 


0.34483 


0.33445 


0.33344 


0.33322 


0.33223 


0.32258 



x - 1 



lim - 

\ x z + x — 2 



0.333 



11. 



X 


1.9 


1.99 


1.999 


2.001 


2.01 


2.1 


fix) 


0.25158 


0.25016 


0.25002 


0.24998 


0.24984 


0.24846 



lim 

x-*2 



+Jx + 2-2 
x — 2 



= 0.25 



12. 



X 


-0.1 


-0.01 


-0.001 


0.001 


0.01 


0.1 


fix) 


0.57743 


0.57735 


0.57735 


0.57735 


0.57735 


0.57743 



lim 

Jt->0 



V3 + x - V3^ 



x 



0.57735 



x 



13. 



lim 



V2+ 



x 



1 

2 



x -2 



14. 



3^x + 1 - 2x 

lim 

x (x — 3) 



-0.417 



X 


1.9 


1.99 


1.999 


2.001 


2.01 


2.1 


fix) 


-0.06370 


-0.06262 


-0.06251 


-0.06249 


-0.06238 


-0.06135 


% -0.0625 


X 


2.9 


2.99 


2.999 


3.001 


3.01 


3.1 


fix) 


-0.42940 


-0.41790 


-0.41679 


-0.41654 


-0.41544 


-0.40472 



15. 



x 



lim - — = 1 

jt-»0 sinx 



X 


-0.1 


-0.01 


-0.001 


0.001 


0.01 


0.1 


fix) 


1.00167 


1.00002 


1.00002 


1.00002 


1.00002 


1.00167 
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16. 



X 


-0.1 


-0.01 


-0.001 


0.001 


0.01 


0.1 


fix) 


1.16301 


1.01512 


1.00150 


0.99850 


0.98512 


0.86057 



(* + l)cOS* - 1 

hm = 1 

jc-»0 (x + l)sin* 



17. 




a. lim / (x) = 2 

b. lim f{x) = 2 

c. lim / (x) = 2 



18 



H 1 1 1 h 




a. lim / (x) = 4 

x— >4~ 

b. lim /0t) = 2 

c. lim / (x) does not exist. 
x-*4 



19 




a. lim / (x) = 4 

b. lim / (jc) = 4 

c. lim / (*) = 4 

x-^0 



20 




a. lim / (jc) = — 1 

b. lim f (x) = — 1 

c. lim /(*) = — 1 
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21. 




a. lim / (x) = 1 

b. lim / (x) = 1 

c. lim / (x) = 1 

1 



22. 







a. 






b. 


4> 


i • / 








c. 


2- 






1 1 1 


1 \ 1 1 1 1 \—> 




-1 


1 2 3 x 





X->1 



*->!+ 



1 



Refer to the diagram below for Exercises 23-27. 



3 
2 1 
1 



i h 



-2 -1 



-1 

1-2 



29. 



^ 1- 



1 2 3 4 * 



23. lim M = 2 



24. lim M = 3 

x^3+ 



25. lim M = -1 

*->-!+ 



26. lim [xj does not exist, 



27. lim M = 3 

*->3.1 



28. 



-l 



4- 
3- 
2- 
1- 



-1 
1-2 



i 1 h 



1 



lim I2x]] = 4 

*-*2.4 



X 


-0.01 


-0.001 


-0.0001 


0 


0.0001 


0.001 


0.01 


fix) 


0 


0 


0 


0 


-0.3056 


0.8269 


-0.5064 



From the table and the figure, we see that lim / (x) does not exist and lim / (x) 



0. Therefore, lim f (x) does not 

x^0 



exist. 



30. 



X 


-0.01 


-0.001 


-0.0001 


0 


0.0001 


0.001 


0.01 


fix) 


-0.00506 


0.00083 


-0.00003 


0 


-0.00003 


0.00083 


-0.00506 



From the table and the figure, we see that lim / (x) = 0 and lim / (x) = 0. Therefore, lim / (x) = 0 

x->0 + x^Q- *->() 
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31. a. 




b. The limit of / (x) exists for all values of x in (— oo, 0) U (0, oo). 

c. The left-hand limit of / (x) exists for all values of x in (— oo, 0) U (0, oo) 

d. The right-hand limit of / (x) exists for all values of x in (— oo, oo). 



32. a. 



l 








£—K 1 V 


» 


1 


r— 1 1 1 \—> 

\2 3 x 
V/2 







b. The limit of / (x) exists for all values of x in (— oo, y) U (y , oo) 

c. The left-hand limit of / (x) exists for all values of x in 

(_oo, f)u(f,oo). 

d. The right-hand limit of / (x) exists for all values of x in (— oo, oo) 



33. The graph of H c (t — to) is shown in the figure. If c ^ 0, then 

lim H c = 0 and lim H c — c. Since the right-hand limit is not equal to 

the left-hand limit, lim H c does not exist. 



c - 



0 



o 



■> 



34. From the given figure, for ft = 1, 2, 3, . . ., we have lim / (t) — k and lim / (t) = 0, so 

f->[(2n-l)*r f->[(2n-l)£]+ 

lim / (?) does not exist. Similarly, lim / (t) = 0 and lim / (?) = so lim / (t) does not exist. 
f-> [(2n-l)*] f->[(2«)fcr r->[(2n)*]+ *->[(2w)*] 

Therefore, lim / (?) does not exist for n = 1, 2, 3, 

t-^nk ' 



35. /(0.1) « 2.5937, / (0.01) « 2.7048, / (0.001) * 2.7169, / (0.0001) % 2.7181, / (0.00001) % 2.7183, 



/ (0.000001) % 2.7183, and / (0.0000001) % 2.7183. It appears that lim (1 + h) l l h ^ 2.7183. 

/?->() 



36. 



e 


-0.1 


-0.01 


-0.001 


0 


0.001 


0.01 


0.1 




0.33467 


0.33335 


0.33333 


undefined 


0.33333 


0.33335 


0.33467 



It appears that lim 

0^0 



tan0-0 1 



0 
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37. 




38. 



4 — 




0 



1 



0 



It appears that lim / (x) — 1. 

x—>2 ' 



It appears that lim / (x) = 4. 



39. 




0 



1 



40. 



2t 




0 



-2 



0 



Since lim f (x) 
does not exist. 



2 and lim f (x) 

*->!+ 



2, lim / (*) 



It appears that lim / (x) = 1 



41. 



0.0 



-0.5 




-5 



0 



42. 



1 T* 



0 



-1 




-1 



0 



1 



It appears that lim f (x) = —0.5. 

jc->0 



43. False. Let / (x) = 



It appears that lim f (x) & 0.5 



44. False. Let / (x) = 



x if x ^ 0 

Then lim / (x) = 0, but / (0) = 1 # 0. 
1 if x = 0 *->0 



-1 if* < 0 

0 if x = 0 Then / is defined at 0, but lim / (x) does not exist. 

1 if x > 0 



45. False. Let / (x) = 



1 ifx^O 
0 ifx = 0 



and g (x) = 



1 ifx^O 

Then lim /* (*) = lim g (x) — 1, but 
-1 if x = 0 *^0 J x^0 5K 



/(0) = 0^-l=s(0). 



46. False. Let / (x) = 



-1 if* < 0 

Then lim f (x) 

1 if x > 0 *^0- 



— 1 and lim f (x) = 1, but lim / (x) does not exist 
x^0+ x^0 



lim /(*) ^ lim / (x). 
jc->0- x^0+ 
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1. If lim f (x) = L and lim g (x) = M, then 

x^>a x^a 



the Sum Law states that lim \ f (x) ± g (x)] = lim f (x) ± lim g(x) = L±M. 

x^a L J x-^a x^a 



the Product Law states that lim [/ (x) • g (x)] = lim f (x) ■ lim g (x) = LM. 



x-^a J x^>a x^>a 



the Constant Multiple Law states that lim [cf (*)] = c lim / (x) = cL for every c. 

x ^ a x ^ a 



f (x) f ^ L 

the Quotient Law states that lim — - — = ^— - — — — = — , provided that M/0. 

x->a g (x) hm g (x) M 

x—>a 



the Root Law states that lim tf~f {x) — J lim f (x) = \/T, provided that L > 0 if n is even. 

x-^a V x^a 



2. a. lim (3x 2 -2x+l) = lim 3x 2 - lim 2x + lim 1 (Sum Law) 

*->2 V / jr->2 x-^2 x^2 



3 lim x 2 — 2 lim x + lim 1 (Constant Multiple Law) 

x— >2 x— >2 x— >2 




2 lim x + lim 1 

x->2 x->2 



= 3- 2- 2- 2- 2+ l (Law 2 and Law 1) 



(Product Law) 



b. lim 



x 2 + 4 



2.x + 3 



= 9 

lim fx 2 + 4) 
lim (2x + 3) 

x—>3 

lim + lim 4 

lim 2x + lim 3 

jt— >3 x— >3 



(Quotient Law) 



(Sum Law) 



lim x I ( lim x I + lim 4 

■r- >3 / \jc— »3 / x^3 

2 lim x + lim 3 

x->3 x->3 



(Product Law and 
Constant Multiple Law) 



3-3 + 4 

2-3 + 3 
13 



(Law 2 and Law 1 ) 



3. a. lim Jx \2x 2 + 1) = 

x^4 V / 



— I lim x ( lim 2x 2 + lim 1 I 

x^A \x^>4 x^A / 



(Product Law) 



(Root Law and Sum Law) 



= / lim x 
x^A 



— I lim x 

jc->4 



(2 lim x 2 + lim 1 ) (Constant Multiple Law) 



lim x 

^4 




lim x ) + lim 1 

-»4 / jc->4 



(Product Law) 



= V4 (2 • 4 • 4 + 1) (Law 2 and Law 1) 



= 66 
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b. lim 

x—> 




2x z + x 



* 4 + 




3/2 




2x l + x 



* 4 + 




3/2 



(Root Law) 



lim X 



+ 5 ) 



-, 3/2 



lim (x 4 + 1) 



(Quotient Law) 



(lim jc ) 



-,3/2 



+ lim x + lim 5 

x— > 1 x— > 1 



(lim x | 



+ lim 1 



(Sum Law, Constant Multiple Law, 
and Product Law) 



( l 1 2 + 1 

V i 4 + i 



+ 5 



3/2 



(Law 2 and Law 1 ) 




3/2 



= 8 



4. If f (x) < g (x) < h (x) for all x in an open interval containing a, 
except possibly at a, and lim f (x) = L = lim /z (x), then 

lim g (x) = L. 

If g (x) is squeezed between f (x) and h (x) near a, and if both f (x) 
and h (x) approach L as x approaches a, then g (x) must approach L 
as well. 




12 Techniques for Finding Limits 

1. lim (3f + 4) = 3 • 2 + 4 = 10 

r->2 

2. lim f 3x 2 + 2x-8)=3-2 2 + 2- 2- 8 = 8 



3. lim (V-2/z 3 + 2/i-l) = (-l) 4 -2(-l) 3 + 2(-l)-l=0 

h—>-\ V / 

4. lim (x 2 + l) (2x 2 - 4) = (l 2 + l) (2 - 2 2 — 4) 



= 5 • 4 = 20 



5. lim (3jt 2 - Ax + 2^ = (3 • l 2 - 4 • 1 + 2^ = 1 

6. lim (2? - l) 2 (t 2 - 2t\ = (6 - l) 2 (9 - 6) 3 = 25 • 27 = 675 



7. lim 



jc-2 



1-2 



1 



^li 2 +x + l 1 + 1 + 1 3 

/ — I \ — \ ) 

8. lim 



(-1) 3 -1 



-1 - 1 



r^-l/ 3 -2r + 4 (-1) 3 - 2 (-1) + 4 -1 + 2 + 4 5 
9. lim (yph? - V2x) = V2 • 2 3 - V2 • 2 = 4 - 2^2 



10. lim y/2x 3 -3x + 7 = V2 ■ 27 - 3 • 3 + 7 = V52 = 2VT3 

x->3 

11. lim + (x 3 - 2x 2 - 5) 2/3 = [(-l) 3 - 2 (-1) 2 - 5j 2/3 = (-8) 2 / 3 = 4 
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12. lim (x + 3) 2 y/4x 2 - 8 = I 2 J 4 (-2) 2 -8 = 2^2 

*-»-2 v 



13. lim 



1 




x 



1 _ 1 

*To+ VxT4 V4 ~ 2 

3/2 



14. limf~ 1 / 2 ^ 2 -3r + 4) 



/ 9 \3/2 

f4 2 - 12 + 4) 



8 3 / 2 



V4 



= 8V2 



15. lim J 3m2 + 2M = 3, 
u^-2]l 3w 3 -3 



3-4-4 
3 (-2) 3 - 3 



8 



-27 



2 
3 



+ 1 - Vw 2 + 4 1 

16. lim - - = - 

u>->0 («, + 2) 2 - (w + l) 2 4 

17. lim sin — = sin — = 1 

x->l 2 2 

tt 

18. lim x tanx = — tan — = — 

4 4 4 



-2 



1 

3 



19. lim 



sin x sin 



7T 



V2 



X->7T/4 X 



20. lim 



sec 2x 



77 

T 
secO 



4 

7T 



2^2 



7T 



V* + 4 V4 



1 

2 



21. lim V2 + cos* = V2 + cos7r — 1 



22. lim 



tan 2 * 



(tan f ) 



1 



2 



X^TX/4 1 + cos* 1+cos^ 1+^ 2+V2 



= 2-y/2 



23. lim [2/ to + 3g 0)1 = 2 lim / (jc) + 3 lim g (x) = 2 ■ 2 + 3 • 4 = 16 



24. lim 



/to + sto 



lim / (*) + lim g (x) 

x^>a x-^a 



2h (x) 



25. lim 



/to 



lim f (x) 



2 lim h (x) 

x-^a 



= 1 



2 + 4 
2(-l) 



= -3 



lim g (x) V5 

x^a 



26. lim 



/ to * to 



Vg to + 5 



[lim /(*)][■*,*(*)] 
lim g (*) + 5 

x^a 



2-4 



V4 + 5 



8 
3 



27. lim \[h (x)] 2 -f(x)g(x)] = \ lim 

x—>a I J \_x—>a 



h(x) 



i2 



lim/toiriimgtol = (-l) 2 -2.4 = 

x— >a J ur— »a J 



= -7 



28. lim 



tog to 
x'-^a V/ to £ to + 1 



3/ lim f (x) • lim g (x) 



V2~4 



lim / (x) • lim g (x) + 1 V2-4 + 1 3 



29. lim r*/to + (x 2 + l)gto] = lim [xf (x)] + lim |Y* 2 + l) g (jc)1 
>— 2L \ / J ^^—2 > —2 L \ / J 



= ( lim x ) \ lim / (*) I + 

\*->-2 J \_x^>-2 



lim g to 

x^-2 



= (-2) 2 + 



(lim x I 
x^-2 ) 



+ lim 1 

x^-2 



lim (j^ + l) 

(3) = -4+[(-2) 2 + l](3) = ll 
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(lim x ) lim / (x) 
x^-2 ) \_x^>- 



™ r xf{x) lx^-2 J v ' \ (-2)2 4 

30. lim 7T = —± = o — ~T 

/ \ 2 l + (-2) 2 5 

lim 



/ \ z 1 

lim 1 + ( lim x \ 

x^-2 \x^-2 J 



31. lim \f (x) + g (x)] = lim / (x) + lim g (x) = 1 + 1 = 2 

» — 1 JC — > — 1 jc — > — 1 

32. lim \f(x) — g (x)l does not exist because lim / (x) exists, but lim g (x) does not exist. 

33. lim [f(x)g(x)] = lim /(*) lim g (*) = 1 • 1 = 1 

34. n m ^W ^_^ = 1 = 2 

g (x) hm g (x) 2 

jc-»2 

35. lim \2f (x) + 3g (x)l = 2 lim / (x) + 3 lim g (x) = 2 • 0 + 3 • 0 = 0 

. , . lim / (x) 

36. hm — — - = — — - = 0 

jc->0+ g 0) lim g (x) 

x^>0+ 

x 2 -9 (x + 3) (x — 3) 

37. Incorrect. / (x) = — = = x — 3 provided lim f (x) cannot be found by substituting 

x + 3 x + 3 x->-3 

x = 3 in / (x). 

x 2 — 9 

38. Correct. Since the denominator of — is 0 at x = —3, we cannot find the limit by direct substitution. However, x — 3 is 

x 2 — 9 x 2 — 9 (x + 3) (x — 3) 
equivalent to provided that* ^ —3. Therefore, lim = lim = lim (x — 3) = —6. 

x + 3 *->-3 x + 3 x^-3 x + 3 x->-3 

f 0^0 ^ 

39. Let / (x) = 1 and g (x) = x. Then lim / (x) = 1^0 and lim g (x) = 0, and lim — - — = lim — does not exist. 

x->0 x->0 x->0 g (x) x->0 X 

40. First, let / (x) = 2x and g (x) = x. Then lim / (x) = lim 2x = 0, and lim g (x) — lim x = 0. Then 

x->0 >0 jc->0 x->0 

lim - ^ = lim — = lim 2 = 2, and so lim - ^ exists in this case. 
x^0g(x) x^0 x *->0 x->0g(x) 

Next, let / (x) — x and g (x) = x 2 . Then lim / (x) — lim x = 0 and lim g (x) = lim x 2 = 0. Then 

x->0 x— >0 *->0 x— »0 

lim — ^ — lim -^r = lim — does not exist. 

jc->0 g (x) x->0 x z x->0j 

41. lim^=lim^±^i^=lim (j t + 2) = 4 

jc^2 x — 2 x ->2 x — 2 *->2 

42. lim *ZiL = lim Jzil^L = lim _L_ = _1 

*^5x 2 -25 *->5 (x + 5) (x - 5) ^->5x + 5 10 

43. hm 7T = oo 

f->l 0- l) 2 

^ i * + 1 

44. lim = oo 

jt->2+ X - 2 

az v x2 + 2 *-2 v (x - 1) (x + 3) x + 3 

45. hm = = lim = lim — 2 

x 2 -l x->l (x + 1) (x - 1) ;t_>lX+l 

x 2 -x-2 (x-2)(x + l) 

46. lim = lim M ; = lim (x + 1) = 3 

jc-»2 x — 2 x->2 x — 2 x^2 

r x 2 -x-2 (x-2)(x + l) x-2 3 

47. hm -= = hm — = hm = — 

j^-1 x 2 + 4x + 3 jc-^-1 (x + 3)(x + 1) + 3 2 
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AO v * 2 -25 r (jc + 5) (jc - 5) r x-5 -10 5 

48. hm — = lim = lim = — - 

x->-5 2x 2 + 6x - 20 x^-5 2(i + 5)(x-2) *->-5 2(x -2) 2 (-7) 7 

Af% 2t 3 + 3t 2 t 2 (2t + 3) v 2t + 3 3 

49. lim — -: 7T = lim — = = lim — = = — - 

t^0 3t 4 -2t 2 t->0 1 2 (3t 2 - 2) r^0 3? 2 -2 2 

3; 3 + 4? + 1 

50. lim — p 2 — ^ does not exist since the numerator approaches 8 and the denominator approaches 0 as t —> 1 . 

x 3 -l (x-l)(x 2 +x+l) 

51. Hm = Hm 1 L = \[ m i \ -\- x +11=3 

x— > 1 x — 1 1 x — 1 1 V / 



x — 


1 ; 


v 4 - 


16 


v 2 - 


-4 


s/i - 


1 



(v 2 + 4^ (d 2 - 4^ 



52. lim ' 0 " = lim ^ = lim (v 2 + 4) = 8 

»->2 D z — 4 »-»2 £> z — 4 ?;->2 V / 

53. hm — = hm -—= . . _ = hm — = - 

f->l t-l t->l (y/i + 1) 1) r— >l a/^H- 1 2 

jc - 4 (Jx + 2) (VI - 2) , ^_ » 

54. Hm — = lim ^ -4^ £ = lim (^1+2) =4 



55. Since lim ^ — = 00 and lim — — — = — 00, lim ^ — — does not exist. 

r-1 t ^\- t-\ f-»l f-1 

r * V2FTT + 1 r (V2? + 1 + 1)1 , , 

56. lim , = lim , , = lim £ = A lim (V2TFT + l) = 1 

*->o V2? + 1 - 1 r->o V2FTT- 1 V2FTT+1 f->o 2f + l-l 2 ?->o v ; 

m V^T3-V3 r V^T3-V3 V^T3 + V3 . x + 3-3 

57. hm = lim • — = lim 

*->0 x 



x^0 x V* + 3 + V3 ^O^^VJT3 + >/3) 

1 1 V3 



= lim _ ^ 

^->ovTT3 + v^ 2V3 6 

-~ + h — J~a ,. + h — J~a J a + h + Ja a + h — a 

58. hm - = hm — — — — = lim 



h^0 h h^0 h *J a + h + *Ja h^0 h (V« + h + V«) 

1 1 V^ 



= lim 



/z->0 Vfl + A + V^ 2V<2 2a 
V5^T-2 V5^T-2 V5^T+2 V^T+l (5-x-4)( v / 2^7+ 1) 



59. lim — — ^— = lim — — ^— • — — ^— • — — ^— = lim 



x->l y/2-x- 1 *->l V2- jc - 1 V5 - x + 2 V2-x+ 1 x^l (2-jc - 1) (V5 -jc + 2) 

V2^T+i V2^T+ 1 1 

= hm , = . = — 

*-> 1 V^Tx + 2 75^1+2 2 

1 1 

(2 + /z)- 1 -2~ 1 2 + A " 2 r 2-(2 + /z) -1 1 

60. hm = hm — hm = hm — — — — 

h^0 h h^0 h h^0 (2 + h)2h h^0 2(2 + h) 4 

61. lim M = 6 

x^l~ 

62. lim 1x1 = -5 

x->-5+ 

63. lim (x - M) = lim x - lim [*] = 2 - 1 = 1 

j:— >2 x— >2 x— >2 

64. lim [jc + 1I = 4 

sinx 1 sinx 1 1 

65. hm = - hm = - • 1 = - 

x^0 3x 3 x^O x 3 3 

sin 2x ( sin 2x 2\ sin 0 

66. lim — lim | • - ) = 2 • lim — — = 2 • 1 = 2. We have made the substitution 6 — 2x at the third step. 
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67. lim 



sin 3h 



s'm3h 3 s'mO 
hm = - • hm 



h^O Ah h^O \.3h 4 0->o 6 



3 3 

- . 1 = - We have made the substitution 6 = 3h at the third step 

4 4 



„ tan 2x ( sin2x 
68. hm — - — — lim I — • 

jc->0 3x jt->0\cos2x 3x 



L) = ( lim _L_) 

>x ) \x^>0 cos2x / 



lim 



sin 2x 



*->0* (2jc) 



, 2 sin2x 2 2 

= 1 • - • hm — - — = - • 1 = - 

3 2x 3 3 



tan 2 x / \ / tanx 

69. hm = I hm tanx I ( hm 

jt->0 x \.*->0 / \.*:->0 x 



).. 



•I lim 

*=>() V cosx 



1)1=0- (lim -LUlim =i)=0 

*/J \x->0 cosx/ \jc->0 x / 



•1-1 = 0 



70. lim 



cosx — 1 



x->0 sinx 



(cosx — 1) (cosx + 1) 

hm 

x->0 sinx (cosx + 1) 



= lim 



cos 2 x — 1 



— lim 



— sin z x 



x->0 sinx (cosx + 1) jc^O sinx (cosx + 1) 



= lim 



— sinx 



0 



x-*0 cosx + 1 1 + 1 



= 0 



_ r cos0-l i_2sin 2 f-l 

71. hm = = hm — 

0^0 0 2 0^0 



4- 



0 0 



7 " 1 



1 /si 
- lim ( - 

2 0^0^ 



sin y 



0 

2 



= -\ C iim 



sinx 



*-»0 x 



\2 

I = — j • l 2 = — \> We have made 



0 



the substitution x = j at the fourth step. 



72. lim 



x 



*->0 1 — cos 2 x 
not exist. 



= lim 



x 



= lim 



x 



*->0sin 2 x Jt->0\sinx sin 




which does not exist because lim 



x 



x->0 sinx 



— 1 , but lim — — does 
x->0 sinx 



sinx — cosx sinx — cosx (sinx — cosx) cosx 

73. hm — = hm : = hm : = hm (—cosx) = — cos ~- - 

x^tt/4 1 - tan x x^tt/4 1 - sin*. x ^tt/4 cosx - sinx x-»7r/4 



7T 



~2~ 



cosx 



74. lim 



0 



= lim 



0 



— lim 



1 



lim 1 

0->O 



0^0 cos (0-f) 0^0 sin 0 0^0 sin0 



0 



sin0 
hm 

0->() 0 



i = i 

1 



75. lim 



sin 3x 



jt->0 sin2x 



= lim (± 
\si 



, sin3x 2x 3 

hm , 

0 \ sin 2x 2x 3 



/ sin 3x 2x 
• - I = lim I 



x->0 \ 3x sin2x 2 



3\ / sin3x 
-1 = 1 hm 



x->0 3x 



—) ( ' 

jt-»0 sin2x / u-»0 2 




i i 3 3 
- 1 * 1 " 2 - 2 



76. lim 

x->0+ 



tan x — sin x 



x 



lim 

x->0+ 



smx 
cosx 



— sinx 



x 



lim 

x->0+ 



sinx (1 — cosx) 



• cosx 




sinx 



x->0+ x 




— (cosx — 1) 



X 



lim 

x->0+ cos 




= Vl -0 - 1 =0 



77. Let t = x - y , so that x = t + y . Then lim 



7T 



COSX 
7T 



Jt->7T/2 X — -j 



lim 

(f+7r/2)->7r/2 



cos (f + f ) 



lim 

f->0 



— sin J 
t 



t + 7T 

78. Let ? = 2x — n, so that x = — - — . Then 



lim 



sin (x - f ) 



X^7T/2 2X — 7T 



lim 

(r+7r)/2^7r/2 



sin(^L 



f) 



= lim 



— - lim 



t-2 2 t/2^0 t 



1 1 1 

2 ' 1 - 2 
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79. a. 




It appears that lim / (x) = 12 

x— > 1 



b. 



X 


0.99 


0.999 


1 


1.001 


1.01 


fix) 


11.995 


11.999 


undefined 


12.001 


12.005 



It appears that lim / (x) = 12. 

x->l 



c. Let x + 7 = t 3 , so that x = t° — 7. Then t — > 2 as x — > 1 and 



_ ,3 



x- 1 



r r-7-1 r J -8 

— lim — -— = lim 



lim y „ 

*->l i/x + 1 - 2 t->2 <ffi - 2 h2 f-2 



lim 

f->2 



(t - 2) (t 2 + 2t + 4) 



f-2 
4 + 2-2 + 4= 12 



= lim (V 2 + 2t + 4) 



80. a. 



33 



32" 



31 




-3 



-2 



-1 



It appears that lim f (x) = 32. 

x— > — 2 



b. 



X 


-2.01 


-2.001 


-2 


-1.999 


-1.99 


fix) 


31.992 


31.999 


undefined 


32.001 


32.007 



It appears that lim f (x) = 32. 

x— >— 2 



c. Let x + 18 = t 4 , so that x = t* - 18. Then t -» 2 as jc -> -2 and 



,4 



x + 2 



lim -r ( 

x^-2 fyx+ 18-2 



,4_ 16 r 4_ 16 

lim -r= = lim 



^►"2 _ 2 f41^4_ 2 

(f 2 + 4) (f + 2) (t-2) 



lim 

f->2 



f-2 

lim it 2 + 4) (r + 2) = (4 + 4) (2 + 2) 



= 32 



F 1 i) 
81. a. /(») = -( 1- 



3/2 



3 



= ^L/i- y 



2 \ v 2 

. The radicand must be nonnegative, that is, 1 T > 0, or v 2 < c 2 . 



c 1 m 1 v c 1 c 

Since c > 0, we must have 0 < c. But the speed of light is unattainable, that is, v < c, and so the domain of / is [0, c). 

Since v < c, v can approach c only from the left. 

2X 3/2 

2 



F 1 i) 
b. lim / (v) = lim —II — 



= — •0 = 0. Thus, the acceleration of the particle approaches zero as its speed 
m 



approaches the speed of light. 



82. a. The radicand must be nonnegative, that is, 1 — 



£0 



> 0 



(*) 



< 1 



E 2 > Eq, and since Eq > 0, we just 



have E > Eq. Hence the domain of v = cj 1 
right. 



£0 
E 



^ is[£ 0 , 



00). Since E > Eq, E can approach Eq only from the 



b. lim v — lim c J 1 — 



£0 



0 



+ 
0 



= 0. Thus, the speed of the particle approaches 0 as the total energy approaches the 



rest energy. 
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1 

83. Observe that — 1 < sin — < 1 for all x ^ 0. Then, for x > 0, we have 

x 

— x < x sin - < x, and for x < 0, we have —x > x sin - > x. 

X X 

Because lim (— x) — 0 and lim x = 0, the result lim x sin - =0 

x->0 x->0 x->0 X 

follows from the Squeeze Theorem. 



0.5 



0.0 



-0.5 




-0.5 



0.0 



0.5 



1 



84. Let / (x) = —«fx, g (x) = y^cos and h (x) = +Jx. Since 



x 



1 



1 



— 1 < cos < 1 for all x ^ 0, we have —*fx < «Jx cos < «Jx 



x 



x 



for all x > 0, or / (x) < g (x) < h (x). 
But lim f (x) = lim (—Jx) = 0 and 

lim /z (x) = lim «Jx = 0, and so the result follows from the 

x->0+ x->0+ 

Squeeze Theorem, that is, lim *Jx cos 4r = 0. 



^0+ 



x 



0 



-2 




0 



85. a 



lim / (x) = lim (x + 2) = 1 and lim / (x) — lim (x 2 + 2x + 3 ) =2, 

x->-l" x->-l~ V / 



1 



b. lim / (x) does not exist because lim / (x) ^ lim / (x). 
x— >-l x— x-»-l+ 



86. lim / (x) 

x->-2~ 

lim / (x) 

x->-2~ 



x 3 -l6 
lim 

x^-2- x 

lim / (x) = 12, lim / (x) exists and has a value of 12. 

x->-2+ x->-2 



= 12 and lim f (x) = lim (-x 2 - 4x + 8) = 12. Since 

x^-2+ x^-2+ V / 



87. lim f(x) = lim (-x 5 + x 3 + x+l) = 1 and lim f (x) = lim ( x 2 + V*T~0 = 1. Si 



Since 



x^0 



x->0+ 



x^0+ 



lim / (x) = lim / (x) = 1, we see that lim / (x) exists and has a value of 1. 

x->0~ x->0+ x^0 



88. lim f(x)= lim (71^7 + 2) = 2 and lim /(*) = lim (l + x 3 / 2 ) = 2. Since lim f (x) = lim /(x) = 2, 



we conclude that lim f (x) exists and has a value of 2. 

x->l 



89. lim / (x) — lim \x\ — 1 and lim / (x) — lim (<Jx 
x->2~ x->2~ x->2+ x->2+ 

conclude that lim f (x) exists and has a value of 1. 

x->2 



-2+1) = 



1. Since lim / (x) — lim f {x) — 1, we 

x->2- x->2+ 



90. lim f (x) = lim |x| = 1 and lim f (x) 

x— >1 - x— >1~ x— >1+ 

lim / (x) exists and has a value of 1. 

x->l 



lim M 

x->l+ 



1. Since lim / (x) = lim / (x) = 1, we conclude that 

x— >1~ x— >1+ 



91. Let g (x) = —x 2 and /? (x) = x L for all real x. Then g (x) < f (x) < h (x) for all x. Since lim g (x) = lim h (x) = 0, the 

x— >0 x— >0 

result follows from the Squeeze Theorem. 

92. Let a be any number. If 8 > 0, then there are infinitely many rational numbers as well as irrational numbers in the interval 
(a — 8, a + 8). This implies that no matter how small 8 is, there are values of / (x) that are equal to 1 (if x is rational) 
and other values that are equal to 0 (if x is irrational). So / (x) cannot approach a specific number as x approaches a. 
Therefore, lim f (x) does not exist. 

x— >a 



v 2 
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93. Let f (x) — — and g (x) = . Then lim / (x) and lim g (x) both fail to exist. But 

x x *->0 *->0 

lim [/(*) + £ (*)1 = lim ( | = lim 0 = 0. This example does not contradict the Sum Law of Limits because 

*->0 L J x->0 \x x) jt->0 

the law is valid only if both lim f (x) and lim g (x) exist. 

J x^a J ' x^>a* ' 

\x\ \x\ 

94. Let f (x) — — and g (x) — for x ^ 0. Then lim / (x) and lim g (x) both fail to exist. But 

x x x^O x^O 

f (x) g (x) = — I — — I = —1 for x ^ 0, so that lim \f (x) g (x)] exists and is equal to —1. This example does not 

X \ x ) x->0 L J 

contradict the Product Law of Limits because the law is valid only if both lim f (x) and lim g (x) exist. 

J x^a J ; x^a* ' 



95. No. Consider the functions g (x) = 



x 2 ifx^O 
1 if jc = 0 



and f (x) = 0 for all x. Then f (x) < g (x) for all x. Furthermore, 



since lim g (x) — 0 = lim f (x), the strict inequality lim f (x) < lim g (x) does not hold in this case. 

jt->0 x-^0 x ~> a x ~> a 



96. a. arc AB — rO — 6 since the circle containing the arc has radius 1. Next, 
thatlflCI < larc AB\, or 0 < sin0 < 6. 



BC 



= sin 6, and from the diagram, we see 



b. Since lim 0 = lim 0 = 0, the Squeeze Theorem implies that lim sin 0 = 0. 
0^0+ 0^0+ 0^0+ 



c. Multiplying each side of the inequality 0 < sin0 < 0 by — 1 gives —6 < — sin 6 < 0. If — y < 0 < 0, then since 
sin (— 0) = — sin 0, the inequalities are equivalent to 0 < sin 6 < 0. Applying the Squeeze Theorem gives 

lim sin 0 = 0, and since the left- and right-hand limits are equal, we conclude that lim sin 6 = 0. 
0^0- 0^0 



d. From the identity sin 2 6 + cos 2 6 = 1 , we obtain cos 6 = yr — sin 6, since cos 6 is positive for — y < 6 < y 



7T 



Therefore, lim cos0 = lim v / T^in T 0 = / 1 - lim sin 2 6 = Jl - ( lim sin0^ = a/T^0 = 1. 

0^0 0^0 V 0^0 V \0->0 J 

97. lim sin (a + h) = lim (sin a cos h + cos a sin h) = sin a lim cos h + cos a lim sin h (sin a and cos a are constant) 
h^0 h->0 h^0 /h0 

= (sin a) • 1 + (cos a) • 0 = sin a 
and this establishes the result. 

98. lim cos x = lim cos (a + h) = lim (cos a cos h — sin a sin h) = cos a lim cos h — sin a lim sin /z 

/ t _>0 /?->() /*->() /i->0 

= cos a • 1 — sin a • 0 = cos a 

99. False. Neither lim -*L nor lim - J- exists, and so the Sum and Difference Laws for limits do not apply. 

x->2 X — 2 x-+2 X — 2 



100. True. In fact, using the Quotient Law, lim 



x 2 + 3x - 4 



lim (x 2 + 3x - 4) 



0 



x^ l x 2 -2x -3 lim (jc 2 - 2x - 3) -4 

jc— >1 V ' 



= 0. 



101. False. Consider / (x) = 



x 



- and gW = - 
x — 1 x 



i-. Then lim [/ (*) - g (x)] = lim (-?— - — l —) = lim 1 = 1, 

-1 x->l L J x^l\X-l X-\) x^l 



X 1 

but neither of lim and lim exists. 

x^l x — 1 x — 1 



102. False. Let / (jc) = -2, /z (x) = 2, and g (x) = 



-1 if jc < 0 

Then f (x) < g (x) < h (x) for all x. Also, lim / (x) and 
1 if x > 0 *->0 



lim /z (x) both exist, but lim g (x) does not exist. 

x->0 jc->0 
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< £. 



1. For any given e > 0, there is a 8 > 0 such that if 0 < |x — 2| < <5, then | (x^ + 5^ — 13 

2. For every e > 0 there exists a 8 > 0 such that a — 8 < x < a + 8 implies L — e < f (x) < L + e 



3. 



1 - 



V2 



0.2929 and 



1 - 



V6 



0.2247. Take £ to be 0.2247, the smaller of the two numbers. 



4. Refer to Concept Question 3. Since 



1 - 



= A and 



1 - 



— ^, we take 5 = ^. 



1. 

2. 
3. 
4. 

5. 



\3x - 6| < 0.01 <^ 3 |jc - 2| < 0.01 <=> |x - 2| < ^ = 0.003, so take 8 = 0.003. 

\2x - (-2)1 < 0.001 <=> 2 |jc - (-1)1 < 0.001 <=> |x - (-1)1 < 2^1 = 0.0005, so take 8 = 0.0005 

|2x + 3-5| < 0.01 => 2|x - 1| < 0.01 <=> |x - 1| < 0.005, so take £ = 0.005. 

|3jc - 2 - (-8)| < 0.05 => 3 |x + 2| < 0.05 |x - (-2)| < 2^5 = 0> oi6, so take 8 = 0.016. 



6. 



x 2 -9 
x-3 

x 2 -4 
x + 2 



-6 



< 0.02 <=> 



(x + 3) (* - 3) 



x-3 



-6 



< 0.02 => |jc — 3| < 0.02, so take 8 = 0.02 



-(-4) 



< 0.005 <=> 



(jc + 2) Qc - 2) 
x + 2 



+ 4 



< 0.005 =>\x- (-2)| < 0.005, so take 8 = 0.005 



7. Consider 



2x 2 - 18 



2 (x 2 - 9^ I = 2 |(x + 3) (x - 3)| = 2 I* + 3| \x - 3|. If we agree to pick 
8 < 1, then |x — 3| < £ => |x — 3| < 1 or 2 < x < 4. So 5 < x + 3 < 7 or |x + 3| < 7. Therefore, 
2x 2 - 18 = 2 |x + 3| |x - 3| < 2 (7) |x - 3| < 0.01 |x - 3| < ^ « 0.00071. So pick £ = 0.0007. 



8. Consider | ^x — 2 



Vx + 2 > 2. Therefore, \*Jx-2 



(Vx -2) (V*" + 2) 



x -4| 




x 



I* -4| 




x 



. If we agree to pick 8 < 1, then |x — 4| < 1 => 3 < x < 5, so 



V*" + 2 



< 0.01 => |x - 4| < 0.01 (2) = 0.02. So pick 8 = 0.02. 



9. Consider 



x 2 + 4 
x + 2 



-2 



x 2 + 4 - 2x - 4 
x + 2 



x 



x + 2| 



x — 2|. If we agree to pick 8 < 1, then |x — 2| < 1 ^> 1 < x < 3, 



so 



x 2 + 4 
x + 2 



-2 



x 



x + 2| 



x-2\ < \x -2|. If we pick £ = 0.01, then |x - 2| <8 



x 2 + 4 
x + 2 



-2 



< |x -2| < 0.01 



10. Consider 

1 1 

x 2 



1 1 




2 — x 


|x-2| 


x 2 




2x 


2\x\ 



. If we agree to pick S < 1, then |x — 2| < 1 => 1 < x < 3. So 



x - 21 1 1 

— = — \x - 2\ < - \x - 2\ < 0.05 

2|x| 2x 1 '2' 



x -2| < 0.1. So pick 8 = 0.1. 



11. For any e > 0, we need to find a 8 > 0 such that if |x — 2| < 8, then 1 3 — 3 1 < e. Since |3 — 3| =0 < e always holds, we 

can pick 8 to be any positive number. Then |x — 2| < 8 => |3 — 3| < e, and lim 3 = 3. 

x— >2 

12. For any e > 0, we need to find a 8 > 0 such that whenever |x + 2| < 8, then \iz — n\ < e. Since \ir — n\ = 0 < e always 
holds, we can pick 8 to be any positive number. Then |x — (— 2)| = |x + 2| <<5=>|7r — 7r| < e, and this shows that 

lim 7T = 7T. 

13. For any e > 0, we need to find a 8 > 0 such that if |x — 3| < 8, then |2x — 6| < e. Now |2x — 6| < e => |x — 3| < ^e, so 
we pick 8 — ^e. Then whenever |x — 3| < 8 = ^e, we have |2x — 6| = 2 |x — 3| < 2 = S- Therefore, lirn 2x = 6. 
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14. For any e > 0, we need to find a S > 0 such that if \x + 2\ < d, then \(2x - 3) - (-7)| < e. Now \ (2x - 3) - (-7)| < £ 
=> \2x + 4| < £ => \2 (x + 2)| < e => |* + 2\ < j£, so we choose 6 = ^s. Then whenever |* + 2| < £ = we have 

1(2* -3) -(-7)| = 2|jt + 2| <2^e)=e. Therefore, lim (2jc - 3) = -7. 



15. For any e > 0, we need to find a <5 > 0 such that if |jc — a| < S, then |c — c\ < e. Since |c — c\ = 0 < £ always holds, we 
can choose S to be any positive number. Then |x — a| < 6 => \c — c\ — 0 < e. This shows that lim c — c. 

x^>a 



16. For any e > 0, we need to find a S > 0 such that if |* — a | < 5, then |x — a | < e. Choose S = e. Then |jc — a| < £ 
|x — a| < S = e, and so lim x = a. 



17. Let £ > 0 be given. We need to find a S > 0 such that 0 < \x — 1| < £ 



3x 2 -3 



< e. Now 



3x 2 -3 



= |3 (x + 1) (x — 1)| = 3 \x + 1 1 |* — 1|. If we agree beforehand to pick 6 < 1, then |* — 1|<1=>0<.x:<2. 



With this restriction on S, we have 



3x 2 -3 



< £ => 3 |* + 1| \x — 1| < £ => |JC — 1| < 



£ £ 

— < - . So pick £ to be the 

3U + 1| 9 H 



smaller of 1 and ^£. Then, if |x — 1| < 5, we have 



3jc z -3 



= 3 \x + 1| |jc - 1| < 3 (3) = £. This shows that 



lim 3x 2 = 3. 

»1 



18. Let £ > 0 be given. We need to find a S > 0 such that 0 < \x — 2\ < S => | ^x 2 — 2^ — 

x 2 -4 



< £. Now 



= \(x — 2) + 2)| = |* — 2| |x + 2|. If we agree beforehand to pick S < 1, then 



(* 2 -2)-; 

x — 2|<1=>1<.x<3. This implies that 3 < \x + 2| < 5. Therefore, | ^x: 2 — 2^—2 



= |jc-2||* + 2| < £ 



jc-2| < 



£ £ i 
< — . So pick S to be the smaller of 1 and 4-£. Then if \x — 2| < d, we have 

* + 2| 5 3 



(x 2 - 2^ - 2| = \x - 2| |jc + 2| < ±£ • 5 = £. This shows that lim (x 2 - 2^ = 2. 



19. Let £ > 0 be given. We need to find a 6 > 0 such that 0 < \x — 2| < £ 



x z -4 
x -2 



-4 



< £. Now 



x l -4 
x — 2 

x 2 -4 
x — 2 



-4 



(jc - 2) (x + 2) 
jc - 2 



-4 



= \x — 2|. If we pick d = £, then whenever 0 < |* — 2| < (5, we have 



-4 



= |* — 2 1 < £, and this shows that lim 



x 2 -4 



x->2 x — 2 



= 4. 



20. Let £ > 0 be given. We need to find a S > 0 such that 0 < |jc| < S 



x 2 + 2x 



-2 



x 



< £. Now 



x 2 + 2x 



-2 



X 



x 2 + 2x 



-2 



x 



= |(* + 2) — 2| = |jc|. If we pick S = £, then whenever 0 < |x| < we have 

x 2 + 2x 

= |x — 2 1 < £, and this shows that lim = 2. 

*->0 x 
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21. Let e > 0 be given. We need to find a d > 0 such that 0 < |jc — 9| < 5 => V* — 3 < £. Now 



|V*-3 



(yi- 3) (yi+3) 

V* + 3 



|jc -9| 
v^+3 



. If we agree beforehand to pick S < 1, then \x — 9| < 1 => 8 <x < 10, and 



this implies that V8 + 3 < *Jx + 3 < VlO + 3. Therefore, I «Jx — 3 



jc — 9| U — 9| 



< 



+ 3 V8 + 3 



< £ 



x-9\ <e(>/8 + 3). 



So pick 8 to be the smaller of 1 and Then, if \x — 9| < <5, we have | *Jx — 3 



U _ 9 | (V8 + 3)s 

V* + 3 V8 + 3 



= e, 



and this shows that lim Jx = 3. 



22. Let e > 0 be given. We need to find a (5 > 0 such that 0 < \x\ < 6 => | (x 3 + 1^ — 1 



< £. Now 



(* 3 + l)- 
(* 3 + l)- 



1 



1 



X 3 \ = U < £ 



x\ < £ 1//3 . So, if we pick 5 = e 1 / 3 , then whenever |*| < <5, we have 



= Ul 3 < 



(£ [/?, y = £. This shows that lim (jc 3 + l) = 1. 



23. Suppose that lim / (x) exists and is equal to L. Then for every £ > 0 there exists a d > 0 such that 0 < |x — 0| = \x\ < 6 

x->0 

=> \f (x) — L\ < £. Pick e = 1. (We can choose £ because we have assumed that the limit exists.) Now if 6 > 0, then for 
x = -| < 0, |/(jt) - L| = 1-1 - L| < 1 => -2 < L < 0. For* = & > 0, |/ (x) - L| = |1 - L| < 1 => 0 < L < 2. 



But L cannot satisfy L < 0 and L > 0 at the same time. Therefore, L does not exist, and lim / (x) does not exist. 

jt->0 

24. Suppose that lim g (x) exists and is equal to L. Then for any £ > 0 there exists a S > 0 such that 0 < \x — 0| = | jc | = 6 
\g (x) — L\ < £. Pick e = 1. (We can choose £ because we have assumed that the limit exists.) Now if S > 0, then for 



x — 



= -§ <0 f |s(*)-L| = 



-1-f-L 



< 1 



f + L + 1 



<1=>-1 <| + L + 1 < 1 => -2 < § + L <0 



1 + f-L 



<l=>-l<l + f- L<l=> 



=> -(2+§) < L < -§. For* = § > 0, |g(jt)-L| = 

2 + § ) < — L < — § § < £ <2+^. But L cannot satisfy L < — ^ and L > j at the same time. Therefore, L 

does not exist, and lim g (x) does not exist. 

>0 

25. Suppose that lim H (x) exists and is equal to L. Then for any £ > 0 there exists a 6 > 0 such that 0 < \x — 0| = \x\ < 6 

=> \H (x) -L\ <£. Pick £ = i. (We can choose £ because we have assumed that the limit exists.) Now if 5 > 0, then 
for* = -f < 0, \H(x) -L\ = |0- L| = \L\ < \ =1 -\ < L < \. Forx = | > 0, \H (x) - L\ = |1 - L| < ^ 

=> |L — 1| <i^>— i < L — 1 <i=>i <L < |. But L cannot satisfy L < ^ and L > ^ at the same time. This 
contradiction shows that L does not exist, and so lim H (x) does not exist. 

26. Suppose that lim / (x) exists and is equal to L. Then for any £ > 0 there exists a (5 > 0 such that 0 < \x — 0| = \x\ < d 

|/ (x) — L\ < £. Pick £ = ^. (We can choose £ because we have assumed that the limit exists.) Now if x is a rational 

number satisfying 0 < \x\ < 6, then \f (x) — L\ = |0 — L| = |L| < ^ or — ^ < L < On the other hand, if x is 

an irrational number satisfying 0 < \x\ < S, then \f (x) — L\ = |1 — L\ < ^, or |L — 1| < j, which is equivalent to 

— j < L — 1 < j, or j <L < |. But L cannot satisfy both L < ^ and L > ^ at the same time. This contradiction shows 
that L cannot exist, and establishes the required result. 

27. If c = 0, the result follows immediately. So assume c^0, and let £ > 0 be given. Since lim / (x) = L, there exists a 

x^>a 



5 > 0 such that 0 < |x — a\ < 6 => \f (x) — L\ < e/\c\. (It will be clear later why we pick e/ \c\ instead of simply £.) 
Then, if 0 < \x — a\ < S, we have \cf (x) — cL\ — \c\ \f (x) — L\ < \c\ (e/ \c\) — £, and since £ is arbitrary, the result 
follows. 
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28. The inequalities a — 8 < x < a are equivalent to 0 < \x — a\ < 5 with the additional condition that x < a. Similarly, 
a < x < a + 8 is equivalent to 0 < \x — a\ < 8 with the additional condition that x > a, and these are precisely the 
conditions needed for the definition of the left- and right-hand limits. 



y = M 




L - 
L-s 



0 



y = m 




wmrmrm 

a a + 8 



29. Let e > 0 be given. We have to find a 8 > 0 such that 2 — 8 < x < 2 



< e. 



Now 



$4-x 2 - 0 = $4-x 2 = (2 -x)(2 + x) = tyx - 2^/x + 2. If we agree beforehand to 



pick 8 < 1, then 0 < \x — 2| < 1 => 1 <x < 3. So 3 <x + 2<5 and |* + 2| < 5. Therefore, 
$4-x 2 = Vx~=2Vx~T2 < 5 1 / 4 \x -2\V 4 <e^\x-2\ < ±£ 4 . So pick 8 to be the smaller of 1 and Is 4 . Then 

2-8 <x <2^ $4-x 2 = yT=2Vx~+2 < Ue A \ 1/4 5 1 / 4 = s and this shows that Urn t]4-x 2 = 0. 



30. Let s > 0 be given. We have to find a 8 > 0 such that 2 < x < 2 + £ => | V* — 2 — 0| < e. Now 
<s]x — 2 — 0| = *Jx — 2 < e => x — 2 < e 2 . So if we pick (5 = £ 2 , then 2 < x < 2 + £ => 

V* — 2 — 0 = \fx — 2 < \fe 2 — e, and this shows that lim \fx — 2 — 0. 

x^2+ 



31. False. Consider the function / (x) = 



-1 ifx < 0 
1 if x > 0 



Take e = 3 and L = 0. Then for all £ > 0, 0 < \x - 0| = |*| < £ 



1/ (x) — L| = |/ (x) — 0| = |/ (x)\ < 3 and, of course, lim / (x) ^ 0. In fact, lim / (x) does not exist. 



32. True. If lim / (x) = L, then given any e > 0, there exists a £ > 0 such that 0 < \x — a\ < 8 => \f (x) — L\ < e. Take 

£ = 0.01. 



33. True. This is the definition of lim f (x) = L. 



34. False. Take / (x) = 



-1 ifx < 0 
1 if x > 0 



with L = 0 and e = 3. Then whenever 0 < |jc — 0| < £ for any 8, we have 



|/ (x) — L\ = |/ (x) — 0| = |/ (x)| < 3 and lim / (x) does not exist. 




1. a. If / is continuous at a, then lim / (x) = / (a). For example, / (*) = x + 1 is continuous at 0 since 

x—>a 

Km /(*) = / (0) = 1. 

Jt->0 



b. If / is continuous from the right at a, then lim / (x) = f (a). For example, / (x) = V* + 1 — 2 is continuous from 
the right at —1, since lim / (x) = / (—1) = —2. 



60 



Chapter 1 Limits and Continuity 



c. If / is continuous from the left at a, then lim / (x) = f (a). For example, / (x) = VI — x is continuous from the left 

x^a~ 

at 1, since lim / (x) = / (1) = 0. 

*->l- 

2. a. / is continuous on an open interval (a, b) if it is continuous at every number in the interval. For example, / (x) = tan* 

is continuous on (— y , y). 

b. / is continuous on a closed interval [a, b] if it is continuous on (a, b) and is also continuous from the right at a and 
continuous from the left at b. For example, / (x) = V4 — * 2 is continuous on [—2, 2]. 

3. a. / is continuous. At any time ? = we can determine the altitude of the airplane, and lim f (t) = f (tr\). 

t->to 

b. / is continuous. At any time f = % we can determine the amount of rainfall over the past 24 hours at the Municipal 
Airport and lim f (t) = f (to). 

t->tQ 

c. / is discontinuous. The number / (?) is constant (say $5.00) from the time the cinema opens until the evening (say 
5 P.M.) when it jumps from the matinee price to the evening price (say $8.00). 

d. / is continuous. At any time t — to, we can determine the speed of the pebble as it falls into the pool and 
lim /(*) = / 0b). 

t->tQ 

4. a. / has a removable discontinuity at a if lim / (x) = lim f (x) and / can be made continuous at a by defining or 

x—>a~ x^>a + 

redefining f (a). 

b. If / is continuous from the left at a and from the right at a, then lim / (x) = / (a) and lim / (x) = / (a). 



x^a x^>a + 



Therefore, lim f (x) = f (a) and so / is continuous at a. 

x^>a 




1. / is continuous everywhere. 

2. / is discontinuous at — 1 . 

3. / is discontinuous at ± 1 . 

4. / is discontinuous at 0, ±1, ±2, .... 

5. / is discontinuous at 0. 

6. / is continuous everywhere. Note that the graph of / is squeezed between the graphs of g (x) = —x and h(x) — x. Since 
lim g (x) = lim h (x) = 0, it follows that lim / (x) = 0 by the Squeeze Theorem. 

7. None. Since / is a polynomial, it is continuous everywhere. 

8. None. Observe that x 2 + 1 ^ 0 for any value of x. Since / is a rational function that is defined on (— oo, oo), / is 
continuous everywhere. 

9. The denominator of the function / is equal to 0 when x — 2 = 0, or x = 2. So / is discontinuous at 2. 

10. The denominator of the function / is equal to 0 when x 2 — 1 = 0, or x = ± 1. So / is discontinuous at ± 1. 

11. The denominator of the function / is equal to 0 when x — 4 = 0, or x = ±2. So / is discontinuous at ±2. 

12. The denominator of the function / is equal to 0 when (x — 3) (x + 1) = 0, that is, when x = 3 or x = —I. So / is 
discontinuous at 3 and — 1 . 

13. The denominator of the function / is equal to 0 when x (x — 2) = 0, that is, when x = 0 or x = 2. So / is discontinuous at 
0 and 2. 



14. None. / (x) = 



x 3 - 2x + 1 



is the composition g o h of g (x) = \x\ and h (x) = x 3 — 2x + 1. Since each of these 



functions is continuous, / is continuous on (— oo, oo). 
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15. The denominator of the function / is equal to 0 when x (x + 2) = 0, that is, when x = 0 or x = —2. So / is discontinuous 
at 0 and -2. 

x + 1 

16. The denominator of the quotient — is equal to 0 when x + 1 = 0, or x = — 1 , so / is discontinuous at — 1 . 

\x ~\~ 1 1 

17. / is discontinuous at 0, ±1, ±2, 

18. / is discontinuous at 0, ±1, ±2, .... 

19. Since lim (2x — 1) = — 1 = /(0) and lim 1 = 1, / is discontinuous at 0. 

jc->0- x->0+ 

20. None. Since lim (x + 2) = 5 and lim (—2* + 1 1) = 5 = / (3), / is continuous at 3. So / is continuous on (— oo, oo). 

x— >3 _ x— >3 + 

x 2 — 1 (x + l)(x — 1) 

21. Since lim — = lim = lim (x — 1) = —2 and / (—1) = 1, / is discontinuous at —1. 

x+1 x+l 

x 2 + x — 6 (x + 3) (x — 2) 

22. None. Since lim = lim = lim (x + 3) = 5 and / (2) = 5, / is continuous at 2. So / is 

jc->2 x — 2 *->2 x — 2 jt->2 

continuous on (— oo, oo). 

23. /" is discontinuous at 0 because lim ( 1 /x 2 ) does not exist. 

jt->0\ / 

24. Since lim (— \x\ + 1) = 1 and / (0) = 0, / is discontinuous at 0. 

jt->0 

25. / is discontinuous at±^,±^,±^, Note that sec* is discontinuous at — f° r integers n, so / (x) = sec 2x 

has discontinuities at X = ^UL. 

4 

26. / is discontinuous at 0, ±1, ±2, . . .. Note that cot* is discontinuous at mr for integers n, so / (x) = cotnx has 
discontinuities at n . 

27. We require that / (1) = 1 + 2 = 3 = lim kx 2 — k,oxk — 3. 

Jt-»1 + 

x 2 — 4 (jc — 2) (* + 2) 

28. Since lim = lim J —- = lim (x-2) = -4, we define / (-2) = k = -4, that is, take k = -4. 

x + 2 x + 2 

29. We require that / (1) = 4 = lim (ax + b) = lim (2ax — b), or a + b — 4 and 2a — b — 4. Solving the last two 

equations simultaneously, we obtain a = | and = | . 

30. We require that lim (^x + 1) = lim (&* 2 — 3 ), or 2k + 1 = 4& — 3. Solving this last equation, we obtain k = 2. 

sin 2jc / sin 2jc \ 

31. Since lim = lim ( 2 • I = 2, we require that / (0) — 2. So we take c — 2. 

jc->0 x x^0 \ 2x ) 

(x cos kx \ ( 1 kx \ 1 
• ) = lim ( - • ) • lim (coskx) — -, we define / (0) — l/k. 
smkx 1 / x^0~ \k smkx/ x ^0~ k 

Then 0 + c= \/k, or c = l/k. 

33. Yes. The function g (x) = 16 — x 2 is continuous everywhere, and the function h (x) = *Jx is continuous whenever x > 0. 
Therefore / (x) = (/z o g) (x) = \/l6 — is continuous on [—4, 4]. 

34. Yes, because f (x) — x is continuous on (— oo, oo) and h (x) — y/4 — x 2 is continuous on [—2, 2], so g = / + /z is 
continuous on [—2, 2] and, therefore, on [—2, 1]. (See Exercise 33.) 

35. No, because / is not continuous at 0. 

36. Yes, because h is a rational function that is defined for all numbers in [—2, 2]. 

37. (— oo, oo), because / is a polynomial function. 

38. [0, oo), because g (x) = «Jx is continuous for x > 0, and h (x) — (x — 5) 4 is continuous on (— oo, oo), and therefore 
/ = gh is continuous on [0, oo). 

39. Since x 2 + x + 1 is never negative, / is continuous on (— oo, oo). 
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40. y/x is defined for x > 0, and so h is continuous on (0, oo). Note that we have to exclude 0 because it is not in the domain of 
h. 

9 

41. 9 — x > 0 on [—3, 3], and so / is continuous on [—3, 3]. 

42. * 2 — 4 > 0 on (— oo, —2] U [2, oo), and this is the set on which / is continuous. 

43. 9 - x 2 > 0 on [-3, 3]. Also, x ^ 0, -3, or 3. So / is continuous on (-3, 0) U (0, 3). 

44. «Jx is continuous if x > 0. Furthermore, x ^ 0 or 2. Therefore, / is continuous on (0, 2) U (2, oo). 

45. / is the composition of two continuous functions, g (x) = sin* and h (x) = * 2 , and so it is continuous on (— oo, oo). 

46. / is a quotient of two continuous functions, but 0 is not in its domain, and so / is continuous on (— oo, 0) U (0, oo). 

47. sin* is continuous everywhere, but esc* is discontinuous at nir (n = 0, ±1, ±2, . . .). Therefore, / is continuous on the 
intervals («7t, (n + 1) 7r), where n is any integer. 

48. cos* is continuous everywhere, and 5 + 2 sin* > 0 for all *. So / is continuous on (— oo, oo). 



49. The absolute value function is continuous, so lim 

x->2 

50. The absolute value function is continuous, so 



* 2 + * — 6 




* — 2 





lim 

x->2 



(* + 3) (* - 2) 
* — 2 



lim (* + 3) 



= |5| = 5. 



lim 



x 1 -x -2 

X + 1 



lim 

x->-l 



(* +!)(*- 2) 
* + 1 



lim (* 

x-> — \ 



-2) 



= |-3|=3 



„ .. 3* 3 -2x x(3x 2 -l) 3x 2. 
51. lim = lim — = lim 

5* x->0 5* x->0 5 



2 2 

— = — . So f will be continuous at 0 if we define 
5 



/(*) = 



3* 3 - 2* 



2 
5 



5* 



if* ^ 0 



if jc = 0 



2*3 +;c _3 (*-l)(2* 2 + 2* + 3) 

52. lim = lim - 

jc->1 * — 1 jc— > 1 * — 1 



= lim (2* 2 + 2* + 3 J —1. So / will be continuous at 1 if we define 



/(*) = 



2* 3 + * - 3 . 



*- 1 



7 



if* ^ 1 
if* = 1 



* + 1 - 1 



— lim 



1 



M r V^TT-i V^TT-i V* + l + l 

53. lim = lim • = lim - ..... 

jc^O * a:->0 * * (V* +1+1) ^0Vj+1+1 



= -. So/ will be 

2 



continuous at 0 if we define / (*) = 



V^TT-i . 



1 

2 



* 



if* ^0 



if* = 0 



4 - * (2 - V*1 (2 + Jx) . 

54. lim = lim i \ ' V = lim ( 2 + V*) = 4. So we define / (*) = 

x^A 2 - *Jx x->4 2 — «Jx x^A 



4-X 
2 — y/x 
4 



if* #4 



if* = 4 



rr tan* / sin* 
55. lim = lim I • - 

x^0 x x^0 \ x cos 



S*/ x- 



— lim • lim 



1 



:->0 * 



0 cos * 



= 1. So we define / (*) = 



tan* 



* 



1 



if* ^0 
if* = 0 



56. lim 



• 9 

sur-* 



— lim 



1 — cos 2 * 



jt->0 1 — cos* ;t->0 1— cos* 



(1 +cos*)(l -cos*) 

lim = lim (1 + cos*) = 2. So we define 

*->0 1 — cos* 



sin2 * -f 

if * ^ 0 

1 — cos* 

2 if jc = 0 
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57. (/ o g) (x) = f(g to) = g(x)[l-[g to] 2 ) = 



0 if jc < 0 

0 if x = 0 That is, / (jc) = 0 for all jc, and / o g is continuous 
0 if x > 0 



on (— oo, oo). This result does not contradict Theorem 5, because the hypotheses of the theorem call for both / and g to be 
continuous. However, this exercise shows that the composition of a continuous function and a discontinuous function can 
result in a continuous function. 



58. (g o /) (x) = g(f to) = 



-1 if /(*) <0 

0 if/to=0 

1 if/to >0 



+ + +() ()+ + () 



Now 



/ (x) = x ^1 — jc 2 ^ = x (1 — jc) (1 + x). The sign of / is given in 



-1 



the first figure at right. 
Using this diagram, we find 



0 



l 



X 



■o 



14 



(*°/)to = 



-1 if jc e (-l,0)U(l,oo) 

0 if x = -1,0, or 1 

1 if jc g (-oo,-l)U(0, 1) 



-l 



0 



1 



The graph of g o / is shown at right. It is continuous on (— oo, —1), 
(-1,0), (0, 1), and (l,oo). 

59. / (x) = x 2 — x + 1 is continuous on [—1, 4]. / (—1) = 3 and / (4) = 13. Since / (— 1) < 7 < / (4), there exists at least 

one c in [— 1 , 4] such that / (c) — 7. To find c we solve x 2 — jc + 1= 7=>jc 2 — x — 6 = (jc — 3) (jc + 2) = 0 => jc = — 2 
or 3. Since —2 does not lie in [—1, 4], we see that c — 3. 

60. / (x) = x 2 — Ax + 6 is continuous on [0, 3]. / (0) = 6 and / (3) = 3. Since / (3) < 3 < / (0), there exists a number c in 

[0, 3] such that / (c) = 3. To find c we solve x 2 - Ax + 6 = 3 => x 2 - Ax + 3 = (jc - 3) (x - 1) = 0 giving jc = 1 or 3. 
Therefore c — 1 or 3. 

61. / (jc) = jc 3 - 2jc 2 + jc - 2 is continuous on [0, 4]. / (0) = -2 and / (4) = 34. Since / (0) < 10 < / (4), 
there exists a number c in [0, 4] such that / (c) = 10. To find c we solve jc 3 — 2jc 2 + jc — 2 — 10=> 

jc 3 - 2jc 2 + jc - 12 = (jc - 3) (x 2 + jc + 4) = 0 => jc = 3. So c = 3. 

62. / (jc) = is continuous on [-4, -2]. / (-4) = f and / (-2) = 3. Since / (-4) < 2 < / (-2), there exists a 

jc + 1 J 



x + 

number c in [—4, —2] such that / (c) = 2. To find c we solve 



jc- 1 



= 2 => jc - 1 = 2 (jc + 1) ^ jc - 1 = 2jc + 2 



jc + 1 
jc = —3. So c = —3. 

63. / (jc) = jc 3 — 2jc — 1 is continuous on [0, 2]. / (0) = — 1 < 0 and / (2) = 3 > 0. Therefore, by Theorem 7, / (jc) = 0 has 
at least one root in (0, 2). 

64. / (jc) = jc 4 - 2jc 3 - 3jc 2 + 7 is continuous on [1, 2]. / (1) = 3 > 0 and / (2) = -5 < 0. Therefore, by 
Theorem 7, / (jc) = 0 has at least one root in (1, 2). 

65. / (jc) = jc 5 + 2jc - 7 is continuous on [1, 2]. / (1) = -4 < 0 and / (2) = 29 > 0. Therefore, by Theorem 7, / (jc) = 0 
has at least one root in (1, 2). 

66. / (jc) = jc 4 - 2jc 3 - V^ 7 ! is continuous on [2, 3]. / (2) = -1 < 0 and / (3) = 27 - V2 > 0. Therefore, by 
Theorem 7, / (jc) = 0 has at least one root in (2, 3). 

67. / (jc) = jc is continuous everywhere and 0 = / (0) < 2 < / (2) = 4. Therefore, by Theorem 7, there is at least one c in 
(0, 2) such that / (c) = 2. 
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68. a. / (x) = — 3x 2 + 2x + 5 is continuous 

everywhere and 5 = / (0) < 12 < / (2) = 29. 
Therefore, by Theorem 7, there is at least one c in 
(0, 2) such that / (c) = 12. 



69. a. / (x) = ^x 2 — cos 7rx + 1 is continuous 

everywhere and 0 = / (0) < V2 < / (1) = §. 
Therefore, by Theorem 7, there is at least one c in 

(0, 1) such that / (c) = >/5. 



b. 



30 



20-" 



io-- 



0 




b. 



2 — 



1 



0.0 



0.5 



1.0 



1.5 



2.0 



0 




0.0 0.2 0.4 0.6 0.8 1.0 



The point of intersection of the graphs is 
approximately (1.63735, 12), and so 
1.63735. 



The point of intersection of the graphs is 
approximately ^0.57926, and so 
c % 0.57926. 
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.a. lim f {x) — lim ( — x 2 ) = 0 

x->0~ »-_*n- V / 



and 



x->0 



b. 



lim / (x) = lim (x + 1) = 1. This shows that / is not 
x^0+ *->0+ 

continuous at 0, and therefore is not continuous on [—1, 1]. 

/ (— 1) = —1 and / (1) = 2. The number ^ lies between / (—1) and 

/ (1), but there is no c in [— 1, 1] such that / (c) = \. (See the 
figure.) 




-2- 



71. For — 2 < x < 0, / (x) = — x + 2. Setting / (*) = 0 gives — x + 2 = 0 or x — 2, which lies outside [—2, 0). So / has no 
zero in [-2, 0). For 0 < x < 2, / (x) = - (x 2 + 2). Setting / (x) = 0 gives — (x 2 + 2) = 0, which has no real solution 
Therefore, / has no zero in [0, 2]. We conclude that / has no zero in [—2, 2]. 

72. If / (x) = x 3 - x + 1, then / (-2) = -5 and / (-1) = 1, so there is a root of the equation / (x) = 0 in (-2, -1). We 
construct a table. 



Step 




bi 


Sign of 

/(««•) 


Sign of 
f(Pi) 


ai + bi 
2 


Sign of 


\bi -Oi\ 


1 


-2 


-1 




+ 


-1.5 




1 > 0.01 


2 


-1.5 


-1 




+ 


-1.25 


+ 


0.5 > 0.01 


3 


-1.5 


-1.25 




+ 


-1.375 




0.25 > 0.01 


4 


-1.375 


-1.25 




+ 


-1.3125 


+ 


0.125 > 0.01 


5 


-1.375 


-1.3125 




+ 


-1.34375 




0.0625 > 0.01 


6 


-1.34375 


-1.3125 




+ 


-1.328125 




0.03125 > 0.01 


7 


-1.328125 


-1.3125 




+ 


-1.3203125 


+ 


0.015625 > 0.01 


8 


-1.328125 


-1.3203125 




+ 


-1.32421875 




0.0078125 < 0.01 



Sox % -1.32. 



73. If / (x) 
table. 



= x 5 +2x -7, then(l) = 



-4 and / (2) 



Section 14 Continuous Functions 65 
= 29, so there is a root of the equation / (x) = 0 in (1, 2). We construct a 



Step 


* 


bi 


Sign of 

f(fli) 


Sign of 
/(*«) 


at + bi 
2 


Sign of 


\bi — cii\ 


1 


1 


2 




+ 


1.5 


+ 


1 > 0.01 


2 


1 


1.5 




+ 


1.25 




0.5 > 0.01 


3 


1.25 


1.5 




+ 


1.375 


+ 


0.25 > 0.01 


4 


1.25 


1.375 




+ 


1.3125 




0.125 > 0.01 


5 


1.3125 


1.375 




+ 


1.34375 


+ 


0.0625 > 0.01 


6 


1.3125 


1.34375 




+ 


1.328125 




0.03125 > 0.01 


7 


1.328125 


1.34375 




+ 


1.3359375 




0.015625 > 0.01 


8 


1.3359375 


1.34375 




+ 


1.33984375 




0.0077125 < 0.01 



So we take x « 1.34 as an approximate root of x D + 2x — 1 = 0. 



74. The discontinuities at T\ and T2 reflect the jump in the amount of total deposits with the company as the result of its 
acquisition of the ailing financial institutions. 



75. 



A v A (m/s) 



0 



a v B (m/s) 



v- 



t(s) 



0 




For 0 < t < to, the object stays at the origin. For t > to, the object moves 
along the x-axis. 



77. a. h (0) = 4 + 64 (0) - 16 (0) 2 = 4 ft and h (2) = 4 + 64 (2) - 16 (2) 2 = 68 ft. 

b. The function h is continuous on [0, 2]. Since 4 = /z (0) < 32 < h (2) = 48, Theorem 7 implies that there is at least one c 
in [0, 2] such that / (c) = 32 ft. This shows that at some time(s) between t — 0 and t — 2, the ball will cross Joan's line 
of sight. 

c. 32 = 4 + 64t - I6t 2 => I6t 2 - 64t + 28 = 0 => 4 (2t - 7) (2t - 1) = 0 => t = \ s or t = \ s. Joan sees the ball on its 
way up, half a second after it was thrown, and again on its way down, 3 j seconds after it was thrown. 



78. Since / is a polynomial function, it is continuous everywhere and, in particular, on the interval [0, 3]. Note that 
2 — f (0) < 5 < / (3) = 7.3787, so by the Intermediate Value Theorem, there is at least time to in (0, 3) such that 

/ (t 0 ) = 5. 
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79. / is continuous on [0, L/2) and (L/2, L] because it is a polynomial function. 



lim 



W 0 



lim / (x) = 

x-KL/2)- jc->(L/2)" 48^/ 



(3L 2 * - 4;t 3 ) = 



W 0 



48£7 



3^(Il)-4(1l) 



4SEI 



lim 



4 (±l) 3 - 121 (^L) 2 + 9L 2 (^l) - L 



3 



WoZ/ 
4SEI 



, so 



and lim f (x) = 

x^(L/2) + x^(L/2)+ 4SEI 

lim / (x) = lim / (x) = lim f (x) = f (L/2) => / is continuous at * = L/2 and / is continuous on 

x-KL/2)- x^(L/2)+ 

[0, L]. 



80. a. The force exerted on a particle inside the shell is given by 

lim F (r) = lim 0 = 0. The force exerted on a particle outside 



F(r) 

GMm 
IT 



the shell is given by lim F (r) = lim 



GMm GMm 



R+ 



. Since 



the one-sided limits are not equal, F is not a continuous function of r 



o 



R 



81. Let r (t) denote the distance of the couple from their house on their way to their mountain cabin, where t is measured in 
hours and t = 0 corresponds to 6 P.M., and let s (t) denote the distance from their house on their return trip. If d denotes the 
distance between house and cabin, then we have r (0) = 0, r (2) = d, s (0) = d, and s (2) = 0. Now consider the function 
f — r — s. Since r and s are continuous, so is /. Furthermore, / (0) = (r — s) (0) = r (0) — s (0) = 0 — d — —d < 0 and 
/ (2) = (r — s) (2) = r (2) — s (2) = d — 0 = d > 0. So by the Intermediate Value Theorem, there exists some time to 
between 0 and 2 such that / (to) = r (to) — s (to) — 0^r (to) — s (to). So at some time to between 6 P.M. and 8 P.M., the 
couple will be at the same location on both days. 



82. a. Suppose, on the contrary, that / + g is continuous at a. Then g = (/ + g) — f will be continuous at a, since / is 
continuous at a, and the difference of two continuous functions is a continuous function. But, by assumption, g is 
discontinuous at a. This contradiction shows that f + g must, in fact, be discontinuous. 



b. No. Let / (x) = 



-1 if* < 0 
1 if x > 0 



and g (x) = 



1 if x < 0 
-1 if* > 0 



Then both / and g are discontinuous at 0, but 



(/ + g) (x) = /(*) + g (x) = 0 is continuous at 0. 



83. a. No. Let / (x) = 0 for all x in (—00, 00), and let g (x) = 



-1 if* < 0 
1 if x > 0 



Then / is continuous at 0 and g is 



discontinuous at 0. But (fg) (x) = f (x) g (x) = 0 and the function fg is continuous everywhere. 



b. No. Let / (x) = 



0 if x < 0 

1 if x > 0 



and g (x) = 



1 if x < 0 
0 if x > 0 



Then both / and g are discontinuous at 0, but fg = 0 is 



continuous everywhere. 



84. Let a be any real number and consider any open interval / containing a. Now there are infinitely many rational numbers as 
well as irrational numbers in /. At a rational number x in /, / (x) — 0, and at an irrational number x in /, / (x) — 1. Since 
this is true for any open interval / containing <3, we see that no matter how small the interval is, there are values of / that are 
equal to 0 and other values that are equal to 1. This shows that lim / (x) cannot exist, and so / cannot be continuous at a. 
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85. Let / (*) = ci2 n +\ + Cl2 n x 2n + • • • + a\X + <3q — a 2n+l x ^ n ^ ( 1 + 



a 2 



n 



+ ••• + 



an 



,2n+ 



where #2/i+l 0 

a 2n+\ x a 2n+\ x 

and x ^ 0. Without loss of generality, let us assume that fl2w+l > 0. Observe that / is continuous, / (*) < 0 if x is 
negative and sufficiently large in absolute value, and f (x) > 0 if x is positive and sufficiently large in absolute value. 
Therefore, we can find numbers a and b with a < b such that / (a) < 0 and / (b) > 0. Using the Intermediate Value 
Theorem, we conclude that there exists at least one number c in (a, b) such that / (c) = 0. Thus, the given equation has at 
least one real root. 

86. If the function changes sign on a certain interval, then the Intermediate Value Theorem implies that / has at least another 
zero, and this contradicts the given condition on /. 

87. Since g is continuous on [a, b], the function / (*) = x — g (x) is also continuous on [a, b]. Note that / (a) = a — g (a) < 0 
and f (b) — b — g{b) > 0. Therefore, by the Intermediate Value Theorem, there is at least one c in (a, b) such that 

/ (c) — 0, that is, c — g (c) = 0, or g (c) = c, and c is a solution of x = g (x). The result tells us that, under the stated 
conditions, the function g has a fixed point, that is, a number that is mapped by g onto itself. 



88. 




/ is not defined at 0, and so / is discontinuous there. 

x + 1 

lim / (x) = lim — y — oo and lim / (x) = 2 and so / is 

x->l _ ivl - x 

discontinuous at 1 . Note that / is continuous from the right at 1 . So / is 
continuous on (— oo, 0), (0, 1), and [1, oo). 



-2 



0 



89. 



1 -- 



0 



-1 



-10 



0 



10 



fix) = 



sinx 



sinx 



1 if sin x > 0 
— 1 if sin* < 0 



So / is continuous at all numbers except nn, n an integer. 



90. / is continuous everywhere because it is a polynomial function. Since / (0) = — 1 < 0 and / (1) = 1 3 + 1 — 1 = 1 > 0, 
the Intermediate Value Theorem implies that there is at least one number c in (0, 1) such that / (c) = 0. The number c is a 
zero of /. 

91. Because / (x) = sin* — x + 2 is continuous everywhere, / (0) = 2 > 0, and / ^ —3.7 < 0, the Intermediate Value 

Theorem implies that there is at least one root in ^0, ^j-^j- 

92. In Exercise 97 in Section 1.2, we proved that lim sin* = sin a, and sin* = sin a at a. So / (*) = sin* is continuous at a. 

Since a is an arbitrary real number, / (*) = sin* is continuous everywhere. 

93. Since lim cos* = cos a and cos* = cos a at a, cos* is continuous everywhere. 

x— >a 

94. Since / is continuous at a, lim / (*) = / (a). Similarly, g is continuous at a, so lim g (*) = g (a). Now 

JC ^ CI JC ^ CI 

lim [/ (*) — g (*)] — lim / (*) — lim g (*) = / (a) — g (a). Therefore, / — g is continuous at a. 



x—>a 



x—>a 



95. Since / and g are both continuous at a, we have lim / (x) = / (a) and lim g (x) = g (a). Therefore, 

x— >a x—>a 



fix) 



lim / (*) 



f(a) 



g ( x ) lim g (*) g (a) 

x—>a 



provided g (a) ^ 0, and this shows that f/g is continuous at a. 
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96. False. Let / (x) = 



-1 ifx < 0 

Then \f (x)\ = 1 is continuous everywhere, including at 0. But / is discontinuous at 0 

1 if x > 0 



97. False. Let / (x) = 1/x. Then / is discontinuous at 0, and so is f 2 (x) = [/ (x)] 2 = 1/x 2 . 



98. False. Let / (jc) = 



-1 if — 1 < x < 0 

Then / is defined on [—1, 1], / (— 1) < 0, and / (1) > 0, but / has no zeros in 

1 if 0 < x < 1 



(-1,1). 

99. True. Write g = (/ + g) — f. Since / + g and / are both continuous, and the difference of two continuous functions is 
itself continuous, the result follows. 

100. True. The interval (2, 4) is contained in the interval (1,5). Since / is continuous on (1, 5), it is continuous at each point in 
(1, 5), including the entire interval (2, 4). 



15 Concept Questions 



, . n-y\ /(2 + /Q-/(2) / (2 + ft) - / (2) 

1. a. m sec — — - — : 

X2 — x\ (2 + h) — 2 h 

/(2 + JQ-/(2) 

b. m tan = lim 

h^0 h 

/(2 + /i)-/(2) = /(2 + /i)-/(2) 
(2 + h) - 2 h 
... /(2 + A)-/(2) 



2* n. — 



b. r inst = lim 

/i->0 /z 

c. They are the same. 




1. The rate of change of the average speed of traffic flow when the number of vehicles moved per day is 100,000 is 
-7.5 

^ = —0.15 mi/h per thousand cars. The rate of change of the average speed of traffic flow when the number of vehicles 

-15 

moved per day is 200,000 is ^ = —0.3 mi/h per thousand cars. 

2. The rate at which the wood grown is changing at the beginning of the 10th year is ^ = ^ cubic meters per hectare per year. 
At the beginning of the 30th year, it is ^ = 1.25 cubic meters per hectare per year. 

3. The rate of change of the percentage of households watching television at 4 P.M. is -^p ^ 3.08 percent per hour. The rate 
at 11 P.M. is ~^ 2 ' 3 = —21.15; that is, it is dropping off at the rate of 21.15 percent per hour. 

4. The rate of change of the crop yield when the density is 200 aphids per bean stem is — ^ = — | , a decrease of 

approximately 1.7 kg per 4000 m 2 per aphid per bean stem. The rate of change when the density is 800 aphids per bean 
stem is — ^ = — j, a decrease of 0.5 kg per 4000 m 2 per aphid per bean stem. 

5. a. At t\, the velocity of Car A is greater than that of Car B because / (t\) > g (t\), but Car B has greater acceleration 

because the slope of the tangent line to the graph of g is increasing, whereas the slope of the tangent line to / is 
decreasing as you move across t\ . 



Section 15 Tangent Lines and Rates of Change 69 



b. Both cars have the same velocity at t^, but the acceleration of Car B is greater than that of Car A because the slope of the 
tangent line to the graph of g is increasing, whereas the slope of the tangent line to the graph of / is decreasing as you 
move across 

6. a. P2 is decreasing faster at t\ because the slope of the tangent line to the graph of g at t\ is greater in absolute value than 

the slope of the tangent line to the graph of / at t\ . 

b. Pi is decreasing faster than P2 at ?2- 

c. Bactericide B is more effective in the short term, but bactericide A is more effective in the long run. 

/(l + ft)-/(l) 5-5 0 

7. a. m sec — = = — = 0 

(1 + /0-1 \+h-\ h 

b. m t an = hm — — = lim 0 = 0 

(l + /z)-l h^O 

c. y - 5 = 0(* - 1)=> y = 5 

f(\ + h)-f{\) [2(l + /*) + 3]-[2(l) + 3] 2h 
8 ' a ' (!+*)-! = h = T = 2 

b . mtm = Um . / () + V - f (*> . = lim 2 = 2 

A->0 (1 + /z) - 1 /z^O 

c. y - 5 = 2 (x - 1) => y = 2x + 3 

/(2 + *)-/(2) [2(2 + ^ -l]- [2(2)2-1] Sh + 2h 2 
9 - a - w ^ - (2 + h)-2 ~ (2 + ft)-2 ~ ~~h - 2h + 8 

b. m tan = lim /( ^V. ) " / , (2) = Mm (2A + 8) = 8 

ft->0 (2 + ft) — 2 ft->0 

c. y-7 = 8(x-2)=>y = 8x-9 

/(2 + /,)-/(2) [(2 + h) 2 - (2 + hj\ - (22 - 2) fe 2 + 3A 
1W - a - m «~- ( 2 + ft)-2 ~ ft _— l^- 3 + h 

/(2 + ft)-/(2) 

b. m tan = lim — — — — — - — = hm (3 + ft) = 3 

(2 + ft) - 2 ft->o 

c. y-2 = 3(x-2)=>y = 3x-4 

/(2 + ft)-/(2) (2 + ft) 3 -2 3 g+12ft + 6ft 2 +ft 3 -8 h{h 2 + 6h + \l) 2 
1L a - w ~ = (2 + ft)-2 = ft = ft = ft =* 2 +« + 12 

c. y - 8 = 12 (x - 2) => y = \2x - 16 

,2. ,. .. - / < 2 + »> - / < 2 > J' 2 + " 3 + (2 + "1 - < 23 + 2 ) - + « 2 ±»i-*+« +a 

(2 + h) — 2 h h 

b. m tan = lim / @ + ft) - / ( 2 ) = lim |^2 + 6h + 13 \ = 13 

fc_> 0 (2 + ft) -2 A->0\ / 

c. v - 10 = 13 (x - 2) => v = I3x - 16 

1 1 



n Q _ /(! + *)-/(!) _ 1 + h l_l-(l + A)_ -A _ 1 



(l+ft)-l ft ft(l + ft) ft(l+ft) 1 + ft 

r /(l + ft)-/(l) . , . 

b. m t an = lim — - = hm -— — = -1 

/?->() (l + ft)-l h->0 

c. y - 1 = -1 (x - 1) => y = + 2 



( 1 + 0 
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1 1 



14. a. m 



sec 



= /(l + ft)-/(l) = (1 + /Q + 1 l + l = 2-(2 + h) = -ft = 1 

(l + ft)-l (l + ft)-l 2ft (2 + ft) 2ft (2 + ft) 2(2 + h) 



1 



1 



o. mtan = lim — — = lim 

A _>0 (1 + /z) — 1 /z^o|_ 2 (2 + ft) J 

c y - \ = -\ (x - 1) => y = -\x + | 

1C r /(!+*)-/(!) r [2(l + ^ 2 + l]-[2(l)^ + l] 2 + 4/^ + 2^+1-3 
15. lim = lim = lim 

h^O h->0 ft h^O ft 

ft (4 + 2h) 
— lim — 4 

/*->0 h 

16 lim *(-! + »> -*(-*> = lim [M+*) 2 -M + *) + 2]-[(-D 2 -(-l) + 2] 
/z^O (-l + ft)-(-l) h^O ft 

/z 2 — 2/7 + 1- /2 + 1 + 2- 4 h(h-3) 
— lim = lim = —3 

ft->0 ft /z->0 ft 

„ H(2 + h)-H(2) [(2 + /t) 3 + (2 + /z)l - (2 3 + 2) 8 + i 2 ft + 6 ft 2 + ft 3 + 2 + ft - 10 

17. lim = lim = lim 

/z->0 (2 + ft) -2 ft-»o ft h^O ft 

ft(ft 2 + 6ft + 13) 

= lim — ^ J - = 13 

/hO ft 

lfi r /(4 + *)-/(4) r V4+1-V4 (V4+I - 2) ( V^+ft + 2) ft 1 

18. lim — — = lim = lim , . = lim - = - 

h^O (4 + ft)-4 ft->0 h h^O h(y/4 + h + 2) h^O ft (V^Th + 2) 4 



/(l+ft)-/(l) 



19. lim ■ — lim — = lim 



+ (1 + ft)] - (- + l) + ft - 2 

i + fc J \1 / _ 1 + ft 



ft->0 (l+ft)-l /z^O ft /z->0 ft 

v 2 + h + h 2 -2- 2ft r ft(ft-l) 
= lim = lim = — 1 

/z->0 ft(l + ft) ft (1 + ft) 

1 



20. lim /(! + *)-/(!) = lim i^h)-2 1-2 = Um h -l- = Hm ! + *-! = _ , 

/z^O (l+ft)-l h^O ft ft->0 ft ft->0ft(ft-l) 

9 ! 5 

21. a. [2, 3]: / (2) = \ (2) 2 = 1 and / (3) = \ (3) 2 = |, so y av = = - = 1.25 ft/s. 

[2, 2.5]: / (2) = 1 and / (2.5) = \ (2.5) 2 = 1.5625, so u av = L ^ 62 ^_~ 1 = 1.125 ft/s. 
[2, 2.1]: / (2) = 1 and / (2.1) = \ (2.1) 2 = 1.1025, so o av = L *° 2 ^~ 1 = 1.025 ft/s. 
[2, 2.01]: / (2) = 1 and / (2.01) = \ (2.01) 2 = 1.010025, so u av = 1 Q1 ^ Q2 ^~ 1 = 1.0025 ft/s. 

[2, 2.001]: / (2) = 1 and / (2.001) = \ (2.001) 2 = 1.00100025, so y av = 1 °^ 1 00025 ~ 1 = 1.00025 ft/s. 

/(2 + ft)-/(2) I (2 + ft) 2 - \ (2) 2 4 + 4ft + ft 2 -4 

b. u = lim — lim — lim — 1 ft/s 

/hO (2 + ft) -2 ft->o ft /z^O 4ft 
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22. a. / (?) = 2? 2 + 48?. The average velocity of the car over the time interval [20, 21] is 

f (21) - f (20) \ 2 ( 21 > 2 + 48 ( 21 >1 " I 2 ( 2 °) 2 + 48 ( 2 °)1 

21-20 = 1° = 130 ft/s ' its average velocit y over t 20 ' 201 i is 

/ (20.1)-/ (20) [2(20.1)^ + 48(20.1)]-[2(20)2 + 48(20)] 

= - = 128.2 ft/s, and its average velocity over 

20.1 -20 0.1 

f (20 01) - f (20) \ 2 ( 20 - 01 ) 2 + 48 ( 20 - 01 )l " \ 2 ( 2 °) 2 + 48 ( 2 °)1 

[20, 20.01] is J y ' ; — J -—— = J= =! 1 i = 128.02 m/s. 

20.01 -20 0.01 

b. We first compute f' (?) using the four- step process: 

Step 1 / (? + /z) = 2 (? + /z) 2 + 48 (? + /*) = 2? 2 + 4?/* + lh 2 + 48? + 48/* 

Step 2 f(t + h)-f(t)= (it 2 + 4?/* + 2/z 2 + 48? + 48/*) - (it 2 + 48?) = 4th + 2/z 2 + 48/z = /z (4? + 2h + 48) 

o . f(* + h)-f(t) h (At + 2/i + 48) , rtf JO 
Step 3 — — J —-- = — = At + lh + 48 

h h 

f( t + K)- f (t) 

Step 4 /' (?) = lim J v ; — ^ = lim (4? + lh + 48) = 4? + 48 

The instantaneous velocity of the car at ? = 20 is /' (20) = 4 (20) + 48 = 128 ft/s. 

c. Our results show that the average velocities do approach the instantaneous velocity as the intervals over which they are 
computed decrease. 

23. a. The average velocity of the ball over the time interval [2, 3] is 

f (3) - f (1) \ m ( 3 ) " 16 ( 3 ) 2 1 " \ 128 ( 2 > " 16 ( 2 > 2 1 

j l J = 48 ft/s; its average velocity over [2, 2.5] is 



3-2 1 

/ (2.5) - / (2) [ 128 ( 2 - 5 ) " 16 ( 2 - 5 ) 2 ] " [ 128 ( 2 > " 16 ( 2 > 2 ] 
2.5-2 = 05 

/ (2.1) - / (2) [ 128 ( 2 -!> " 16 ( 2 -!) 2 ] " [ 128 ( 2 ) " 16 ( 2 > 2 ] 



= 56 ft/s, and its average velocity over [2, 2.1] is 



= 62.4 ft/s. 



2.1-2 0.1 

b. Using the four-step process, we find that the instantaneous velocity of the ball at any time ? is given by 

v (?) = 128 - 32?. In particular, the velocity of the ball at t = 1 is v (2) = 128 - 32 (2) = 64 ft/s. 

c. At t = 5, o (5) = 128 - 32 (5) = -32, so the velocity of the ball at ? = 5 is -32 ft/s. The ball is falling. 

d. The ball hits the ground when / (?) = 0; that is, when 128? - 16 2 = 0 <=> ? (128 - 16?) = 0 => ? = 0 or ? = 8. Thus, it 
hits the ground when ? = 8. 

24. a. We solve the equation 16? 2 = 400, obtaining t = 5 s, which is the time it takes the screwdriver to reach the ground. 



/ (5) - / (0) 16 (5 2 ) - 0 



b. The average velocity of the screwdriver over [0, 5] is o av = ^ — t. = = 80 ft/s. 

c. The velocity of the screwdriver at the time it hits the ground is given by the instantaneous velocity at ? = 5, that is, 

_ . / (5 + /*)-/ (5) r 16(5 + /0 2 -16(5) 2 r 16 (25 + 10/* + /* 2 - 25) 
lim = lim — lim - 

/t->0 (5 + h) - 5 /j->0 h h^0 h 

= 16 . lim = 160 ft/s. 

h^0 h 

25. a. Its height after 40 s is h (40) = \ (40) 2 + \ (40) = 820 ft. 

h (40) - h (0) 820 - 0 
b. Its average velocity over [0, 40] is v< dW = — — = — — — — 20.5 ft/s. 
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c. The instantaneous velocity at t = 40 is 

h(40 + h) — h (40) [2 (40 + h) 2 + ^ (40 + h) \ — \j (40) 2 + \ (40)1 
v — lim — lim - 

fc->0 (40 + /z)-40 h->0 h 

^ 40h + lh 2 + ±h h(h + U) 

= lim * = lim — — — — - = 40.5 ft/s. 

h h^O 2h 

26. a. We solve the equation 0.2? 3 = 200, obtaining r = 10 s. 

h (10) -h(p) 0.2(l0 3 )-0 

b. The average velocity of the helicopter over [0, 10] is o av = — — - = iq = ^ 

c. The instantaneous velocity at t = 10 is 

h (10 + h) — h (10) 0.2(10 + /z) 3 -0.2(10) 3 

v = lim — — - — — — = lim 

h^0 (10 + /z) — 10 h^0 h 

1000 + 300/z + 30/z 2 + /z 3 - 1000 h ( 30 ° + 30h + _ p/ 
= 0.2 lim = 0.2 lim — ^ J - = 60 ft/s. 

27. The area function for a circle is A (r) = 7rr 2 . 

A (2) — A (1) 4"7T — 7T 

a. A (1) = 7r and A (2) = 4-7T, so the average rate of change over [1, 2] is = = 3-7T units 2 /unit. 

_ r A(2 + A)-A(2) 7T (2 + /z) 2 - 7T (2) 2 4 + 4/? + /* 2 -4 /z(4 + /t) 2 

b. lim = lim = 7r lim = 7r lim — = 47T units /unit 

/i^0 (2 + h) - 2 h^0 h h^0 h h->0 h 

28. V (r) = l^rr 3 gives the volume of a sphere. 

a. V (1) = ^7r (l) 3 = j7r and V (2) = ^7r (2) 3 = 2^7r, so the average rate of change over [1, 2] is 

V (2) - V (1) ¥tt - |tt ?8 . 

— — = - — = 4f tt units 3 /unit. 

2-1 1 3 7 

u r V(2 + /i)-V(2) f 7T (2 + h) 3 - |tt (2) 3 4 r 8 + 12/z + 6/z 2 + /z 3 - 8 

b. lim — = lim = -7T lim 

h^0 (2 + h)-2 h^0 h 3 h^0 h 

4 h(\2 + 6h + h 2 \ 

= -7T lim — = 167T units 3 /unit 

3 h^0 h 

f (5 05) - f (5) \~ 0A ( 5 - 05 ) 2 " 5 - 05 + 40 1 " \~ 0 - 1 ( 5 ) 2 " 5 + 40 1 

29. a. / (jc) = -OAx 2 - x + 40 => 7 J W = J= J != 1 = -2.005, 

J 5.05 - 5 0.05 

or approximately —$2.01 per thousand tents. 

/ (5-01)-/ (5) [-0.1 (5.0D 2 - 5.01+40] -[-0.1 (5)^-5 + 40] 

— — = - — r- — = —2.001, or approximately —$2.00 per 

thousand tents. 

b. The rate of change is given by lim t ( * + k ] - f W = - ( ~°' 2x ~ °' k ~ - = lim (-0.2x - O.lh - 1) = -0.2jc - 

h->0 h h h^0 

1. The rate of change of the unit price if x = 5000 is /' (5) = —0.2 (5) — 1 = —2, a decrease of $2 per thousand tents. 

V (3) - V (2) 4 - A 1 i 

30. a. The average rate of change over [2, 3] is — = = — -, a decrease of £ L/atm. 

1 1 



V(2 + /i)-V(2) 2 + /z 2 r 2-(2 + /i) -A 1 L 

b. / = lim = lim — ! = lim = lim 



fc->0 (2 + /z)-2 ^->o h h^0 2h(2 + h) h-+0 2h(2 + h) 4 atm 

31. Our computations yield the following results: 32.1, 30.939, 30.814, 30.8014, 30.8001, 30.8000. The motorcycle's 
instantaneous velocity at t = 2 is approximately 30.8 ft/s. 
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32. Our computations yield the following results: 5.06060, 5.06006, 5.060006, 5.0600006, 5.06000006. The rate of change of 
the total cost function when the level of production is 100 cases a day is approximately $5.06 per day per case. 

33. a. The graph of g: 



20 



10 



0 




-1 



0 



1 



b. Using ZOOM and TRACE, we find lim g (h) = 12. 

/z->0 



c. Taking / (x) = x 3 , we find 



lim 

h->0 



/(2 + /z)-/(2) 



h 



lim 



(2 + h) 3 - (2) 3 



h 



lim 

h^0 



8 + \2h + 6h 2 + h 3 - 8 



h 



lim 

/i->0 



/*(l2 + 6/* + /z 2 ) 



h 



= lim (l2 + 6/z + /z 2 ) = 12 



^ 8 -4- h — 

34. a. The graph of g (h) = using the viewing window [—1, 1] x [0, 0.1] 

h 



0.10 



0.05 



0.00 




-1 



0 



1 



f(S + h)- f($) (8 + /z) 1 / 3 — 2 

b. Using ZOOM and TRACE, we find lim — — J -^- = lim % 0.083. 

h^0 h h^0 h 

35. Using the definition of the derivative, we find / (x) = x 5 and a = 1. 

36. Using the definition of the derivative, we find / (x) — 2x 1 ^ and a — 16. 

37. Using the definition of the derivative, we find / (x) = x 2 + +Jx and a = 4. 

38. Using the definition of the derivative, we find / (x) = 2 X and a = 3. 

39. Using the definition of the derivative with h = x — 1, we find / (*) = x 4 and a = 1. 

40. Using the definition of the derivative with h = * — y , we find / (x) = sin* and « = y 



41. True. The slope of the secant line passing through (a, f (a)) and (b, f (b)) is m = 



2 ' 

/(*)-/ to 
b — a 



. By definition, the 



average rate of change of / (x) over [«, is r av = 



/ W ~ / (a) 
b — a 



42. True. Consider the function f {x) = mx + b whose graph is a straight line. Since the tangent line to the graph of / at any 
point is the line itself, the tangent line intersects the graph of / at infinitely many points. 



43. False. If the tangent line exists at a point (*o, / (*o))> men nm 

/2->0 



/ (xp + h)- f (xp) 
h 



exists and must be unique. 
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f(a + h)-f{a) 

44. True. The slope of the tangent line to the graph of / (x) at x = a is given by lim : — — . Put x = a + h. Then 

/i->0 /* 

h = x — a, and since x — > a as /z — > 0, lim = lim . 

h->0 h x->a x — a 





1. a. L, /, L, a 



b. right 



c. exist, L 



d. e > 0, S > 0 



2. a. Jim [/ (jc) ± g (x)] = L±M, lim [/ (x) g (x)] = LM, Jim [cf (x)] = cL, Jim 



/(*) 



L 



x-^a 

b. p (a) 

c. r (x) 

3. lim g (x) = L 

4. a. continuous 



A'— ><:/ 



= — , lim ^/TJx) = VL 



b. removable 



5. a. 

6. a. 

7. a. 

8. a. 



c. jump 

(—oo, oo) b. its domain c. continuous 

[a, b], f(c) = M b.f (x) = 0, (a, b) 

f (a+h) — f (a) 



d. left 



ra t an = lim 

/( fl + /t)-/( fl ) 
h 



h 



b. lim 



b. y — f (a) = mtan C* - «) 

/ ( fl + /i) - / (a) 
h 




1. a. lim / (jc) = 0 

b. lim f(x) = 0 

c. lim / (x) = 0 

x— >4 



3. 






— i 1 

-2 0 


1 1 1 1 1 1 ^ 

2 4 6 * 


4. 


/(*) i 








• 




1 


o 




1 1 1 1 

0 


— i — i — i — i — i — i — i — i — i — 
1 2 3 




-1 


0 



2. a. lim / (x) = 0 

x-*Qr 

b. lim f (x) does not exist 

a-->0+ 

c. lim f (x) does not exist. 

a--»0 

a. lim f (x) — 2 

b. lim fix) = 2 

x->3+ 

c. lim f (x) — 2 

x—>3 



a. lim / (x) = — 1 

b. lim fix) = l 

x^>2+ 

c. lim / (x) does not exist 

x— >2 
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5. 




a. lim / (x) = 0 

b. lim f(x) = 0 

x->2+ 

c. lim / (x) = 0 

*->2 



6. 




a. lim / (x) = 1 

b. lim / (x) = — oo 

c. lim / (x) does not exist. 



H 1 1 1 1 h 



7. lim (4/z 2 -2/z+4)=4-3 2 -2-3 + 4 = 36-6 + 4 = 



34 



8. lim (x 3 + l) (x 2 - l) = (2 3 + l) (2 2 - l) = 27 

9. lim Vx 2 + 2x - 3 = V3 2 + 2 • 3 - 3 = 2x/3 
x->3 

10. lim ^— !- = lim (? + !) (? ~ !) = lim [_ ( t + 1)] = -2 

f _>l \ -t *_>i -(t-l) f->l 



11. lim (x 2 + 2) 2/3 = (5 2 + 2} L '* = 9 



2/3 



.X— >5 

12. lim = lim 

jc^3 x - 3 



-(*-3)(* 2 + 3* + 9) 

^— ^ = lim - (x 2 + 3x + 9 ) = -27 

x - 3 jt->3L V /J 



13. lim 



2/ + 1 



0+1 



1 

2 



y->0 y 3 -2y 2 + y + 2 0-0 + 0 + 2 

14. lim = 00 

*->3+ x-3 

_ r 2x 2 -5*-3 (2x+1)(jc-3) r 2x + l 7 

15. lim — » = lim — = lim = — 

*->3 3x 2 - lOx + 3 *->3 (3* - 1) (* - 3) *->3 3*-l 8 

x-4 (Jx + 2) (Jx - 2) . ^ 

16. lim — = lim -4^- £ = lim (v7 + 2) = 4 

x _^4 Jx-2 Jx-2 *->4 v y 



1 



1 



17 . lim (4+*r'-4- = lim i±i_j = __ m lzil±*) _____ 

fc->0 /i /z-»0 h h->0 4/*(4 + /z) /*->() 4/z (4 + h) 

x — 2 x — 2 

18. lim — — lim = 1 since \x — 2\ = x — 2 for all x > 2. 

jc^2+ \x-2\ x ^2+ X-2 

19. lim V9 - x 2 = V9 - 3 2 = 0 

x^3~ 



-1 



— lim 



-/1 



-1 

4(4) 



1 

16 
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1 + ^27^6 1 + V2 • 3 - 6 

20. hm = = 1 

x ^ 3 + x-2 3-2 

_ 2 sin 3* 2 sin 3* sin 3* 

21. hm = hm — — 6 hm =61 = 6 

*->0 X X^O 1 (3^;) Jt-»0 3* 

cos 2* . .7 (2*) 1.2* 1 

22. lim x cot 2* = lim * • = lim cos 2x • lim — = 1 • — • lim — — 

x->0 x^O sin2* x^O x->0 sin2* 2 jt->0sin2* 2 

cos x , _ 

23. lim — — — oo because as x — > (r, cos* — > 1 and «Jx — » 0. 

jt->0 + V* 

24. lim ^7* sin (1/*) = 0. Since —1 < sin (1/*) < 1 for all * ^ 0, it follows that — V* < sin (1/*) < +/x for * > 0. 

*->0+ 

Because lim (—Jx) = 0 = lim Jx, the Squeeze Theorem implies that lim Jxs'm (V*) = 0. 

25. Note that — 1 < cos (l/y/x) < 1. Multiplying through by * 2 , we have — * 2 < x 2 cos (l/^/x) < x 2 for all * > 0. Since 

lim (— * 2 )=0and lim x 2 = 0, the Squeeze Theorem implies that lim x 2 cos (\/Jx) — 0. 

26. Since lim (l — x 2 ) = 1 = lim (1 + * 2 ) and 1 — x 2 < f (x) < 1 + x 2 , the Squeeze Theorem implies that 

lim f (*) = 1. 

*->0 

27. The function is discontinuous at b and c. 

28. The function is discontinuous aia,b, and c. 

29. a. [1,2): / (*) is continuous on (1, 2) and lim / (*) = 2 = / (1), so / is continuous on [1, 2). 

jc— > 1+ 

b. (0, 1): / (*) = 1 on (0, 1), so / (*) is continuous there. 

c. (3, 5): lim / (*) = 2 and lim / (*) = 1, so lim / (*) does not exist and / (*) is not continuous on (3, 5). 

x->4 _ x— >4+ x->4 

30. a. [0, 3): / (*) is continuous on (0, 3) and lim / (*) = 5 = / (0), so / (*) is continuous on [0, 3). 

b. [0, 3]: / (*) is continuous on [0, 3) from part (a), and lim / (*) = 1 = / (3), so / (*) is continuous on [0, 3]. 

c. [2, 6]: lim / (*) = 1, but lim = oo, so lim / (*) does not exist, and / (*) is not continuous on [2, 6]. 

x->3- x->3+ *->3 

d. (3, 6]: / (*) is continuous on (3, 6) and lim / (*) = / (6), so / (*) is continuous on (3, 6]. 

31. / is continuous on its domain (— oo, 0]. 

32. Since x 2 + * — 6 = (* + 3) (* — 2) = 0 if * = —3 or * = 2, we see that the denominator is 0 at these points, and so g is 
discontinuous at —3 and 2. 

33. / (t) is continuous on its domain, (— 1, oo). 

34. h (x) = is not defined at 5 ± mr, n an integer. Therefore, h is discontinuous at 5 ± nn, n an integer. 

cos * z z 

35. / (*) = — !— is not defined when sin* = 0, so it is not continuous at ±n7r, n an integer. 

sin* 

36. Observe that / (*) = lim / (*) = 1 = / (0), so / is continuous at 0. Since * 2 + 1 and — * + 1 are polynomials, / is 

continuous everywhere else. 

* 2 — 2* . * (* — 2) * 1 . i 

37. lim — = = lim — — — = lim — -, so if / is continuous at 2, then lim /(*) = / (2) — 4 and 

jc-»2 x l - 4 x^2 (* + 2) (* - 2) x^2 x + 2 2 x^2 z 



r _ 1 

c — 2- 



38. False. Consider / (*) = 



everywhere. 



* 



if* ^0 
x f 
1 if jc = 0 



is discontinuous at 0, however [/ (*)] 2 = = * 1S continuous 
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39. / (x) = x 4 + x — 5 is a polynomial of degree 4, and therefore / is continuous everywhere. / (1) = —3 and / (2) = 13, so 
by Theorem 7 in Section 1.4, / must have at least one zero in (1, 2). 

40. / (x) = sin* — x + 1 is continuous everywhere because it is the sum of two continuous functions, g (x) = sinx and 

h (x) = —x + 1. / (0) = 1 and / (^Yj = — so by Theorem 7 in Section 1.4, / must have at least one zero in ^0, ^ZL^j . 

41. Since / is not continuous at 0, / is not continuous on [—2, 2] and the Intermediate Value Theorem does not apply. For 
— 2 < x < 0, / (x) = — (x 2 + 1^. Setting —x 2 — 1 = 0 gives x 2 = — 1 which has no real solution. So / has no zero in 

[—2, 0). For 0 < x < 2, / (x) = x 2 + 1. Setting / (x) = 0 gives x 2 + 1 = 0, or x 2 = — 1, which has no real solution. So / 
has no zero in [0, 2]. Therefore, / has no zero in [—2, 2]. 
42'. If x ^ 0, then / (x) is continuous. Next, observe that — \x\ < x sin (1/*) < \x\. Since |sin (1/^)| < 1, the Squeeze 
Theorem implies that lim x sin (1/*) = 0 = / (0), and so / is continuous at 0 as well. Therefore, / is continuous on 

(— oo, oo). 

43. For any e > 0, we need to find a S > 0 such that if 0 < \x + 1 1 < d, then | (2x + 3) — 1 1 < e. Consider | (2x + 3) — 1 1 < e 
|2 (x + 1)| < e => \x + 1| < je. If we pick £ = j£, then for 0 < \x + 1| < 6, we have |x + 1| < \e => 



|2jc + 2| < £ => |(2* + 3) - 1| < e. Thus lim (2jc + 3) = 1. 



of light, c > 0 and u > 0. The domain of L is [0, c). Therefore, we can consider only lim L. 

v—>c~ 

b. lim L = lim — V c 2 — v 2 = —y/c 2 — c 2 — 0. This means that the faster an object moves, the smaller its length 

v—>c~ >c _ C C 

becomes. As it approaches the speed of light, its length approaches 0. 
45. At 8:00 A.M.: m\ — -y and the temperature is increasing at a rate of 4^ °F per hour. 
At 6:00 P.M.: — — \ and the temperature is decreasing at a rate of 1 |°F per hour. 

«. , M: „„ . . Ki^hMV > ♦ >] _ 

J. X 

s (1.5) -s(l) [2(1.5) 2 + 1.5+ ll -4 
[1, 1.5]: Uav = = i — = 6 ft/s 



= 7 ft/s 



1.5-1 



0.5 



5(1 1)-,(1) [2(1.1)2+1.1+11-4 
[1, i.i]: Uav = JW = I ^ J = 5.2 ft/s 



1.1 - 1 



0.1 



,(1.01) -,(1) [2(1.01)2 + 1.01 + 1] -4 
[1, 1.01]: y av = v . _ ; — = J= — J =5.02 ft/s 



1.01 - 1 



0.01 



s(l+h)-s(l) [2 (1 + /z) 2 + (1 + /z) + ll - 4 2 (l + 2h + /* 2 ) + 1 + h + 1 - 4 

b. 0 = lim = lim — lim — 

h->0 h h^0 h h^0 h 



= lim * (5 ± 2k) = 5 ft/s 

/l-»0 A 

GMmr 



47. a. lim F (r) = lim 



GMm 



and 



b. 



GMm GMm GMm 
lim F (r) = lim — = — = =— , so lim F (r) = =— . 

r ^#+ r ^ R + r 2 R 2 r^R R 2 

GMm 

Also, F (R) = =— , so lim F (r) = F (R), and F (r) is 

R l r^R 

continuous elsewhere, so F is a continuous function of r. 




y = F(r) 
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Challenge Problems 



1. Put t = i/x + l. 
^TTT- l 



Then t/ 3 = x + 1 and x = P — \. Observe that t —> 1 as x — » 0. Therefore, 



lim 

*->0 



= lim 



r - 1 



— lim 



r - 1 



— lim 



1 



1 



x 



t^>\t 3 -\ (t - 1) (t 2 + f + 1) ?->ir 2 + r + l 3 



2. 



r x2 ~ l 
a. lim 

\x - 1| 

x 2 — 1 
lim 

*->!+ I* - 1| 



lim 
lim 

Jt->1 + 



(x + 1) (x - 1) 

- (* - 1) 

(x + 1) (x - 1) 

X - 1 



= —2 because \x — 1| = — (jc — 1) forx < 1. 



= 2 because |x — 1| = x — 1 for x > 1. 



b. lim 



smx 



lim — — = l because sinx — smx tor 0 < x < tt. 



x->0+ sinx *-»0+ sinx 



lim 



sinx 



= lim 



— sinx 



= — l because Isinxl = — sinx for — 7r < x < 0 



x^O- smx x->0+ sinx 



3. lim 

x->ir/2 



cosx 



1 - 



Ax 



2 



— 7T 2 lim 



cosx 



X->7r/2 (7T + 2x) (7T — 2x) 



= 7T 2 lim 



1 



cosx 

lim . Now 



X->7T/2 7T + 2X JC->7T/2 7T — 2x 



7T 



2 



lim 



1 



1 



— — . Next, let y — tt — 2x, so that x = M- — i. Note that y — > 0 as x — > Therefore, 



*->7r/2 7T + 2x 27T 



lim 



cosx 



*->7r/2 7T — 2x 



lim 

y->0 



COS 



(f-j) 

y 



= lim 



sin | 



v^0 2-| 



1 

— - lim 



v 

sin 5 



2 y^O £ 



1 COSX 

— . Thus, lim = 7r 

2 x^7t/2 Ax 1 



2 



1 1 7T 



2tt 2 



1 - 



7T 



4. a. = 



^a 2 - (c + /z) 2 - V« 2 - c 2 yja 2 - (c + h) 2 - J a 2 - c 2 



(c + h) - c 



h 



b. lim m s 

/?->() 



lim 

/i->0 



yja 2 - (c + /z) 2 - yja 2 - c 2 yja 2 - (c + h) 2 + J a 2 - c 2 

* y/fl 2 - (C + /!) 2 + Va 2 - C 2 



a 2 -(c + h) 2 - (a 2 - c 2 \ a 2_ c 2_ 2ch _ h 2 
lim — = — = lim 



a 2 + c 2 



/z->0 



yja 2 - (c + /i) 2 + vV - c 2 



/z 



y« 2 - (c + h) 2 + y 



a 2 — c 2 



lim 

/z->0 



-/z (2c + h) 



h 



yja 2 - (c + h) 2 + yja 2 - c 2 



2c + h 

— lim — ^ ^— ^— 

^0y a 2_ (c + /2) 2 + ^2372 



2c 



2\/« 2 — c 2 y/ a 2 — c 2 



The slope of the line passing through O and P is 



tangent line T. Therefore, the slope of T is — 



. Jo 2 - c 2 - 0 Va 2 - c 2 



c-0 



c 



and this line is perpendicular to the 



y^T 2 



, which is equal to the limit just calculated. 



c. In Quadrant III, we have P ^— c, —y/a 2 — c 2 ^ and Q ^— c — /z, —y] a 2 — (— c — /z) 2 ^. Thus, 

-y/tf 2 - (-c - h) 2 + Va 2 - c 2 -y/a 2 - [- (c + /i)] 2 + V« 2 - c 2 ^/a 2 - (c + /i) 2 - Va 2 - c 2 



(-c - /z) + c 
is the same as part (a). 



-/z 



h 



, which 



Chapter 1 Challenge Problems 79 



5. a. 




Because this is a regular polygon, the line through the center O that bisects a side 
of the polygon is also perpendicular to that side. Therefore, the length of each side 
of the circumscribing polygon is 2R tan (7r/n), and thus the perimeter of the 
circumscribing polygon is 2Rn tan (n/n). Also, a similar consideration shows that 
the length of each side of the inscribing polygon is 2R sin (n/n), and so the 
perimeter of the inscribing polygon is 2Rn sin (n/n). 



b. Let C denote the circumference of the circle. Then 2Rn sin {ir/n) < C < 2Rntan(7r/n). Let x — n/n, so as 

7r / 7r \ sin X 
n — > oo, x — > 0. Then we have lim 2/?n sin — = 2R lim ( — sinx) — IRtt lim = 2ttR and 

ft i^Ou / x^O x 

lim 2tfntan — = 2R lim ( — ) = 2tt/? lim ( :^1_L_ ) = 2nR. Thus, by the Squeeze Theorem, 
n-^oo n X -^Q y x cosx/ x->0 \ x cosx/ 

C = 2ttR. 



6. a. Let = Since k (x) = is discontinuous at 

x = 0, ±1, ±2, . . ., we see that / (x) = [[V^l i s discontinuous at 

x = « 2 , n an integer. 

b. From the graph of g (x) = [xj + [[— xj, we see that g (x) is 
discontinuous at any integer value of x. 
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y=g(x) 



7. Since 



1 



lim 



tan 2 x 



= lim 



sec x — 1 



cos 2 x 



- 1 



jc— >0 1 — cosx 1— cosx 



lim 

x— >0 1 — cosx 



1 — cos 2 x 
cos 2 x y (1 + cosx) (1 — cosx) 
x^io 1 — cosx x-^Q (cos 2 x) (1 - cosx) 



= lim 



= lim — — 2, we define c = / (0) = 2. 

x->0 cos z x 

8. Since |cos (1 /x)| < 1 for i ^ 0, we have — tanx < tanx cos (1/x) < tanx for x ^ 0. Using the Squeeze Theorem 

with / (x) = — tanx, g (x) = tanx cos (1/x), and h (x) = tanx, and observing that lim tanx = 0, we see that 

x->0 

lim tanx cos (1/x) = 0 = / (0). So / is continuous at 0. 

x->0 

9. Put g (x) = / (x) — x. Since / is continuous on [1, 3], so is g. Now g (1) = / (1) — 1 =0—1 = — 1, and 

g (3) = / (3) — 3 = 4 — 3 = 1. By Theorem 7 in Section 1.4, there is at least one c such that 1 < c < 3 and g (c) = 0; that 
is, / (c) — c = 0 or / (c) = c. 



10. / (x) = 



1 



1 -x 



is discontinuous at x = 1 . If x ^ 1 , then 



^W = /o/ = /(/W) = 



1 



1 



1 -x 



x- 1 



1-/00 



1 - 



1 



1-x- 1 



x 



is discontinuous at 0. Finally, if x ^ 0 



1 -x 



and x # 1, then g (*) = (/ o / o /) (x) = /(/(/ (*))) = / (A (x)) = 



1 



1 



x 



1 - h (x) 



1 - 



x - 1 x -x + 1 



= X IS 



X 



continuous everywhere. Therefore, g = / o / o / is discontinuous at 0 and 1. 
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11. h(x) =(fog)(x) = f(g(x))= 1 1 



[g(x)Y- g (x)-2 ( i y i 

- 1/ X - 1 

(* - l) 2 (x - l) 2 



1 - (x - 1) - 2 (x - l) 2 JC (3 - 2jc) 
The function g is discontinuous at 1 , and h is discontinuous at 0 and | • So /i is discontinuous at 0, 1 , and ^ • 

12. Suppose the leading coefficient a n of the even-degree polynomial p (x) = a n x + a n —\x ~^ -\- • • - + a^is positive. Then 

• In ( a n — \ ^0 1 

since lim p (x) = lim # I a n H h • • • H — ^— I = oo, there exists a number /: > 0 such that p (k) > 0. By 

*->oo x-^oo \ x x 2n I 

assumption there exists a c such that / (c) < 0. Applying the Intermediate Value Theorem, we see that there exists a root r\ 

in (c, k). Also, lim p (x) = oo, and so there exists a number / < 0 such that / (/) > 0, and so Theorem 7 in Section 1.4 

x—>— oo 

implies that there exists a root r 2 in (/, c). So there exist at least two real roots. The case where ao < 0 is treated in a similar 
manner. 

13. / (x) = — - 1 - 1 - — is continuous on (— oo, A), (A, B), (B, C), and (C, oo), lim / (x) = oo, and 

x — A x — B x — C x-*A+ 

lim / (x) = — oo. Since / is a decreasing function (because each term decreases as x increases), there is one root of the 

equation — 1 1 — = 0 in (A, B). Similarly, there is root in (B, C). 

x — Ax — B x — C 

14. Let L and / be the largest and smallest numbers in the set {/ (x\) , / (j*/?) (x n )}. Then 

/ < / Oq) < L,l < f (x2) < L,...,l < f (x n ) < L. Therefore, nl < f (x\) + / (x 2 ) H h / (x n ) < nL or 

/ < ^ - ll—LS. 2 ^ — + f ( n) ^ ^ Since / is continuous on (a,b), there exists a number c in (a, b) such that 

/ (c) = • 

n 



2.1 Concept Questions 



1. a. i. It gives the slope of the secant line passing through the points (x, f (x)) and (x + h, f (x + h)) 

ii. It gives the average rate of change of / over the interval [x, x + h]. 

b. i. It gives the slope of the tangent line to the graph of / at the point (x, f (x)). 

ii. It gives the instantaneous rate of change of / at x. 



2. Loosely speaking, a function / does not have a derivative at 

a if the graph of / does not have a tangent line at a, or if it 

has a vertical tangent line at a. The function whose graph is 

shown in the figure fails to be differentiable at x = a, b, and 

c because it is discontinuous at each of these numbers. The 
derivative of the function does not exist at x = d, e and / 

because it has a kink at each point on the graph corresponding 

to these numbers. Finally, the function is not differentiable at 

x = g because the tangent line is vertical at (g, / (g)). 




2.1 The Derivative 



L / (*) = 5 => /' GO = lim 

h->0 



2. f(x) = 2x+l 



f(x + h)-f(x) 



h 



lim lzl =lim 2 =lim 0 = 0withdomai„(-oo,oo). 

h^O h h^O h h^O 



. ^ f( x + h)-f(x) y [2(x + h)+l]-(2x + l) y 2x + 2h + \-2x-\ 2h 
f (x) — lim — lim — Urn = lim — 

h^O h h->0 h h^O h h^O h 

= lim 2 = 2 with domain (— oo, oo). 

/i-»0 



3. / (x) = 3x-4 

ff( , v f(x + h)-f{x) [3 (x + /z)-4]-(3x-4) 

f (x) — lim — lim 

h /i->0 h 

= lim 3 = 3 with domain (— oo, oo). 

4. / (x) = 2x 2 + x 



3x + 3/z-4-3x + 4 3h 
lim = lim — 

h->0 h h^O h 



/'to 



f(x + h)-f (x) [ 2 (* + h ) 2 + (* + *)] ~ ( 2x2 + x) 

— lim = lim — 

h^O h h^O h 

(2x 2 + 4xh + 2h 2 + x + h) - (2x 2 + x) 4xh + 2h 2 + h 

= lim — lim 

/i->0 h h 

— lim (4x + 2h + 1) = Ax + 1 with domain (— oo, oo). 



lim 



/z (4* + 2/i+l) 
/z 



81 



82 Chapter 2 The Derivative 



5. / (x) = 3x 2 - x + 1 



f (x) = lim = lim I 3 iX + - (X + k) + l ] - ( 3X2 ~ X+l ) 



h^O ft /i->0 h 



U x 2 + 6xh + 3h 2_ x _ h + {\_U x 2_ x + {\ 6xh + 3h 2_ h 

lim = lim 



h^O ft ft 

ft (6x + 3/z — 1) 

lim ■ — lim (6x + 3ft — 1) = 6x — 1 with domain (— oo, oo). 

h^O ft h^O 



6. f(x)=x 3 



x- — X 



f(x + h)-f(x) [(x + /Q 3 - (x + hj\ - (* 3 - x) 

f (x) = lim — lim ■ - 

h->0 ft h^O ft 

( x 3 + + 3*ft 2 + ^ - * - - (*3 _ X J ^ + ^ + }? _ h 

— lim — lim 

/z->0 ft /z->0 ft 

ft (3* 2 + 3*ft + ft 2 - l) 

— lim — = lim ( 3x L + 3xh + ft — 1 ) = 3jc — 1 with domain (— oo, oo). 

/z->0 h h^0\ / 

7. / (*) = 2x 3 + x - 1 => 

r /(* + *)-/(*) r [2(x + / ? ) 3 + (, + /z)-l]-(2,3 +x -i) 

f (x) — lim — lim - 

h^O ft h^O ft 

(lx 3 + 6x 2 h + 6xh 2 + 2ft 3 + x + ft - l) - (2* 3 + * - l) ^ + 6xh 2 + 2/l 3 + ^ 

= lim = lim 

h->0 ft /z->0 ft 

ft (6x 2 + 6.xft + 2h 2 + l) 

= lim — — lim (6.x 2 + 6xft + 2/z 2 + 1 ) = 6.x 2 + 1 with domain (— oo, oo) 

h->0 ft h^0\ / 

8. / (*) = 2 VI => 

f(x + h) — f(x) 2V* + ft - 2 V* - ,. *Jx + h - *Jx «Jx + h + *Jx 
f (x) — lim = lim = 2 lim — • — - — 

/z^O ft fc->0 ft /z->0 ft y/x + ft + V* 

0 + ft) - x ft . 1 2 

= 2 lim v 7 = 2 lim — -= - 2 lim 



/r->0 ft (V* + ft + x/x) h->0 ft (V* + ft + y/x) h->0 y/x + ft + VI 2 VI 
with domain (0, oo). 




9. / 0) = V^TT => 

,,,, r f(x + h)-f(x) VxTTTTT- VxTT 

f (x) = lim — lim 

fc->0 ft /z^O ft 



VI+ft+T-VI+T V* + ft + 1 + y/x + 1 0 + ft + l)-(.* + l) 

lim • — = — lim 



ft^O ft V* + ft + 1 + x/x + 1 /*->0 ft (V* + ft + 1 + y/x + 1) 

ft 1 1 
= lim — — = lim — = — with domain (— 1 , oo) 

/*->0 ft (V* + ft + 1 + V* + 1) h^O V* + ft + 1 + V* + 1 2VI+1 



10. / (x) = - 

x 



1 1 x-(x + h) 



f>(x)=]un fix + h) - fix) = lim x + h X =lim * ( * + ^ 



fc->0 ft ft /z^O ft 

-ft 1 1 

= lim - — — — — lim — — — ^ with domain (— oo, 0) U (0, oo). 

h^0hx(x + h) h-+0x(x + h) x 2 
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11. / (*) = 1 



x + 2 

1 1 x + 2-(x + h + 2) 

f {x) = lim f(* + h)-f(x) = ^ = Um (x+2)(x + h + 2) 

h^O h h^O h /i->0 h 

-h 1 1 

= lim — — — = - lim — — = T with domain (-oo, -2) U (-2, oo). 

h ^h(x + 2)(x + h + 2) h^O (x + 2)(x + h + 2) (x + 2) 2 



12. /(*) = - 2 



yfx 



( J) _ 



—■s/x + *Jx + h 

f(x) = lim /(* + *)-/(*) = lim a_Q/ =2to v*v* + fe 

/z^O /z /i->0 A /2->0 /z 

. V^-T^— V* + ^ + V* ~ (x+A)— * 
= 2 lim • —j=. — 2 lim ^^ = -—= - 

h->0 h«Jx^Jx + h y/x + /z + V* /t_>0 h^/xy/x + /z (y + A + V*) 

/z 1 2 
= 2 lim 1 — 2 lim 1 — = — — 

/j->0 hy/xjx + h (V* + /* + V*) /z ^° V*v* + /z (vi+I + s/x) y/xjx [2^/xJ 



X 



with domain (0, oo). 

Jx 



13. f(x)= 3 



2x + 1 

3 3 3 (2x + 1) - 3 (2x + 2/? + 1) 

f' W = lim + = lim 2(x + h) + l 2^ + T = Hm (2* + 2/z + l)(2x + l) 

/z^O /? /z^O /z h->0 h 

r ~ 6h r 6 

= lim — — — — lim 



h->0 h (2x + 2/i+l) (2x + 1) h->0 (2x + 2h + 1) (2x + 1) 

— j with domain (— oo, — ^ U f — ^ °°V 

(2.x + 1) 



14. /(*)=* + V* =^> 

, . f(x + h)-f (x) Ux + /z) + V* + M - (* + V*) * + /z + V^TTz" -x-y/x 

f (x) — lim = lim = lim 

h^O h h->0 h h^O h 



/ /z y/x + h — Jx\ / y/x + h — Jx Jx + h + Jx 
— lim I — I I = lim I 1 H • , I = lim 

/z->0\/z /z / h-^0\ h y/ x + /z + V* / ^0 

/ 1 \ 1 

= lim I 1 H . — I = H = with domain (0, oo). 

h->0\ +Jx+h + -Jx) 2Jx 



x + h — x 

1 + 



h (V* + h + y/x) 



15. / (x) = x 2 + 1 => 

r /( x + /z)- /W [(x + /z) 2 + l]-(x 2 +l) (,2 + ^ +fc 2 + 1 J_^ + 1 J 

f (x) — lim = lim — lim - 

/z->0 h h h^O h 

h (2x + h) 
= lim — — — = lim (2x + h) = 2x 

h^O h h^O 

The slope of the tangent line at (2, 5) is f (2) = 2 (2) = 4. An equation of the tangent line is y — 5 = 4 (x — 2) or 

y = 4x - 3. 
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16. / 0) = 3x 2 - 4x + 2 



,,,, r f(x + h)-f(x) y [3(x + ^-4(, + /.) + 2]-(3^-4, + 2) 

f (x) = lim = lim - 

h^O h h^O h 

fox 2 + 6xh + 3h 2 -4 x -4h + 2\- fox 2 - 4x + 2) h , 6x + 3^ _ 4) 

— lim — lim 

h^O h h^O h 

= lim (6x + 3/z - 4) = 6x - 4 

^0 

The slope of the tangent line at (2, 6) is /' (2) = 6 (2) — 4 = 8. An equation of the tangent line is y — 6 = 8 (x — 2) or 
y = 8x - 10. 

17. / (*) = 2x 3 => 

+ 2 (x + /z) 3 - 2x 3 (x + hf-x* 
f (x) = lim = hm = 2 hm 

h^O h h h->0 h 

(x 3 + 3x 2 h + 3xh 2 + h 3 ) -x 3 h fox 2 + 3xh + /z 2 ) 

= 2 lim ^ J - = 2 lim — ^ J - 

h^O h h^O h 

= 2 lim (3.x 2 + 3jc/i + /t 2 ) = 2 (3* 2 ) = 6x 2 

The slope of the tangent line at (1, 2) is f (1) = 6. An equation of the tangent line is y — 2 = 6 (* — 1) or y = 6x — 4. 

18. / (jc) = 3x 3 - x 



f W = , im , lim [3(» + »)»-C«H-(^-) 

/z^O ft /i->0 A 

fox 3 + 9x 2 h + 9;t/z 2 + 3h 3 - x - h) - fox 3 - x) h fox 2 + 9xh + 3/i 2 - l) 

= lim ^ ' ^ = lim — ^ 

/i->0 h /*->() h 

= lim fox 2 + 9xh + 3h 2 - \) = 9x 2 - 1 

h->0\ / 

The slope of the tangent line at (—1, —2) is f' (—1) = 8. An equation of the tangent line is y — (—2) = 8 [jc — (—1)] or 
y = 8x + 6. 

19. / (*) = => 

f(x + h)-f(x) y V* + h - 1 - v^T 
/ (x) = hm = hm 

h^O h h^O h 

V* + ^ - 1 - ojx ~ 1 y/x + /l - 1 + y/x - 1 (jC + /z - 1) - - 1) 

— hm • — — — — lim 



/z->0 h jx + h-\ + V* - 1 h->0 h Ux + h - 1 + V* - l) 

— l im — — , — hm — = — 

/z (Vjc + S - 1 + V-^ - 1) /?^0 V-^ + h - 1 + V-^ - 1 2^/x - 1 

The slope of the tangent line at ^4, V3^ is /' (4) = ^= = ^ . An equation of the tangent line is j - V3 = ^ (jc — 4) 



20. / (x) = - 

x 



1 l x - (x + h) 



f {x) = lim fix + V-fW = hm x + h x = 2 hm x + h x = 2 hm ^c + hl 
h^O h /i->0 h h^O h h^O h 



-h 1 
= 2 lim - — ■ = -2 lim 



h^O hx (x + h) h^O x(x + h) x 2 

The slope of the tangent line at (2, 1) is / (2) = — | = — j. An equation of the tangent line is y — 1 = — ^ (x — 2) or 

y = -Ix + 2. 
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21. a. f (x) = 2x — x 



3 



— lim 



2/t - 3x 2 h - 3xh 2 - h 3 



h 



,,,, r /(* + /*)-/(*) r [2(x + h)-{x + h) 3 } 
f (x) — lim — lim 

/z^O h /?->0 /* 

(2x + 2/z - x 3 - 3x 2 h - 3xh 2 - h 3 ) - (2x - x 3 ) 
= lim 

h^O h 

= lim (2 - 3x 2 - 3xh - h 2 ) = -3x 2 + 2 
/?->() 

The slope of the tangent line at (1, 1) is /' (1) = —3 (l) 2 + 2 = — 1. An equation of the tangent line is 
y — 1 = — 1 (x — 1) or y = — x + 2. 



b. 



2- 



0 



-2- 



-4 




-2 -1 



0 



1.1 



1.0 



0.9 




1 



0.90 0.95 1.00 1.05 1.10 



1.01 



1.00" 



0.99 




0.990 0.995 1.000 1.005 1.010 



22. a. 



1.0 



0.5 " 



0.0 




-1 



0 



1 



0.10 



0.05" 



0.00 




-0.1 



0.0 



0.1 



0.010 



0.005 



0.000 




-0.01 



0.00 



0.01 



It seems that no matter how much we zoom in, the graph of / still has a corner at (0, 0). As we saw in Example 6, this is 
the reason why / (x) = |*| is not differentiable at (0, 0). 



b. 



2" 



0 



-2 





-2 



0 



0.5 



1.0 



1.5 



2.1 



2.0 



1.9 




0.9 



1.0 



1.1 



The graph of / has a corner at (1, 2), and so we expect that / is not differentiable at x = 1 



23. y = 

dy 
dx 



f (x) = -2x 2 + x + 1 => 

r f( x + h)-f(x) r {-2{x + h) 2 + (x + h) + \]-(-2x 2 + x + \) 

— lim = hm 

/i->0 h h^0 h 

(-2x 2 - 4xh - 2h 2 + x + h + 1) - (-2x 2 + x + 1) 

= lim = 

h 



h^0 



= lim (-4jc - 2h + 1) = -Ax + 1 



lim 

/z^0 



dy 
dx 



= —4(1) + 1 = — 3, so y is decreasing at the rate of 3 units per unit change in x. 
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31. 



24. y — f (x) = 2x 3 +2 

dy = ^ f( X + h)-f( X ) = Um [2(x + *)3 + 2]-(2»3 + 2 ) = 2 ^ [(, + /,)3 + l]-(,3 + 1 ) 
dx h^O h /i->0 h /z->0 h 



— 2 lim 

/?->0 



(;t 3 + 3x 2 /z + 3xh 2 + l) - (* 3 + l) 



h 



= 2 lim 



h (3x 2 + 3jc/z) 

— ^ L = 2 lim (3x 2 + 3*/z ) = 6x 2 

h h^0\ / 



jc=2 



= 6 ^2 2 ^ = 24, so y is increasing at the rate of 24 units per unit change in x . 



25. y = / 0) = V2x 

^ f(x + h)-f(x) V2 (JTA) - V2x V2 (x + /z) - V5I V2 0 + /*) + V2* 

— = lim = lim = lim • — 

dx h^O h h^O h h V 2 (x + h) + +J2x 



2{x + h) -2x 
— lim — ^ =r — lim 



1 



*->°/i[V2(jc + /i) + a/2?] V2(* + /0 + V5? V2^ 



jc=2 



-L = i , so y is increasing at the rate of ^ unit per unit change in x . 
v 4 ^ 



26. y = / (x) = x 2 -- 

X 



— = hm = lim 

dx h^O h /i->0 



[« + *» 2 - M - (* 2 - 7) 



= lim 



{ x2 + 2xh + h2 - x ^i)-{ x2 -^j 



h 



2xh + #- X - (pC+h) 



— lim 



9 1 1 

2x/z + h z h - 

x + h x 



h 



= lim 

/*->0 



x (x + /z) 



/? 2x + h + 



1 



= lim 



x (x + h) _ 



h 



— lim 



(2x + /z) + 



1 



x (x + /*) _ 



= 2x + 



1 



dx 



1 



= 2 (— 1) + - — ~2 = — 1, so y is decreasing at the rate of 1 unit per unit change in x. 



x=-\ (-1) 

27. The slope of the tangent line to the graph at (0, 0) is 0, and so c and d are the only candidates. Next, the slope of the tangent 
line to the graph increases as x increases for large values of x, and so the answer is c. 

28. The slope of the tangent line to the graph does not exist at (0, 0) and this rules out c and d. Next, the slopes of the tangent 
lines to the graph approach —00 as the points of tangency (x, y) approach (0, 0) from the left, and so the answer is a. 

29. The tangent line to the graph does not exist at — 1 , 0, or 1 , and so the answer is b. 

30. The slope of the tangent line at (0, 0) is 0 and the slopes of the tangent lines to the graph at (x, y) approach 0 as x — > ±00, 
and so the answer is d. 




32. 



1 
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37. a. f' (h) gives the instantaneous rate of change of the temperature at a given height h. It is measured in °F/ft. 

b. Since the temperature decreases as the altitude increases, the sign of f (h) is negative. 

c. Since f (1000) = —0.05, the change in the air temperature as the altitude changes from 1000 ft to 1001 ft is 
approximately —0.05 °F. 



f (^0 f (^0 

38. a. measures the average rate of change in revenue as the advertising expenditure changes from a thousand 

b — a 

dollars to b thousand dollars. The units of measurement are thousands of dollars per thousand dollars. 

b. f' (x) gives the instantaneous rate of change in revenue when x thousand dollars are spent on advertising. It is measured 
in thousands of dollars per thousand dollars. 

c. Since /' (20) • (21 — 20) = 3 • 1 = 3, the approximate change in revenue is $3000. 



39. a. C 1 (x), measured in dollars per unit, gives the instantaneous rate of change of the total manufacturing cost C when 
x units of a certain product are produced. 

b. The sign of C' is positive since the cost of producing x units of a certain product increases as x increases. 

c. Since C' (1000) • (1001 - 1000) = 20 • 1 = 20, the additional cost of producing the 1001st unit is approximately $20. 



40. a. f' (0) measures the rate of change of the range of the cannon with respect to 0 when the angle of elevation of the cannon 
is set at 0. Its units are ft/°. 

b. /' (0) > 0 for 0° < 0 < 0 O and /' (0) < 0 for 0 O < 0 < 90°, where 0 O is some angle between 0° and 90°. In other 
words, as 0 increases from 0° through 0q, the range of the projectile increases, reaching a maximum value when 

0 = 0 O , and decreases as 0 increases from 0q to 90°. Of course, at an angle of elevation of 90°, the projectile goes 
straight up and straight down, giving a range of 0. 

c. The range of the projectile if the cannon is fired at an angle of 41° is / (41), but ^ ^ j — 40^^ % ^ ^ 
/ (41) % / (40) + f (40) • 1 « 10,000 + 20 = 10,020 ft. 
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41. a. /' (x) = lim 



= lim 



f(x + h)-f(x) 



h 



Ux + h) 2 - 2 (x + h) + 1 ] - (x 2 - 2x + l) 



= lim 



lim 



h 



(x 2 + 2xh + h 2 -2x-2h+\} - (x 2 - 2x + l) 



2x/z + /i 2 - 2h 
h 



lim 



h 

h(2x + h-2) 
h 



lim (2x + h - 2) = 2x - 2 



b. At a point on the graph of / where the tangent line to the curve is 

horizontal, f (x) — 0. Then 2x — 2 — 0, or x — 1. Since 

/ (1) = 1—2+1 = 0, we see that the required point is (1, 0). 



c. 




4 x 



d. / is changing at the rate of 0 units per 
unit change in x . 



1 



1 



42. a. /' (x) = lim / ( * + k) ~ f W = lim + ^ " 1 

h^0 h h^0 h 



x-l-(x + h- i) 



-h 



.. (x + h — 1) (x — 1) ,. 

— lim — — — — lim 

h^0 h h(x + h-l)(x-l) 

— — lim 



A->0 (x + h-l)(x-l) (x- I) 2 
b. The slope is /'(— 1) = —1/4. So, an equation is 



y 



- (-j) = ~\ (x + 1), or y = -\x - |. 



c. 




-3- 



43. / is not differentiable at 0 because the graph of / has a kink at (0, 1). 

44. / is not differentiable at 1 because / is not continuous at 1 . 

45. / is not differentiable at —2 or 2 because the graph of / has a kink at each of the points (±2, 0). 

46. / is not differentiable at 2 because the graph of / has a kink at the point (2, 0). 

47. / is not differentiable at —2 or 2 because / is not continuous at these values of x. 

48. / is not differentiable at —2 because / is not continuous there. / also fails to be differentiable at 0 and 1, because the graph 
of / has kinks at the points (0, 3) and (1,4). 

49. lim / (x) = lim (x + 2) = 2 and lim / (x) = lim (2 - 3x) = 2. Therefore, lim / (x) = 2. Also, 

x^0~ x->0- x^0+ x^0+ x^0 

f (0) = 0 + 2 = 2 and so lim f (x) — f (0). Therefore, / is continuous at 0. 

jt->0 

To show that / is not differentiable at 0, let /z < 0 and consider 

/(0 + /i)-/(0) (h + 2)-2 , ./. i n tU 

lim — lim = hm 1 = 1. Next, if h > 0, then 

h->0~ h /z->0- h h^o- 

f (0 + ft)-/(Q) (2 -3/i) -2 /(Q + /t)-/(Q) 

lim = hm = lim (—3) = —3. This shows that hm does not 

/*->()+ h h^0+ h h^0+ h^0 h 

exist, and so by definition, / is not differentiable at 0. 
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50. lim f (x) = lim (x + 1) = 1, lim f (x) = lim (jc 2 + 1) = 1. Therefore, lim f (x) = 1. Also, 



jt->0+ 



/ (0) = 0 + 1 = 1, and so lim / (x) = / (0). Therefore, / is continuous at 0. 
To show that / is not differentiable at 0, let /z < 0 and consider 

/(Q + /i)-/(0) (ft+i)-i r . t f . f , n . 

lim = lim — lim 1 = 1. Next, if h > 0, then 

h->0- h h^Q- h h-^0~ 



[(0 + /t) 2 + ll-l 



lim /(0+A) - /(0) = lim 
h^0+ h h^0+ h 

exist, and so by definition, / is not differentiable at 0. 



f(0 + h)-f (0) 
— lim h = 0. This shows that lim does not 

h^0+ h^0 h 



51. f(x) = \2x- 1| = 



— (2jc — 1) if x < i 

f lim / (jc) = lim [- (2jc - 1)] = 0 and 

2x- 1 if jc > ^ x->(l/2)~ *->(l/2)~ 



lim / (jc) = lim (2x - 1) = 0. Therefore, lim / (jc) = 0. Also, / ( i) = - 1 = 0, and so / is 

*->(l/2)+ ^->(l/2) + *->l/2 W W 



continuous at 



T 



To show that / is not differentiable at x — ^, let /z < 0 and consider 

f(\+h)-f(\) _r 2 (i+*)-i]-o 

lim _V / W = lim _L_V / J = iim (-2) = -2. Next, if h > 0, then 

/(*+*)-/(*) Mi- 

lim — ^ L = lim ^ 

h^0+ h h^>0+ h 

does not exist, and so by definition, / is not differentiable at ^ . 



h\-l\-0 



= lim 2 = 2. This shows that lim 



h 



52. / (x) = 



x sin (l/x) if x ^ 0 

Because |sin(l/jt)| < 1, we have 0 < |xsin(l/x)| < \x\. Since lim \x\ = 0, the 

0 if jc = 0 



Squeeze Theorem implies that lim x sin (l/x) = 0 = / (0), and so / is continuous at 0. 

jt->0 

To show that f is not differentiable at 0, we compute f (0) = lim L^^L^l — L — lim OA) 
which does not exist. Therefore, / is not differentiable at 0. 



lim sin(l//z) 
h^0 



53. 



y' ($million/year) 



200- 




54 



-200 



-300 



2 t (years) 



v (ft/s) 



/' (1) ~ 150, and the budget is increasing at the rate of 
$150 million per year when t = 1. 

f (5) ^ —160, and the budget is decreasing at the rate of 
$160 million per year when t — 5. 




• — ► 



18 t(s) 



v (5) « 8, and the velocity of the car is approximately 
8 ft/s at f = 5 s. 

o (12) ~ —5, and the velocity of the car is approximately 
-5 ft/s at t = 12 s. 
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55. a. For each fixed value of h, g (x) measures the average rate of 
change of / (x) = x 3 over the interval [x,x + h]. 

b. We would expect g (x) to approach /' (x) = 3x 2 since 

(x + h) 3 -x 3 x 3 + 3x 2 h + 3xh 2 + h 3 - x 3 

hm = hm 

/*->() h h^O h 

h hx 2 + 3xh + h 2 ) 

= lim — ^ J - = 3x 2 

h 

c. The graphs of 3x 2 , 3x 2 + 3x + 1, 3x 2 + 1.5* + 0.25, and 
3x 2 + 0.3x + 0.01 are shown at right.. The graphs of g (x) 
approach the graph of /' (x) = 3x 2 as /z — > 0. 



10 



5 " 



0 




-2 



-1 



0 



1 



56. a. /' (*) = 3x 2 — 1. See the solution to Exercise 6 in this 



section. 



b. The expression for g (x) is the same as that for 



f(x + h)-f(x) 



h 



, where / (x) = x 3 — x and h — 0.01. 



Since / ' (x) = lim , we expect that if h is 

/i->0 h 

very small, then « /' (x), and so the 

/z 

graph of g should be very close to that of f . 



5- 



0 




-2 



-1 



0 



1 



57. a. 




b. / (x) = 



—x 3 if x < 0 



if* > 0 



If A < 0, then 



4 x 



f(0 + h)-f (0) -/z 3 9 
lim £ v Z I — LL1 = ii m = _ Urn h 2 = 0. If h > 0, then 

h^0~ h /z->0- /z fc->0" 

lim /( ° + /i) - /(0) = lim *1 = lim # = 0. Therefore, 

Jr->0+ h h-*0+ h h-*0+ 

/(0 + A)-/(0) n _ _ . M . 
hm = 0, and f is differentiable at 0. 

h^0 h 



If x > 0, then / (x) = x 3 and 

r /(* + *)"/(*) v ( x + h ) 3 -x 3 y (x 3 + 3x 2 h + 3xh 2 + h 3 )-x 
j (x) = lim = lim — lim 



h^0 



= lim 

h^0 



h 



h 



h->0 



h 



h (3x 2 + 3xh + h 2 ) 

— ± J - = lim ( 3x 2 + 3xh + h 2 ) = 3x 



h h^0 

If x < 0, then / (x) = —x 3 , and a similar calculation shows that f (x) — —3x 2 . So / is differentiable everywhere. 



c. From the results of part b, we see that f'{x) — 



-3x 2 if x < 0 
3x 2 ifx > 0 
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58. a. 




b. If x > 0, then / (x) = x 2 , so 



f (x) = lim 



— lim 



f( x + h)-f(x) = 

/? 

(x 2 + 2x/z + /z 2 ) - 
/z 



lim 



(jc + /z) 2 - * 
/z 



= lim (2x + h) = 2x 



Ifx < 0, then f (x) = —x 2 , and a similar calculation shows that 
f' (x) = —2x. So / is differentiable everywhere. 



f(x) =x\x\ = 



—x 2 if x < 0 
if x > 0 



c. From the results of part b, we see that f'(x) = 



—2x if x < 0 
2x ifx>0 



59. The function h (x) = |jc| is continuous everywhere; see Example 7a in Section 1.4. Therefore, by Theorems 4 and 5 of 
Section 1.4 and the continuity of /, we see that 

lim g (x) = lim \x — a\ f (x) = lim \x — a\ • lim f (x) = lim (x — a) lim f (x) = \a — a\ f (a) — 0 — g (a), and 

x^>a x^a x^a x-^a x^>a x—>a 



this shows that g is continuous at a. 



Next, to show that / is not differentiable at 0, write g (x) = 



— (x — a) f (x) if x < a 
(x — a) f (x) if x > a 



If /z < 0, then 

g(a + h)-g (a) 



lim 



h 



lim 

/r->0- 



- [(a + h)-a\f{a + h) + (a-a)f (a) _ -hf {a + h) 



h 



h 



= - lim f(a + h) = -f(fi) 



If h > 0, then 

g (a + /Q - g (a) [(a + h)-a]f(a + h) + (a - a) f (a) 



h 



h 



Since / (a) ^ 0, we see that hm ^ h m - 

exist; that is, g is not differentiable at a. 



hf(a + h) 

lim J \ J = lim f(a + h) = f (a) 

h ^ 0 + h h ^0+ 

g(a) A y g(a + h)- g (a) 

and so hm does not 

h^0 h 



60. a. Observe that 0 < 



x l/3 sm I 



x 



< \x I 1 / 3 , so the Squeeze Theorem 



b. 



1 



implies that lim x 1 / 3 sin -J- = 0 = f (0). This shows that f is 



continuous at 0. Next, 



0 



f (0) = lim 

h—>0 



/(0 + /z)-/(0) 



/z 



lim 



/z 1 / 3 sin^ 



= lim 



sin l 



does not exist, and so / is not differentiable. 



-1 




-0.5 



0.0 



0.5 



61. a. / (x) = 



x 2 sin | if x ^ 0 



0 



ifx = 0 



„, m r /(0 + /Q-/(0) r /* 2 sin^-0 j 
/ (0) = hm — hm — lim h sin -r- 

/i^O /z h^Q h h^0 n 



NowO < 



h sin ^> 



< \h\, and the Squeeze Theorem implies that 



lim h sin A = 0. Therefore /* is differentiable at 0 and f (0) = 0 



b. 



0.1 



0.0 



-0.1 




-0.5 



0.0 



0.5 
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„ fl( , mx r f((x + T) + h)-f(x + T) f(( x + h ) + T )-f(x + T) 

62. / (x + T) = hm = lim 

h^O h h^O h 

= lim ^ ^ X ~*~ ^ — [since / is periodic with period T] = f (x) 

h^O h 

showing that /' is periodic with period T . 

63. For fixed x , we have 

f(x+nh)-f(x + (n-l)h) v [f (x +nh) - f (x)]-[f (x + (n - l)h) - f (x)] 

lim = lim - 

h /i->0 h 

f(pc + nh)-f(pc) f{x + {n-l)h)-f(x) 
= lim lim 

h^O h h^O h 

provided the limits exist. To evaluate the first limit, let H = nh, so h = — and H — > 0 as h — > 0. 

n 

f(x + nh) -fix) n\f(x + H)-f (x)] 
Then lim - — - — J —^- = lim — J -—-^- = nf (x) by the definition of the 

fc->0 h H^O H 

derivative, which we assume exists at this point. To evaluate the second limit, we put H = (n — 1) h 

and proceed as before, finding that lim — — ^ ^ — tS—L — (n — I) f {x). Thus, 

h^O h 

v f{x + nh)- f(x + (n-\)h) 

hm = nf (x) - (n - 1) / (x) = f (x). 

h^O h 

64. a. Using the result of Exercise 63 with n = 2, we have 

. /x / (jc + 2/1) - / (jc + /i) s/x + 2/z - V* + h V^T2/T-V^T7T V^T2/z + v^T7T 

/ (*) = hm = lim — hm , , 

h^O h /i->0 h h^O h y/ x + 2h + y/x + /z 

(* + 2/i) + r 1 1 

= lim — — — -— ^— - = hm 



h->0 h [y/x + 2/z + V* + h) h^O y/x + 2h + y/x + h 2^/x 
as in Example 1 . 
b. With n = 3, we find 

1 1 

(x) = Um f(x + 3h)-f(x + 2h) = ^ x + i + 3/z ~ ^ + 1 + 2/z = Um (* + 1 + 2ft) - (* + 1 + 3h) 
h™0 h h^O h h^O h (x + 1 + 3h) (x + 1 + 2h) 

— lim — —— — — lim 



h^o h (x + 1 + 3h) (x + 1 + 2/z) h^O (x + 1 + 3h) (x + 1 + 2/z) (* + 1)2 
as in Example 3. 

65. True. By definition, the slope of the tangent line to the graph of / at (3, / (3)) is given by / ' (3) = lim — — — — - — — — - 

h^O h 

66. False. The function / (x) = 0 is differentiable, and the function g (x) = \x\ is not differentiable at 0. But the function 
h — fg defined by h(x) = / (x) g (x) = 0 is differentiable everywhere. 

67. False. The function / (x) = |*| is not differentiable at 0 (see Example 6). Taking / (x) = g (x) = |jc|, we see that / and g 
are not differentiable at 0, but the product fg defined by (fg) (x) = f (x) g (x) = \x\ \x\ = is differentiable at 0. 

68. False. The functions / (x) = \x\ and g (x) = — \x\ are not differentiable at 0, but f + g defined by 
(/ + #) ( x ) = f CO + 8 ( x ) = \ x \ ~ \ x \ — 0 is differentiable at 0. 

69. False. Consider / (x) = *Jx. The domain of / is [0, oo), but the domain of /' is (0, oo). (See Example 1.) 

70. True. One example is the function f (x) = \x — 1 1 + \x — 2\ H h \x — n\. 




1. a. The Power Rule: If n is any real number, then — (x n ) = nx n 

ax 
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b. The Constant Multiple Rule: If / is a differentiable function and c is a constant, then — \cf (jc)1 — cf' (jc). 

dx L J 

c. The Sum Rule: If / and g are differentiable functions, then — \f (x) + g (jc)1 = f (x) + g' (jc). 

dx L J 

2. a. If h (x) = If (x) , then h' (x) = If (x) and ti (2) = If (2) = 2 • 3 = 6. 

b. If F (jc) = If (x) - 4g (jc), then F' (jc) = 2/' (jc) - 4g' (jc) and 
F' (2) = 2/' (2) - V (2) = 2 (3) - 4 (-2) = 6 + 8=14. 




2.2 Basic Rules of Differentiation 



1. /' (x) = A (2.718) = 0 2. /' (x) = A (3jc + 4) = 3 

dx 



3. /' (jc) = 4" fcjc 2 ) = 6x 4. /' (jc) = 4~ (~ 2x3 ) = ~ 6x2 

dx V / dx \ ' 

5. /' (x) = A (x 21 ) = 2.lx lA 6. /' (x) = A ( 9 x!/3) = 9 . 1,0/3)-! = 3 *- 2 / 3 

7. /' ( X ) = A ( 3V3 n = 3 A (,1/2) =3 .1 x d/2)-l = 3,-1/2 = 

dx x ' dx \ / z z 



dx dx \ ' 2^/x 

8 - ''<«> - s (£) - 2 s (""" 2 ) - 2 H) "- < " 2 '-' - -- 3/2 - -i 

9. /'(*) = — tlx-' 1 ) = 7— (,- 12 ) = 7<-12)i-' 2 -' = -84i- 13 = -ii 

dx V / dx V / jc 



10. /' ( X ) = ± (o.3jc- 12 ) = 0.3 (-1.2) jc" 1 - 2 " 1 = -0.36JC" 2 - 2 = 



11. /' (jc) = — fjc 2 - 2jc + 8) = 2jc - 2 

dx V / 

12. g' (jc) = A (-^x 2 + V2jc) = -§x + V2 



dx 



13. f (r) = — (tvf 2 + 27rr) = 2nr + 2tt 



15. f (jc) = (o.03x 2 - 0.4jc + lo) = 0.06jc - 0.4 

16. /' (jc) = j- (o.002x 3 - 0.05jc 2 + O.Ijc - 20) = 0.006 x 2 - O.Ijc + 0.1 

17. g' (jc) = [jc 2 (2x 3 - 3jc 2 + jc + 4^ J = (2x 5 - 3x 4 + jc 3 + 4x 2 ) = IOjc 4 - 12jc 3 + 3jc 2 + 8jc 

18. H (u) = (2u) 3 - 3u + 7 = Su 3 - 3u + 7 => H' (u) = jj- (Su 3 - 3u + 7) = 24m 2 -3 = 3 (Su 2 - l) 

19. / (jc) = = jc 2 - 4jc + 3jc _1 => f (jc) = — (jc 2 - 4x + 3jc _1 ) = 2jc - 4 - 3jc~ 2 = 2jc - 4 - 0 

x dx \ / jc z 

20. > (o = * ~ ^ + 2tl = p - \t + 1 =» y (0 = 1 - |r + 1) = \fi - \ = § (t> - l) 

21. /' (jc) = — (4x 4 - 3jc 5 / 2 + 2) = 16jc 3 - -^jc 3 / 2 

22. /' (jc) = A (5x4/3 _ 2^3/2 +JC 2_3jc + l) = fx 1 / 3 - jc 1 / 2 + 2 jc - 3 

d /. 1 . o\ . _ 2 Q _ 3 _ 3 8 



3 



23. /' (jc) = — (3JC- 1 + 4jc" 2 ) = -3jc" z - 8jc~ j = ~ - 

dx \ ) 



dx V 7 x 2 x 3 
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24 



. /' (jc) = A 1 ^"3 _ = _ 1 (_ 3x -4 _ 6x 5^ = X -A + 2jcJ = 2;cJ + 



5 _ i v-5 



1 



25 



16r~ 5 + 9t~ 4 - 2t~ 2 = --r + -r- 



16 9 2 



f5 r4 ,2 



26. /' (jc) = — (5x~ 3 - 2x~ 2 - X' 1 + 200) = -15jc" 4 + Ax 

ax \ J 



-3 , v -2 _ 



15 4 1 



+ x~* = 7 + ^r + 



C 4 X 3 JC 2 



27. 



200 



= 4~ ( 0.00 lx 2 - 0.4jc + 5 + — \ = 0.002jc - 0.4 - 200jc -2 = 0.002jc - 0.4 - 



dx dx \ 



x 



200 



x 



28. / = — (b.0002f 3 - 0.4r 2 + 4 + 100?" 2 ) = 0.0006? 2 - O.St - 200t~ 3 = 0.0006? 2 - O.St - ^ 
dt V / t 3 



29. /' (jc) = ^-{lx- 5.x: 1 / 2 ) = 2 - §JC _1/2 = 2- 



2+Jx 



30. /' (f) = j f (it 2 + ? 3 / 2 ) = At + §fV2 = 4/ + 



31. y' = ±( X ^+X 

dx V 



-1/2) = 1,-2/3 _ 1,-3/2 = 



1 



1 



3jc 2 / 3 2x 3 / 2 



33. f (x) = — hx 3 - 4x) = 6x 2 - 4 

dx \ / 



34. /' (jc) = A (4jc 5 / 4 + 2^ 3 / 2 + jc) = 5jcV4 + 3*1/2 + j 



a. /' (-2) = 6 (-2) 2 - 4 = 24 - 4 = 20 

b. /'(0) = 6(0)-4=-4 

c. /' (2) = 6 (2) 2 - 4 = 20 



a. f (0) = 5 (0) + 3 (0) + 1 = 1 

b. /' (16) = 5 (I6) 1 / 4 + 3 (16) 1 / 2 + 1 = 10 + 12 + 1 



= 23 



35. 



a. /' (jc) = (2x 2 - 3jc + 4) = 4jc - 3 and 



/' (2)=4(2)-3 = 
line is y — 6 = 5 (jc 



5. An equation of the tangent 
- 2), or y = 5x — 4. 



b. 



10-- 



0 




-1 0 



1 



36. a. 



/' (jc) = A ^_5,2 + 2 , + 2) = -^jc + 2 and 

/' (-1) = - ^ (-1) + 2 = ^ . An equation of the 

tangent line is y — ^— |) = [jc — (—1)] or 
v _ 16 r , 11 



b. 



50 



0 



-50 



-100" 



-10 -5 0 5 10 
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37. 



. a. /' (x) = ^-{x A - 3x 3 + 2x 2 - x + l) 



38. a. /' (x) = 



= 4x 3 - 9x 2 + Ax - 1 and 

/' (1) = 4 (l) 3 - 9 (l) 2 +4(1) — 1 = -2. An 
equation of the tangent line is y — 0 — — 2(x — l)or 
y = -2x + 2. 



b. 



10 



0 




-3-2-10123 



d 
dx 



^1/2 + ^-1/2) 
1 1 



_ 1,-3/2 



/' (4) = 



V* 2x 3 / 2 
1 1 



, so 



1 

4 



1 3 A 

16=16- An 



2V5 2 • 4 3 / 2 
equation of the tangent line is y — | = ^ (x — 4), 



b. 



3 - 



2" 




-2 0 



6 



39. /' (x) = 6x 2 + 6* - 12 = 0 => x 2 + x - 2 = 0 => (x + 2) (jc - 1) = 0 => x = -2 or 1. 

/ (-2) = 2 (-8) + 3 (4) - 12 (-2) - 10 = 10 and / (1) = 2 + 3 - 12 - 10 = -17, so the points are (-2, 10) and 
(1,-17). 



40. g' (x) = x 2 - x - 1 = -1 => x 2 - x = x (x - 1) = 0 => x = 0 or 1. g (0) = 1 and g (1) = ^ - \ - 1 + 1 = - so the 
points are (0, 1) and ^1, — 



41. ti (0 = 2 - \ = -2 = 

(-h~ 3 ) and (i 3 )- 



i 



= 4 



t = ±±. h (-^j = 2 - 2 = -3 and h (±) = 2^ +2 = 3, so the points are 



the points are ^3, ^ and ^—3, 



,2 = 9 ^^ ±3 . F(3) = ^±l = 7 d 2(-3) + l 5 

3 3 -3 3 



43. a. y = x 3 - 3x + 1 => -f- = 3jc z - 3 and 



= 9, so my = 9 



*=2 



dx dx 

and raw = — y . An equation of the tangent line is 

j — 3 = 9 (x — 2) or j = 9x — 15, and an equation of the normal 

line is y — 3 = — y (x — 2) or y = — ^x + 



b. 



10 



0 



-10 




-3-2-10 1 2 3 



Note that the tangent and normal lines do 
not look perpendicular because the x- 
and y-axes are not to scale. 
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44. a. y = 2* + * -1 / 2 



*^ = 2 - l*-3/2 = 2 - — 

2 2* 3 / 2 



and 



b. 



10 



Jy 
dx 



— |, so my = | and = — |. An equation of the 



tangent line is y — 3 = | (x — 1) or y — ^x + |, and an equation 
of the normal line is y — 3 = — | (x — 1) or y = — |x + -y. 



0 




0 



1 



Note that the tangent and normal lines do 
not look perpendicular because the x- 
and y-axes are not to scale. 



45. y = 2x 

x 



dy 9 dy 9 

= 2 + — . Setting -f- =3 gives 2 + -j = 3 



dx 



x 



dx 



x 



2 



9ox = ±3. 



x 



46. / 0) = §x 3 + - 12* + 6 => /' (jc) = 2x 2 + 2x-\2 

a. /' (x) = -12 => 2x 2 + 2* - 12 = -12 => 2x 2 + 2x = 0 => 2x (x + 1) = 0<=>x = Oorx = -1 

b. f{x) = 0^ 2x 2 + 2x - 12 = 0=> 2(x 2 + x -6^ = 2(x + 3) (jc -2) = Oox = -3orx = 2 

c. /' 0) = 12 => 2x 2 + 2x - 12 = 12 => 2 (x 2 + x - 12^ = 2 (x + 4) (x - 3) = 0 ^ x = -4 or x = 



47. 



/ ( x ) = \x A - ±x 3 - x 2 ^ f (x) = x 3 -x 2 -2x 

a. f' (x) — —2x => X 3 — X 2 — 2x — —2x => X 3 — X 2 = 0 a \x — i) — u w a — u ui i . 

/ (1) = 1 (l) 4 - 1 (l) 3 - (l) 2 = - 1 3 and / (0) = \ (0) 4 - \ (0) 3 - (0) 2 = 0. We conclude that the corresponding 



x 2 (x - 1) = 0 <^> x = 0 or 1. 



2 _ 1 , 1 i _ 5 



points on the graph are ^1, — and (0, 0) 

b. / / (i) = 0=>x 3 -x 2 -2x = 0=>x(x 2 -i-2j=0=>x(x-2)(jt+l) = 0oi=0,2,or-l./(0) = 0, 

/(2) = i(2) 4 -i (2) 3 - (2) 2 = 4-|-4 = -§, and /(-1) = | (-l) 4 -^ (-1) 3 
We conclude that the corresponding points are (0, 0), ^2, — and ^— 1, — 

^ x 3 -x 2 -2x = lOx => x 3 — x 2 — 12x = 0 => x ^x 2 — x — 12^ = 0 => 

x (x - 4) (x + 3) = 0 => x = 0, 4, or -3. / (0) = 0, / (4) = \ (4) 4 - ± (4) 3 - (4) 2 = 48 - ^ = and 
/ (-3) = \ (-3) 4 - i (-3) 3 - (-3) 2 = |L+9-9=^-. We conclude that the corresponding points are (0, 0), 

(4, f). and (_3,£). 



c. /' (x) = 10* 



48. y = ±x 3 - 2* + 5 



dy 9 9 9 

— — x A — 2. The slope of the given line is 2, so set x z — 2 — 2 => x z — 4 => * = ±2. The required 



points are ^—2, ^ and ^2, -y^. 



1-5 dy 9 9 

49. y = ^x J — 2x + 5 => — = x z — 2. The slope of the given line is 1, so the normal line has slope — 1. We set x L — 2 = — 1 



3 

x 2 = l 



dx 



x = ±1. The required points are ^—1, ^ and ^1, -y^. 



50. The line y — 2x has slope 2. Also y = x 2 + c 
second equation gives 2— 1 + c, so c = 1. 



dy 
dx 



= 2*, so 2* = 2 => * = 1. Therefore y = 2. Substituting into the 
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yo — 2 

51. Let (*o, yo) denote the point of tangency. Then the slope of a line passing through this point and (3, 2) is m = 



dy 

The slope of the tangent line to the parabola at (xq, yo) is — 

ax 



x 0 -3 

= [2x — 2] X=XQ = 2xq — 2. Equating these two 

X=XQ 



yo — 2 

slopes gives = 2xq — 2 => yo — 2 = (xq — 3) (2xo — 2). Because (xq, yo) is on the parabola, we must have 

*0 — 3 

yo = — 2xq. Substituting this into the previous expression gives x^ — 2xq — 2 — 2x^ — 8xq + 6 => x^ — 6xq + 8 = 0 => 
(xq — 4) (xq — 2) = 0. Thus, xq = 2 or 4. The two points of tangency are (2, 0) and (4, 8), the slopes of the tangent 
lines are mj = 2 (2) — 2 = 2 and mi — 2 (4) — 2 = 6, and their equations are y — 0 = 2 — 2) => y = 2x — 4 and 
y - 8 = 6 (x - 4) => y = 6* - 16. 

52. The parabola y = x 2 — 6x + 1 1 = (x — 3) 2 + 2 has vertex (3, 2), so the slope of the line passing through the vertex of the 

2-0 

parabola and (1, 0) is = 1. The slope of the normal line is then — 1/ra = —1. The slope of the tangent line to the 

1 



dy 

parabola at (xq, yo) * s ~r~ 

dx 



= [2x — 6] X=XQ = 2xo — 6. Since the slope of the required normal line is —1, it follows 

X=XQ 

2 



that 2xq — 6=1 and xq = j. Since / (2) = (l) — ^(l) + ^ = I' tne P omt °f intersection of the normal line and the 
parabola is and an equation of the normal line is y — | = — 1 — ^ or y = — x + 

53. Hm (1 + ^ ~ 1 = /' (l), where / (x) = x 3 . /' (x) = 3x 2 , so f (1) = 3. 
h^O h 

54. lim L^ll = lim ~ 1 = /' (l), where / (x) = x 5 . f (x) = 5x 4 , so /' (1) = 5. 

h^O x — 1 /i->0 rt 

55. Let / W = 3*2 - Then f (2) = lim I (2 + *> I ^ (2) = Hm 3(2 + ^ - (2 + ^) - 10 ^ 

/i->0 /* /i->0 /z 

/' (2) = [6x — l] x= 2 = 1 1, so the required limit is 1 1. 

56. Let f(x) = x 1 / 3 . Then /' (8) = lim / ( 8 + 0 1/3 - / (8) = ^ (8 + 0 1/3 -2 ^ 

? f->0 ? 

f' (8) = Ax -2 / 3 = —tit = — , so the required limit is -i. 

7 w 3 x=8 3 (8) 2 / 3 12 12 

57. We use the definition of the derivative to write 
2(x + h) 1 -{x + hj 1 -2x 7 +x 2 2 (;t + ft) 7 - 2* 7 {x + hj 2 - x 2 d , 7 , d 



lim 



/i->0 ft 

= 14x 6 -2x = 2x (lx 5 - l) 



L\x^r ny - lx- yx^ny-x~ a . 7 * « / ?\ 
= hm lim = — \2x J - — (* ) 

h^0 ft /z->0 ft dx v y dx \ / 



58. We use the definition of the derivative to write 

1 / j-_ 1 _ 1 1 

2 = hm + hm ^— = — - + — = + 

/z^0 /z h^0 h dx \x J dx v y 2V^ 



lim X + 



h^0 h 

59. r = -0.05? 3 + 0.4r 2 + 3.8r + 19.6 => r ; = -0.15? 2 + 0.8? + 3.8. Setting T' = 2.05 gives -0.15? 2 + 0.8? + 3.8 = 2.05 
=> -0.15? 2 + 0.8? + 1.75 = 0 ^ 15? 2 - 80? - 175 = 0 => 3? 2 - 16? - 35 = 0 <^> (3? + 5) (? - 7) = 0 <^> ? = -§ or 7. 
We reject the negative root. So the temperature is increasing at the rate of 2.05 °F per hour at 1 P.M.. 

60. S' = -0.0015.x => S' (100) = -0.0015 (100) = -0.15, so the average speed of traffic flow drops at the rate of 0.15 mi/h 
per 1000 vehicles when x = 100. S' (200) = -0.0015 (200) = -0.3, so the average speed of traffic flow drops at the rate 
of 0.3 mi/h per 1000 vehicles when x = 200. 

61. a. P' (?) = 0.54? + 1.4. In 2010, P' (1) = 0.54(1) + 1.4 = 1.94 or 1 .94%/decade. In 2020, 

P' (2) = 0.54 (2) + 1.4 = 2.48%/decade. 
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b. In 2010, P (1) = 0.27 (l 2 ) + 1.4 (1) + 2.2 = 3.87%. In 2020, P (2) = 0.27 (2 2 ) + 1.4 (2) + 2.2 = 6.08%. 



62. 4^ = 26.5-4- f^ -0 - 45 ) = 26.5 (-0.45) x 
dx ax \ J 



-1.45 



dx 
dA 
dx 



11.925 m p dA 
. Therefore, 



x 



1.45 



dx 



11.925 



x=0.25 



(0.25) 



1.45 



-89.01 and 



11.925 



1.45 



—4.36. This shows that if you make 0.25 stops per mile, your average speed will decrease at the 



x=2 (2) 

rate of approximately 89.01 mi/h per stop per mile. If you make 2 stops per mile, your average speed will decrease at the 
rate of approximately 4.36 mi/h per stop per mile. 



63. a. D(t) = f (?) -g(t) = (2.48? 2 + 18.47* + 509 J - (-1.12* 2 + 29.09? + 429 J = 3.6? 2 - 10.62? + 80 

b. D' (?) = lit - 10.62 => D' (1) = 7.2 - 10.62 = -3.42, so in 1995, the difference was dropping at the rate of $3.42 per 
person per year. D' (6) = 7.2 (6) — 10.62 = 32.58, so in 2000, the difference was increasing at the rate of $32.58 per 
person per year. 



64. a. 



30 



20" 



10 



0 




0 



20 



40 



60 



b. Using the numerical derivative operation of a graphing utility, we see that 
/' (20) « 0.9280996. The rate of change of / when x = 50 is given by 
/' (50) % -0.3145009995. 

c. The results of part b tell us that when a typical car is being driven at 

20 mi/h, its fuel economy increases at the rate of approximately 0.9 miles 
per gallon per 1 mi/h increase in its speed. At a speed of 50 mi/h, its fuel 
economy decreases at the rate of approximately 0.3 miles per gallon per 
1 mi/h increase in its speed. 



65. a. 



10" 



5" 



0 




0 



1 



6 



b. Using the numerical derivative operation of a graphing utility, we find that 
/' (2) % 0.3835, /' (3) ^ 1.0489, and /' (4) « 1.7311. 



c. 



The number of Alzheimer's patients will be increasing at the rate of 
approximately 0.3835 million patients per decade at the beginning of 
2010, 1.0489 million patients per decade in 2020, and 1.7311 million 
patients per decade in 2030. 



66. a. / {t) = 0.61 It 3 + 9.702? 2 + 32.544? + 473.5 



c. Using the numerical derivative operation of a graphing utility, we find that 

f (1) = 53.781 and /' (4) = 139.488. So at the beginning of 2000, the 
assets of the hedge funds were increasing at the rate of 
$53,781 billion/year, and at the beginning of 2003, they were increasing at 
the rate of $139,488 billion/year. 



1000 



500- = 



0 




0 



1 
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67. a. / (0 = -0.0123? 4 + 0.2639; 3 - 2.2601f 2 + 5.6608; + 143.6 

c. Using the numerical derivative operation of a graphing utility, we find that 

/' (0) = 5.6608, /' (2) = -0.6064, and /' (9) = -6.7601. So in 1985, 
the population was increasing at the rate of 5.6608 million per 5 years, and 
in 1995 it was decreasing at the rate of 0.6064 million per 5 years. 
According to our model, in 2030 it is expected to be decreasing at the rate 
of 6.7601 million per 5 years. 



140 



120 



100 




0 



8 



GmM\ d / 0 \ i 
1 = GmM— (r 2 ) = -IGmMr' 3 = - 



2GmM 



N/m 




2-7T d 



(r 3 / 2 ) = 



27r . 3 1/2 = 3tt 



RJg dr \ / RJg 2 /? V 8 

70. Let (xq, yo) denote the point on the parabolic path at the instant its bow is pointed at the spectator. Then the tangent 
line to the parabola at (xq, yo) must pass through the point (2.5, 0). The slope of the tangent line is given by 



y' y _ y ^ = —5x\ x=X{) = —5xq. It is also given by 



X=XQ 



3, 0 -0 _ -2.5x 2 + 10 
xq — 2.5 xq — 2.5 



, since yo = — 2.5*q + 10. Equating 



the two slopes gives 

2 



-2.5x 2 + 10 



= -5jt 0 => -2.5x 2 + 10 = -5xi + 12.5jc 0 => 2.5x 2 - \2.5xq + 10 = 0 



0 



0 



0 



Xq — 2.5 

25*o _ 125xq + 100 = 0 => Xq — 5xq + 4 = 0 o (xq — 4) (xq — 1) = 0, so xq = 4 or 1. We reject the first root because 
we want the point where the launch approaches the spectator. At this instant, the launch is at the point (1, 7.5), and so the 



y = x). We have the system 



required distance is d = y] (2.5 - l) 2 + (0 - 7.5) 2 = V2.25 + 56.25 = V58.5 % 7.65, or approximately 765 ft. 

71. The parabola passes through (—1,0), giving 0 = A — B + C. The parabola also passes through the point of tangency (1, 1), 
thus 1 = A + B + C. Finally, y' — 2 Ax + B, and the tangency requirement gives y' , = 2 A + B — 1 (the slope of 

A- B + C = 0 

A + B + C = 1 Subtracting the second equation from the first gives — 2B = — 1 or 
2 A + B =1 

B — j. Substituting this into the third equation gives 2 A + J> = 1 or A — |, and substituting into the final equation, we 
have C — — A + B = + ^ = 3. To summarize, A — |, B — ^, and C — |. 

72. In order for / to be continuous at a, lim f (x) = lim x 2 — a 2 must be equal to 

lim / (x) — lim (Ax + B) — Aa + B, that is, a A + B — a 2 . In order for / to be differentiable at a, we must have 

x^>a + x— >a + 

f(a + h)-f(a) f(a + h)-f(a) n , r ^ t 7 ^ 7 9 

lim = hm or 2a — A. Therefore, A — 2a and B — a — 2a — —a . 

h-^0~ h h^Q+ h 



73. f (x) = lim 

h^0 



lim 

h^0 



f(x + h)-f(x) = ^ (x + h) n - x n 
h h^0 h 

x n + nx n ~ x h + U{n ~ X) x n - 2 h 2 + • • • + jut/i' 1 

2! 



1 + /z"J - 



n 



h 



lim 

/z->0 

lim 

h^0 



h ^-1 + % n-2 h + . . . + + ^-1 j 



+ 0 + 0 = nx 
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74. 1 + x + x L H h * w = — : for x 7^ 1. Differentiating both sides of the equation with respect to x, we obtain 



1 -x 



d 



dx 



( 



l+x + x 2 + x 3 H \-x 



1 dx\ 1 — x J 



ax \ l — x ) dx \ 1 — x J 

d 



Using the definition of the derivative, we can easily show that — ( — 1 — ) = - — ^— *r. Next, using the Binomial 

\l-xj (l-x 2 ) 

Theorem (see Exercise 73), we write 



dx 



d 



/x n + l \ 
dx \ 1 — x J 



lim — 

/2->0 /* 



lim — 

/z->0 /? 



1 - (* + /i) l-x 



(1 - jc) (x + - (1 - x - h) x n+{ 

(l-x -h) (l-x) 



(1 - x) ^x n + l +(» + !) + ^+^ ^-1^2 _| J _ (i _ ^ _ 



lim 

/i->0 



n+1 



A (1 — JC — /l) (1 — JC) 

jc w+1 + (n + 1) * n fc - jc w + 2 - (n + 1) + [higher order terms in ftl - (1 - ;c - h)x n + l 

lim 

/?->0 /z(l -x -/z)(l -jc) 

(« + 1) x n — nx n ^ h + [higher order terms in /z] 

lim 

h^O h(l-x-h)(l-x) 



lim 



(n + 1) x n - nx n+{ + [higher order terms in h] (n + 1) x n - nx n+x 



(l-x-h)(l-x) (l-x) 2 

9 „_i 1 - (n+ l)x n +nx n + x 
Therefore, 1 + 2x + 3x z H h ft* = » . This problem can be solved much more easily using 

(1 -xY 

the Quotient Rule for differentiation, which is introduced in Section 2.3. 

75. False. /' (x) — 2nx 2n ~ l . For example, for n — 3, / (x) — x 6 = x 2 ' 3 and /' (x) = 6x 5 , whereas 

2nx 2 ( n -V=2-3x 2 $-V=6x 4 . 

76. False. / (x) = 2 X is not a power function. The exponent in a power function must be a constant. 

77. True by the Sum and Constant Multiple Rules. 

78. False. Take / (x) = x 2 . Then g (x) = f (x 2 ^ = (x 2 ^j = x 4 , so g' (x) = 4x 3 . On the other hand, /' (x) 



— 2x, so 



f (x 2 ) = 2 (x 2 ) = 2x 2 . Thus, g' (x) # /' (x 2 ). 



Concept Questions 

1. a. The derivative of the product of two functions is equal to the first function times the derivative of the second function, 

plus the second function times the derivative of the first function. 

b. The derivative of the quotient of two functions is equal to another quotient whose numerator is given by the denominator 
times the derivative of the numerator minus the numerator times the derivative of the denominator, and whose 
denominator is given by the square of the denominator of the original quotient. 

2. a. ti (x) = f (x) g' (x) + /' (*) g (jc), so h! (1) = / (1) g' (1) + /' (1) g (1) = (3) (4) + (-1) (2) = 10 
. g(x)f(x)-f(x)g f (x) w _ g (1) /' (1) - / (1) g' (1) 2(-l)-3(4) 7 
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1. /' (jc) = A ^2x (x 2 + l)] = 2x (2x) + (x 2 + l) (2) = Ax 2 + 2x 2 + 2 = 6x 2 + 2 = 2 ^3x 2 + l) 



2. F' (jc) = ^ [3x 2 (x - 1)J = 3x 2 (1) + (x - 1) (6a:) = 3x 2 + 6x 2 - 6x = 9x 2 - 6x = 3x (3x - 2) 

3. /' 0) = (f - 1) -f- (2r + 1) + (2f + 1) -f- 0 - 1) = 0 - 1) (2) + (2f + 1) (1) = 2* - 2 + 2f + 1 = 4f - 1 

J? d£ 



4. /' (jc) = (3x + 1)4" ( x2 ~ 2 ) + (* 2 ~ 2 ) d 



dx 

= 9x 2 + 2x-6 



dx 



(3x + 1) = (3jc + 1) (2x) + (x 2 - 2) (3) = 6x 2 + 2x + 3x 2 - 6 



5. /' (jc) = (x 3 - 12jc) (3x 2 + 2x) + (3x 2 + 2x) (x 3 - 12x) = (x 3 - 12x) (6jc + 2) + (3x 2 + 2x) (3x 2 - 12) 
= 6x 4 + 2x 3 - 72x 2 - 24x + 9x 4 - 36x 2 + 6x 3 - 24x = 15x 4 + 8x 3 - 108x 2 - 48x 



d 



6. /' (to) = (w 3 -w 2 + w-\ ) j 



d 



) 



ar* + 2 + lar + 2 



) dm \ 



w + w 



-0 



dw V /V / dw 

= (w 3 - w 2 + w - l) (3*o 2 ) + (u> 3 + 2) (3w 2 - 2ti) + l) 

= 3id 5 - 3tD 4 + 3w 3 - 3w 2 + 3w 5 - 2w 4 + w 3 + 6w 2 - 4w + 2 = 6to 5 - 5to 4 + 4u> 3 + 3w 2 -4w + 2 



7. /' (x) = 



(x-1) — (*)-* — (x-1) 



dx 



(jc - 1) (1) - JC (1) x- 1 -x 



1 



8. g' (x) = 



(jc - l) 2 
(x 2 + 4~ (2jc) - 2x ^ 



(x-1) 



(* - 1) 2 (* - 1) 2 



dx 



dx 



(x 2 + l) (x 2 + l) (2) - 2x (2x) 2x 2 + 2 _ 4x 2 2 (x 2 - l) 



(x 2 + 1) 



(x 2 + 1) 



(x 2 + 1) 



(x 2 + 1) 



d 



d 



9. ti (x) = 



(3 * " 2) dx" (2 * + 1} ~ (2X + 1} dx~ (3 * " 2) (3jc - 2) (2) - (2x + 1) (3) 6x - 4 - 6x - 3 



dx 



(3x - 2) 



(3x - 2) 



(3x - 2) 



7 



(3x - 2) 



10. P' (0 = 



(3-20^(2-0-(2-0^(3-20 



(3 - 2t) (-1) - (2 - t) (-2) -3 + 2; + 4 - 2? 



1 



(3 - It) 2 



(3 - 20 



(3 - 2r) 2 



(3 - 2t) 2 



11. F' (x) = 



(x 2 - 5) 4~ (2x + 3) 



dx 



- (2x + 3) ^ (x 2 - 5) (jc 2 - 5) (2) - (2x + 3) (2x) 



(x 2 - 5) 



(x 2 - 5) 



2x 2 - 10 - 4x 2 - 6x -2x 2 - 6x - 10 2 (* 2 + 3x + 5 ) 



(x 2 - 5) 



(x 2 - 5) 



12. /' (5) = 



.y 2 + 25 + 4 



-4 



d 



)-(- s2 - 4 )^ ( ^ + 1 > 



+ 



( X 2 - 5) 2 

(. + 1) (2s) - (s 2 - 4) (1) 2, 2 + 2,-, 2 +4 



+ 



+ 
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13. F (x) = (x + 2) (x 2 - x + l) = x 3 - x 2 + x + 2x 2 - 2x + 2 = x 3 + x 2 - x + 2 => F' (x) = 3x 2 +2x-l. 
Using the Product Rule, we have 

^( x2 - x+1 ) + ( x2 ~ x+1 )t x 

= 2x 2 - x + Ax - 2 + x 2 - x + 1 = 3x 2 + 2x - 1 



F' (jc) = (x + 2) (x 2 - x + l) + (x 2 - x + l) ^- (x + 2) = (x + 2) (2* - 1) + (x 2 - x + l) (1) 



14 h (0 = ^ 5 ^ + = ^ _ 3 , + 1 ^ h , (f) = 3,2 _ 3 = 3 (,2 _ t ) , 
Using the Quotient Rule, we have 

2t 2 ^ (t 5 - 3t 3 + 2t 2 ) - (t 5 - 3t 3 + 2t 2 ) L (2t 2 ) 2t 2 (st 4 - 9t 2 + At) - (t 5 - 3t 3 + 2t 2 ) (At) 



hi (0 = 



(2t 2 ) 2 (2t 2 ) 
\0t 6 - m 4 + 8/ 3 - At 6 + \2t 4 - 8? 3 _ 6t 6 - 6t 4 _ 3 2 3 _ 3 / 2 \ 



15. g (t) = (t 3 + l) (2t~ 2 - r 1 ) = 2t-t 2 + 2t~ 2 - t~ l => 

g ' (t) = ?L(2t-t 2 + 2t~ 2 - t- { ) =2-2t- At~ 3 + t~ 2 = -2t + 2 + \ - \. 
at V / t L t 5 

Using the Product Rule, we have 

' w - (' 3 + ') z ( 2 '" 2 - ■-) + ( 2 '" 2 -'-) z (' 3 + ') i - ( ,J + ') H'" 3 +'" 2 ) + ( 2 '" 2 -'"') ( 3 ' 2 ) 

= -4r° + r - At~ 3 + r" 2 + 6r° - 3t = -2t + 2 + - 

r 2 ? 3 

16. /(o = ^r^ = F/ 2 -I f -/'(o = l-^ 2 -| = l(VF-i). 

Using the Quotient Rule, we have 

5tW±. (it 2 - 3f 3 / 2 ) - (it 2 - 3? 3 / 2 ) j t (5^/2) 5r l/2 (4, _ 9,1/2^ _ ( 2 ,2 _ 3,3/2) (5,-1/2) 



/' (0 = 



(5,1/2)2 25, 

20f 3/2 - 45 , _ 5,3/2 + j5 r ^ 15 ,3/2 _ J5 , 

25? ~ 257 



Tr - 3r , + ^_^--^ = 3,,/2_3 = 3 (V7 _ l) 



17. 



/' (x) = (5x 2 + l) £ (2*!/2 _ + ( 2jc l/2 ( 5x 2 + ^ = ( 5x 2 + {j ^-1/2) + ( 2x l/2 _ ^ (1Qjc) 

= 5x 3 / 2 + x- 1 / 2 + 20jc 3 / 2 - IOjc = 25x 3 / 2 - Wx + 



18. /' (0 = (l + ^/2) ^ (it 2 - 3) + (2^ 2 - 3) L (l + rV2) = (i + ,1/2) (40 + ( 2 ,2 _ 3 ) (1,-1/2) 

3 



At + 4r 3 / 2 + t 3 l 2 - %t~ XI1 = 5r 3/2 + At - 



2^t 



{x 2 + l} £. (2x ,/2) _ (2x l/ 2) | (j2 + t) (,2 + l} (x - l/2) _ ^2) (2x) 

(x 2 + l) 2 (x 2 + l) 2 

x 3/2 +x -l/2_ 4jc 3/2 _ 3x 3/2 + x -l/2 x~^ 2 (-3x 2 + l) _ 3x 2 + j 



19. /' (x) = 



(x2+l)^ (^ 2 + l) Z (^ 2 +!) 2 V^(* 2 +l) 2 
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20. /' (x) = 



- I A 



1/2 



-l)^/ 2 + l) (,'/ 2+1 )(.,-./ 2 )_(, 



1/2 _ 



l) 



2 



1 x 0 + 1,-1/2 _ 1,0 + 1,-1/2 



-1/2 



1 



(jcV2 + l) 



(VI +i) V* (>/* + !) 



(xl/2+l) 



21. 



dy d 



2x 



2 



dx dx \ x 1 + x + 




(' 2 +-+')sM-Ms(' 2+ ' + ') 



(a 2 + * + 1) 



(x 2 + x + l) (4a) - (2a 2 ) (2x + 1) 2x [(2x 2 + 2a + 2) - (2a 2 + a)] 2 a (a + 2) 



(A 2 + A + 1) 



(A 2 + A + 1) 



(A 2 + A + 1) 



22. 



dy_ 
dt 



d_( 2,-1 X ( f2 - 3? + 2 )^ 2f - 1 )-^- 1 )|( ?2 - 3f + 2 ) 
dt\t 2 -3t + 2j ( r 2_ 3r + 2 ) 2 

(/ 2 - 3t + 2) (2) - {It - 1) (2? - 3) 2 t 2 -6t+A-At 2 + 6t + 2t-3 



(t 2 -3t + if 
-It 2 + It + 1 _ 2f 2 - It - 1 
(r 2 -3r + 2) 2_ (r 2 - 3r + 2) ; 



(t 2 - 3f + 2) 



23. /' (x) = 



(x - 2) (x 3 + x 2 + x + l) - (x 3 + x 2 + x + l) (x - 2) 



(x - 2) (3x 



(x-2) 



2a 



1 - JC 



3 . .2 



A -h A 



(A - 2) 2 

2a 3 - 5a 2 - 4a - 3 
(x - 2) 2 



3a H~ 2a -|- a — 6a — 4a — 2 — a — a — a — 1 

(* - 2) 2 



24. /' (r) = 



~dr 



(2r + 1) (r - 3) 
3r + 1 



d /2r 2 -5r-3 



(3r + 1) (2r 2 - 5r - 3) - (2r 



5r - 3) 4- ( 3r + !) 



\ 3r + 1 



(3r + l) 2 



(3r + 1) (4r - 5) - (2r 2 - 5r - 3) (3) (l2r 2 - 15r + 4r - 5) - (6r 2 - 15r - 9) 6r 2 + 4r + 4 

(3r + l) 2 ~ 
2 (3r 2 + 2r + 2) 



(3r + 1) 



(3r + 1) 



(3r + l) 2 



A + 1 



25. / (a) = 



A 



1 

1+ - 

A_ _^ _ 

A + 2 A + 2 



d / a+ 1 \ 
V* 2 + 2a/ 



A + 1 



A+ 1 



A (a + 2) A 2 + 2a 

d 



(a 2 + 2a) A (J + i) _ (J + i) A (* 2 + (* 2 + 2;c ) (1) - (a + 1) (2a + 2) 



(a 2 + 2a) 



a 2 (a + 2) 2 



(a 2 + 2a) (1) - (a + 1) (2a + 2) 



a 2 + 2a — 2a 2 — 2a — 2a — 2 a 2 + 2a + 2 



a 2 (a + 2) 2 



A 2 (a + 2) 2 



a 2 (a + 2) 2 
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26. y = 



1 

1 + - 
x_ 

i-I 

X 



x + 1 



X 



X + 1 



x-1 jc- 1 



X 



dy 
dx 



_ d (x+l\ 
dx \x — 1/ 



(jc - 1) 4" (x + 1) - (jc + 1) 4- (* 



-1) ( X - 1) (1) - (jc + 1) (1) 



(* - 1) 2 



(x - l) 2 



(x - l) 2 



d 



27. /' (jc) = 



(3jc-1) — lx + +/3x l ' 2 i -\x 



o L/2 



dx 



(3jc - 1) 



(3jc - l) 2 

Qx - 1) (l + 1V3X- 1 / 2 ) - (x + V3* 1 / 2 ) (3) _ 3x + 3^1/2 _ t _ 1^-1/2 _ 3x _ 3^1/2 

(3* - l) 2 
3V3x + 2VI+ V3 
2^1 (3x- l) 2 



(3* " 1) 



28. / (jc) = 



x 



x- 1 



x (x 2 + 4) - (* - 1) (x 2 - 4) ^2 + 8;c _ 4 



2 -4 x 2 + 4 



(x 2 - 4) (x 2 + 4) 



x 



4-16 



/' (x) = 



( 



x 4 -16 



)^^ + 8 »-4)-(^ + fa -4)£(,4_ lt ,) 



(x 4 - 16) 2 

(x 4 - 16) (2x + 8) - (x 2 + 8x - 4) (4x 3 ) 2;c 5 + Sx 4 _ 32x _ m _ 4x 5 _ 32x 4 + 16;c 3 



(jc 4 - 16) 2 
-2x 5 - 24x 4 + 16x 3 - 32x - 128 

(x 4 - 16) 2 



(x 4 - 16) 



29. F' (jc) = 



d / ax + b 



d d 
(cx + d) — (ax + b) — (ax + b) — (cx + J) 



dx 



dx 



dx \ cx + d 
acx + ad — acx — be ad — be 



(cx + d) 



(cx + d) (a) — (ax + b) (c) 
(cx + d) 2 



(cx + d) 2 



(cx + J) 2 



30. g' (t) = 



d ( at 




0 2 + b )j t ( at2 ) - ( at2 ) j t (< 2 + b ) (< 2 + b ) - ( at2 ) ^ 



2abt 



dt\t 2 +b 



31. /' (x) = 



d 



dx 




x 2 + 1 




2x — 



3x + 




{t 2 + ft) 

- (* 2 + 0 



(t 2 + 



2 



J / 2x — 



dx \ 3x + 



t) + (Stt) ^ (* 2 + 0 



(3jc + 1) — (2x - 1) - (2x - 1) — (3jc + 1) 



dx 



dx 



(3x + l) 2 



(2x- 




(2x) 



(x 2 + l) [(3x + 1) (2) - (2x - 1) (3)] 2x (2jc _ 1} 



(3x + 1) 



(jc 2 + l) (6jc + 2 - 6x + 3) 



(3jc + l) 2 



3x + 1 

+ 2x (2x - 1) _ 5 (* 2 + ! ) 2;c (2jc - 1) 



3jc+ 1 



(3jc + 1) 



2 



3x+ 1 



5 (x 2 + l) + 2x (2x - 1) (3x +1) 5x 2 + 5 + 12;c 3 + 4x 2 _ 6;c 2 _ 2;c 12x 3 + 3x 2 _ 2jc + 5 



(3jc + 1) 



(3jc + 1) 



(3jc + 1) 



Section 2.3 The Product and Quotient Rules 105 



tt^ (0 = l[» + l)(»-l + 7 ^)] = (2r + l)^(,-l + r i T ) + (»-l + F | T )^ + l) 



= (2/ + 1) 



1 + 



(f-i) 



+ 




i + 



(2) 



= (2t + 1) 



1 + 



-2 



+ 2 



= 4f - 1 - 



. (t- l) 2 J 
2(2; + l)-4(r- 1) 

(f - l) 2 



it - l) 2 + 2 
t - 1 



„ t 2(2r + l) „, 
= 2f + 1 ^ + 2 (r 

(' - I) 2 



-1) + 



t- 1 



4? + 2-4? + 4 
4? - 1 = =4t-l- 

(t - l) 2 



(r - 1) 



33. f (x) = (2x -1)4- (x 2 + 3) + (x 2 + 3) ^- (2x - 1) = (2jc - 1) (2x) + (* 2 + 3) (2) 



/' (1) = (2 - 1) (2) + (4) (2) = 10 



34. /' (x) = 



/' (2) = 



(2* - 1) 4" (2* + 1) - (2x +1)4" (2jc 



dx 



<ix 



_1 ) (2x - 1) (2) - (2x + 1) (2) 



(2* - l) 2 
[2 (2)-!] (2) -[2 (2)+!] (2) 

[2 (2) - l] 2 



(2x - 1) 



6-10 



4 
9 



35. /' (x) = (x 1 / 2 + 2x) A ( x 3/2 _ ^ + ^3/2 _ ^ |_ ^1/2 + ^ 

= (x'/2 + 2x) (3,1/2 - l) + (x 3 / 2 -x) (lx-'/2 + 2 ) => 
/' (4) = [(4) 1 / 2 + 2 (4)] [I (4) 1 / 2 - l] + [(4) 3 / 2 - (4)] (4)"V2 + 2 ] = (2 + 8) (3 - 1) + (8 - 4) (| + 2) 
= (10) (2) + (4) (I) = 29 



d 



36. /' (x) = 



/'(-!) = 



(* 4 - 2x2 -')i^- x i (* 4 - 2x2 - 0 (* 4 - 2x2 - 0 g> - x ( 4 * 3 - 4 -) 

(jc 4 - 2x 2 - l) 2 
[(-l) 4 - 2 (-1) 2 - l] - (-1) [(4 (-1) 3 - 4 (-1))] 



(jc 4 - 2x 2 - 1) 



[(-l) 4 - 2(-l) 2 - l] 



1-2-1 
(1-2-1) 



2 
4 



1 

2 



37 



. /(x) = (x 2 + l) (2-jc) 



/' (jc) = (jt 2 +l^jL(2-x) + (2-x)-jj- (x 2 + l) = (* 2 + l) (-1) + (2 - jc) (2x) = -3x 2 +4x-l 

At a point where the tangent line is horizontal, we have f (x) — —3x 2 -\-4x — 1 = 0 or 3x 2 — 4x + 1 = (3x — 1) (x — I) = 0, 
giving x = ^ or x = 1. Since / y^J = + lj ^2 — ^ j = 37 and / (1) = 2(2 — 1) = 2, we see that the required points 

are (±, Sjf) and (1,2). 



d 



38. / (jc) = 



x 



x 2 + \ 



f (*) = 



(x 2 + l) (1) - x (2x) 
(* 2 + I)" 



1 



2 



(x 2 + 1) 



. At a point where the tangent line is horizontal, we have 



/' (x) = 0 => 1 — * 2 = 0, giving x = ±1. Therefore, the required points are ^— 1, — ^ and ^1, 
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39. f (x) = (x 2 + 6) (x - 5) + (x - 5) ^- (x 2 + 6) = (x 2 + 6) (1) + (x - 5) (2x) = x 2 + 6 + 2x 2 - 



dx 

= 3x 2 - lOx + 6. 



lOx 



At a point where the slope of the tangent line is —2, we have /' (x) = 3x 2 - lOx + 6 = -2. This gives 



3x 2 - 10* + 8 = (3jc - 4) (* - 2) = 0, so * = \ or * = 2. Since / (f) = + 6 ) (f ~ 5 ) = ~ 
/ (2) = (4 + 6) (2 - 5) = -30, the required points are (f , -?jf) and (2, -30). 



770 



and 



(,-2) — (2* + l)-(2y + l) — (j-2) 

40. F' (.) = ^ = ^ 

- 2) 2 



(5 - 2) (2) - (2s + 1) (1) 2^-4-2.9-1 



(s-2) 



point where the slope of the tangent line is — ^, we have F' (s) — — 



1 



(3 ~ 2) 2 
(s - 2) 2 = 25 



T . At a 

(3 ~ 2) 2 

s - 2 = ±5 



2 (—3) + 1 2 (7) + 1 

s = —3 or .v = 7. Since / (—3) — — — — — — = 1 and / (7) = — - — — = 3, the required points are (—3, 1) and (7, 3). 



(-3) - 2 



7-2 



41. a. 



dy d 



dx =T x [( 2x2 - l )( x3 + 2x - 4 )\ 



= ( 2x2 - 1 )tA x3+2x - 4 ) + ( x3+2x - 4 )tA 2x2 - 1 ) 

= (2x 2 - ij (3x 2 + 2^ + (x 3 + 2x - 4^ (4jc) => 



m = 



dy 
dx 



= (2 - 1) (3 + 2) + (1 + 2 - 4) (4) = 1. An equation of 



the tangent line is y — (— 1) = 1 (x — 1) or y = x — 2. 



4" 



2- 



0 



-2 — 



-4 



-1 




0 



1 



42. a. 



_ d / 2x \ 



(, 2 + l) A (2x) - (2x) *- (x 2 + l) 



(* 2 + 1) 



(x 2 + l) (2) - 2x (2x) 



1 -- 



0 



(x 2 + 1) 



m = 



dy_ 

dx 



x=-l 



(1 + 1) (2)-2(-l)(-2) 

2 2 



-1 



= 0. An equation of the 




-4 -2 0 2 4 



tangent line is y — (— 1) = 0 [x — (— 1)] or y = — 1. 



43. a. 



d ± 
dx 



= -( 

dx \ 



* 2 +l + 




= 2x + 



(*-l)i-(3)-3i-(*-l) 

dx dx 

(x - l) 2 



= 2x - 



(*-l) 



10 



0 



m = 



dy 
dx 



3 13 



x=-2 
13 



= — 4 — g = — • An equation of the tangent line is 



-10" 




y -4=-f[x-(-2)] ory = 



13 r 14 

- T x - T . 



-4 -2 



0 
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44. a. /' (x) = 



(xV2+l) 



2 



/' (4) = 



(,1/2 + i) (1,-1/2) _ (,1/2 _ (1,-V2) 

(x 1 / 2 + l) 2 ^ 

(3) ({) - (1) ti) 1 

— — ^ = — . An equation of the tangent line is 

(3) 2 18 

I (x - 4) or y = -Lx + L 



b. 



1.0 



0.5 



0.0 



-0.5 




0 2 4 6 8 10 



T8 



45. a. /' (x) = (x 3 + l) ^ fa 2 - 4x + 2) + (?>x 2 -4x + 2^-^- (x 3 + l) b 

= (* 3 + l) (6jc - 4) + (3jt 2 - Ax + 2) (3jt 2 ) => 

/' (1) = (2) (2) + (1) (3) = 7. An equation of the tangent line is 
y — 2 = 7 (x — 1) or j = 7x — 5. An equation of the normal line is 

y - 2 = - If (x - 1) or y = -\x + ^. 



4- 



2- 



0 



-2 




-1 



0 



1 



Note that the tangent and normal lines do 
not look perpendicular because the x- 
and y-axes are not to scale. 



(* 2+ 0^>-^ 2+1 ) 

(*2 + l) 2 



d 



46. a. 



dy 
dx 

*L 

dx 



2x 



{x 2 + 1) 



2 1 

= — ^ = —-. An equation of the tangent line is 
x=\ 2 2 



y — j — — ^{x — 1) or y = — ^x + 1. An equation of the normal line is 
y — A = 2 (x — 1) or y = 2x — \, 



1 -- 



0 




-1 



0 



1 



47. ti (x) = f (x) g' (x) + g (x) f (x) => ti (1) = / (1) g' (1) + g (1) /' (1) = (2) (3) + (-2) (-1) = 8 



48. ti {x) = (x 2 + l) g' (x) + g (x) (2x) => *' (1) = 2g' (1) + g (1) (2) = (2) (3) + (-2) (2) = 2 



49. ti (jc) = 



V (1) = 



[* + g (*)] — [*/ (*)] - xf (x) 

ax 



d 



dx 



x 



S M] [, + g (,)] [/ (,) + xf to] - x/ (*) [1 + g' (*)] 



2 



[* + <? to] 

[1 + (-2)] [2 +(1) (-!)]-(!) (2) (1 + 3) 

(1 - 2) 2 



[* + 8 to] 



= -9 
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[/ (x) - g (x)] ±- [f (x) g (x)] -f(x)g (x) A [/ (X) - g (X)] 

50. ti (x) = 4x ax 

[/ (x) - g (x)f 

[f (x) - g (x)] [f (x) g' (x) + g (x) f (x)] -f(x)g (x) [f (x) - g' (x)] 

[f (x) - g (x)] 2 

[f (1) - 8 (1)] [/ (1) g' (1) + g (1) f (1)] - / (1) 8 (1) [f (1) ~ g' (1)] 

[/(l)-g(l)] 2 
[2 - (-2)] [(2) (3) + (-2) (-1)] - (2) (-2) (-1-3) 



h'(\) = 



[2 - (-2)] 2 



= 1 



1 



- 1 



51. Take / W = — ' Then f (0) = lim / <*> ~ f (0) = lim <* + f = lim 1 ~ (1 + f . But 



/' to = 



(1+*)'_(1)-(1)_(1+*) 



dx 



(l + 2x + x 2 ^ 



(l+x) 



(l+x) 



2 + 2x 



(\+xf 



. Therefore, 



lim = f (0) = - 2 



f(l+f) 2 



1 + Jt 



= -2. 



x=0 



52. Take / to = (x + l) 2 . Then /' (1) = lim — = lim ( * + ^ — - 



JC — > 1 X — 1 



*-» 1 -X — 1 



. But 



d o d / o \ + l) 2 — 4 

/' (jc) = — (x + l) 2 = — (x 2 + 2x + 1 ) = 2x + 2. Therefore, lim V 7 

<2X <3JC V / r^>1 



V / x-> 1 X — 1 

53. / (x) = x s - x 4 + 2x 2 + 1 => /' (*) = 8.x 7 - 4x 3 + 4* => /" (*) = 56x 6 - 12x 2 + 4 

54. / (jc) = (2x) 4 - (2x) 2 + 1 = I6x 4 - Ax 2 + 1 => /' to = 64x 3 - 8* => /" to = 192x 2 - 8 

2 18 

55. / (x) = x~ l + 3x" 2 => /' (jc) = -x" 2 - 6x~ 3 => f" (x) = 2x~ 3 + 18x~ 4 = + 



= /' (1) = (2* + 2)U = i = 4, 



r 3 



„ x *+l ft( , (x-l)(l)-(x + l)(l) 
56. f(x) = =>/'(*) = 



2 



x- 1 



(x-1) 



(JC-1) 



r to = - 



(x - l) 2 (0) - 2^- (x 2 — 2x + l^ 



(x - 1) 



2 (2jc - 2) _ 4 
(jc - l) 4 ~ (x - l) 3 



57. j = - 2x 2 + 1 => / = 3a: 2 - Ax => y" = 6* - 4 




+ x => / = 3x 2 + 1 ^> y" = 6x 



59. y = (x + 2) 3 = x 3 + 6x 2 + 12jc + 8 



/ = 3x 2 + I2x + 12 => = 6x + 12 



60. y = 



x 



2 + l 



(x 2 + l)(l)-x(2x) x _ x 2 



x 



y = 



(x 2 + 1) 



(x 2 + 1) 



y" = 



(x 2 + l) 2 (-2x) - (l - x 2 ) j- (x 4 + 2* 2 + l) (x 2 + l) 2 (-2x) - (l - x 2 ) (4x 3 + 4*) 



{x 2 + 1) 



{x 2 + 1) 



(x 2 + l) 2 (-2x) - (l - 4x (x 2 + l) -2x (x 2 + l) [(x 2 + + 2 (l - x 2 ) J 2x (x 2 - 3^ 

~ {x 2 + l) 4 " (x 2 + l) 4 (x 2 + l) 3 

61. a. / (x) = 4x 3 - 2x 2 + 3 => /' (*) = 12x 2 - 4a: => / /; (jc) = 24x - 4, so /" (2) = 24 (2) - 4 = 44. 



1 



v -l 



b. y = 2x 3 = 2x* - x 

x 



y = 6x 2 + x~ 2 ^ / = I2x - 2x~ 3 , so /'| j = 12-2 = 10. 
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62. a. / (x) = Sx 1 - 6x 5 + 4x 3 - x => /' (x) = 56x 6 - 30x 4 + I2x 2 - 1 
/"' (jc) = 1680x 4 - 360x 2 + 24, so /'" (0) = 24. 

b. > = x~ x => y = -x~ 2 => y = 2x~ 3 = 



y'" — —6x **, so y 



-4 



/// 



x=l 



f" (jc) = 336.x 5 - 120.x 3 + 24* 



= -6 (I)- 4 = -6. 



63. / (jc) = 2x 4 - 4x 2 + 1 => f (x) = 8.x 3 - 8* => /" (jc) = 24.x 2 - 8 => /"' (jc) = 48.x => /( 4 ) (jc) = 48^ /^ 5 ) (jc) = 0 
^/( 6 )(x) = 0^.-. 

_ d . d d . . dv dm 

64. a. F — — {mi)) = m — {p) + v — (m) = m— — \- v——. 

dt dt dt dt dt 

b. If the mass of the particle is constant (this may be assumed when it is traveling much more slowly than the speed of 

dv 

light), then dm/dt — 0, and so F = m— - — ma. 

dt 



65. / (0 = 



0.055? + 0.26 



t + 2 



f (0 = - 



0.15 



(t + 2) 



. At the beginning, the formaldehyde level is changing at the 



0.15 



rate of /' (0) = — = —0.0375; that is, it is dropping at the rate of 0.0375 part per million per year. Next, 

0.15 

/ (3) = =- = —0.006, and so the level is dropping at the rate of 0.006 part per million per year at the beginning of the 

5 Z 

fourth year (t = 3). 



66. a. The rate of change of the pond's oxygen level at any time t is given by 



fit) = 100 



d (t 2 + 10/ + 100 




dt\t 2 + 20t + 100 



= 100 



(t 2 + 20? + 100) ^ { fl + 10r + 10 °) ~ if + l0t + 10 °) Tt (* 2 + 20t + 10 °) 

(r 2 + 20r + 100) 2 
(t 2 + 20t + lOo) (2t + 10) - (t 2 + lOf + 100) (2t + 20) 



= 100 



(t 2 + 20t + 100) 



= 1000 



t 2 - 100 



_(r 2 + 20r + 100) 2 _ 



1000 Q- 10) 
(t + 10) 3 



, ,,„x 1000(1 - 10) _ 1000(10- 10) rt , 1000(20- 10) _ 
b. f (1) = 5— % -6.76, /' (10) = 5—- = 0, and /' (20) = ^— « 0.37. 



(1 + 10) 3 ' (1 + 10) 3 ~' " ' v ~' (1 + 10) 3 

c. One day after the organic waste has been dumped into the pond the oxygen content was dropping at the rate of 
approximately 6.8% per day. Ten days after the waste was dumped, the oxygen content was neither increasing or 
decreasing. After 20 days, the oxygen content was increasing at the rate of approximately 0.37% per day. 



67. a. 




b. Using the numerical derivative operation of a graphing utility, we find that 
f (0) % -57.5266 and /' (2) = -14.6165. 



c. 



0 2 4 6 8 10 12 



The results of part b show that the treatment benefit drops off at the rate of 
58% per hour at the time when the heart attack first occurs and falls off at 
the rate of 15% per hour when the time to treatment is 2 hours. Thus, it is 
extremely urgent that a patient suffering a heart attack receive medical 
attention as soon as possible. 
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68. P = - — - + 



ab 



a 



V - b V 2 (V - b) V(V-b) 



dP (V _ b) (0) - (1) (1) V 2 (V-£)(0)-(l)(3V 2 -2M/) y(y _ /?)(0 )_(2y-/ ? ) 
= acT • 1- ab • : ^ a 



dV 



(v - by 



V 4 (V - b) 2 



V 2 (V - b) 2 



kT 



ab(3V -2b) + a(2V-b) 



(V - b) 2 V 3 (V - b) 2 V 2 (V - b) 2 



f(0 + h)-f(0) 0-0 
69. a. If h < 0, then lim J y J — J —-^ = lim = 0. If h > 0, then 

h^Q- h h^0~ h 

lim /( ° + /i) - /(0) = lim *Z° = 1. This shows that lim f^~f^ 

/*->()+ /* h-^0+ h h^O h 

not differentiable on the interval (-1000, 1000). 



= f (0) does not exist. So / is 



b. g' (x) = 



0 if-1000 < ;c < 0 g' (0 + h) - g' (0) 0-0 

~ If h < 0, then lim 5 v — — = Um = 0. If h > 0, then 

0.002.x ifO <x < 1000 fc->0- * /i->0- & 



0.002/z - 0 



hm ( ° + »> - (0) = lim 

h^0+ h h^0+ h 

differentiable, but not twice differentiable. 



= 0.002. This shows that g' is not differentiable at 0; that is, g is 



c. h! (x) — ' 



0 



if -1000 <x < 0 



0.000003.x 2 ifO <x < 1000 



h" (x) = « 



0 



if -1000 <x < 0 



0.000006* ifO <x < 1000 



As in parts a and b, one can show that h" is not differentiable at 0. 



The function h is the most suitable. The continuity of h guarantees a smooth turn, since h (x) is associated with the 
acceleration of a vehicle. 

70. P' (t) = 0.0012? 2 + 0.0072? + 0.8; P' (t) < 0.8 for 0 < t < 13. P" (t) = 0.0024r + 0.0072. For 0 < t < 13, P" (t) > 0. 
This means that the proportion of the U.S. population that was obese was increasing at an increasing rate from 1991 through 
2004. 



71. / (x) = 



x 



—x 3 if x < 0 
x 3 if x > 0 



r « = 



— 3x 2 if x < 0 
3* 2 if x > 0 






If h < 0, then lim - - + ^ — = lim ( -— | = - lim h 2 = 0. 

h^0~ h h->0~\ h I h^0~ 

Ifh > 0, then lim / (° + /z ) ~ / (°) = Hm | I _ \[ m h 2 = 0. 

h^>0+ h h->0+\ h J h^0+ 

So /' (x) exists at 0 and /' (0) = 0. 

If h<0, then lim - ( ° + ^ ~ ^ — = lim I — — I = —3 lim h = 0. 

/i->0- fc->0-\ / *->o- 

If /i > 0, then lim - ( ° + ^ ~ f (Q) = lim ( — 1 = 3 lim h = 0. 

This shows that /" (0) = lim - ( ° + ^ - - — = 0. That is, f" (0) exists and has value 0. 

h^0 h 

72. a. h = ^> /z r = [(wo) to] = wy— + w — (uv) = uvw' + w (uv' + vu f ) = u'vw + mo'io + uvu/ 

ax ax 

b. h (jc) = (2jc + 5) (jc + 3) (x 2 + 4) => /z r (jc) = 2 (jc + 3) (x 2 + 4) + (2jc + 5) (1) (x 2 + 4) + 
(2x + 5) (jc + 3) (2x) = 8x 3 + 33^: 2 + 46x + 44 
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73. False. Take / (x) = x and g (x) = x. Then / (x) g (x) =x 2 ,so-^-\f (x) g (x)] = ^- (x 2 ) = 2x # /' (x) g' (x) = 1. 

ax L J ax \ J 

d 



74. True. Using the Product Rule, 4~ [ x f to] = f to 4" to + x iz [f ( x )] = f ( x ) to + */' to- 



dx 



75. True. 

^ [/ to *' to - /' to * to] = / to s" to + /' to g' ( x ) - f to s' to - /" to g to = / to s" to - /" to s to 

76. True. If P (x) = a n x n + a n _\x n ~ { H h a2X 2 + 01* + is a polynomial of degree n, then 

P (x) = na n x n ~ + (n — \)a n -\x n ~ H + la^x + 2a 2 x + a\ 

p" (x) = n(n-\) a n x n ~ 2 + (n - 1) (n - 2) a n _\x n ~ 3 H h 6a 3 x + 2a 2 



P^- 1 )^) = n(n-l)(n-2)...(2)jc 

pW(jc) = «(n- 1) (w — 2) - - - (2) (1) 
p(«+l)(^) = o 

77. True, g (x) = [f (x)f = f (x) f to, so by the Product Rule, g' (x) = f (x) f (x) + f (x) f (x) = 2f (x) f (x) 



78. True, g (x) = [f to] 2 = 



1 



J/WfjW^it/Wf , V to/ 7 to _ 2/' to 



[/ to] 

d 



, so by the Quotient Rule, 



s'to 



[/ to] 



[/ to] 



[/ to] 




fit 2 )-f(h) 
t 2 -h 



ft/s 



1. a. The average velocity of the object over the time interval [t\ , t 2 ] is 

b. The velocity of the object at time t is f (t) ft/s. 

c. The speed of the object at time t is \f f (t) \ ft/s. 

d. The acceleration of the object at time t is f" (t) ft/s 2 . 

e. The jerk of the object at time t is /'" (f) ft/s 3 . 

2. P' (a) measures the rate of change of the profit when the level of sales is a units. 

3. Using the definition of the derivative as the slope of the tangent line to the graph of / at the point (a, f (a)), we have 
/' (a) = tan (f - 0) <^ f - 6 = tan" 1 / (a) <=> 0 = £ - tan" 1 / (a). 




1. s (0 

2. s (t) 

3. s (t) 



1.86f 2 , s (2) = 7.44 ft, v (t) = s' (t) = 3.72*, v (2) = 7.44 ft/s, and \v (2)| = 7.44 ft/s. 

2? 3 - 3r 2 + At + 1, 5 (1) = 4 ft, o (f) = s' (t) = 6t 2 - 6t + 4, o (1) = 4 ft/s, and |t> (1)| = 4 ft/s. 

2f 4 - 8? 2 + 4, s (1) = -2 ft, v (t) = s' (t) = St 3 - 16/, o (1) = -8 ft/s, and \v (1)| = 8 ft/s. 



4. 5 (0 = , s (0) = 0 ft, o (0 = 5 r (0 = 

£ I 1 



(f+l) (!)-?(!) 
(* + I) 2 



1 

+ 1) 



, o (0) = 1 ft/s, and |u (0)| = 1 ft/s 
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It 4 , (* 2 + l) (2) - 2* (20 2(l-r 2 ) 
5. s (t) = - n , s (2) = - ft, v (t) = s' (t) = ± J - = = f , v (2) = ft/s, and 



( f 2 + 1) 



(r^ + 1) 



o (2)1 = 



6 
25 



= 23 ft/s " 



6. 5 (?) = 



? 2 + l 



,s(2) = ^ft,v(t)=s' (0 = 



(r 2 + l) (2?) - r 2 (20 



2f 



-, v (2) = ^ ft/s, and |u (2)| = £ ft/s 



(' 2 + l) 2 (^ 2 + 1) 

7. 5 (0 = (t 2 - l) 2 , s (1) = 0 ft, v (0 = (0 = ^ (r 2 - l) 2 = ^ (? 4 - 2r 2 + l) = 4? 3 - 4t, v (1) = 0 ft/s, and 
|u (1)| =0 ft/s. 



8. . (0 = s(l) = ^ ft, v (0 = * ; (0 = ^ (3^-7 



3/ 



and |t) (1)| = I ft/s. 



9. a. s (0 = 2? + 3 => v (0 = s' (t) = 2 ^ 0, so the body is never 
stationary. 

b. y (0 = 2 > 0, so the body is always moving in the positive direction. 

10. a. s (0 = 4 — t 2 => t> (0 = — 2? = 0 if t — 0, so the body is stationary 

at t = 0 and at s (0) = 4 ft. 

b. v (0 < 0 if t > 0, so the body is always moving in the negative 
direction. 

11. a. s (0 = 8 + It - t 2 v (0 = (0 = 2 - 2r = 2 (1 - 0 = 0 if 

r = 1, so the body is stationary at t = 1 at the position 5 (1) = 9 ft. 

b. 0 (0 > 0 if t < 1 and v (t) < 0 if t > 1, so the body moves in the 
positive direction when 0 < t < 1 and in the negative direction when 
t > 1. 

12. a. s (0 = ^ 3 - ff 2 + 1 => 0 (0 = (0 = ' 2 - 3? = r (f - 3) = 0 if 

t — 0 or 3, so the body is stationary at t = 0 and ? = 3 with positions 

s(0)= 1 ft and s (3) = -\ ft. 

b. o(f)<0if0<f<3 and v (t) > 0 if t > 3, so the body moves in 
the negative direction when 0 < ? < 3, and in the positive direction 
when t > 3. 

13. a. s (0 = 2t 4 - St 3 + St 2 + 1 

y (0 = s' (0 = 8? 3 - 24r 2 + I6t = 8? (t - 1) (f - 2) = 0 if ? = 0, 1, 
or 2, so the body is stationary at t = 0, 1 , and 2, at positions 
s (0) = 1 ft, s (1) = 3 ft, and s (2) = 1 ft. 



c. 



c. 



c. 



(' 3 + 1) 



j, o (1) = f ft/s, 



H 1 h 



H 1 > 



0 1 2 3 4 5 J (ft) 



— 1 1 1 1 1 1 1 — >- 

-1 0 1 2 3 4 5 J® 



i 1 1 1 1 — >■ 



4 5 6 7 8 9 10 s (ft) 



H 1 1 h 



i 1 1 h 



-5 -4-3-2-10 1 2 3 s (ft) 




0 1 2 3 4 5 6 * (ft) 



b. 



sign off 0+ + + + + + + + + + + 

signofr-1 0 + + + + + + + + 

sign of t- 2 0+ + + + + 



v (0 > 0 if 0 < t < 1 or t > 2, and v (t) < 0 if 1 < t < 2, so the 
body moves in the positive direction when 0 < t < 1 and when 
t > 2, and it moves in the negative direction when 1 < t < 2. 



0 



1 
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14. a. s (?) = (t 2 - l) 



v (?) = s' (?) = — (t A - 2t 2 + l) = 4? 3 - 4? = At (t 2 - l) 



H 1 1 1 1 > 



0 1 2 3 4 5 6 s(ft) 

= 4? (? + 1) 0 - 1) = 0 if t = -1, 0, or 1. 

We reject the negative root. So the body is stationary at t = 0 and 
r= 1, at positions 5 (0) = 1 ft and s (1) = 0 ft. 

b. v (t) < 0 if 0 < t < 1 and v (?) > 0 if t > 1, so the body moves to 
the left when 0 < t < 1 and to the right when t > 1 . 

It ,, (f 2 + l) (2) - 2 ? (2f) 2(1-00+0 

15. a. j (?) = ^ => o (0 = s (0 = " 5 = — 0 = 0 if f = -1 or f = 1. We reject the 

f2 +! (r 2 + l) 2 (? 2 + l) 2 

negative root. So the body is stationary at t = 1 s at position j (1) = 1 ft. 

b. o (?) > 0 if 0 < t < 1 and v (?) < 0 if t > 1, so the body moves in the positive direction when 0 < t < 1, and in the 
negative direction when t > 1 . 

2? 

c. ~— *->j Observe that as t gets larger and larger, 2 — ^ gets closer to 0, 

and so while the body moves in the negative direction for t > 1 , it 




0 1 s (ft) • i • i i i • • 

never quite makes it back to the origin. 



, „ ( f3 + 0 M - ' 3 ( 3f2 ) 3' 2 



16. a. s (?) — — => v (?) — s' (?) = - — — - — ^ — - = = 0 if t = 0. So the body is stationary at 

' 3 + ! (? 3 + l) 2 (? 3 + l) 2 

t = 0, at position s (0) = 0 ft. 
b. v (?) > 0 if t > 0, and so the body always moves in the positive direction. 

3 



c. — ► — 0 Observe that as t gets larger and larger, 3 gets closer and 



t 

t* "+ 1 



0 1 s closer to 1 . This means that the body moves to the right, but never 

quite reaches 1 ft in its motion. 

17. a. s (t) = 2? 3 - 9? 2 + 12? - 2 ^ d (t) = s' (t) = 6t 2 - 18? + 12 => a (t) = v' (t) = s" (t) = 12t - 18 = 6 (2? - 3) 
b. a (?) = 0 if t = |, a (?) < 0 if 0 < t < j, and a (t) > 0 if t > |, where a (?) is measured in ft/s 2 and ? in seconds. 

18. a. s (0 = ? 4 - 2t 2 + 2 u (0 = j' (0 = 4? 3 - At => a (?) = o' (?) = s" (?) = 12? 2 - 4 

b. a (?) = 4 (3? 2 - l) = 0 => ? = but we reject the negative root. So a (?) = 0 if t = a (?) < 0 if 0 < ? < 

and <2 (?) > 0 if ? > where <3 (?) is measured in ft/s 2 and ? in seconds. 

2* 2 0 " 

19. a. j (f) = => u (0 = — t- (see Exercise 15) => 

f 2 + 1 (,2 + !)2 

( f 2 + l) 2 (-2Q-(l- f 2 )2l( f 4 + 2f2+1 ) ( ? 2 + l) 2 (-2Q-( 1 - f 2 )(4 f 3 + 4 f ) 

£Z ( / j — z * ^ — z * ^ 

(' 2 + 1) (' 2 + 1) 

(f 2 + l) 2 (-20-4/(l-f 2 )(/ 2 +l) -2r (f 2 + l) [(/ 2 + i) + 2 (l - ? 2 )] 4t(t 2 -3) 

(f 2 + l) 4 ~ (? 2 + l) 4 (? 2 +l) 3 
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b. a (*) = 0 if * = 0 or t — ±a/3, but we reject the negative root. So a (*) = 0 if * = 0 or if t — a/3, a (?) < 0 if 
0 < t < >/3, and a (?) > 0 if t > a/3, where a (?) is measured in ft/s 2 and * in seconds. 

t 3 3* 2 

20. a. s (*) = => v (*) = ^- (see Exercise 16) => 

t 3 + 1 (* 3 + i) 2 

(t 3 + l) 2 (20 - t 2 ^ (* 6 + 2* 3 + l) (t 3 + l) 2 (20 - t 2 (6* 5 + 6* 2 ) 
a (0 = 3 • £ ^ = 3 • ^ ± 

(*3 + I) 4 (.3 + I) 4 

(* 3 + l) 2 (20 - 6* 4 (t 3 + l) 2* (t 3 + l) [(* 3 + l) - 3* 3 ] 6* (l - 2* 3 ) 

~ 3 (* 3 + 1) 4 ~ 3 {t 3 + 1) 4 (* 3 + l) 3 

1 2 2 / 3 a^4 a/4 a^4 

b. a (0 = 0 if * = 0 or * = — — — = , a (*) > 0 if 0 < t < , and a (*) < 0 if t > , where a (*) is 

2*/3 2 2 2 2 

measured in ft/s 2 and * in seconds. 

21. a. s (0 = 2t 2 - 3* + 1 => v (0 = 4* - 3, so u (2) = 5 m/s. The momentum is mv = 20 • 5 = 100 
b. The kinetic energy is \mv 2 = \ (20) (25) = 250 J. 

22. a. s (0 = t 3 - 3* 2 + 1 => v (0 = 3* 2 - 6?, so y (1) = -3 m/s. The momentum is mv = 20 (-3) = -60 

S 

b. The kinetic energy is \mv 2 = \ (20) (9) = 90 J. 

23. a. s f (*o) > 0, so it is ascending at t — *q. s f (t\) = 0, so it is stationary at * = t\. s f (*2) < 0, so it is descending at * — *2- 

b. v (0 = s f (0 is increasing as we move across *o, so its acceleration is positive at t = tQ. v (t) = s' (t) = 0 as we move 
across t\, so its acceleration is 0 at t = t\ . v (t) = s' (t) is increasing as we move across *2, so its acceleration is positive 
at t = t2- 

24. a. s = 24* - 16* 2 => v (*) = s' (t) = 24- 32t. At the highest point, v (*) = 0, so 24 - 32* = 0 => t = |. Therefore, it 

reaches a height of s = 9 ft. 

b. It hits the ground at the time when s (*) = 0 => 24* - 16* 2 = 8* (3 - 20 = 0 => t = 0 or t = |. We reject the root 
? = 0 (when it was initially on the ground). So it hits the ground with velocity d (§) — ^4 — 32^|) = —24 ft/s. 

25. a. She will hit the water at time t when 5 (*) = -4.9t 2 + 2f + 10 = 0 => 

-2 ± V4 -4 (-4.9) (10) 1 + 5a/2 

r = = ~ 1.65 s. (We reject the negative root.) 

2 (-4.9) 4.9 

b. o (0 = s' (0 = -9.8* + 2, so d ( ld ^) = -9.8 ( ld ^) + 2 = -10a/2 « -14.14 m/s. 

26. a. (0 = 88* - 12* 2 - \t 3 =^ v (*) = 88 - 24* - \t 2 , so o (0) = 88 ft/s. 

i 9 9 -48 ± a/48 2 - 4 (1) (—176) 

b. Setting v (*) = 88 - 24* - A* 2 = 0 gives * 2 + 48* - 176 = 0 => * = — % 3.4226, so the 

z 2 

stopping distance is approximately s (3.4226) = |^88* - 12* 2 - ^* 3 j ^ % 153.9 ft. 

c. a (*) = ?/ (*) = (—24 — *) ft/s 2 and j (*) = a' (*) = — 1 ft/s 3 . At the time the brakes were first applied, the jerk was 
7(0) = -lft/s 3 . 
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E5 



27. a. h (0 = ^t 4 - \t 3 + At 2 => o (0 = (?) = ^f 3 - \t 2 + 8/ 

b. v (0) = 0, u (8) = 0, and o (16) = 0. The initial velocity is 0 ft/s, it reaches a maximum height after 8 s, and it returns 
and lands after 16 s, at which time its velocity is again 0 ft/s. 



c. h (8) = [^r 4 - \t 3 + 4r 2 ]^_ 8 = 64 ft 



28. y = 



t , 2 r 2 
(jj X 



2g 



y 



2 2 

and ct = tan 1 



. For fixed x, ol increases as uj increases. So as the angular velocity uj 



increases, the wall of the water surface becomes steeper and steeper. In fact, as uj becomes arbitrarily large, tan 



-1 



uj x 



8 



approaches y . Thus, if the angular speed is great enough, we see that the parabolic shape of the cross-section breaks up as 
all the water is driven toward the wall of the cylinder. 



29. a. / = V3 - 



x 



and 6 — lim tan 

200 x^O 



b. The trajectory is parallel to the ground when 0 = 0, that is, when 6 — tan 1 (V3 — ^-^) = 0 <=> \/3 — 

\2 



x 



200 



= 0<=» 




_ x=200Vl 



. (200V3) 

V3 (200V3 J - v 4QQ y = 300 ft. 



So the projectile is at 



x = 200 V3. At this point, y = 

the point (200 V5, 30o) . 

c. ymax = 300 ft 

2 

d. Setting y = 0 gives V3* - ^ = 0 o jc (73 - ^) = 0^Jt = 0or.x = 400V5. So the range is 400^3 ft. 
c=400V3 = tan_1 — 4 200 ) — tan -1 ^— = —60°, so the projectile hits the ground at an angle of 120 



30. a. y = 



w 



24 EI 



(x 4 - 2Lx 3 + L 3 x) 



X = 



24 EI 



(Ax 3 -6Lx 2 + L 3 y 



At x = 0, y = 



24£7 



, and so the angle is 0 = tan 




3 



24£7 



Atx = l, y = - 



10L 



24£7 



, and so the angle is 1 80 — tan 




wL 



3 



24£7 



b. y' 



w 



x=L/2 2AEI 



(!) 3 - 



6L 




+ L 



= 0, and so the angle is 6 = tan 1 0 = 0. 



c. The deflection at x = L/2 is 



to 



24£7 



(!) 4 - - (!) 



+ L 




5t/;L 4 
384£7 



31. a. 



3000 



2000 - - 



1000-- 



0 




b. y = 4.3404 x lO -10 * 3 - 1.5625 x lO -5 * 2 + 3000 => 

y = 1.30212 x 10 -9 * 2 - 3.125 x \0~ 5 x. The graph of y f is a parabola 
that opens upward and has its smallest value at the vertex 



_ _b_ 

2a 



-3.125 x 10 



-5 



2 (1.30212 x H)- 9 ) 
minimum value of y f is y f 



11,999.662. Therefore, the 



0 5000 1000015000 20000 



is 



tan" 1 (-0.1875) 



x=l \ 999 662 % "0.1875. So the required angle 



0.18535, or about 10.6°. 
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32. a. Set s A = 0.063? 2 + 23t + 15 = 300. Using the quadratic formula, we see that A crosses the finish line in t ^ 1 1.997 s. 

Set s B = 0.298? 2 + 24t = 300. Using the quadratic formula, we see that B crosses the finish line in t « 10.998 s. So B 
crosses the finish line 1 s ahead of A. 

b. Setting s A = s B , we have 0.063? 2 + 23? + 15 = 0.298? 2 + 24t => 0.235? 2 + t - 15 = 0. Solving, we find t % 6.14. At 
this time, s B = |~0.298? 2 + 24fl % 158.59, and we see that B overtakes A about 300 - 158.59 % 141.4 ft from 
the finish line. 

c. B beat A by a distance of 300 - s A (10.998) = 300 - [o.063 (10.998) 2 + 23 (10.998) + 15] * 24.43 ft. 

d. v A (0 = s' A (t) = 0.126/ + 23, so v A (11.997) % 24.51 ft/s and v B (t) = s' B (t) = 0.596? + 24, so 
v B (10.998) % 30.55 ft/s. 

33. a it) = v' (t) = ( 2f + 5 )( 11Q )~ UOt ( 2 ) = 550 The initial acceleration is a (0) = 22 ft/s 2 and a (10) = 0.88 ft/s 2 . 

(2f + 5) 2 (2f + 5) 2 

34. a. C (2001) - C (2000) = 2.599 or about $2.60. C (3001) - C (3000) = 2.3999 or about $2.40. 
b. C (x) = 3- 0.0002.x => C" (2000) = 2.6 or $2.60/unit, and C (3000) = 2.4 or $2.40/unit. 

35. C (jc) = 0.0002.x 3 - 0.06x 2 + 120x + 6000 => C (jc) = 0.0006x 2 - 0.12* + 120, so C' (200) = 120 and 
C (201) - C (200) = 120.0602. 

— C(x) o 70,000 _/ 70,000 

36. a. C (x) = —- = 0.000002.x 2 - 0.02.x + 120 + — => C (x) = 0.000004.x - 0.02 ^~ 

XXX 1 

b. C' (5000) = -0.0028 and c' (10,000) = 0.0193. If the level of production is 5000 units, then the average cost drops by 
$0.0028/set for each additional set produced. If the level of production is 10,000 units, then the average cost increases by 
$0.0193/set for each additional set produced. 

37. a. R (x) = 10,000* - 100.x 2 => R' (x) = 10,000 - 200* 

b. R' (49) = 200, R' (50) = 0, R' (51) = -200. The result seems to imply that the airline will realize maximum revenue if 
it charges $50/passenger. 

38. a. P (x) = -0.000002.x 3 + 0.016* 2 + 80.x - 70,000 => P' (x) = -0.000006x 2 + 0.032* + 80 

b. P' (2000) = 120. Assuming 2000 sets have been produced and sold, the sale of an additional set will yield a profit of 
$120. 

™ 1 1 1 ™ u 1 1 1 2 - 5 + P s 25 P 

39. — = - + -. If q = 2.5, then - = - + -— = — — -J- or / = 



/ p q f p 2.5 2.5/7 2.5 + p 

2.5 (50) 

a. If p = 50, then / = ' « 2.38 cm. 

F J 2.5 + 50 

„ df (2.5 + p) (2.5)- 2.5p (1) 6.25 df 

b. — = = = rr and 



dp (2.5 + pY (2.5 + /7) z dp 

GMmr 



p =50 (2.5 + 50) 



6.25 

0.00227 cm/cm 



40. F (r) = 



tf 2 
GMm 



if r < R 



if r > R 



GMm . GMm 

a. For r < R, F (r) = =— , so the magnitude of the force increases at a constant rate of ^— units per unit change in 

R z R z 

the distance from the center of the Earth. 

2GMm IGMm 

b. For r > R, F' (r) = r — , so the magnitude of the force decreases at the rate of ^ — units per unit change in 

the distance from the center of the Earth. 
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d 



d 



d 



1. — (sin*) = cosx, — (cos*) = — sin*, — (tan*) = sec 2 *, — (cot*) = — csc z *, — (sec*) = sec* tan*, 



d 



dx 
d_ 

dx 



dx 

(esc*) = — esc* cot* 



dx 



dx 



dx 



2. a. lim 

lim 



b. lim 



cos (a + h) — cos a 





h 




cos (a - 




■ cos a 




h 




sec(f 


+ h) 


-VI 



sec (? + h) — sec ? 



^0 



, where / (*) = sec*. Since f' (*) = sec* tan*, we see that 



lim ™^^ ~ = /' (?) = sec ?tan? = V2(l) = JL 



d 

1. /' (*) = — (4cos* - 2* + 1) = -4 sin* - 2 

dx 

d 9 

2. g (*) = -— (* + tan*) = 1 + sec z * 

dx 

d 9 

3. h' {t) = — (3 tan t - 4 sec t) = 3 sec z ? — 4 sec f tan J = sec r (3 sec t - 4 tan t) 

dt 



4. y' — ^— (Jx sin*) = * 1 / 2 -^- (sin*) + sin*-^- f* 1 / 2 ) = Jxcosx + 

dx v 7 J* dx \ / 

d d d 9 

5. / (w) = — (w cot u) = w — — (cot w) + cot w — (u) = — W csc z w + cot W 



d 



sin* 



2V* 



du 



6. (u) = — (sin v — 2v esc v) = cos o — 2 

dv 



du 
d 



d 



V CSC V + CSC v — (v) 

dv dv 



= cos v — 2 (—v esc v cot v + csc y) = cos o + 2 esc u (o cot v — 1) 

i d d d i i i i 

7. s = — (sin * cos *) = sin * — (cos *) + cos * — (sin *) = — sin z * + cos z * = cos z * — sin z * = cos 2* 

dx dx dx 

d d d 9 / ? ? \ 

8. /' (t) = — (sec t tan t) — sect — (tan t) + tan t — (sec t) — (sec t) sec z t + tan t (sec t tan t) — sec t ( sec z r + tan z f ) 

a? dt dt V / 

Alternative answers are sec / ^1 + 2 tan 2 or sec t ^2 sec 2 f — 1^ , using the identity sec 2 1 — 1 + tan 2 1. 

9. /' (0) = 4r [ cos ^ 0 + sec 0)] = cos 0 + sec 0) + 0 + sec °) 4t ( cos °) 



dO 



dO 



dO 



(cos 0) (sec 0 tan 0) + (1 + sec 0) (- sin 0) = (cos 0) {^^\ - sin 0 - tan 0 = - sin 0 



10. g' (*) = 



11. g' (*) = 



d / cos* 



J* \ 1 + * 
d /sin*\ 



cos 0 ) 

(1 + *) (— sin*) — cos* sin* + cos* + * sin* 
* cos * — sin * 



(1+*) 2 



12. / = 4-p2i 



j* \ * 

sin0 

I 



* 



(1 — sin 0) (— sin 0) — cos 0 (— cos 0) — sin 6 + sin 2 0 + cos 2 6 1 — sin 6 



(1 -sin0) 



(1 -sin0) 



(1 -sin0) 



l-sin0 
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^ dx 



x \ (1 + sec*) (1) — x (sec* tan*) 1 + sec* — x sec* tan* 



1 + sec*/ (1 + sec*) 2 (1 + sec*) 2 



rl / mtr \ (1 + CSC *) ( — CSC 2 * ) — COt * (— CSC * COt*) — CSC 2 X — CSC X ( CSC 2 X — COt 2 X ) 

14. /'(s) = ° 0lX ) = * 1 = = * = f - 

dx\\+cscx) (1 + csc*) 2 (1+csc*) 2 

— esc* (esc* + 1) esc* 
(1 + csc*) 2 1 + csc* 



15. / (x) — sin 2x = 2 sin* cos * 

/' (*) = — (2 sin x cos *) = 2 
dx 



d d 
sin* — (cos*) + cos x — — (sin*) 
dx dx 



= 2 [sin x (— sin x) + cos x (cos x)] 



= 2 ^— sin 2 x + cos 2 *^ = 2 cos 2* 



16. y = cos 2x — cos 2 x — sin 2 * = 2 cos 2 * — 1 =^> 

y = A f2 cos 2 x - l) = 2-^- [(cos*) (cos*)] - 4" (!) 
ax V / dx dx 

= 2 [cos x (— sin *) + cos x (— sin *)] = —4 sin * cos * = —2 sin 2* 



17. /'(*) = ± (i±^) = 

a* \ 1 — COS X / 



(1 — cos*) (cos*) — (1 + sin*) (sin*) cos* — cos 2 * — sin x — sin 2 x 



(1 — cos*) 2 (1 — cos*) 2 

cos* — sin x — 1 
(1 — cos*) 2 

„ . sin* cosx \ (1 + esc*) [(sin*) (— sin*) + cos* (cos*)] — sin* cos* (— esc* cot*) 

18. y — 



, d ( sin * cos * \ 

;./ = — ( ) 

dx \ 1 + esc * / 



(1 + esc*) 



(1 + esc*) cos 2* + cos* cot* 9 . 9 

(since cos^ * — sin^ * — cos 2*) 



(1 + CSC*) 2 



19. W ' (*£±55!|) = 

\sin0 — cost? / 



(sin 0 — cos 0) — (sin 6 + cos 0) — (sin 0 + cos 0) — (sin 0 — cos 6) 

du do 



(sin0 — cos 0) 2 

(sin 6 — cos 0) (cos 6 — sin 0) — (sin 6 + cos 0) (cos 0 + sin 0) 

(sin# — cos 0) 2 

sin 6 cos 0 — sin 2 6 — cos 2 0 + sin 6 cos 0 — sin 6 cos 0 — sin 2 0 — cos 2 0 — sin 0 cos 0 



(sin 6 — cos 0) 2 (sin 6 — cos 



J d 
- tan* \ ^ + coU ) 777 ^ " tanr ) " ^ " tan ^ 777 ^ + coU ) 



I. s' = — ( - 



+ coU/ (1+coU) 



(1 + cott) (-sec 2 r) - (1 - tanQ (-csc 2 f) = (l+gf) (-^7) ~ (* " gj) ("^7) 

(1 + cotf) 2 A cos A 2 

\ sinr / 

2 cos 2 £ — 2 sin t cos * — 1 
cos 2 1 (cos r + sin t) 2 

d / 9 \ d n d ( d d \ 9 

21. / (*) = — * sin z * = *— [(sin*) (sin*)] + sin z *— (*) = *( sin*— sin* + sin*— sin* ) + sin z * 

dx \ / dx dx \ dx dx ) 

— 2* sin * cos * + sin 2 * or * sin 2* + sin 2 * 



Section 2.5 Derivatives of Trigonometric Functions 



d 



d 



22. y' = 



d ( as'mt \ (! + ^ cos O ^ (« sin O - (^sinO — (1 +^cosr) 

dt \ \ + boost )~ (1 + boost) 2 

(I + boost) (a cos t) — (a sin t) {—b sin t) a (cos t + b) 



(1 + boost) 



(1 + boost) 



23. /' (x) — — (sinx) = cosx =^> f" (x) — — (cosx) — — sinx 

dx dx 



d 

24. g (x) — — (secx) = sec x tan x 



dx 

d d 
g" (x) = secx — (tanx) + tanx — (secx) 

dx dx 

= secx (l + 2tan 2 x) 



sec x • sec 2 x + tan x • sec x tan x = sec x (sec 2 x + tan 2 x 



) 



25. y' — — (3 cos* — x s'mx) — —3 sinx — 
dx 



x— (sinx) + sinx 4— (x) 



dx 



dx 



— —3 sinx — x cosx — sinx — —4 sinx — x 



d 



y = — (—4 sin x — x cos x) = —4 cos x — 

dx 



d d , 

-V — (cos x) + cos x — — (x) 



dx 



dx 



— —4 cos x + x sin x — cos x 



— —5 cosx + x sinx 



26. // (0 = [(V 2 + l) sin?] = (V 2 + i) ^ (sinO + sinf^- (' 2 + l) = ( ?2 + l) cosf + It sin? 
ft" (f) = !L ^t 2 + l) cos t -\- 2t sin ? j = (f 2 + l) (cosr) + cost^ (f 2 + l) + 2 
= — 2 + l) sin ? + 2? cos J + 2f cos t + 2 sin r = 4f cos r — t 2 sin ? + sin t 



d d 
t — (sin t) + sin t — (t) 



dt 



dt 



^ dx ( 



1/2 



dx 



X x/ " COSX — X 



) 



= rl/2 



d 



(cosx) + cosx-^- ^x 1 / 2 ) = —x 1 / 2 sinx + ^x */ 2 cosx 



dx 



? = 



dx 



sinx + ^x" - 1 / 2 cosx) 



— —x 1 / 2 -^- (sinx) — sinx 4— fx 1 / 2 ) + ^ 
ax dx \ / 2 



-1/2 



(cos x) + COS X ^x 1 / 2 ) 



dx dx 

= —x 1 / 2 cosx — ^x~^l 2 sinx — jx~ 1 / 2 sinx — ^x -3 / 2 cosx = — \x~^l 2 ^4x 2 cosx + 4x sinx + cosx) 

4x 2 cosx + 4x sinx + cosx 

4x^x 



28. 



dm 
~d0 



d z w 

le 2 



d /cos0\ 

Id \~e~) 

d 



d d 
0-^ (cos 0) - cos 0— (0) 



dO 



dO 



0 sin 0 + cos 0 



0 



0 



6 2 4t (0 sin 0 + cos 0) - (0 sin 0 + cos 0) 4r (o 2 ) 
dO dO \ / 



0 



0 2 (sin 0 + 0cos0- sin 0) - (0 sin 0 + cos 0) (26) 2 cos 0 + 20 sin 0 - 0 2 cos 0 



0 



0 3 
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29. a. / (x) = sinx => / (x) = cosx, so the slope of the tangent line is 
m = /( ? ) = cosf = f and an equation is 



b. 



1 -- 



0 



-1 




-1 0 



1 



30. a. / (x) — tan* => /' (x) = sec 2 x, so the slope of the tangent line is 
m — f' (^) — sec 2 ^ = 2 and an equation is y — 1 = 2 (x — ^) or 

7T 



j = 2x + 1 - 4f. 



b. 




-3 -2-10 1 



31. a. / (x) - 

is m — 



- sec* => f (x) = sec x tan x, so the slope of the tangent line 
f (t) = sec T tan T = 2 ^ and an equation is 



y - 2 = 2^3 (jc - f ) or y = ijhx + 6-2V3tt 



„ , . sinx „. . x xcosx — sin* 
32. a. / (x) = => /' (x) = , so the slope of the 



x x 

4 



tangent line is m = f (y ) = — A% and an equation is 



33. y' = (x 2 secx^ = x 2 secx tanx + 2x sec* => y' 



7T 



2 2 



b. 



b. 




-3 -2-10 1 



1 -- 



0 




* =7r / 4 16 V2 



1 + 2^ 



-2 0 



/ 2 \ V27r(8 + 7r) 
4/ \ V2 




16 



34. y = — (esc* — 2 cosx) = — cscx cotx + 2 sinx => y , 

dX *=7T/6 

(1 — cosx) (cosx) — sin x (sin x) 1 




i V= 1 - 2V3 



/ d / sinx 
35. / = — 

<3X \ 1 — COS 



COSX 

x tanx 




(1 — cosx) 2 



cosx — 1 



y 



X=7T/2 



secx 



d l sinx 

x • • cosx 



dx 



cosx 



= — (x sinx) = x cosx + sinx 
dx 



y 



x=0 



= 0 



d 



37. /' (x) = — (sinx) = cosx. Setting cosx = 1 gives x = 2kir, k = 0, ±1, ±2, . . .. 

dx 

38. g' (x) = — (x + sinx) = 1 + cosx. Setting 1 + cosx = 1 gives cosx = 0 => x = ^ + ^ 77 ^ = o, ±1, ±2, 

dx 2 
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. d 1 cos* 

39. A (*) = — — (esc *) — — esc* cot* = — r 



sin* sin* 



cos* (2£+ 1)tt 
— = — . Setting cos * = 0 gives a: = 

sin z * 2 



d* 

it = 0,±1,±2, .... 

40. /' (*) — — (cot*) — — esc 2 x. Setting — esc 2 x — —2, we find x — — — — , = 0, ±1, ±2, . . .. 

dx 4 

41. / (*) = sin* => /' (*) = cos* => f" (*) — — sin* => /"' (*) = — cos* =^ (*) = sin* =^ • • • . So higher order 
derivatives of / (x) are either ± sin* or ± cos*. Since —1 < sin* < 1 and —1 < cos* < 1 for all *, we see that 



/to (x) 



< 1 for all n and all x . 



42. / (x) = cos* => f (*) — — sin* =^> f" (*) — 
derivatives of / (*) are either ± sin* or ± cos*. 



— cos* 



/'" (*) — sin* => (*) = cos* =>.... So higher order 
Since —1 < sin* < 1 and — 1 < cos* < 1 for all *, we see that 



f (n) (x) 



< 1 for all n and all x . 



43. s (t) 

a(0 



2 sin t + 3 cos t, so 5 (^) =2 ft. 
s' (?) = 2 cos t — 3 sinr, so v (y) = 
»' (t) = —2 sin r — 3 cos J, so a (y) 



—3 ft/s and the speed is 
= -2 ft/s 2 . 



— 3| = 3 ft/s 



44. a. s (t) = sin f — ? cos so 5 (7r) = 7r, s (27t) — —2iz, s (37r) — 37T, We see that \s («7r)| = /27T for n = 0, 1, 2, 3, . 

Observe that n7r gets larger and larger as n increases. 

b. v (t) = s' (t) = cost - cost + t smt = tsint, so v (y) = y, v (^) = v (^j-^j = 3f , .... 

c. a (t) — v' (t) = sin t + ? cos r, so <3 (7r) = —it, a (27r) = 27T, a (37r) = — 37T, .... 

1 1 

esc (x + h) — esc x 
lm 

h^0 h /t->0 h 

= (V2) 2 = 2 



sin(* + /z) sin* .. 
45. hm = lim 



d 

= — (esc x) by definition, and this is equal to — esc* cot x. 
dx 



tan(? + /i)-l d 

46. Km 1£ ^ = — (tan*) 

/*->() /z J* 



(by definition) = sec 2 x 



X=7T/4 



X=7T/4 



d 



. cos (x + h) — cos x cos x cos h — sin x sin h — cos x 

47. -— (cos a:) = hm — lim 



dx 



h^0 h h^0 

cosx (cosh — 1) sin* sinh 



lim 

h^0 



h 



h 



h 

1 — cosh . ,. sin/z 
— cos x hm sin x hm 

h^0 h h^0 h 



= (— cosx) (0) — (sin*) (1) = — sin* 



48. 



d 



dx 



(esc*) = 



= -(—) = 

dx \ sin * / 



0 • sin * — 1 • cos * 
sin * 



cos* 



1 



= — cot* CSC* 



sin * sin * 



t „ d , N d /cos*\ 
49. ( C0 t*) = --(^) 

dx dx \ sin * / 



— sin* • sin* — cos* • cos* 



(-l)(sin2* + cos2,) l 



sin z * 



sin^* 



. 2 

sin z * 



— esc 2 * 



_ d / x J 
50. — (sec*) — 



dx 

51. True. / (*) = 

52. True. 

d 



(—)- 

\cos* / 



0 • cos* — 1 • (— sin*) sin* 



sin* 



1 



dx 

1 — sin 2 2* 



cos 2 * 



cos 2 * 



— tan * sec * 



cos * cos * 



cos 



2 2* 



cos 2 2* 
cos 2 2* 



= 1, and so /' (*) = 0. 



d 



d d 

[cos (* + h)] = —— (cos * cos h — sin * sin h) — —— (cos * cos h) — (sin * sin h) 

dx dx dx dx 

d d 
= cos h — (cos *) — sin h — (sin *) (since h is a constant) 



dx 



dx 



= — cos h sin* — sin h cosx = — (sin* cos h + cos* sin h) — — sin (* + h) 
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1. The derivative of h (x) = g (f (x)) is equal to the derivative of g evaluated at / (x) times the derivative of / evaluated at x. 

2. a. g' (x) = £ (f (x)) n = n [f 1 f (x) 

b - h ' to = £ t sec / to] = sec / to tan / to ' f to 

dP 

3. a. — measures the rate of change of the population P with respect to the temperature of the medium. 

at 

dT 

b. — measures the rate of change of the temperature of the medium with respect to time. 
dt 

dP dP dT 

c. — = — • — = /' (T) g' (t) measures the rate of change of the population with respect to time. 
dt dT dt 

d. (/ o g) (t) = / (g (t)) = P gives the population of bacteria at any time t. 

dP 

e « /' Q> (0) g' (0 — ~r (by me Chain Rule) gives the rate of change of the population with respect to time. See part c. 

dt 




1. y = (2x + 4) 3 = g (f (x)), where u — f (x) — 2x + 4 and y — g (u) — w 3 , so 

^ = ^ =3u 2. 2 = 6u 2 = 6(2x + 4) 2 
dx du dx 

2. y = \j x 2 — 4 = g(f (x)), where u — f (x) — x 2 — 4 and y = g (u) — +J~u — w 1 / 2 , so 
dy_dydu_ 1 1/2 x _ 

— — — — — — — jU 1 • \Z.X ) — — — 

dx du dx L u v l L v / x 2_4 

3. y = - 1 = g (f (x)), where u = f (x) = x 2 + 1 and y = = w -1 / 3 , so 
dy dy du i _ 4n 2x 



= -AiT 4 / 3 • (2x) = - 



dx du dx 3 3 fj-2 _j_ i^ 4 / 3 ' 

4. y = 2sin7r* = g (/ (*)), where u = f (x) = 7vx and y = = 2sinw, so 
dy dy du 

—— — — — = (2 COS U) 7T = 27T COS U — ATT COS 7VX. 

dx du dx 

5. y = V* + cos * = 8 (f (*))> where w = / (x) = x + cos* and y = g (u) = ^/i7 = w 1 / 2 , so 

dy dy du \ \ n , x 1 — sin x 

— = = l/z (1 - sin*) = — 

du dx L 2+Jx + cos x 

6. y = sec^/T = g (/ (*)), where w = / (x) — «Jx and y = g (w) = secx, so 
dy dy du /i _i/Vv sec *J~x tan 



= (sec u tan w) ^jc 1 / 2 ^ — 



dx du dx \ l J 2^/x 

7. / (x) = (2x + l) 5 => /' (*) = 5 (2x + l) 4 • (2) = 10(2* + l) 4 

8. g (jc) = (3x 2 + * - l) 4/3 => g' (jc) = | (3x 2 + x - l) 1/3 (6jc + 1) 



9. / (0 = (2, 3 -t)~ 3 ^ f (0 = -3 (2, 3 - ,)" 4 (6, 2 - l) = 

10. g ( X) = ! = ( x l - 2x 2 + l)" 5 => g' (x) = -5 (x 3 - 2x 2 + l)" 6 (3x 2 -4x)=- 5 * (3x ~ 4) 

fx 3 -2x 2 + ir v } v / v / 



(x 3 - 2* 2 + 1) 

6 / o\5 



(jc 3 - 2x 2 + 1) 



6 



*>-K)-'-«K)H 



Section 2.6 The Chain Rule 123 



12. / (*) = 



x -2 

x 2 + 3 



x 

-3 / , x -3 



x V/V-3 




x z + 3/ \ x 



2 



2x 



(* 2 + 3) 



13. h (u) = u 3 (lu 2 - l) 4 => 

ti (u) = u 3 • 4 (2k 2 - l) 3 (4m) + (3k 2 ) (lu 1 - l) 4 = k 2 (2k 2 - l) 3 [i6k 2 + 3 (lu 2 - l)] 



3 



3x z -2 
2yJ x 3 — 2x 



= k 2 (2k 2 -i) (22k 2 -3) 

14. h (x) = (2x - l) 2 (x 2 + l) 3 => 
// (jc) = (2* - l) 2 • 3 (x 2 + l) 2 (2x) + 2 (2jc - 1) • 2 (x 2 + l) 3 = 2 (2jc - 1) (x 2 + l) 2 [3* (2x - 1) + 2 (x 2 + l)] 

= 2 (2* - 1) (x 2 + l) 2 (Sx 2 - 3x + 2^ 

15. / (x) = y/x 3 - 2x = (x 3 - 2x) => /' (x) = \ (x 3 - 2x) (?>x 2 - 2 ) = 

16. g{t) = ^^=2 + ^4^ = (t-2) 1 / 2 + (4-0 1/2 

8 < w . j ( , - 2,- * + i (4 - ,r"> <-.) - i („L, - ^L=) 

17. g (k) = k\/ 1 — u 2 — u (l — k 2 ) ^ => 
g' (k) = (l - , 2 ) 1/2 + u • \ (l - , 2 )" 1/2 (-2.) = (l - , 2 )- 1/2 [(l - k 2 ) - u 2 ] = l^L 

18. / (x) = l X — x (x 2 — x — 2)~ 1/2 => 

Jx 2 -x-2 V ' 

f'(x) =x(-^j (x 2 -x-2y 3/2 (2x- 1)+ (jc 2 — jc — 2)" 1/2 

= £ (x 2 - x - 2)~ 3/2 [-x (2x- l) + 2(x 2 -x-2)j = - X + 4 



2 (x 2 - x - 2) 



3/2 



2? + 3 / 0 \-3 

19. / (0 = = (2t + 3) It + 2r 2 ) 

(r + 2r 2 ) v y 



/' (0 = (2* + 3) (-3) (t + 2* 2 ) 4 (i+4r) + (? + 2r 2 ) 3 (2) 



= (f + 2r 2 ) 4 [-3 (2f + 3) (1 + 40 + 2 (* + 2? 2 ) ] = (t + 2f 2 ) 4 [-6* - 24r 2 - 9 - 36r + 2/ + 4r 2 J 

_ _20r 2 + 40f + 9 
t 4 (1 + 2f) 4 

. / (jc) = (x 2 + yF) 6 = + * 1/2 ) 6 ^ / (x) = 6 (x 2 + x 1 / 2 ) 5 (2jc + £*~ 1/2 ) = 6 (x 2 + v^) 5 ^ + 
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.y( S ) = (l + Vl+s 2 ) = l + (l+^ 



1/2 



/W = 5[l + (l + ^) 1/2 ] (l)(l + ^)- 1/2 (2,) = 



3/x + 2\'/ 2 (jc-3)(1)-(s + 2)(1) 3/jc + 2\'/ 2 -5 15(x + 2)'/ 2 15vGTT2 

/W 2\x-3) ' (x-3) 2 "2^-3j '(*-3) 2 ~ 2(x-3) 5 /2~ 2(*-3) 5 /2 



2x L — 

23. *(*) = " 



2 ,\l/3 



2x + 5 




l/ 2^-l \" 2/3 g + 5 > ^) ~ ( 2 * 2 ~ Q g) = 1 / 2* 2 - l \" 2/3 4x2 + 2Qx + 2 
gW 3^2^ + 5^ " (2* + 5) 2 3^2^ + 5^ ' (2x + 5) 2 



2 (2x 2 + 10* + l) 
~ 3 (2x2-1) 2/3 (2* + 5) 4 / 3 

(? 2 + 2?) 2 V ' 

J = (f + l) 3 (-2) (t 2 + 2r)~ 3 (2t + 2) + (r 2 + 2r)~ 2 (3) (t + l) 2 

= {t + l) 2 (f 2 + 2f ) ~ 3 [-4 (* + l) 2 + 3 (f 2 + 2*)] = (f + l) 2 (r 2 + 2r) ~ 3 {-At 2 - 8r - 4 + 3r 2 + 6*) 

(V 2 + It + 4) (f + l) 2 
r 3 (f + 2) 3 

25. / (x) = sin 3x => f (x) = (cos 3x) (3) = 3 cos 3x 

d 

26. g 0) = 3 sec 2f => g' (0 = (3 sec 2f tan 2f) — (2t) = 6 sec It tan 2? 

27. g (t) = tan (77? - 1) =^> g' (t) = sec 2 (irt — 1) • tt = 7r sec 2 (nt - 1) 

28. j = cot (2x + 1) => / = - esc 2 (2* + 1) — (2x + 1) = -2 esc 2 (2x + 1) 

ax 



29. / (x) = sin 3 x => /' (;t) = f3 sin 2 x) — (sinx) = 3 cos x sin 2 x 

d 



30. y = cos (x 3 ) => / = - sin (x 3 ) — (x 3 ) = -3x 2 sin (jc 3 ) 

31. / (x) = sin 2x + tan yi => f (x) = (cos 2jc) 2 + (sec 2 yi) (^~ 1/2 ) = 2 cos 2x + 

32. j = cos (x 2 - 3x + l) + tan (2) => y = - sin (x 2 - 3x + l) (x 2 - 3x + l) + 




33. / (x) = sin 3 x + cos 3 x=$ f (x) — {3 sin 2 x^ (cos*) + ^3 cos 2 x^ (— sin*) = 3 sin x cos x (sin* — cos*) 

34. / (x) = tan 2 x + cot (* 2 ^ => f (x) = 2tanx sec 2 x — esc 2 ^x 2 ^ ^- (x 2 ^ = 2tanx sec 2 x — 2x esc 2 ^x 2 ^ 
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35. /(*) = (l + sin 2 3jc) => 

/' (jc) = § (l + sin 2 3x)~ 1/3 ^- (sin 2 3*) = § (l + sin 2 3a)~ 1/3 (2 sin 3a cos 3jc) ^ (3*) 

-1/3 . _ „ 4 sin 3a cos 3a 



= 4(l + sin 2 3a) sin 3a cos 3a = ^ in * — * 
v 7 V 1 + sin 2 3a 



4 



36. z = ^1 + esc 2 a^ 
^£ = 4 (l + csc 2 a) 3 (l + esc 2 a) = 4 (l + csc 2 a) 3 (2) (esc a) (esc a) 

= 8^1 + esc 2 a^ (esc a) (— esc a cot a) = — 8 ^csc 2 x cot x^ ^ 1 + esc 2 a^ 

37. h (a) — (x 2 — sec7rx^ =^> 

d 
dx 

3 (2x — 7r sec 77 A" tan 7ta) 



// (a) = —3 (x 2 — sec 7ta^ 2x — (sec tta tan nx) — — (7ta) = —3 (2a — 7r sec 7ta tan irx) (x 2 — sec nx^ 



-4 



(a 2 — sec 7ta) 



4 



38. g (a) = tan 2 (x 2 + a) 

g' ( x ) = 2 tan (a 2 + *) J" tan (* 2 + *) = 2 tan (* 2 + *) se ° 2 (* 2 + *) J" (* 2 + *) 
= 2 (2a + 1) tan (a 2 + a) sec 2 (a 2 + a) 

, dy Id, sinx 

39. y = VI + 2 cos a => -- = — — - (1 + 2 cos a) = 

dx 2V1 + 2cosa-«^ V1 + 2cosa 

40. f{x) = V 2 + 3 tan 2x => 

. 1 d ^ ^ _ 1 / 9 ^ \ J _ x 3 sec 2 2a 

/' (x) = — ■ — (2 + 3tan2x) = — ■ 3 sec 2 2x — (2x) = 

?./7_|_ ^tan?r dx ?„/? -I- ^tan7r V / ^A 



41. / (a) = 

/' to = 



2 V2 + 3 tan 2a </* 2 V2 + 3 tan 2a V t dx V2 + 3 tan 2a 

1 + cos 3a 
1 — cos 3a 

(1 — cos 3a) (—3 sin 3a) — (1 + cos 3a) (3 sin 3a) 3 sin 3a (— 1 + cos 3a — 1 — cos 3a) 

(1— cos 3a) 2 (1 — cos 3a) 2 

6 sin 3a 



42. y = 



(1 — cos 3a) 2 

a + sin 2a 
2 + cos 3a 



, (2 + cos 3a) (1 + 2 cos 2a) — (a + sin 2a) (—3 sin 3a) 

(2 + cos 3a) 2 

2 + 4 cos 2a + cos 3a + 2 cos 2a cos 3a + 3a sin 3a + 3 sin 2a sin 3a 



(2 + cos 3a) 2 



• 1 d y 

43. y — sin — 



1 d (l\ 1 1 
, = cos-— - [-)= y cos - 

a dx x dx \X / A Z x 



1 1 / 1\ d /1\ 11/ 1\ 111 

44. / (a) = a sin - / (a) = sin — h I a cos - I — I - I = sin - I x cos - ) = sin cos - 

A * V X / dx \X / AA Z \ A/ AA A 

45. / (a) = V sin 2a — cos 2a => 

.Id 2 cos 2a + 2 sin 2a cos 2a + sin 2a 

/ (a) = — -=^^^=^^= -— (sin 2a — cos 2a) = 



2 V sin 2a — cos 2a dx 2V sin 2a — cos 2a V sin 2a — cos 2a 
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9 d 

\d 1 + sec 3? T ^ 1 + 3 sec 2 3? 

46. g (0 = y/t + tan 3t => g' (0 = . • — (f + tan 3?) = dr = . 

2«Jt + tan 3f 2 V? + tan 3r 2y/t + tan 3f 

/ 1 _L v \ 

47. y = sin 2 



dy 



dx 

4 



(!-*)(!) -(!+*) (-1) 
(I-*) 2 



2 



sin I I cos I I 



48. y = sec 3 



^ = 3 S ec 2 ( ^ \ sec ( ^L) tan f A ( 

V 1 + * / V 1 + * / V 1 +*/^V 1 + */ 



(l + 0— ^ - 



= 3 sec 3 ( tan ( 2 JL_ = 3 sec 3 f JL\ ta n f ■ _L±^f_ 

Vi + */ \i + */ (i+*) 2 U + */ vn-*/ 2V^(i + ^) 2 



3(1—*) 3 / \ ^ / ^/F 



sec 



49. / (x) = 



2^x~(l+x) 2 V+xJ \l+x 
cos2x 



cos 2, - cos 2x A/TT^ (- si " 2 *> g ~ cos 2x ^7=f ^ Q + **) 

/ 9 * cos 2* 

-2^ 1 + x2 sin 2x - -j=== 2 (l + x 2 ) sin 2x + x cos 2x 

cot2r 



50. / (0 = 



l+r z 

I 1 + f2 ) It cot2t ~ cot2t lt 0 + f2 ) 0 + ' 2 ) (~ csc2 2 0 ^7 (2?) ~ (cot2f) (2f) 

/,(0 = (i + /2) 2 = (TTT^ 



2^1 + ; 2 ) csc 2 2f + fcot2r] 



(1+/ 2 ) 2 

51. y = sec 2 * tan 3x => 

dy d d 9 9 / 9 \ J J 

-— = sec z x — tan 3x + tan 3x -— sec z * = sec z x ( sec z 3x ) -— (3x) + tan 3x (2 sec x) -— (sec x) 

dx dx dx V / a* 

= 3 sec 2 x sec 2 3.x: + 2 tan 3x sec x (sec x tan x) = sec 2 x ^3 sec 2 3.x: + 2 tan * tan 3*^ 

52. j = x tan 2 (2jc + 3) => 

— = x — tan 2 (2x + 3) + tan 2 (2* + 3) — (x) = x [2 tan (2x + 3)] — [tan (2x + 3)] + tan 2 (2x + 3) 

dx dx dx dx 

= 2x tan (2x + 3) sec 2 (2x + 3) — (2* + 3) + tan 2 (2jc + 3) = tan (2x + 3) \Ax sec 2 (2jc + 3) + tan (2x + 3)1 

L J 

53. / (x) = sin (sinx) ^> / r (x) = cos (sinx) ^— (sinx) = cos x cos (sinx) 

dx 

54. g (0 = tan (cos It) g' Ct) = sec 2 (cos 2t) — (cos 2t) = sec 2 (cos It) (- sin 2f ) — (2t) = -2 sin 2f sec 2 (cos 2?) 

<ir dt 
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55. / (x) = cos 3 (sin7rx) 

9 d 9 d 

f (x) — 3 cos z (sin izx) — [cos (sin nx)] = 3 cos z (sin izx) [— sin (sin irx)] — (sin tzx) 

dx dx 

s> d '") 

= 3 cos z (sin 7vx) [— sin (sin 7rx)] cos nx — (yrx) = — 37r cos 7rx cos z (sin izx) sin (sin 7rx) 

dx 



56. y = 

dx 



Vsin (cos 2.x) 
1 



2Vsin (cos 2x) 
cos (cos 2x) 



[sin (cos2x)] = 



d 



1 



2Vsin (cos 2x) 



(- sin2x) — (2*) = - 
dx 



2-x/sin (cos 2x) 

sin 2.x cos (cos 2x) 



d 

cos (cos 2.x) — — (cos 2x) 



dx 



Vsin (cos 2.x) 



57. / (jc) = x (2x 2 - l) 



/' ( x )=x^ (2x 2 - I)* + (2.x 2 - 1^ J- (x) = (x)4(2x 2 - 1^ J- (2.x 2 - l) + (2-x 2 - l)* (1) 

(2x 2 - l) 3 + (lx 2 - l) 4 = (lx 2 - l) 3 [l6.x 2 + (lx 2 - l)] = (l8.x 2 - l) (2x 2 - l) 3 = 

/■M-^-'ls^-f^-'lsK- 1 ) 

= (l8.x 2 - l) (3) (2.x 2 - l) 2 ^- (2.x 2 - l) + (2* 2 - l) 3 (36*) 

= 3 (l8x 2 - l) (2x 2 - l) 2 (4jc) + 36.x (2.x 2 - l) 3 = 12.x (2.x 2 - l) 2 [(l8.x 2 - l) + 3 (lx 2 - l)] 
= 48* (6.x 2 - l) (lx 2 - l) 2 



4 d 



3 J 



16.x 2 



58. g (x) = 



1 = (2x + l)" 2 => g' (jc) = -2 (2jc + l)" 3 4- (2x + 1) = -4 (2x + l)" 3 = - 



(2x + l) 2 



dx 



(2x + l) 3 



g" (x) = (-4) (-3) (2x + 1) 



-4 



(2x + 1) = 24 (2x + l) -4 = 



dx 



24 



(2* + l) 4 



59. / (t) = sin 2 £ — sin ? 2 => /' (?) = 2 sin t ^ sin ? — cos t 2 (t 2 ^ — 2 sin t cos t — 2t cos ? 2 = sin 2t — 2t cos t 2 (since 



2 sin t cos ? = sin 2t) 



/"(*) = cos 2t— (20-2 



d? 

= 2 cos 2? - 2 ( 



t 



d 



(cos t 2 ^ 



cos t A ) + cos r 



d 



(0 



= 2 cos 2? - 2 



(?) (- sin? 2 ) (V 2 ) + cos? 



dt V / d? 
2? 2 sin ? 2 + cos ? 2 ) = 2 (cos 2? + 2? 2 sin t 2 - cos ? 2 ) 



1 

60. y = x sin - 



dy d . 1 . 1 d I d I . 1 

— = x — sin — h sin x — x cos h sin - = xcos 

dx dx x x dx x dx x x 



^ • 1 -1 1 ^ • 1 

+ sin - = — x 1 cos — h sin - 



x 



X 



X 



dx 2 



= -x~ 1 



d 



1 



COS COS 

dx x x dx 



Id, d . 1 
x 1 + — sin - = 



dx x 



_i/ . 1W 1 1 / 1 \ ^ I d 1 
—x 1 I — sin - I cos - I — — ) + cos - 

\ x ) dx x x \ x l ) x dx x 



i / 1\ / 1 \ 1 1 1 1 



1 



1 
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61. a. / (x) = xyj ' x 2 + 1 



f to = 



x-^-jx 2 + 1 + yjx 1 + l—x 



dx 



dx 



2^1 x 1 + 1 ^ V 7 



V* 2 + i 



+ 



The slope of the tangent line is /' (1) = + \fl 



3V2 



and an 



equation is 



is y - V2 = ^ (jc - 1) or y = ^x - 



V2 
2 • 



62. a. g (x) = (^-j) 




6? / x — 




x + 1 / dx \ x + 

2 




x — 



x + 




fr + l)(l)-fr-l)(l) 
(x + l) 2 
1 6(x-l) 2 



(x + l) 2 (x + l) 4 
The slope of the tangent line is g' (2) = = an d an 

equation is y — ^ — -jj (x — 2) or y = ^x — <j. 

63. a. / (x) = cos 3x =^> /' (x) = — sin 3x4- (3x) — —3 sin 3x 

dx 

The slope of the tangent line is f (it) = 0 and an equation is 
y-(-l)=0(x-n) ory = -1. 



b. 



b. 



b. 




0 



0.1 



0.0 



-0.1 



0 



1 -- 



0 



-1 



1 




1 



1 — \ 


I'M 




\ 




\ 




\ 


-4 






















\ \ 


I'M 




\ 




\ 




h 



















-3 -2 -1 0 



64. a. h(t) = 2 cos 2 izt => 

h! (t) — 4 cos nt — (cos 7vt) — (4 cos irt) (— sin 7vt) — (nt) 

dt dt 

— — 4"7T COS 7Tt Sin 7T? = —277 Sin 27T? 

The slope of the tangent line is h! (j^j = —2n and an equation is 
y - 1 = -2tt - |j or y = -2nt + 1 + 



b. 




0.0 0.2 0.4 0.6 



65. F (x) = g (f (x)) => F' (x) = g' (/ (x)) /' (x), so F' (2) = g' (f (2)) /' (2) = g' (5) • 4 = 75 • 4 = 300. 

66. F (x) = g (/ (x)) => F' (x) = g' (/ (x)) f (*), so F' (3) = (/ (3)) /' (3) = g' (16) • 6 = | • 6 = |. 

67. No. Let F (x) = f (f (x)). Then F' (x) = f (f (x)) f (x). If we let / (x) = x 2 , then F (x) = f (f (x)) 
so F' (x) = 4x 3 , but [/' (x)] 2 = (2x) 2 = Ax 2 . 
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68. No. Suppose h = g (f (*)). If we let / (*) = x and g (*) = * , then h = g (f (x)) = g (*) = * z and 
A' (x) = 2x ? g' (/' (*)) = g' (1) = 2(1) = 2. 



69. F (x) = g (/ (x)) => F' (x) = g' {f (x)) /' (x) and G (x) = / (g (x)) => 

G'(x) = /' (g (x)) g' (x), so F'(l) = g'(/(l))/'(l) = g'(2)(-2) = 2 (-2) = -4, 

G' (-1) = /' (g (-1)) g' (-1) = /' [\) {-\) = (-2) {-{) = \, and F' (2) = g> (/ (2)) /' (2) = g' (0) /' (2) does 
not exist because /' (2) does not exist. 

70. a. h (x) = (g o g) (x) =g(g (x)) => h> (x) = g> (g (x)) g' (x), so h> (1) = g' (g (1)) g' (1) = g' (2) g> (1) = 2 • 2 = 4. 

b. // (x) = (/ o /) (x) = / (/ (x)) =* H' (x) = /' (/ (x)) /' (x), so H' (1) = /' (2) • /' (1) does not exist because 
f' (2) does not exist. 

c. G{x) — f (x 2 - i) => G' (x) = f (x 2 - I) (2*), so G' (1) = /' (0) • 2 = -2 • 2 = -4. 

d. F(x) = f (2 shut) F' (*) = /' (2 sin*) (2 cos*), so F' (f ) = /' (2 sin f ) (2 cos £ ) = /' (1) • V5 = -2\/3. 



71. F' (*) = ^ [a/ (sin*) + Z?g (cos*)] = a jzf (sin*) + bj^g (cos*) = a/ 7 (sin*) ^ (sin*) + bg' (cos*) ^ (cos*) 

= a ■ cos* • /' (sin*) — b • sin* • g' (cos*) 

72. F' (x) = ^ [a sin (/ (x)) + b cos (g (x))] = a£ sin (/ (x)) + cos (g (x)) = a cos (/ (x)) /' (x) - sin (g (x)) g' (x) 

73. F'(x) = ^[/(x2 + l) + g(x2-l)] = ^/(x2 + l) + ^g(x2-l) 

= /' ( x2 + (* 2 + l )+8' (x 2 (x 2 - l ) = 2x f (x 2 + l) + 2xg' (x 2 - l) 

= 2x [V (x 2 + l) + g> (x 2 - l)] 



74- F> (x) = l x [f (x«) + [/ (x)f } = £f (x«) + £ [/ (x)f = /' (x«) £ (x«) + a [/ (x)]"" 1 (x) 

= ax"" 1 /' (x«) + af (x) [/(x)f- 1 



75. F' (x) = ^ [x 2 / (2x)J = 2x/ (2x) + x 2 /' (2x) ^ (2x) = 2x/ (2x) + 2x 2 /' (2x) => 

F" (x) = ^ [2x/ (2x) + 2x 2 /' (2x)] = 2/ (2x) + 2x/' (2x) £ (2x) + 4x/' (2x) + 2x 2 /" (2x) £ (2x) 

= 2/ (2x) + 4x/' (2x) + 4x/' (2x) + 4x 2 /" (2x) = 2/ (2x) + 8x/' (2x) + 4x 2 /" (2x) 
Thus, F" (2) = 2/ (4) + 16/' (4) + 16/" (4) = 2 (-2) + 16 (1) + 16 (-1) = -4. 



76. g' (x) = ^ [x/ (x 2 + l)] = / (* 2 + l) + xf (x 2 + l) ^ (x 2 + l) = / (x 2 4- l) + 2x 2 /' (x 2 + l) 
g" (x) = /' (x 2 + l) £ (x 2 + l) + 4x/' (x 2 + l) + 2x 2 /" (x 2 + l) £ (x 2 + l) 

= 2x/' (x 2 + l) + 4x/' (x 2 + l) + 4x 3 /" (x 2 + l) = 6xf (x 2 + l) + 4x 3 /" (x 2 + l) 
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77. a. If x < 0, then / (jc) = = =- x (l- x 2 ) 

y/2-X 2 V J 



-1/2 



b. 



f(x) = -(2-x 2 ) V2 -x(^)(2-x 2 ) 3/2 {-2x) 



4- 



2" 



= _ ( 2 _ x 2y 3/2 [( 2 - ,2) + x 2] = -2 (2 - x2) 



-3/2 



-3/2 



Similarly, if x> 0, then /' (jc) = 2 (2 - x 2 ) . Thus, 

2 



0 



-2- 




-2 



-1 



0 



1 



f (x) = 



_ v2^/2 



if x < 0 



(2 - ,2) 
2 



if x > 0 



(2-^)3/2 

/' (—1) = —2 and /' (1) = 2, so the required tangent lines have equations y — 1 = — 2 [x — (— 1)] ^> y = — 2x — 1 and 
y-l = 2(z-l)<=>y = 2jc-l. 

78. Suppose / is differentiable at 0. Then y/2 — x 2 f (x) is also differentiable at 0. But — x 2 f (x) is not 
differentiable at 0. We conclude that / is not differentiable at 0. 

79. /(r) = 10.72 (0.9* + 10) 0 - 3 . The rate of change at any time t is given by 

/' (0 = 10.72 (0.3) (0.9f + lO)" 0 - 7 (0.9) = 2.8944 (0.9? + 10) -0 - 7 . At the beginning of 2000, we 
find /' (0) = 2.8944 (10) " a7 « 0.5775, or 0.6% per year. At the beginning of 2010, we have 

/' (10) = 2.8944 (9 + lO) -0 7 ^ 0.3685, or 0.4% per year. The percent of the population of Americans age 55 or over in 
2010 is / (10) = 10.72 (9 + 10) 0 3 * 25.93, or about 25.9%. 



80. a. N (9) = 34.4 [1 + 0.32125 (9)] 015 « 42.18, representing about 42,180,000 people, 
b. N' (9) ^ 0.52, representing about 520,000 people/year. 



81. s (0 

a (t) 



= ^cos2f + |sin2r, so s (^) = ^cosy + | sin y = | ft. 

= s ' (0 = \ (- sin 2t) (2) + | cos 2t (2) = - sin 2t + \ cos 2t, so v (f ) = -1 ft/s and the speed is \v (f) | = 1 ft/s 
= -2cos2r - 3 sin2r, so a (f ) = -3 ft/s 2 . 



82. P w (t) = 9000 + 1000 sin 



7Tt 

24 



. _ d 7Tt 7Vt d 

P' (t) = 1000— sin — - = 1 000 cos — - — 

w ' dt 24 24 dt 



(5) -"»(£) 



7Tf 

COS — ■ = 

24 



125-7T 7Tf 

cos— , so PL (12) 



P c (0 = 36,000 + 12,000 cos 



7Tt 

24 



P£ (0 = 12,000-^- (cos ^ ) = 12,000 




24 

7T/ 



= 0 wolves/month. 



24 



\ d_ /ttT \ _ 

/ Tt \2a) ~ 



= — 500-7T sin 



7Tf 

24' 



so P' c (12) = — 500-7T or about —1571 caribou/month. 



7Tt 7Tt 7Vt 2lTt 

83. P (t) — 20 + 12 sin — — 6 sin — + 4 sin — — 3 sin The rate of change of the price of the stock at the 

, , , 27T 7T? 27T 7Tf 27T 7T? 27T 27T? 

close of the fth day of trading is given by P (t) = — cos — — cos — + — - cos — —cos — — . 

In particular, the rate of change of the price of the stock at the close of the 15th day of trading is given by 

P' (15) = ^ (0) - ^ (- 1) + (0) - ^ (1) = 0, or $0 per share per day. The closing price of the stock on that day 
was P (15) = 20+ 12 (1) - 6 (0) + 4 (-1) - 3 (0) = 28, or $28 per share. 
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84. a. G(?) = J(t) - N(t) = 



V0.129?+4- 1.9 
VO. 129? + 4 - VO. 123? + 2.99? 
V0.4? + 1.29 - V0.123? + 2.995 if 10 < ? < 15 



ifO < t < 5 
if 5 < t < 10 



G' (?) = 



0.129 



2V0.129r + 4 
0.129 



0.123 



2V0.129r + 4 2V0.123? + 2.99t 
0.2 0.123 



V0.4? + 1.29 2V0.123? + 2.995 
b. In 2008 (? = 8), the gap is changing at the rate of 

G'(8) = £ [(0.129? + 4) 1 / 2 - (0.123? + 2. 

129 



ifO < t < 5 



if 5 < t < 10 



if 10 < t < 15 




r=8 



= (0.129? + 4) _1 / 2 - (0.123? + 2.995) _1 / 2 j | % -0.0021 

That is, the gap is narrowing at the rate of 2100 nurses annually. In 2012 (? = 12), the gap is changing at the rate of 
G'(12) = |- [(0.4? + 1.29) 1 / 2 - (0.123? + 2.995) 1 / 2 ] | ? _ 

= (0.4? + 1.29) _1 / 2 - ^ (0.123? + 2.995) ~ l/2 \_ ^ 0-0520 
That is, the gap is widening at the rate of 52,000 nurses annually. 



= 12 



12 



85. u (r) = uq 



(t)' 2 -(?) 



F (r) = -u' (r) = -u 0 



cr\6 

r 

d 

7u- 



/cr\12 d /<?"\ 6 
17/ ~ ~dr 17/ 



= -"o 



12cr _j_ 6c ^°"^ 5 



2 lr/ 



2 \rJ 



6uqct 



= -«o 

6 



12 



/ cr \ 1 1 d /er 

\ r / dr V r 



- 6 (t) *(?) 



2 (7) 6 " 



1 



86. m = 



m 0 



dm J 



1 - 



do Jo 



m 0 ( 1 - 



-1/2 



= m 0 



1 - 



v 



-3/2 



2 f 1- 



o 



3/2 



. With 



m 0 = 9.11 x 10 _31 ,c = 3x 10 8 , and o = 0.999c, we have 



dm 



dv 



(9.11 x 10" 31 ) (0.999) ^3 x 10 8 ) 
(3x 10 8 ) 2 (l- 0.999 2 ) 3/2 



3.39 x 10~ 35 . 



The mass is increasing at the rate of 3.39 x 10 35 kg per m/s. 



87. s (?) = ?v / l -? 2 



d 



* j? 2v / T^? 2 ^ v ' vT^T 2 



1 -2? 2 



, so 
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a {t) = v' (0 = 



d 1 — 2/ 



2 



1 



1-/2 



1 



1-/2 



-4/71^72- 



1-2/2 
2^1^72 



(-20 



At 



til -It 



2 



+ 



) 



so 



yn^ (i _ ,2)3/2 

3/2 



w ^ ('-J) 



ft/s 2 . 



88. a. 5 = TrrVr 2 + h 2 



dS d -7y 

— nr — \lr L + h L — nr 



dh 



dh 



1 



d 



2 ^r 2 + h 2 dh 



(r 2 + h 2 ) = 



77 rh 



y/r 2 + h 2 



b. ^ = 7T \r^-y/r 2 + h 2 + y/r 2 + /z 2 -^- (r) 



= 7T 



ly/r 2 + h 2d r\ ) 



— 7T 



y/r 2 + /* 2 



7T 



Vr 2 + /j2 



[r 2 + (r 2 + Jk 2 )] = 



7T (2r 2 + /z 2 ) 
Vr 2 + /z 2 



1 



89. a. i. & = ^ => yi = 500 



/ 1000 -x \ 3/4 _ / 

V iooo ) \ 



1000 -x\ 5/4 
1000 



ii. k=\^y 2 = 500 



1000 - x 



iii. £ = 1.2=>y 3 =500 



V 1000 



1000 -x\-° 2 /IOOO-aA 22 



1000 



1000 



1000 -- 



500" 



0 




0 200 400 600 800 1000 



In case (i), the boat is able to land directly on the opposite bank. In case (ii), the boat is able to land downriver on the 
opposite bank. In case (iii), the boat never reaches the opposite bank. 

b. In case (i), the boat moves about 93 ft downriver. In case (ii), it moves exactly 500 ft downriver. In case (iii), it moves 
downriver indefinitely. 



90. From Example 10, we have y = 500 



1000 -x\ 3/4 / 1000 -jc\ 5/4 



1000 



r - ( 



1000 



for 



dy 1 

0 < A" < 1000, and so — = - 

dx 2 



5 /1000-x\ 1/4 3 /1000-x\~ 1/4 



At the point O, x = 0, so tan 6q = 



1000 



d ± 

dx \ x=0 



) -j( 

_ 1 /5 _ 3\ _ 1 
~ 2 \A 4/ 4 




A(1000, 0) 



6q — tan 



1 (I) ^ 14.04°. Thus, the required angle 



is approximately 76 



o 



At the point A, x = 1000, so tan 6^ = 



dy_ 

dx 



= — oo, which implies that 6^ = 90°. Thus, the required angle is 0°. 



*=1000 
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91. q {t) = EC + (q 0 - EC) 



dq 



\/(Ck 2 ) 



i(0 = -r-=0+(?o-£C) 



dt 

10 -EC 



\Ck 2 ) ( 



fej \[1/(C*2)]-1 J 



*1 



*1 



&i + k 2 t 

(i-ck 2 )/ { ck 2 ) _ hh 



dt \k\ + 
k x {EC - q 0 ) ( k x 



(l-Ck 2 )/(Ck 2 ) 



Ck 2 \k { +k 2 t 



(k x +k 2 t) 2 C(k x +k 2 t) 2 \k x +k 2 t 



d 



92. x (0 = A sin (u>t + 0) => u (0 = (0 = A cos (oj? + 0) — + 0) = Au> cos (u? + 0) 

dt 

a (t) = v' it) = -Auj sin (ojt + <j>) ^- (u>t + <j>) = -Au> 2 sin {ujt + 0) 

dt 



93. V (r) = 



CT 



2s 0 




r 2 + 



7? 2 -r) 



F(r) = -V (r) = - 



2eo dr dr 



CT 



2e 0 



1 



d 



2v / r 2 + R 2 dr 



(r 2 + R 2 ) - 



1 



2£ 0 V y/r 2 + fl 2 



- 1 



94. = 



1 



Q 



Q 



4 ^0 Vx 2 + a 2 4 ^0 



( 



2 2 x-l/ 2 

X^ + AT 



) 



E = — = - 



Q d 



dx 



47T£q dx 



2 2^" 1/2 
x z + a z 



Q ( \ \ ( 2 , 2\ _3/2 d ( 2 , 2 



47TSQ 



H)( 



)- 



2* 



47TS 0 (x 2 +« 2 ) 3/2 



95. a. u = 

dv 



Lg sec 0 sin 2 0 



d0 d0 



Lg sec 0 sin 2 0 = 



1 



2J Lg sec 0 sin 2 0 



dO 



(Lg sec 0 sin 2 0^ 



Lg 



sec0^r sin 0 + sin 2 0- - sec0 



2 J Lg sec 0 sin 2 0 



</0 



</0 



Lg 



2 sin 0 V sec 0 



(tan 2 0 + 2^ y/Lg 
2 V sec 0 



[sec 0 (2 sin 0 cos 0) + sin 2 0 (sec 0 tan 0)] = 




2 sin 0 V sec 0 



^2 sin 0 + sin 0 tan 2 0) 



b. If L = 4, 0 = and g = 32, then 



o = ,/4 (32) sec £ sin 2 £ = ^ 



6.1 ft/s and 



J0 



( 



tan 



2 7T 



+ 2)^4(32) 



sec 



7T 

6" 



2sec£ 



12.3 ft/s. 



c. 



lim 0 = lim V LG sec 0 sin 2 0 = 00. 

0->(7T/2)- 0^(7T/2)- 

The speed of the ball has to be very large in order for the string to 

approach a horizontal position. 

3. 



96. r = a 



1 — e cos M — — (cos 2M — 1) 



d. 100 



50- 



0 




0.0 



dr 
dt 



d 



— a 



dM 



1 — e cos M — — (cos 2M — 1) 



— a (e sin M + e 2 sin 2M^ ^ 



= a 



e sin M + 



^ 2 \ 
— sin 2M 

2 y jm 



0.5 



(2M) 



1.0 



d 
dt 



2tt 



(? - t n ) 



2tt 



2irae 



(sin M + £ sin 2M) 



1.5 
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o o dS dS dx 

97. x = 625t 2 + 19.75/ + 74.75 and S = g (x) = -0.00075.x 2 + 67.5, so — = - — - = (-0.0015*) (12.5/ + 19.75). 

dt dx dt 

When t = 4, x = 6.25 (4 2 ) + 19.75 (4) + 74.75 = 253.75, and so ^ = (-0.0015) (253.75) [12.5 (4) + 19.75] = -26.5. 

The average speed of traffic flow is falling at the rate of approximately 26.5 mi/h per decade. 
The average speed of traffic flow at the beginning of 1999 was 

S = g(f (/)) = g (253.75) = -0.00075 (253.75) 2 + 67.5 % 19.2 mi/h. 



98. r(f) = -jfet 3 - \t 2 + ^-t + 60 and R(r) = -0.0006r 3 + 0.18r 2 , so 

dR = dR dr = /_ Q Q018r 2 + Q 36r \ (-^ t 2 - ft + When t = 0, r (0) = 60 and so 

^ = [-0.0018 (60 2 ) + 0.36 (60) j (^ = 189, so the revenue is increasing at the rate of $189,000/month at the 
beginning of January. 

When t = 6, r (6) = (6 3 ) - § (6 2 ) + ^ (6) + 60 = 100 and 



dR _ 
dt 

at the beginning of July. 



[-0.0018 (lOO 2 ) + 0.36 (100)] [-^ (6 2 ) - f (6) + ^ j = 0, so the revenue is neither increasing nor decreasing 



99. / (x) = 



Since 



x 2 sin i if x 7^ 0 



0 



if a: = 0 



£ (* 2 sin I) = x 2 l x (sin I) + sin I £ (x 2 ) = x 2 cos I £ (l) + 2* sin I = * 2 (-4,) cos I + 2* sin I 

1 , o -1 

= — cos - + 2x sin - 

JC JC 

f{h)-f (0) h 2 sin i 1 

and lim — lim — lim /z sin - =0 (by the Squeeze Theorem), we see that 

h^0 h h^0 h h^0 h 



f w = 



Next, 



2x sin ^ — cos if x ^ 0 



0 



if x = 0 



£ (2* sin i - cos I) = 2xl x (sin I) + sin I £ (2x) + sin I £ ( I) = 2x (- 4,) cos I + 2 sin I + (- 4,) sin I 



= 2 sin 4 — % cos i — r sm 7 



X X 



X 



Thus, f" (x) = (2 — sin j — j cos i for x ^ 0. Since sin j does not exist at x = 0, we conclude that /" (x) does 



not exist at x = 0. 



100 



d 



1 J 



f(x) = \u\=Vu 2 ^f'(x) = — Vu 2 = - 

dx 2\/u 2 dx 



2u du u'u 



2Vi? dx \u 



101. f(x) = \x+l\=>f'(x) = 



+ (* + l) 



JC -4- 1| 



x + 1 



102. g (x) = x 



x 2 -\- X 



g' (x) = X 



d 



dx 



x 2 + X 



+ 



x 2 + X 



d 



dx 



(*) = 



* (* 2 + *) ^ ( x2 + x ) I 2 I x 2 (x + 1) (2x + 1) 

1 ~\~ \x ~\~ x\ — _ ~\~ 



X 2 + X 



X 2 + X 



x 2 + X 



x 2 (x + 1) (2x + 1) + 

* 2 + * 



X 2 + X 



+ x 
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103. h (x) = | sin x | => h' (x) = 



sin x j- sin x sin x cos x sin 2x 



smx 



smx 



d 



d 



104. / (x) = 



x 



X 



X 



f (x) = 



dx 



x\ — \x 



dx 



(A 



X 



2 \sinx 
\x\ 



, where x ^ Jen, k an integer. 



— 2x \x 



x 



x 



x 2 -2\x 
\x\ 



x 1 -2x 
x 3 \x\ 



1 



X \x 



105. a. / (x) = y/\(x - 1)(jc -2)| 

/' w = 1 



b. 



d 



x z -3x + 2 



2J\(x- 1)(*-2)| rfjc 

(*2 _ 3jf + 2 ) £ 



1 



- 3x + 2) 



2VRF= 1)(jc-2)| 
(2* - 3) (x - 1) (jc - 2) 



- 3x + 2 



2\x 2 -3x + 2 



3/2 



7^ 1,2 




-2- 



106. Suppose / is even, so that / (—x) = f (x). Differentiating both sides of this equation gives /' (— x) j- (— x) = /' (x) 
-f (-x) = f (x) => f (-x) = -f (x), which says that f is odd. 

If / is odd, then / (-*) = -/ (x). Thus, /' (-x) £ (-x) = -f (x) => -/' (-*) = -f (x) => f (-x) = f (*), so 
/' is even. 

107. False. Let / (x) = 2x + 1 and g (x) = x 2 . Then h(x) = g (f (jc)) = (2x + l) 2 , so ti (x) = 2(2x+ 1) (2) = 4 (2x + 1) 
and 00 = 8. But g' (x) = 2x g" (x) = 2, so g" (/ (x)) f" (x) = 2f" (x) = 2 (0) = 0. Therefore 

h" (*) # (/ (x)) /" (x). 

108. True. If /z 0) = / (a + to) + f (a - bt), then 

ft' 0) = /' (a + to) Jf- (a + to) + /' (a - to) 4 (a - to) = fc/' (fl + to) - bf (a - bt). 



109. True. — / 

dx 

110. True, h (x) = [(/ o /) (x)f = [f (/ (x))f => /?' (x) = 2 [/ (/ (*))] £f(f (x)) = 2 [/ (/ (*))] /' (/ (*)) /' (*) or 
ft' = 2(/o/) (/'<,/) /'. 
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1. a. We differentiate both sides of F (x, y) = 0 with respect to x, then solve for dy/dx. 

b. The Chain Rule is used to differentiate any expression involving the dependent variable y. 



2. Differentiating both sides of the equation xg (y) + yf (x) = 0 with respect to x gives 



x— [g oo] + g(y)4- (*) + y-r- U (*)] + / (*) i- oo 



dx 
. dy 



dx dx 

g GO + yf OO 



dx 



0^x-g'(y)$-+g(y)-l+yf(x) + f(x) dy 



dx 



dx 



= 0 



dx f (x) + xg' (y) ' 




1. 2x 2 + y 2 = 4 => Ax + 2yy' = 0 => y' = - 



2* 



2. y 2 - 3y = 2* => 2yy' - 3/ = 2 => (2y - 3) / = 2 => / = 



2y-3 



3. xy 2 + yx 2 - 2 = 0 => y 2 + 2jcyy' + y'x 2 + 2xy = 0 => (2xy + x 2 ) / = - (j 2 + 2jcy) 



, y (y + 2x) 

7 = - 



x (2y + x) 



4. x 2 y + 2xy 2 -x + 3 = 0^>2xy + x 2 y' + 2y 2 +4xyy f -I = 0=> (x 2 + 4jty) y' = l-2xy-2y 



9 . 1 — 2xy — 2y 

=>y = ■ 



x(x+ 4y) 



5. x 3 - 2y 3 - y = jc + 2 => 3x 2 - 6y 2 y' - / = 1 => (6y 2 + l) y' = 3x 2 - 1 



3x l - 1 
6y 2 +l 



6. x 3 y 2 - 2x 2 y + 2x = 3 => 3x 2 y 2 + 2jt 3 yy' - 4xy - 2x 2 y' + 2 = 0 => ^2* 3 y - 2x 2 ) y' = 4xy - 3x 2 y 2 - 2 



, _ 4xy - 3x 2 y 2 - 2 
y ~ 2x 2 (xy - 1) 



1 1 

7. - + - = 1 

x y 



x~ [ + y _1 



i y' y 

x L y L 



x 



3 2 

„ x 3 y z 

8. — + L- = 3 

y x z 



y(3* 2 )-*V ^ ^ (2yyQ - y 2 (2x) _ Q 



3x 6 y - x 7 y f + 2x 2 y 3 y r - 2jty* = 0 



4 



y 



y = 



(2y 3 - 3x 5 ) 



x (2y 3 - x 5 ) 

Alternate Solution: Start by multiplying both sides of the original equation by x 2 y: x 5 + y 3 = 3x 2 y 

x (6y - 5.x 3 ) 



5x 4 + 3y 2 y' = 6*y + 3jt 2 y' => y' = 



3 (y 2 - x 2 ) 
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xy (x 2 + y 2 ) — (xy)-xy—(x 2 + y 2 ) 

9. = x + 1 => ^ ^ ^ ^ = 1 => 

x 2 + J 2 (x 2 + y 2 ) 2 

(x 2 + y 2 ) (y + xy') - xy^- (x 2 + y 2 ) (x 2 + y 2 ) (y + xy') - xy (2x + 2yy') 

(x 2 + y 2 ) 2 ~ ^ (x 2 + y 2 ) 2 ~ 



x 2 



y + x 3 y' + y 3 + xy 2 y' — 2x 2 y — 2xy 2 y' — ^x 2 + y 2 ^ = x 4 + 2x 2 y 2 + y 4 => 

( 3 2\ / 4,o22,4 3,2^/ * 4 + 2x 2 y 2 + x 2 y - y 3 + y 4 
x- 3 -xy z ) / = x^ + 2x z y z + y - y J +x z y => / = T 

V / x (x z — y z J 

Alternate Solution: Start by multiplying both sides of the original equation by x 2 + y 2 : 

* 2 + y 2 ) (x + 1) = -x 3 + x 2 +xy 2 + y 2 => y + xy' = ?>x 2 + 2x + y 2 + 2xyy' + 2yy' => / = - 

/ x — ziv — 2v 



x — y (x-y) 1 



x + xy' — y — yy' — x + xy' — y + yy' = 2yy' (x 2 — 2xy + y 2 ^ => 2xy' — 2yy'x 2 + 4xy 2 y' — 2y 3 y' — 2y 



y = 



y 



x + 2xy 2 — x 2 y — y 3 

Alternate Solution: Start by multiplying both sides of the original equation by x — y: 

x + y = (x - y) (y 2 + l) = xy 2 + x - y 3 - y => 1 + y' = y 2 + 2xyy' + 1 - 3y 2 y' - y' => (?>y 2 - 2xy + 2)y' = y 

,2 



y'= y 



3y 2 - 2xy + 2 



1L (x+l) 2 + (y-2) 2 = 9 => 20c+l) + 2(y-2)y = 0=>y = ^t^ 

2- y 



12. (2x 2 + 3y 2 ) = x => (2x 2 + 3y 2 ) = x 2 / 5 => 4x + 6yy' = §x" 3 / 5 => 6yy' = 



-4jc = 



(l - 10x 8 / 5 ) 



5x3/5 5x 3/5 



, _ 1 - 10x 8 / 5 
^ ~ 15x 3 / 5 y 



13. + = 1 => x 1 / 2 + y 1 / 2 = 1 => + 1 y -i/2y = o => / = -^J = J 

14. v ^cy = x 2 + 2y 2 => (xy) 1 / 2 = x 2 + 2y 2 => £ (xy) -1 / 2 (y + xy') = 2x + 4yy' => y + xy' = 4 (xy) 1 / 2 (x + 2y/) 

-J 



[jc — 8 (xy) 1 / 2 y] y' = 4x (xy) 1 / 2 - y => y r = — ^ 




x - 8y7xy 

cos (x + y) 



15. y 2 = sin (x + y) => 2yy r = cos (x + y) • (l + y') ^> [2y — cos (x + y)] y r = cos (x + y) => y' = 



16. x + y 2 = cosxy ^> 1 + 2yy' = (— sinxy) (y + xy') => (2y + x sinxy) y' = — y sinxy — 1 => y' = — 

17. tan 2 (x 3 + y 3 ^ = xy => |^2tan (x 3 + y 3 ^ sec 2 (x 3 + y 3 ^)j (^3x 2 + 3y 2 y') = y + xy' => 
|^6y 2 tan ^x 3 + y 3 ^ sec 2 ^x 3 + y 3 ^ — x j y r = y — 6x 2 tan ^x 3 + y 3 ^ sec 2 ^x 3 + y 3 ^ ^> 

y — 6x 2 tan ^x 3 + y 3 ^ sec 2 ^x 3 + y 3 ^ 



2y — cos (x + y) 
y sin xy + 1 



2y + x sinxy 



y = 



6y 2 tan (x 3 + y 3 ) sec 2 (x 3 + y 3 ) — x 



18. x = sec 2y => 1 = [sec 2y tan 2y] (2y r ) =^> y' = — = \ cos 2y cot 2y 

L sec Ly tsn Zy 
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1 /2 i 
19. yj 1 + cos 2 y = xy => ^1 + cos 2 yj = xy => ^ + cos2 ( — 2 cos y sin y) y' — y + xy' 



-1/2 




cosysiny ■ / _^ , 

+ x ]y = -y => y 



— y\/ 1 + cos 2 y 



+ cos 2 y 



cos y sin y + x-y/ 1 + cos 2 y 



20. x + y 2 = cotxy => 1 + 2yy' — — (csc 2 xyj (y + xy') 

1 + y esc 2 xy 



(2y + 



x esc xy i y — 



)/ = -!- 



y csc^ xy 



y = - 



2y + x esc 2 



21. x 2 + 4y 2 = 4 => 2x + 8yy' = 0 



Ay 



(1,-73/2) 



1 V3 

= — ■ - . An equation of the tangent line is 



4 (_^) 6 



22. x 2 y + y 3 = 2 => 2xy + x 2 y' + 3y 2 y f = 0 => / = ^ so / , n = = I An equation of the 

x z + 3y z ' ' 1 + 3 2 

tangent line is y — 1 = j (x + 1) or y = jjt + |. 



23. x 2 / 3 + y 2 / 3 = 2 => §x~ 1/3 + |j~ 1/3 y = 0 => / = - : ^3, so y' (1 _^ = 1. An equation of the tangent line is 
y + 1 = 1 (x — 1) or y = x — 2. 



1/3 



. / a / ycosxy . 
24. j = sinxy => y = (cosxy) (y + xy') => y = — => y 



1 — x cos 



(TT/2,1) 



= 0. An equation of the tangent line is 



y-l=0(x-f)ory = l. 



25. xy 2 - x 2 y - 2 = 0 => y 2 + 2xyy' - 2xy - x 2 y' = 0. At (1, -1), 1 - 2/ + 2 - / = 0 => y' = 1. 

26. x 2 / 3 + y 2 / 3 = 5 => fx -1 / 3 + § y-V3y = 0. At (1, 8), § + § • 8" 1 / 3 / = 0 => / = -2. 

27. x esc y = 2 => esc y - x (esc y cot y) y' = 0. At (l, £), 2 - 2V3y' = 0 => / = 

28. tan (x + 2y) - sinx = 1 => sec 2 (x + 2y) (l + 2y') - cosx = 0. At (0, £), 2 (l + 2y') - 1 = 0 



✓ = - i 



29. xy + x 3 = 4 => y + xy' + 3x 2 = 0 y' — . Differentiating both sides of the next-to-last expression yields 



y' + y' + xy" + 6x = 0 => y" = - 



6x + 2y' 



x 



6x — 2 ■ 



3x 2 + y 



x 



2 (3x 2 - 3x 2 - yj 



x 



x 



X 



2 ± 

2 ■ 



X 



30. x 3 — y 3 = 8 => 3x 2 — 3y 2 y r = 0 => y' — ^r. Differentiating both sides of the next-to-last expression yields 



y 



6x-6y (y'Y - 3y 2 y" = 0 



[*-y(ytf] 



X 



- y (x 2 /y 2 ) 



2x 



(y 3 -x 3 ) 



y 



y 



y 



31. sinx + cosy = 1 => cosx — (sin y)y' — 0 => y' — ^7^. Differentiating both 

sin v 

2 

sides of the next-to-last expression yields — sin x — (cos y) {y'j — (sin y) y" — 0 



„ = sinx + (cos y) (y f ) 

siny 



sinx + cosy (fgg) 
siny 



9 9 

sin x sin y + cos y cos x 
sin 3 y 
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32. tan y — xy — 0 => ( sec 2 y 



(sec 2 y ) y' — y — xy' = 0 => y' = - 



y 



sec 2 y — x 



. Differentiating both sides 



of the next 



-to-last expression yields ^2 sec 2 y tan y^j (y f ) 2 + (sec 2 y^j y 



- y' - y' - xy" = 0 



— 



2y' \\ - (sec 2 y tan /J 



y 



sec 2 y 



K l y sec 2 y tan y \ 
sec 2 y - x J 2y (sec 2 y-x-y sec 2 y tany) 



sec 2 y — x 



sec 2 y — x 



33. — + 



2 v 2 jc 2yy 

4 9 2 9 J 



9* 
47 



, so y 



line is y - ^ = VI ( x + i) or y = S. x + 2^3. 



' l(-l,3V3/2) 



(sec 2 y — x) 

9 3 73 

= ^= = — • An equation of the tangent 



4. hH 2V3 



2 2 
x L y L 

34. —-£- = !=> 



v- 5 r- 3 



2 
2x 



2y/ 



= 0 



/ _ 



4k 
9^ 



, so y 



^ g ^ = |. An equation of the tangent line is y — | 



- § = \ (x - 5) or 



35. y 2 - xy 2 - x 3 = 0 => 2yy' 



- y* - Ixyy* - ^ = 0. At ( \ , >), 2 ( ') / - (') 2 - 2 ( ' ) (') / - 3 (') 2 = 0 

1 / 1 \ 1 



)/ = 2, so an equation of the tangent line is y — ^ = 2 — i^j or y 



= 2*- 1 



2- 



36. 2y 



2 - x 3 - jc 2 = 0 => 4yy' - 3x 2 - 2x = 0 => y = 



i 



- 1 = \ (x- l)ory = \x- \. 



x (3x + 2) 



, so y 



^ ^ = |. An equation of the tangent line is 



2 

37. 2 (x 2 + y 2 ) = 25 (x 2 - y 2 ) ^ 4 (x 2 + y 2 ) (2jc + 2yy') = 25 (2x - 2yy') . At (3, 1), 4 (10) (6 + 2y') = 25 (6 - 2/) 
=> / = — so an equation of the tangent line is y — 1 = — (x — 3) or y = — -^x + y^. 

2xy 2 + 2* 2 yy' = 2 (y + 1) (4 - j 2 ) y + (y + l) 2 (-2yy'). At (-2V3, l), 

ent line is y - 1 = ^ + 2^3^ or 



38. x 2 y 2 = (y + l) 2 (4 - y 2 ) 

-4V3 + 2 (12) y = 2 (2) (3) y + (4) (-2y / ) => y = ^, so an equation of the tang 



y- — ^ + 3- 



39. a. 4xy - 9 = 0 => 4y + 4xy f = 0 => y r = --, so y 



3 



(3,3/4) 

equation of the tangent line is y — ^ = — ^ (x — 3) or y = 
and an equation of the normal line is y — | = 4 (x — 3) or 



= -\. An 



l r 1 3 
~A X + 2 



b. 



2- 



0 



-2- 



-4 





■ 1 1 






— 1 — 1 




— h 




















' 1 ■ 




— \ 


— h — f 




. — h 

















-6 -4 -2 0 



40. a. x l + y 2 = 9 => 2x + 2yy / = 0 



J = , so 



y/ \( 1 2^2^ = 2^2 ~ T ' ^ n ec l uat i on °f me tangent line is 

y - 2V2 = ^ (jc + 1) or y = ^x + and an equation of the 
normal line is y - 2<j2 = — 4- (x + 1) = -2^2 (jc + 1) or 

V2 

_y = -2^2x. 



b. 



2- 



0 



-2" 



-4 






' 1 ■ 




1 — f 






— h 

















-6 -4 -2 0 
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41. a. 4x 3 - 3xy 2 - 5xy - 8y 2 + 9x = -38 => 

12a: 2 - 3y 2 - 6xyy f - 5y - 5xy' - \6yy' + 9 = 0. At (-2, 3), 
48 - 27 + 36/ - 15 + 10/ - 48/ + 9 = 0 => / = if, so an 

equation of the tangent line is y — 3 = Aj (x + 2) or y = ^-x + 18, 

and an equation of the normal line is y — 3 = — ^ (x + 2) or 

v - - 2 r 4- 41 
15*+ T5- 



4" 



2- 



0 



-2" 




-6 -4 -2 



0 



42. a. x 5 - 2xy + y 5 = 0 => 5.x 4 - 2y - 2-xy' + 5// = 0. At (1, 1), 

5 — 2 — 2/ + 5/ = 0 => / = — 1, so an equation of the tangent line 
is y — 1 = — 1 (x — 1) or y = —x + 2, and an equation of the normal 
line is y — 1 = 1 (x — 1) or y = x. 



1 -- 



0 



-1 -- 




-1 



0 



1 



2 

43. a. x 3 + y 3 = 3.xy => 3x 2 + 3y 2 y' = 3 (y + */) => x 2 + y 2 y' = y + jc/ => y 2 y' - xy' = y - x 2 => / = y o * 

y z — * 

b. To find the required point of intersection, we substitute x — y into the equation of the folium and solve for x, obtaining 
x 3 + x 3 — 3x (x) => 2x 3 — 3x 2 = 0 => x 2 (2x — 3) = 0, so x = 0 or |. The point of intersection in Quadrant I is 

3 _ (3\ 2 

|^ and / = 2 = —1. An equation of the tangent line is y — | = — 1 (x — |^ or y = — x + 3. 

(§) "i 

2 

c. The tangent line is horizontal where y' — = 0 => y — x 2 = 0 => y = x 2 . Substituting, we find 

y — x 

x 3 + (x 2 ^j = 3x (x 2 ^j => x 3 + x 6 - 3x 3 = 0 => -2x 3 + x 6 = 0 => jc 3 (-2 + x 3 ) = 0 => x = 0 or x = l/l. The 
required points are (0, 0) and (^2,^4). 

44. x 2 / 3 + y 2 / 3 =4^ §x~ 1/3 + §y _1/ V = 0 => -^=/ = => / = -^pL At (3^3, l), / = so an equation 
of the tangent line is y - 1 = (x - 3V5) or y = -^x + 4. 



45. 2/z 1 / 2 + 1 r-2V20 = 0=>/z- 1 / 2 — + — = 0 => — = --L-. — 

25 dt 25 25 dt 

at the rate of ^ ft/s. 



V9 3 

= — — = — — , so the height is decreasing 
h=9 25 25 
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46. a. We have 6 = ol — /3, so tan 6 = tan (a — /3) = 



y + 120 „ v 

Now tan a = and tan p = so 



tan a — tan f3 
1 + tan ol tan /3 



120 ft 



2000 
y + 120 y 



2000 



tan 0 = 



2000 2000 



240,000 



1 + 



y+120\ / y 




2000 / V2000 



) 



y 2 + 120y + 4,000,000 




240,000 

b. When the rocket is on the launching pad, y — 0, and so tan 0 = . =^> 0 ~ 0.06 or about 3.43°. When the rocket 



4,000,000 



is at an altitude of 10,000 ft, y = 10,000, and so tan 0 = 



about 0.13°. 



240,000 



(10,000) 2 + 120 (10,000) + 4,000,000 



0^ 0.0022814, or 



c. Differentiating the equation in part b implicitly with respect to y, we obtain 



d_ 

Ty 



dO 



(tan 0) 



= -( 

dy \ 



240 



y 2 + 120y + 



,000 \ 
+■ 4,000,000 / 



2 dO 
sec z 6 — = - 



240,000 (2v + 120) 



240,000 (2y + 120) 



d y (y 2 + 120y + 4,000,000) 2 (1 + tan 2 6) 



d y (y 2 + 120y + 4,000,000) 



. Using the result of part b, we see that when y = 10,000, 



tan 6 = 0.0022814, and so 



dO 



dy 



240,000 (20,000 + 120) 



y=10,000 |^(10,000) 2 + 120 (10,000) + 4,000,000] [l + (0.0022814) 2 ] 
approximately —2.5 x 10 -5 °/ft. 



-4.3632 x 10 -7 radians/ft, or 



d. The viewing angle approaches 0 as the altitude increases without bound. 



47. To find the points of intersection of the two curves, we solve 



x 2 + 2y 2 = 6 
x 2 = Ay 



2y 2 + 4y-6 = 2(y + 3) (y - 1) = 0 



y = — 3 or 1. If y = —3, then x 2 — —Ay and so there is no solution. If y = 1, then x L = A => x = ±2, so the points of 



2 



intersection are (—2, 1) and (2, 1). 



To find the slope of the tangent line to the curve x 2 + 2y 2 = 6, we differentiate implicitly: 2x + 4yy' = 0 => y' — — — . 



x 



The slope of the tangent line to the second curve is y ' — — . 



At (—2, 1), the slope of the tangent line to the first curve is mi = — 



x 

~y 



(-2,1) 



= 1 . The slope of the tangent line to the 



x 



second curve is mo = — 

1 2 



(-2,1) 



= — 1. The two tangent lines are perpendicular, so the two curves are orthogonal at (—2, 1). 



At (2, 1), the slopes are m\ = — 



x 



2y 



X 



(2,1) 



= — 1 and rri2—- 



(2,1) 



= 1 , and the tangent lines are again perpendicular. 
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2 2 -> 

* — y = 3 
xy = 2 



48. To find the points of intersection of the two curves, we solve 



The second equation gives y = - , and 

X 



substitution then gives x 



- = 3 => x 4 - 3x 2 - 4 = 0 => (x 2 + l) (x 2 - 4) = 0 => x = ±2, so the points of 



intersection are (—2, —1) and (2, 1). 



To find the slope of the tangent line to the curve x 2 — y 2 = 3, we differentiate implicitly: 2x — 2yy' = 0 => y' = -. The 



slope of the tangent line to xy — 2 is y f = -. 



x 



x 

At (—2, —1), the slopes of the tangent lines are raj = - 

y 



two tangent lines are perpendicular at (—2, — 1). 



(-2-1) 



— 2 and m^— — 



x 



(-2,-1) 



= — \ , showing that the 



x 



At (2, 1), the slopes are m\ = - 

y 



(2,1) 



— 2 and — — 



x 



(2,1) 



= — ^ , and the tangent lines are again perpendicular. 



49. To find the points of intersection, we solve 



x 2 + 3y 2 = 4 

3 

y = x J 



Substituting the second equation into the first gives 



x L + 3x 6 = 4 => 3x° + x z — 4 = 0. By inspection ±1 are solutions to this equation, so we use long division to factor the 
expression. 



6 , Jl A _ 



3x 4 + 3x 2 + 4 



3x b + x 1 - A 

3x 6 - 3x 4 



3x 4 + x 2 
3x 4 - 3x 2 



- 4 



4x 2 
Ax 2 



4 
4 



0 



Thus, 3x 6 + x 2 - 4 = 0 => (x 2 - l) (3x 4 + 3x 2 + 4) = 0. The factor (?>x 4 + 3x 2 + 4) > 0 everywhere, so the only 
solutions are x = ±1, and the points of intersection are (—1, —1) and (1, 1). 

To find the slopes of the tangent lines to x 2 + 3y 2 = 4 and y =i 3 ,we differentiate, obtaining 2x + 6yy' = 0 => y' = — 



3^ 



and y' = 3.x 2 , respectively. 



At (—1, —1), the slopes of the tangent lines are mi = — 



two tangent lines are perpendicular at (— 1, — 1). 



x 



3y 



(-1-1) 



l 

= — - and m2 — 3x 



(-1-1) 



= 3, showing that the 



At (1, 1), the slopes are m\ = — 



x 



3y 



0,i) 



= and W2 — 3x 



(1,1) 



= 3, and the tangent lines are again perpendicular. 
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50. To find the points of intersection, we solve 



x — cos y 



Substituting the second equation into the first yields 



y — cos y = y . By inspection y = ^ is the only solution. Substituting into the first equation gives x = 0, so the point of 
intersection is (0, y) . The slope of the tangent line to the curve y — x = y is 1. To find the slope of the tangent line to the 

curve x = cosy, we differentiate implicitly, obtaining 1 = (— sin y) y' => V = — r— . At the point (0, ?), we have 

sin y v z / 



m i = 1 and W2 = — : 



1 



siny 



V=7T/2 



= — 1 , showing that the tangent lines are perpendicular to each other. 



51. a. x 2 + y 2 = c 



2 ^>2x + 2yy' = 0 => / = - - and y = kx => y f = k. But 



y y 

^ = -, so y ' — -. Thus, the two families are orthogonal to each other. 

x x 



b. 

















\ — \ 




— \ 




— \ 




-f-\ — 1 



4" 



2- 



0 



-2- 



-4" 




-4 -2 0 



52. a. x 2 + y 2 = => 2x + 2yy' = c, but c — 



x 2 + y 2 



x 



, and so 



2x + 2yy' = 



x 2 + y 2 
x 



+ y" „ x 2 + y 2 - 2x 2 y 2 - x 2 



a 2 + y 2 
2yy' — 2x — 



x 



x 



X 



y = 



y 2 -x 2 
2xy 



x 2 + y 2 = ky =^> 2x + 2yy r = ky f 



X 2 -\- y 2 

y' = - — ^— , but k = , so 



2x 



2x 



2x 



k-2y 

2xy 



y 



x 2 + y 2 x 2 + y 2 - 2y 
- -2y 



2 ? * 

y z — x L 



y y 

So the two families are orthogonal to each other. 



b. 




-5 



0 



53. a. 2x 2 + y 2 = c => Ax + 2yy' = 0 y' = - — and y 2 = kx => 2yy r = fc, 

y 



y 



but /: = 



y r = — = = — , so the two families are orthogonal 

2y 2y 2x 



to each other. 



b. 



2- 



0 



-2- 



-4 




-2 0 
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9x 

54. a. 9x 2 + Ay 2 = c 2 => 18jc + Syy' = 0 => y' = - — and y 9 = kx 4 

Ay 



b. 



9y % y' = Akx 



. Akx 3 t i y 9 , 
y — 8 , but k — — and so y = 



9y 



Ax 3 y 9 Ay 



the two families are orthogonal to each other. 




-4 



-2 



0 



55. a. If we move in the direction given by the tangent line to the contour 

curve at A, then we are neither moving up nor moving down the hill. 

It seems reasonable, therefore, that if we move in the direction that is 
perpendicular to the tangent line, we will be descending at the 
greatest rate. 



b. 



In view of the explanation given in part a, we should start at A, 
moving in a direction perpendicular to the contour line at A, and 
proceed until we hit the next contour line. Repeat the process until the 
point B is reached. 




56. a. 




b. A member of the family that is orthogonal to the family of isobars gives 

the direction of flow of air from a region of higher pressure to one of lower 
pressure. 



d 



d 



57. True. Differentiating both sides of the equation with respect to x, we have — \f (x) g (y)l = — (0) 

ax '• 



/Ws'W? + /'W?W = o dy 



dx 



f to g (y) 



dx f (x) g> (y) 



, provided / (jc) # 0 and g' (y) # 0. 



dx 



d r -.d 

58. True. Differentiating both sides of the equation with respect to x, — [f (x) + g (y)\ = — (0) 



dx 



dx 



f'(x)+g' (y)^r=o 

dx 



dy 
dx 



fix) 

g' (y) ' 




Concept Questions 



1. Suppose x and y are two variables that are related by an equation. Furthermore, suppose x and y are both functions of a 
third variable t. (Normally, t represents time.) Then a related rates problem involves finding dx/dt or dy/dt. 

2. Step 1 Assign a variable to each quantity. Draw a diagram if needed. 

Step 2 Write the given values of the variables and their rates of change with respect to t. 
Step 3 Find an equation giving the relationship between the variables. 
Step 4 Differentiate both sides of this equation implicitly with respect to t. 

Step 5 Replace the variables and their derivatives by the numerical data found in step 2 and solve the equation for the 
required rate of change. 
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| 2.8 Related Rates 





9 i ~~ ~ dx „ dy dy x dx T „ „ dx ^ , dy 3^3 

1. x z + y z = 25 => 2x h 2y— = 0, so — = . If x = 3, y = -4, and — = 2, then — = 2 = -. 

dr dr dt y dt dr dr -4 2 

^ ~ ^ „ ndy ^ 0 dx n dx y dy 

2. y 3 - 2x 3 = -10 => 3y 2 — - 6x 2 — = 0, so — = Ar — . 

dr dr dr 2x 2 dr 

dy dx 4 _ 

If x = 1, y = -2, and -- = -1, then — = - (-1) = -2. 

dr a? 2 

a 2 o^o rf * , 2^ a dy lydx Tf o o ^ J * q ,k dy 2 W r*\ 

3. x^y = q => 2xy h x — = 0, so — — . It x = 2, y = 2, and — = 3, then — = (3) = —6. 

dr dr dr x dt dt dt 2 

0 n dy dy dx „ dx n dx x + 2y dy 

dy dx 1 — 2 

If x =\,y = -1, and -- = -2, then — - = (-2) = -2. 

dt dt 2—1 

? dx dy dy 2 sin x cos x dx 

5. shr x + cosy = 1 => 2 (sinxcosx) — (siny) — - = 0, so — - = : — . 

dt dt dt siny dt 



7T iz dx ^ dy 2 (ir) ffl V3 
It x = — , y = — , and — = , then — — — = 1. 

4 1 3 dt 2 dt V3 2 

~T 

, . ^ d x > dy / 9 \ dx dy 4 cos y — 7r sec 2 x dx Tr 7r 

6. 4x cos y — 7r tan x — 0 => (4 cos y) (4* sin y) I 7r sec z x ) — = 0 => — = ■ . If x — — , 

dt dt \ J dt dt 4xsiny dt 6 

7T dx 1 . dy 4 ffl~ 7r (^) 6V3-47T 

y = — , and — = 1, then — = = . 

6 dt dt a cn\ ( l\ 7T 



(f ) (i) 



% dV „ odx 
7. a. V = x 3 => — = 3x 2 



dt dt 

dx dV 



b. When x = 10 and — = 0.5, we have = 3 ( \0 2 ) (0.5) = 150 in 3 /s. 

dt dt \ / 



dV rydh dr ( dh dr 

8. a. Differentiating the given equation with respect to t, we obtain — — = 7rr z — - + 2irrh—- — nr I r— - + 2h 

dt dt dt \ dt dt 



dt ' dt 



dr dh dV 

b. Substituting r — 2, h = 6, — = 0.1, and — = 0.3 into the expression for — , we 

dt dt dt 

dV * 
obtain—— = 7r (2) [2 (0.3) + 2 (6) (0.1)] = 3.67T, and so the volume is increasing at the rate of 3.6-7T hr/s. 
dt 

^ ~ 9 9 dx ^ dy „ dy 2x dx T „ „ . dx ^ % dy 6 ^ N . , 

9. 2x 2 - y 2 = 2 4x— - - 2y-- = 0, so = -. If * = 3, y = -4, and — = 2, then -- = — - (2) = -3 umts/s. 

dt dt dt y dt ^ <fr -4 

_ A 0 ^dy ^ dy ^dx ^ dy _ ^ ^ ^ dy 3 dx _ 

10. 3y + 4y 2 + 3* = 4^3-^ + 8y-i+3— = 0^ -Z(3 + 8y) = -3— ,so-jl = -— — ■ — Afx = l,y = -l,and 

dt dt dt dt dt dt 8y + 3 dt 

dX = 3, then % = | (3) = | units/s. 

with rpcnprt tn f wp nht^in _^ v 

V 2 / dr dx/dr 

dy/dt 1 9 9 

a. - — < 1 ^> ^x A — 1 < 1 ^> x L <4o-2<i < 2, so the y-coordinate of the particle is changing at a slower rate 

than that of the x -coordinate in the interval (—2, 2). 

dy/dt 9 

b. - — — - = l=>x z =4<=>x = ±2, so the rates of change of the two coordinates are equal at x = ±2. 

dx/dt 

dy/dt 1 9 9 

c. - — — - > 1=> jx^ — 1 > \=> x A > 4 <=> x < — 2 or x > 2, so the y-coordinate of the particle is changing at a faster 

dx/dt L 

rate than that of the x -coordinate for x < —2 and for x > 2. 



11. Differentiating both sides of the equation with respect to t, we obtain -j- = (j^x 2 — 1^ 



• ^ /1 9 A dy/dt | 2 
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dx 

12. We are given that v = — - = k^/x, where k is the constant of proportionality. Differentiating both sides of the equation with 

at 



dv d 2 x /, I/? \ dx i / 1 \ , x i 9 
respect to t gives — - = — ^ = k i^x > \ — — = ^k I — = I [k^/xj — jk , Using Newton's Second Law of Motion, 

d t dt ^ ' dt \ -y/ x 9 



we 



d dv 1 9 

find that the force acting on the particle is F = — (mv) — m — — lk z m, a constant. 

dt dt z 

9 dA dr 

13. A — 7rr z . Differentiating with respect to t, we obtain — = 2nr — . When the radius of the circle is 60 ft and increasing 

dt dt 

dA 
dt 

dV a * 

14. Let V denote the volume of the soap bubble, and r its radius. We are given — — = 8. From the formula V = ^7rr , we find, 



at the rate of ^ ft/s, — — = 2-7T (60) ( j) = ^ 7r ^ 2 ^ s - The area is increasing at the rate of approximately 188.5 ft 2 /s. 



dt 

• • ^ /4\ / 9 dr\ , ? </r dr dV/dt ttti 

upon differentiating with respect to t, = 1-1 I 37rr z — ) = 4-7rr^— , so — = — — — . When r — 10, we have 



dt V 3 / V dt J dt' dt Aizr 2 

dr 8 



— - 0.0064. So the radius is increasing at the rate of approximately 0.0064 cm/s. From s = 4-nr 2 , we find 

dt An (10 2 ) 

ds dr dr ds 

— = 4-7T (2r) — — Sirr — . Therefore, when r = 10, we have — ^ Sn (10) (0.0064) — 1.6, so the surface area is 
dt dt dt dt 

increasing at the rate of approximately 1.6 cm 2 /s. 

dV 

15. Let V and S denote its volume and surface area. Then we are given that = kS, where k is the constant 

dt 

of proportionality. But from V = ^-nr 3 , we find, upon differentiating both sides with respect to t, that 

— — ( inr^ — Aizr 2 — —kS — k (47rr 2 Y Therefore — = k, a constant. 

dt dt \ 5 ) dt V / dt 

16. * 4 - Ax 2 + 2x 2 y 2 + Ay 2 + y 4 = 0 => 4* 3 - - 8* — + 4*y 2 - + 4* 2 y^ + 8y^ + 4y 3 ^ = 0 => 

dt dt dt dt dt dt 

dy 8x — Axy 2 — 4x 3 dx 2x — xy 2 — x 3 dx .... o o a 

I = 4 X 2y + ly + 4y^ = y^ + y^ + 2) ^ = ^"^ 1 -4 + 2^ +4^ + / = 0=» 

/ + 6 ^ 3 = 0,( J f + 6(^)-3 = 0,^^^ = ^ = -3 ± 2V!. 
Since the car is in the first quadrant, y = Therefore, at the point 

^ 2 (1) - 1 (-3 + 2V5) - 1 20 (4 - 2V3) 

— = r^r (—20) = ^ -4.54. So the car is moving at a speed of 

dt ^2^3 - 3 [l + 2 + (-3 + 2V3jJ 2V3V2V3-3 

approximately 4.54 mi/h in the negative y -direction. 

djc d ~y 

17. Differentiating x 2 + y 2 = 13 2 = 169 with respect to t gives 2x h 2y — = 0 

dt dt 

dy x dx o 

=> — = . When x = 12, we have 144 + y 2 = 169 => y = 5. Therefore, 

dt y dt / y 

when x = 12, y = 5, and ^ = 8, we find 2 (12) (8) + 2 (5) ^ = 0 => 

dt dt 

dy 

— = —19.2, so the top of the ladder is sliding down the wall at 19.2 ft/s. 
dt 

9 9 dx dy dy x dx 

18. Differentiating x L + y z = 400 with respect to t gives 2x — + 2y — = 0 => — = — . When x — 12, we have 

dt dt dt y dt 

144 + y 2 = 400 => y = V256 = 16. Therefore, with x = 12, ^ = 5, and y = 16, we find 2 (12) (5) + 2 (16) % = 0 

— = —3.75, so the top of the ladder is sliding down the wall at 3.75 ft/s. 
dt 
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oo dx dp dx 9p dp 

19. IOOjc 2 + 9p 2 = 3600 => 2()(k— - + 18/; 4" = 0 => — = -77^—7- 

dt dt dt lOOx dt 



. When p = 14, lOOx 2 + 9 (l4 2 ) = 3600 



J/7 



0** 



x = V18.36, and — = —0.1, — = _^1HLL_2^1 % 0.029, so the quantity demanded is increasing at the rate of 

dt dt 10071836 

0.029 thousand, or 29 packs per week. 



20. a. V = xyz 



dV d r 1 d , . dx ( dz dy\ dx 

= -.[* M = ^ 0*) + ^ = - (3^ + + yz 



dt dt 



dt 



dt 



dz dy dx 
xy~r + xz— + yz 



dt 



dt 



dt 



dx dy dz 

b. When x = 3, y = 5, z = 10, — = 0.2, -f = 0.3, and — = 0.1, 

dt dt dt 



dV_ 

dt 



= (3) (5) (0.1) + (3) (10) (0.3) + (5) (10) (0.2) = 20.5 in 3 /s. 



21. D 2 = ;t 2 + 90 2 = x 2 + 8100 



dD „ dx 
2D = 2x 



dt 



dD x dx , dx ( . , 

— . When x = 30 and — - = —22, we find 

dt dt D dt dt 



dD 



30 



dt V30 2 + 8100 



(—22) ~ —6.96. The distance is decreasing at the rate of approximately 6.96 ft/s. 



22. D 2 = x 2 + 4 



2D = 2x — 

dt dt 



dx D dD 

— = — . When x = 12 and 

dt x dt 



pulley 



dD 
dt 

dx 



= -1, we have D = V144 + 4 = 2^37, and so 

2V37 737 

(— 1) = — « —1.01, so the boat is approaching the 




12 v ' 6 
dock at approximately 1.01 m/s. 



bow of boat 



23. y = 10" 10 (x 4 - 



2000* 



) 



dy 1 n 

— = 10- 10 

dt 



(4x 3 - 



6000.x 



2 



) 



dx 
J/ 



.lfx = 1000 and 



d* 



= 50, 



dy 
dt 



= 10- 10 



[4 (1000) 3 - 6000 (1000) 2 j (50) = - 10, so the depth is increasing at the rate of 10 ft/s. 



24. By similar triangles, 



x-y 



x 



6_ 
15 



2 5 

x — y = ±x => x = ^y 



dx 5 dy dy dx c 1() 

—- = - —-. When — = 4, — = I (4) = 4f , so the tip of the shadow is 
or 3 a? dt dt 3 3 

moving at 6| ft/s. 



15 




25. The volume V of the water in the pot is V = nr 2 h = n ^4 2 ^ h = 167r/z. Differentiating with respect to we obtain 
dV dh dh dV 

—— — 167T — . Therefore, when — = 0.4, we find — = 167T (0.4) ^20.1, so water is being poured into the pot at the 

dt dt dt dt 

rate of approximately 20. 1 in 3 /s. 



26. D 2 =x 2 + y 2 ^D = y /x^ 2 ^2D^-=2x^ + 2y^ 

dt dt dt 



dD 
dt 



we have 



x 



dx 
It 



dy 



y 



"A* dx dy 

2L. When x = -20, y = 28, — = -9, and — = 11, 

D dt dt 



d_D_ _ (-20) (-9) + (28) (11) 
dt ~ 



y ( _ 20 ) 2 + (28) 2 



14.18, so the distance between 



the cars is increasing at the rate of approximately 14.2 ft/s. 
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27. Let D denote the distance between the two cars, x the distance traveled by 
the car heading east, and y the distance traveled by the car heading north. 

Then D 2 = x 2 + y 2 = 



dD ^ dx „ dy 
2D — = 2x— + 2y y 



dt 



dt 



dt 



dD 
dt 



dx dy 
* — + y 



dt 



D 



When t = 5, x = 30, y = 40, ^ = 2 (5) + 1 = 11, 



dt 



dy 



and — = 2 (5) + 3 = 13. Therefore, 
dt 

dD (30) (11) + (40) (13) 



dt 



V900+ 1600 



= 17 ft/s. 



o 1 Jy 

28. tan 0 = — => sec 2 0 — = -. We want to find — when z = 30. But 

20 dt 20 dt dt 



when z = 30, y = V900 - 400 = V500 = 10^5 and sec 0 = = |. 
Therefore, with 



7T 



= — rad/s, we find 
dt 2 



dy _ o ^ <i0 
— = 20 sec 2 6 = 

dt dt 



2 



29. D 2 = + y 2 



dt 



dx 



7T 

2" 



45tt 



70.7 ft/s. 



as in Exercise 25. When ? = j, 



dx 



x = -120 + A (25) = -107.5 and y = i (20) = 10, and with — = 25 

z z dt 

dy _ , (-107.5) (25) + 10(20) 
and — = 20, we have = 2 . ;v y — % -23.04, so the 

dt V107.5 2 + 10 2 

distance is decreasing at the rate of about 23 km/h. 






30. Let x (t) and y (t) denote the distances covered by ships A and B 
respectively after t hours. Then by the Law of Cosines, the distance 
between the two ships is 



D = yjx 2 + y 2 - 2xy cos 45° = J x 2 + y 



— V2xy 



dD 
dt 



dx dy \P1 ( dy dx 
x— + v- — I x— - + y 



dt 



dt 



dt 



dt 



yjx 2 + y 2 - y/2xy 




dx dy dD 18- 18 + 20-20- ^(18-20 + 20- 18) 
When t= 1, x = 18, y = 20, — = 18, and — = 20, so = 2 % 14.66, so 

dt dt dt V18 2 + 20 2 -V2- 18-20 



the distance is increasing at approximately 14.7 km/h. 

31. P 5 V 1 = C => V 1 = CP~ 5 => IV 6 — = -5CP~ 6 — 

dt dt 

dP dV 
V = 4 L, P = 100 kPa, — = -5 kPa/s, we have 



dV_ 

dt 
5 4 



5C dP 5P 5 V 1 dP 



5V dP 



7P 6 V 6 dt 7P 6 V 6 dt 



IP dt 



. When 



dt 



dt 



7 100 



(-5) = - 



L kPa 



7 VkPa 



H 



= = L/s. 



32. V = //? 




J/? JZ ttti *iZ 1 , V 12 „ , 
= I h Z? — . When V = 12, I = 2, = 2, and — = -, we have 7? = — = — = 6 and 

rff dt dt dt dt 2 7 2 



— = — -, so the resistance is falling at the rate of i Q/s. 
dt 2 L 
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y 2 \ 1/2 dm m 0 I v 
33. m = m 0 \ 1 - — | => — = — —II- 



-3/2 



mQV 



dv 



2 i- 



v 



2\ 3 / 2 ^ 



. Whenu = 2.92 x 10 8 and 



dv ^ dm 

= a = 2.42 x 10 5 , 



(9.11 x 



10 



-31 



dt 



dt 



(2.98 x 10 8 ) 



2 



) (2.92 x 10 8 ) (2.42 x 10 5 ) 

LS L± L % 9 1 

/ 2.92 x 10 8 \ 
~^2.98 x 10 8 J 



the rate of approximately 9.1 x 10 32 kg/s. 



x 10 32 , so the mass is increasing at 



1 1 1 

34. - = — + — 

R R\ Ri 



R\ +R2 
R\Ri 



R = 



R { +R 2 



dR 
dt 



( dR 2 dR 



dt 



l \ R R ( dR l + dR 2 



(R\ + R2) 2 



2 dR 2 +R 2^_ 

2 ^-.When* 1= 60,^=2, 



dt 



(R\ + R2) 2 



dt 



_ dR 2 „ dR 60 2 (-3) + 90 2 (2) 54 

R 2 — 90, and — —3, we have — = ^ = , so the resistance of the equivalent resistor is 

1 dt dt 150 2 225 M 

changing at a rate of ^ QJs. 



dx 

35. We are given that — = 264. Using the Pythagorean Theorem, 

dt 

s 2 = x 2 + 1000 2 = x 2 + 1,000,000. Differentiating both sides of this 

ds dx 

equation with respect to t, we have 2s — = 2x — and so 

dt dt 



ds x (dx/dt) 
dt s 



. Now when s = 1500, we have 1500 2 = x 2 + 10,000 



___ _ r ds V 1,250,000 • 264 

x = V 1,250,000. Therefore, — = t ' « 196.8, so the 

dt 1500 

aircraft is receding from the trawler at a speed of approximately 196.8 ft/s 



1000 



Trawler 



x 




36. Let D denote the distance between the plane and the radar station. Then 

1000 -y . 1 
= sin 30 = - 

2 

V3 



D 2 = x 2 + y 2 , but — - = sin 30° = -, so 



z 



y = 1000 - Az = 7 (2000 -*)=>- = cos 30° = 

z z z 

Therefore, 
D 2 = ^ 



r - ^7 

A — ~^~Z- 



2 



(^z) + [£(2000-z)] 
= \z 2 + I (2000 - z) 2 = I [3z 2 + (2000 - z) 2 ] => 

dD 1 dz ^/D (2z- 1000)J 

2/)^l = i [6z - 2 (2000 - z)] ^ => ^ = ^ 

^4 



30 



o 









pi.™ 1 1000 ->• 

Plane^3Qo j ^ 














1000 














\ 1 






\ | 






» 







Radar Station 



(2z - 1000) 



dz 
dt 



2D 



^3z 2 + (2000 - z) 2 



. When y = 1000 and 



dz dD -1000 (-600) 

= —600, z = 2000 — 2y = 0 and — — — — — 300, so the distance is increasing at a rate of 300 ft/s. 



V2000 2 
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37. a. 7 2 = 3 2 + x L - 2 (3) x cos 6 = 0 => x z - (6 cos 6) x - 40 = 0 



2 



2 



b. 2x — - (6cos0) — + (6smG)x d ® 



dx 



3x sin 6 dO 



dt 



dt 
dO 



dt 



dt 3 cos 6 — x dt 




x 



When 6 = f and — = 60 (2tt) = 1 20tt rad/s, - (6cos f ) * - 40 = 0 <=> x 2 - 3x - 40 = 0 <=> 

6/ t 



3 (sin f ) 8 



^ I dill 

(x-8)(x + 5) = 0oi = 8or —5. We reject the negative root, so — = ^ — - 

dt 3 cos -j- — o 

38. The distance between the plane and the aircraft carrier is 

D = y[{x - 300 2 + v 2 = ^a: - 30f) 2 + (0.001 jc 2 ) 2 = [(* - 300 2 + 0.000001* 4 ] 1/2 : 

= z I (* - 3 °0 + O.OOOOOlx 4 I 



• 120tt% -1205.5 m/s. 



2 (jc - 30?) ~ 30 ) + 0000004 -* 3 ^ 



When t = 10, x = 1000, and — = 500, we have 

dt 

dD 



= i [(1000 - 10 • 30) 2 + 0.000001 (lOOO 4 ) J [2 (1000 - 30 ■ 10) (500 - 30) + 0.000004 (lOOO 3 ) (500) 



dt 



1088.76 



so the distance is increasing at approximately 1089 ft/s. 



39. D 2 = x 2 + y 2 + 100 : 



dD d / 9 9 \ ^ 

= — (x 2 + y 2 + 10,000) = 2.x — 
V / dt 



2D = 

dt dt 



+ 2y 



dy 
dt 



helicopter 



dD 



dx dy 
x— + y 



dt 



dt 



dt Jx 2 + y 2 + 10,000 



. When x = 200, y = 1000, 




= 20- |8 = §8 ft/s, and ^ = -88 ft/s, then 



oil rig 



tender 



JZ) 200- f + 1000 (-88) 
^ V200 2 + 1000 2 + 10,000 

at the rate of approximately 80. 15 ft/s or 54.6 mi/h. 



—80.15, so the distance is decreasing 



y x 

40. By similar triangles, — = — 
J 6 42 



x — ly. At a height of y ft 



42 



(where y < 6), the area of the cross-section is 

A — -jxy + 13y = \ (ly) y + 13y = \y 2 + 13y. The volume of 

water is the product of the area of a cross-section times the width 

dV 




v/~\i^ vy^V/ 



"f 



of the pool; that is, V = 30A = 105y z + 390y 



dt 



= (210y + 390) 



dy dy 



dV/dt 



dt dt 210y + 390 



. When y = 4 



dV dy 600(0.1337) 

and = 600 (0.1337), we find that — = 7 — - « 0.065513. So the water level is rising at the rate of 

dt dt 210 (4) + 390 6 

approximately 0.0655 ft/min. 
41. After 10 s, the drill bit has traveled h = 0.05 • 10 = 0.5 in. and the cross-section of the Plexiglas 
block has the shape shown in Figure b. When the drill bit is h in. from the top of the Plexiglas block, 
the volume of material removed is the sum of the volume of a cone and the volume of a cylinder: 



V = 



d/z , dV 
and 



dt 



dt 



7T 



7T 



= - (0.05) = — * 0.04 in 3 /s. 

,= 10 4 80 
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42. a. With r 0.07, we have P = 



250,000 (0.07) 



12 



1 



-(i + ^) 



-360 



— 



$1663.26. 



b . P= 25(W0 r [i _(i + £)-360j 
dP 



-1 



_ 250,000 



( [i " (i + I,)" 360 ]" 1 -[!-(! + ^)- 36 T 2 [ 360 0 + n)" 361 (A)] } 



dr_ 

dt 



dr 



When r = 0.07 and — = 0.0025, we have 



dt 



dP _ 250,000 



1 



-(l+w) 



-360 



-i-l 



-0.07 



1 



-(i+W) 



-360 



i-2 



360(1 + ^)- 361 (^) 



(0.0025) 



$41 .97/month per month 



So the monthly repayment is increasing at the rate of $41.97 per month. This means that if the Garcias secure the loan 
one month later, they will have to pay approximately $42 more per month for the mortgage. 




1. The differential of x is dx. The differential of y is dy — f (x) dx 

2. Ay = / (x + Ax) - f (x) » dy 



y=m 



f(x + Ax) 




1. a. y = x 2 + 1, Ax = dx = 2.02 -2 = 0.02, and Ay = (2.02 2 + l) - (2 2 + l) = 0.0804. 

b. y' = 2x, dy = y' dx = 2x dx, and Ay « dy = 2 • 2 • 0.02 = 0.08. 

c. Ay - dy = 0.0804 - 0.08 = 0.0004 

2. a. y = 2x 3 - *, Ax = dx = 1.97 -2 = -0.03, and Ay = (2 • 1.97 3 - 1.97) - (2 • 2 3 - 2) = -0. 

b. y' = 6x 2 -l,dy = y' dx = (6x 2 - l) dx, and Ay « dy = ^6 • 2 2 - ij (-0.03) = -0.69. 

c. Ay - dy = -0.679254 - (-0.69) = 0.010746 

3. a. w = «J2u + 3, Aw = = 3.1 - 3 = 0.1, and Aw = ^J2 (3.1) + 3 - y/2 (3) + 3 % 0.033150. 

b. «/ = — y/2u + 3 = — — - (2w) = . din — w'du = . du, and 

du 2^2u + 3 du ^2u + 3 V2w + 3 

Aw^dw = , 1 (0.1) % 0.033333. 

V2(3) + 3 

c. Aw -dw^ 0.033150 - 0.033333 = -0.000183 



679254. 
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4. a. y = 



i, Ax = dx = 1.02 - 1 = 0.02, and Ay = — - -0.019608 

x 1.02 1 



b. y f = 



c. Ay 



1/1 1 

- dy = /d* = ^ dx, and Ay ^ dy — — ~ (0.02) = -0.02. 

x z x z l z 

- « -0.019608 - (-0.02) = 0.000392 



5, 
6, 



/ (x) = 2x 2 - 3x + 1 => /' (x) = 4x - 3, so d/U =1 = /' (l)dx = (4 - 1 - 3)dx = dx. 

/ ( x ) = x 4 - 2x 3 + 3 => /' (jt) = 4x 3 - 6x 2 , so d/|^ =0 = /' (0) dx = (4 • 0 - 6 • 0) dx = 0. 



7. / (x) = 2x x l A + 3X" 1 / 2 => f (x) = 



8. / (x) = V2x 2 + 1 => /' (x) = 



1 



2x 3 /4 2 x 3 / 2 

1 . 2 * 

• Ax = 



, so df\ x= i — f (l)dx = — dx. 



2y/2x 2 + 1 



V2x 2 + 1 



,sod/ U =2 = / / (2)dx = 



2(2) 



V2 (4) + 1 



dx = i dx. 



9. / (x) = x 2 (3x - l) 1 / 3 => f (x) = x 2 (±) (3x - I)" 2 / 3 (3) + (3x - l) 1 / 3 (2x) = 



x (7x - 2) 
(3x - l) 2 / 3 



, so 



3 (21 — 2) 

df\ x=3 = f (3) dx = — dx = %_ dx. 



(9 - l) 2 / 3 



4 



10. / (x) = 



x 



3-1 



X 



/'(*) = 



(x 3 - l) (2x) - x 2 (3.x 2 ) 



(x3 - 1) 



x + 2x 

(* 3 - 1) : 



, so 



df\ x= - X =f (-l)dx = - 



1-2 
(=2)2 



dx = A dx. 



11. / (x) = 2sinx + 3cosx =^> /' (x) = 2cosx — 3sinx, so df\ x=n /4 = f (^) dx = (2 cos ^ — 3 sin J) dx = — ^ dx. 



12 



/ (x) = x tanx => /' (x) = tanx + x sec 2 x, so d/| x=7r /4 = f (^) dx = ^tan -j + -j sec 2 ^ 



^ dx = 



2+7T 



dx. 



13. / (x) = VI + 2cosx => /' (x) = 



1 



2V1 + 2cosx 



(— 2sinx) = — 



sinx 



VI + 2cosx 



, so 



df\ x =n/2 = f (?) dx = - 



sinf 



dx = —dx. 



14, 
15 



/ (x) = sin 2 x => f (x) = 2 sinx cos x, so df\ x=7r /6 = f (^) dx = 2 sin ^ cos ^ dx = dx. 

/(*) = x 3 + 2x 2 =^> f (x) = 3x 2 + 4x. At a = 1, we have 
L(x) = /(l) + / / (l)(x-l) = (l+2) + (3 + 4)(x-l) = 7x-4. 



16. /(x) = V2x + 3 => /'(*) = I(2x + 3)" 1 / 2 (2) = 



1 



V2x + 3 



. At a = 3, we have 



L (x) = / (3) + /' (3) (x - 3) = V2 • 3 + 3 + 



1 



(x — 3) = Ax + 2. 



17 

18, 



V2 • 3 + 3 v " ~' 3 

/ (x) = x 2 / 3 => /' (x) = fx -1 / 3 . At a = 8, we have L(x) = f (8) + /' (8) (x - 8) = 8 2 / 3 + fs -1 / 3 (x - 8) = \x + | 
/ (x) = sinx f'(x) — cosx. At a = ^, we have 

L(*) = /(f) + /'(f) (x-£)=sin£ + cos2J(x-^) = ^x+^(l-2J). 



19. /(x) = V^T3^/'W = 



1 



. At a = 1, we have 



2V* + 3 

L (x) = / (1) + /' (1) (x - 1) = 2 + \ (x - 1) = \x + J. Thus, 
Vl9 = V0.9 + 3 « L (0.9) = | (0.9) + | = 1.975 and 
V5T = VI- 1 + 3 % L (1.1) = | (1.1) + J = 2.025. 



2-- 



1 -: 



0 





1 f 




1 


\ 




















\ 




1 1 


1 \ 




1 h 

















-4 -2 



0 
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20. / (x) = ^7 => f (x) = I (1 - x)~ 2/3 (-1) = - 



1 



3(1- jc) 2 / 3 



. At 



a = 0, we have L (jc) = / (0) + /' (0) (* - 0) = 1 + jc = + 1. 

Thus, J/035 = ^1 - 0.05 % L (0.05) = (0.05) + 1 % 0.9833 and 
^T05 = %l - (-0.05) % L (-0.05) = -\ (-0.05) + 1 « 1.0167. 




-4 -2 



0 



21. For 1.002 3 , let / (jc) = jc 3 and a = l. Then /' (jc) = 3x 2 , so L(x) = f (1) + /' (1) (jc - 1) = 1 + 3 (1) (jc - 1) = 3x - 2. 
Thus, 1.002 3 « L (1.002) = 3 (1.002) - 2 = 1.006. 



1 



22. For VoTI, let / (jc) = jx and a = 64. Then f (x) = — — , so 

2-s/x 

L(x) = f (64)+/' (64) (jc - 64) = V64+— != (jc - 64) = tIjc+4. Thus, VoT8 « L (63.8) = X (63.8)+4 = 7.9875. 

2V64 ° ° 

23. For ^3L08, let / (jc) = */x and a = 32. Then f(x) = ^jc -4 / 5 , so 

L (jc) = / (32) + /' (32) (jc - 32) = ^32 + I (32)" 4 / 5 (jc - 32) = 2 + fa (jc - 32) = fax + § . Thus, 
-</3L08 « L (31.08) = ^ (31.08) + | = 1.9885. 

24. For sin 0.1, let / (jc) = sinjc and a = 0. Then /' (jc) = cosjc, so L (jc) = / (0) + /' (0) (jc - 0) = jc. Thus, 
sinO.l % L(0.1) = 0.1. 

25. The volume of a cube of side jc is V = / (jc) = jc 3 . The error in the computed volume is AV = f (jc) dx = 3jc 2 dx, where 

AV 3jc 2 dx dx 

dx is the error in measuring the side length. The maximum error in the volume is = ^ — = 3 — = 3 (0.02) = 0.06, 



V 



x 



x 



or 6%. 



26. A = 7it 2 , r — 53,200, and dr — 15, so the area of the ring is approximately 
dA = 2tit dr = 2tt (53,200) (15) « 5,014,000 km 2 . 

27. P' (jc) = -^jc + 7, so AP % dP = P' (jc) dx. When jc = 24 and dx = 2, AP « (24) + 7] • 2 = 2, or $2000. 

27rr^ 

28. a. V = f 7rr 3 + Trr 2 (6) = — — (2r + 9) 



b.v = f 



7rr 3 + 6-7IT 2 , so dV = (4irr 2 + 127rr) dr = Aizr (r + 3)dr and 



AV dV 4nr(r + 3)dr 6 (r + 3) , XT7l , 1f „ , 6(7) _ rt _ 

v 7 K J dr. When r = 4 and dr = 0.1, — = • 0.1 « 0.062, or 6.2%. 



§ Trr 2 (2r + 9) r (2r + 9) 



V 4(17) 

4 



kl , 4kl , 4kl AR dR 4kl r* dr dr 

29. R= —r=> R' = =-, so AR % dR = R'dr = ^ dr . « — = dr • — = -4 — , so when — = 0.1 or 



R 



R 



kl 



10%, we have 



AR 



—4 (0.1) = —0.4, so the resistance decreases by approximately 40%. 




2tt 



AT 



dT 



ix dL 



l 1 / 2 => r = 



2tt 



1 



7T 



V# 2LV2 



If 



dL 

17 



< 0.005, then 



1 

2 



dL 



< \ (0.005) = 0.0025 or \%. 



31. r = 



27rr 3 / 2 



RV8 

change in the period is 3%. 



37rr 1 / 2 dr AT 

= y*r ar_ = A£_ 

RJg r T 



dT 3irr { / 2 dr R^g _ 3 dr 
~F~ RJg ' 27rr 3 / 2 ~ 2 T 



- (0.02) = 0.03, so the 
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32. S = kW 2 > 3 => S' = IkW-W. With k = 0.1, W = 280, and \AW\ < 0.5, we find 



AS dS 2,™- 1/3,™ 1 2JW 
— r ^ -r = ikW 1/3 dW ^ = - — - 

S S 3 kW 2 / 3 3 W 



AS 



2 (0.5) 

< — - — - % 0.00119, or about 0.12%. 



3 (280) 



33. / = kV, 



0 



dl = 



l^o 1/2 ^0. y 



1/2 



3kV { ^dV 0 1 



fey, 



= 3dVb 

3/2" 2 V 0 



When 



0 



dVo 

Vo 



= 0.1, we find 



AI dl 3dV 0 3 



= - (0.1) = 0.15, so the current will increase by 15%. 
2 V 0 2 

- 1 / 2 J /50 




dp 



7-*- 



250 



50 -/A 1 / 2 



J/?. When /7 = 40 and 



P 



P 



250 



dp — 2, Ax ^ rr-rr • 2 = —0.625, so the quantity demanded drops by 625 units per week. 



35. 



R = ±v 2 s'm20 
80 2 cos ? 



AR % dR = 



^ (cos 20) (2)d0. When 0 = £ and dO 



-0.5 (^ 



T8U; 



7T 

360 



A/? 



3 



16 



f — % -1.75, so it falls short by about 1.75 ft. 
V 360/ J 



36. R = ^ sin 20 => A/? % J/? = (sin 20) dv 0 => — » — = _ 
32 32 y R R 32 



2U0 (sin 20)^o 32 



Oq sin 20 



2dvQ 
«0 



. But 



dv ° = 0.001, so % 2 (0.001) = 0.002, so the range has an error of 0.2%. 



«0 



37. p = 



Ap 
P 

AP 



R 



55 



2x 2 + 



- =55 (2jc 2 + l) 



-l 



220.x 



P ' = 



J/7 



— 220.x 
(2x2 + !)2 



2*2 + 1 
55 



55 (4jc) _ 
(2x2 + !)2 " 

4x \dx\ 
(2x 2 + 1) ~ 2x 2 + 1 T 



(2x 2 + 1) 
4x 2 |Jx 



2" 



. When x = 2.2 and 



= 0.1, we have 



x 



4 (2.2) 



2 (2.2)2 + ! 



•0.1 « 0.181, so the maximum error in the predicted price is 18.1%. 



38. a. P = 



20,000r 



1 



r \ -360 



P' = 20,000 « 



1 



r x -360 



— r 



- (-360) ( 



1 + 



12 



) 



-361 1 



12 



1 - 



/ r \ -360 
( 1 + l2) 



n2 



20,000 



dP = 



1 



r \ -360 / r \ —361 

-30r f 1 + 



12 



1 



n2 



b. With r = 0.07 and = 0.002, dP « 32.24, so the monthly payment increases by $32.24. 
With r = 0.07 and dr = 0.003, dP % 48.35, so the monthly payment increases by $48.35. 



39. T = 0.0588 (l + ^f* => Ar * dT = T< ( x)dx = (0.0588) (|) (l + ^)' /2 (^) 



djc. When* = 22,000 



/ 22,000 \ 1/2 / 1 \ 

and dx = -500, AT % 0.0588 (1.5) f 1 + j / __ j (_5Q0) % -0.0285236 days % -41.07 minutes or 



—0.68 hours. So the period decreases by approximately 0.68 hours. 
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40. Here a = L = 10, h = 5, and dh = 0.1. D — a — a cos 



7r/z 
2L 



7T/z \ 7T 



= <2 sin 



2L / 2L 



. Therefore, 



1 



AD % d£> = — sin f — ^ J/z = — (sin ?) 0.1 = = 0.0056, so the difference in the deflection is 

\2L J 2-10 v 4; 



2L \2L 
approximately 0.0056 ft. 

AI dl k sec 2 4> d(j> 



800 



41. / = A: tan 0 



2J0 



7 7 IctBiufi sin 0 cos 0 sin 20 

error is smallest, and this occurs when <fi = 45°. 

A/i d/z 150 sec 2 OdO dO 



. The most reliable reading occurs when the relative 



42. h = 150 tan 0 

Ah 7T 



/z 



150 tan 0 



sin 0 cos 0 



. When 6 = £ and </0 = 0.01 (?), we find 



3 sin y COS y 



(0.01) = 0.024, or about 2.4%. 



43. True. Ay = f (x + Ax) — f (x) = (x + Ax) + b] — (ax -\-b) — a Ax. On the other hand, 

dy 



dy = 



dx 



• dx — adx — a Ax. 



x=a 



44 T C /7/>V I" f( X )~f( a ) |_ fW-f (Cl) r f( ,-r X „ C 

44. True. From f yd) = lim , we nave « / (a) it |;t — a| is small. So 

x->a x — <a x — a 

/ (x) « /' (a) (x - a) + / (a). 

45. True. Let y = ft (x). Then Ay = A (x + Ax) - ft (x) » ft' (x) dx = ft' (x) Ax = g' (/ (x)) /' (x) Ax, so 
ft (x + Ax) * g' (f (x)) /' (x) Ax + g (/ (x)). 



46. False. Let y = f (x) = Jx y x > 0. Then f' (x) = 



1 



2y/x 



> 0 for x > 0. If Ax > 0, then 



Ay = f (x + Ax) — f (x) = v*+Ax — V*" = 



Vx + Ax — 



dy = /' (x) Ax = — — Ax, and Ay = 

2«Jx 



y/x + AX + yfx 

Ax Ax 

= dy. 



(y/x + AX + *Jx) = 



Ax 



y/x + AX + yfx 



yfx + Ax + J~x 2+Jx 





1. 



a. /' (x) = lim 



f( x + h )-f(x) 



h 



b. limit 



c. tangent line; (a, f (a)) 



d. /(x);x; (a, f (a)) 



2. a. number; / (x) = |x|; 0 



e. y = f'(a)(x-a) + f(a) 
b. continuous; / (x) = |x|; 0; 0 



3. a. 0 



b. nx n ~ x 



d 



d 



cl 



dx 
d 



[c (f (x))] = cf (x); — [/ (x) + g (x)] = /' (x) + g' (x); — [/ (x) g (x)] = / (x) g' (x) + g (x) /' (x); 



/to 
dx lg (x) J 

dy 

dx 



dx 

g (x) f (x) - / (x) g' (x) 
[8 to] 2 



6. a. /'^r ^rtti/wi 

b. > 0; < 0; 0 



7. C"; /?'; P'\ C 



8. x;^(/(x))-/(x) 



]56 Chapter 2 The Derivative 
9. a. n[f(x)] n - 1 -f'(x) 

b. cos / (x) • f (x); - sin / (x) • f (x); sec 2 / (x) • f (x); sec / (x) tan / (x) • /' (x); - esc / (x) cot / (x) • /' (x); 
- esc 2 / (x) • /' (x) 

10. both sides; — 11. y; — ; a 

dx a* 

12. _l^y. _l^_ 13 a x 2 -xi b. / (x + Ax) - / (x) 

X <Zf X a? 

14. Ax; Ax; x; f (x) dx 




, ,. /(* + *■)-/(*) [(x + ^-2(x + / i )-4]-(^-2,-4) 

1. r (x) = lim — hm — 

/i->0 /z /*->() /i 

( x 2 + 2x a + * 2 -2x-2*-4)-(x 2 -2x-4) h(2x + h-2) 
— lim = lim 

/i->0 h /i->0 h 

, ,. /(* + *»)-/(*) ,. [2(x + A) 3 -3(x + / i ) + 2]-(2 J :3-3x + 2) 

2. / (x) = lim = lim - 

h^O h /t->0 h 



lim (2x - 2 + /i) = 2x - 2 



= lim 



(2x 3 + 6x 2 A + 6xA 2 + 2h 3 - 3x-3h + 2\ - (lx 3 - 3x + 2) 



h 



lim 



h (6x 2 + 6xh + 2h 2 - 3^ 



lim (6x 2 + 6x/z + 2/z 2 - 3^ 



= 6x 2 - 3 



3. 




4. 



-2 0 



-20 



6 x 




2 x 



5. a. /' (r) measures the rate of change of the amount of money on deposit with respect to the interest rate. The unit is dollars 

per unit change in interest. 

b. The sign of /' (r) is positive, because the amount of money on deposit increases as the interest rate increases. 

c. The change in the amount after 5 years is approximately [/' (6)] (0.01) = (60,775.31) (0.01) w $607.75. 

6. / is not differentiable at x = — 2 or at x = 5 because the graph of / has corners at the points corresponding to these values 
of x. / is not differentiable at x = 0, x = 2, or x = 3 because / is not continuous at these values of x. 



7. By comparing the given expression to the derivative of a function, we see that / (x) 

8. /' (x) = 6x 2 + 2x, so /' (1) = 8. 



= 3x 3 / 2 and a = 4. 



9. f (x) = ^- (±x 6 - 2x 4 + x 2 - 5) = 2x 5 - 8x 3 + 2x 
10. g ' (x) = — (2x 4 + 3xV2 _ j-1/3 + x -4) = 8x 3 + 3 x -l/2 + 1,-4/3 _ 4x ~5 



11. s' = 4" fa 2 ~ 4t~ l + ir 1 / 2 ) = 4t + At~ 2 - t~ 3 ! 2 = At + 4 " 

dt\ ) t 2 tJt 



d 



(x-l)(l)-(x+l)(l) 
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d ( t- 1 \ 
14. V (x) = — ( 



15. A' (w) = 



2x 2 + 3 



(2f + 1) (1) - (f - 1) (2) 
(2f + l) 2 

(2x 2 + 3) (l)-x(4jt) 
(2x2 + 3)2 



3 



(It + l) 2 



3-2* 



2 



(2x2 + 3 ) 



(«2 + l)(l M -l/2)_ M l/2 (2M ) 1 m 3/2 + 1 m -1/2_ 2m 3/2 



(« 2 + 1) 



2 



(« 2 + 1) 



2ju (u 2 + 1) 



16. b' = — 




2 



(l " ' 1/2 ) (20 - f 2 (-^ _1/2 ) 2f - 2?3/2 + 1,3/2 , (4 - 3Vf) 



-fl/2 



(1-/1/2) 



(1-/1/2) 



2(1- V*) 



17. g' (0) = — (cos6» - 2sin0) = - sinfl - 2cos0 

18. /' (x) = — (x tanx + secx) = tanx + x sec z x + secx tanx 

ax 

d 



2cosx 



19. /' (x) = — (x sinx + x 2 cosx^ = sinx + x cosx + 2x cosx + x 2 (— sinx) = ^1 — x 2 ^ sinx + 3x cosx 
dx \ 1 + sin x / 

21. ft' (0 = ± L 



t cosr 

+ tan? 




(1 + sinx) (—cosx) — (1 — sinx) (cosx) 

(1 + sinx) 2 ~ (1 + sinx) 2 

(1 + tan t) (cos t — t sin t) — (t cos t) sec 2 f cos t — t sin t + sin ? — t sin ? tan r — t sec f 



(1 + tanf) 



(1 + tanr) 



d 



22. f (x) = — (1 + 2x) 7 = 7(1 + 2x) 6 (2) = 14 (1 + 2x) 6 

dx 

d 
dt 



23. y = — (? 3 + 2r + l) = -| (r 3 + 2r + l) (3f 2 + 2) = -§ (3r 2 + 2) (r 3 + It + l) 

* ' «> - s (' 2 + i) 3 - 3 (' 2 + ?)' ( 2 ' - 2 '" 3 ) - 6 (' - ?) (' 2 + ?)' 



-5/2 



25. f (s) = !L ^ ^3 + j + ^ 3/2 J = ^3 + s + ^ 



3/2 



+ 5 



(»(• 



3 



+ 5 + 1 



) ^ (3^ + 1) 



= £ (* 3 + 5 + l) 1/2 (l Is 3 + 5s + 2) = I (l Is 3 + 55 + 2) (s 3 +^+l) VZ = \ V5 3 + 5 + 1 (l l5 3 + 55 + 2) 



1/2 



26. / = 



3/2 



3/l + / 2 \ 



1/2 



(1 - t 2 ) (20 - (1 + f 2 ) (-It) 



2\2 



(1 - t 2 ) 



3/ 1 + / 2 V 4? 



6r (l + r 2 ) 



1/2 



(l-? 2 ) 



2^/ 2 



27. / = — 



28. // (x) = 



d r 2? 1 o 


r(r+i) i / 2 (i)-?(y ( ? +i)-i/2i 


(f + I)" 1 / 2 [2 (/ + l) - r] r + 2 


«fc _(* + 1) 1 / 2 . ~ 

d |~ 1 +x 


t+i 

(lx 2 + l) 2 (l)-(l+x)2^2x 2 


? + J (V'+l) 3 
+ l) (4x) ^2x 2 + l) (2x 2 + 1 - 8x - 8x 2 ) 


dx _(2x 2 +l) 2 _ 
1 - 8x - 6x 2 


[(2x 2 + l) 2 ] 2 (2- 2 + l) 4 



(2x 2 + l) 3 

29. f (x) = — cos (2x + 1) = - sin (2x + 1) • 2 = -2 sin (2x + 1) 

dx 
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30. g' (0 = — \t 2 sin (nt + 1)1 = t 2 — sin (nt + 1) + sin (nt + 1) — (V 2 ) = tt? 2 cos (?rr + 1) + 2f sin (tt? + 1) 

at L J at \ / 

^ dx ( 



9 sin 2jc \ „ x cos 2jc • 2 — sin 2jc • 1 2jc cos 2jc — sin 2x 
+ —J - J = 2x + ^ = 2x + ~2 



32. // (jc) = 



J jc + 1 jc + 1 jc + 1 
sec = sec tan 



d 



dx x — 1 



-X — 1 x — 1 



(£)- 



jc + 1 *+l (jc- l)(l)-(*+ 1)(1) 
sec tan 



x — 1 x — 1 



(* - l) 2 



(jC-1) 



x + 1 x + 1 

sec tan 

x — 1 x — 1 



2 

dx 



33. w' = — tan - = sec 2 



2d_ /2\ 
xJi \jc/ 



2 9 2 
sec z - 

jc z x 



d 9 

34. y = — (sec 2x + tan 3x) = 2 sec 2jc tan 2x + 3 sec z 3jc 

Jjc 

35. w' — — cot 3 jc = 3 cot 2 jc cot* = —3 cot 2 x esc 2 jc 



<ijc 



dx 



36. /' (jc) = 



d 



dx 



tan (jc 2 + l) 



-1/2 



= sec 2 (x 2 + l) 



-1/2 J 



djc 



(* 2 + ■) 



-1/2 



= sec 2 (x 2 + l) 1/2 - (-i) (-^ 2 + l) J/Z (2x) = - 



-3/2 



(* 2 + o 



x sec 2 ( jc 2 + 1 



-1/2 



(x 2 + 1) 



3/2 



37. /' (*) = ± ( 



COS0 

"i 2 " 



02jL(c O s0)-(cos0)^(0 2 ) - e 2 sine _ 20cos 0 0sin0 + 2cos0 



0 



6> 



0 3 



38. y' = 



d rsin(2x + l)] (2x + l)cos (2x + 1) • 2 - sin (2x + 1) • 2 2[(2x + l)cos(2x + 1) - sin(2x + 1)] 



2x + 1 



(2x + l) 2 



(2x + l) 2 



39. /' (4) = 



(* 2 +l) (ix- 1 / 2 )-^^ (2 X ) 

(* 2 + I)' 



x=4 



17. 1. l _2-8 
(16 +1) 2 



47 



1156 



40 - /' (?) = cos (cos jc) ^ (cos jc) = - (sinjc) cos (cos jc) 1^/4 = - (sin ?) cos (cos f ) = cos ^ % -0.538 



7T/4 



41 



. / = — (x 3 + jc 2 - jc -1 ) = 3jc 2 + 2jc + x~ 2 = 3x 2 + 2jc + -, 
dx \ J x' 



y 



I! 



= — ( 3x 2 + 2jc + x~ 2 ) = 6x + 2 - 
dx V / 



x 



A 1 

42. g'(jc) = — (3JC+1)" 1 = -3(3jc+1)" 2 = - 



dx 



d 



g " (jc) = -3— (3jc + l)" 2 = 6 (3jc + I)"" 3 • 3 = 

<2JC 



-3 a _ 



(3jc + 1) 
18 



(3jc + l) 3 



43. / = 4- \x (2jc - 

dx L 




d 



(2x - l)!/2 + (2 X - l) 1 / 2 ^ (*) = jc (2) ( 2 * - 1)" 1/2 • 2 + (2jc - l) 1 / 2 



= JC 



djc 



= (2jc - l) _1 /2 [ X + (2jc - 1)] = 



3jc - 1 
V2x - 1 



/' = A [(3jc - 1) (2jc - l)" 1 / 2 ! = (3jc - 1) — (2jc - l)" 1 / 2 + (2jc - l)" 1 / 2 — (3jc - 1) 
dx L J Jjc Jjc 

= (3jc - 1) (-i) (2jc - I)- 3 / 2 (2) + 3 (2jc - l)" 1 / 2 = (2jc - l)" 3 / 2 [- (3jc - 1) + 3 (2jc - 1)] = 



d 



d 



3x-2 



(2jc - I) 3 / 2 
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f" (*) = - 



(x 2 + l) (1) - (x - 1) (2x) _ x 2 +2x + { 



(x 2 + 1) 



(x 2 + 1) 



x 2 - 2x - 1 
(* 2 + I)' 



dx 



x — 2x — 1 

L (* 2 + i) 2 J 



(x 2 + l) (2x - 2) - (x 2 - 2x - l) 2 (x 2 + l) (2x) 

(* 2 + I)' 



2 (x 2 + l) [(x 2 + l) (x - 1) - (x 2 - Ix - l) (2x)j 2 (x 3 - x 2 + x - 1 - 2x 3 + 4x 2 + 2x) 



(x 2 + 1) 



2 (x 3 - 3x 2 - 3x + l) 
~ (x 2 + l) 3 

45. /' (x) — ^— cos 2 * = 2 cos* (— sin*) — — sin 2* =^> /" (jc) = — -7- (sin2x) — —2 cos 2* 



(x 2 + 1) 



46. /' (x) = 



d 



dx 



= — (sin - ) 



— 1 = cos — 



L(_±) = _± C0S I 

t \ I 2 / X 2 x 



47 



,// ^ ^/l U P/.l\/l\ 2 11 1/ 1 1 . 1 \ 

/ (x) = -—- I -r- cos - I = - -r- I - sin - I • I j ) t cos - = -r I 2 cos sin - 

dx \x z x) \_x L \ x) \ x L ) x 5 x_ x 5 \ xx x) 

, d ( °\ 1 
. y = — I cot - I = — 

y dQ\ 2) 2 



11 



e 

cot — I = — csc^ — => 
2 1 2 2 

e 

csc z — I = — - I 2 csc — 



=-^( csc2 ?)=-H 




0 e 

csc — cot — 
2 2 



)GH 



9 e 0 

_ I — - csc z — cot — 
2 2 2 



48. u' = — [cos (tt - 2t) + sin (tt + 2f )] = - sin (tt - 2/) (-2) + cos (tt + 2f ) (2) = 2 [sin (tt - 2f ) + cos (tt + 2?)] 
af 



w" = 2— [sin (tt - 2t) + cos (tt + 2f)] = 2 [cos (tt - 2f) (-2) - sin (tt + 2t) (2)] = -4 [cos (tt - 2t) + sin (tt + 2t)] 
dt 

. d d d 9 

49. /'(f) = — (fcoU) = f— (coU) + (coU)-r(O = -tcsc z t + cotf => 



/" (t) = — (cott - fcsc 2 *) = -csc 2 r - • 2 csc f (- csc 0 cot * + csc 2 /] = -2 CSC 2 f (1 - fcotf) 



50. // (x) = 4~ (x 2 cos - I = 

dx \ x ) 



d 

x~— I cos - I + 

dx \ x 



( cos \) t x ( x2 ) = x2 {- sin \ ) (- h) + 2x cos \ 



= sin — h 2x cos — 



/z" (jc) = 



d ( . 1 
= — I sin — 



+ 2x cos — I = I cos 



i)(-i) + 2x (- sin ^)(-^) + 2cos ^ 



1 



1 1 



1 



= 2 cos — I — sin ^ cos - 



JC JC JC JC JC 

51. / (*) = V2^TT => /' (x) = 4z(2x + l) 1 / 2 = i (2x + 1)~ 1/2 (2) = (2x + l)" 1 / 2 



/"(*) = 1 (2* + I)" 3 / 2 (2) = - 



1 



/ /; (4) = - 



(2x + I) 3 / 2 



1 



1 



93/2 



27 



52. f (x) — x tan* => /' (x) = tanx + x sec 2 x => /" (x) = sec 2 x + sec 2 x + 2x sec 2 x tanx = 2 ^sec 2 (1 + x tanx) 

2 



/"(f)=2(V2) (l + f)=4 + 7r 



53. h (x) = /(*)« (x) => h' (x) = / (x) g> (x) + /' (x) g (x), so h' (2) = / (2) g' (2) + /' (2) g (2) = (3) (4) + (- 1) (2) = 10. 

7 

= ~2' 



«!d u<^ fW^« t \ 8 (x > /X (x) ~ / (x > ( *> /'^ g (2) / (2) - / (2) g' (2) (2)(-l)-(3)(4) 
54. h (x) = — — => h (x) = ; ' so " (2) = 



g(x) 



[g ix)\ 



[g ( 2 )] 



(2) 
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55. h (jc) — 



fix) 



"1 1/3 



.«(*). 



1 



A' (jc) = — 



f (x)T V3 8 (x) f (x) - f (x) g' (x) 



3 .*(*). 



[g (x)f 

56. ft (x) = g (sin / (x)) => ft' (x) = g' (sin / (x)) £ sin / (x) = g> (sin / (x)) [cos / (x)] /' (x) 
57.3x 2 -2 y 2 = 6^6x-4 y $=0^$ = 3x 



dx 



dx 2y 



58. x 3 + 3xy 2 + y 3 = 1 => 3x 2 + 3y 2 + 6jcy$^ + 3y 2 — = 0 



x 2 + y 2 



dx 



59. jc" 2 + y" 2 = 1 => -2jc~ 3 - 2y~ 3 ^ 

<2JC 



= 0 



djc 



dy y 



dy = 

dx 2xy + y 2 



dx 



x 



60. jcy 1 / 2 + yjc 1 ^ -1 = 0 




-1/2^ + y l/2 + y (1^-V 2 ) + ^1/2 = 0 



dx 



dx 



y 



) dx 



y 



1/2 



-( 2 '" 2+ ,./a 



x + 2jc 1 / 2 y 1/2 \ dy 2jc 1 / 2 y 1 / 2 + y dy _ 2^/xy + yjy 

dx Xyfx + 2x«Jy 



y 



1/2 



dx 



1/2 



61. (jc + y) 3 + jc 3 + y 3 



[(* + y) 2 + y 2 ] j- = - [dx + y) 2 + * 2 ] 



Jjc 

dy 



Hx+y) 2 (l + ^) +3x2 + 3/^ = 0 ^(x + ,) 2 + (x+ y ) 2 ^+x 2 + , 2 ^ 

\ ax J dx dx dx 



= 0 



_ 2jc 2 + 2jcy + y 2 
dx x 2 + 2jcy + 2y 2 



62. x sin x + y cos y = 3 



dy dy sinx+x cos jc 

sin x + x cos x + (cos y — y sin y) — =0 



dx 



dx y sin y — cos y 



63. cos (jc + y) + * sin y = 1 => - sin (jc + y) • | 1 + ^ J + sin 37 + * (cos y) — = 0 ^ 



sin y — sin (jc + y) 



64. esc x + x cot y = 1 => — esc jc cot x + cot y + x ( — esc 2 y) — = 0 

V / dx 



dx dx sin (jc + y) — x cos y 

dy dy cot y — esc jc cot jc 



dx 



x esc 2 y 



65. sec jcy = 8 => (sec jcy tanjey) ( y + jc 



dy 
dx 



JjC 



9.9 , , , dy dy 

66. cos z x + sin z y — 1 => (2 cos jc) (— sin jc) + (2 sin y cos y) — = 0 => — 

dx dx 

67. By interpreting the limit as a derivative, we find that 



sin x cos x 
sin y cos y 



lim 

/i->0 



2 (jc + /z) 5 - (jc + hj 3 - 2x 5 + jc 3 d 



h 



= ^( 2 jc 5 -jc 3 ) = 10jc 4 -3jc 2 



68. By interpreting the limit as a derivative, we find that lim 

/z->0 



/? djc \ 





1 1 



JC H I = 

X 



2^/x 



X 



69 



• df\ x=4 = ^ (jc^+jc" 1 / 2 ) djc = [^" 1/2 - ? x ~ V2 ] x _ 4 dx = {k ~ Tz) dx = TE dx 



x=4 



70, 



71 



rf/|^ = l = — (2x 2 + jc + 1^ j Jjc = \ {2x 2 + jc + 1^ (4jc + 1) 

/' (x) = ^x (2x 2 - l) 1/3 J =x-\ {2x 2 - l)~ 2/3 (4jc) + (2jc 2 - l) 

df\ x=1 =f(l)dx = ldx. 
d 



x=\ 
1/3 



dx — I dx 



•1=» /'(l) = 3 ' 80 



72. /'(x) = — sec 2 x = 2secx • secxtanx = 2sec 2 xtanx => /' (-j) = 2 sec 2 ^ tan ^ = 4, so 



df\ x=n/4 = f'(%)dx=4dx. 
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73, 



d ( . 1\ .1 1 / 1 \ .1 1 1 /6\ 1 ttV3 
/ (x) — — ( x sin - ) = sin — (- x cos - • I T I = sin cos - => / I — I = — = 

ax \ x) x x \ x L ) xx x \7r/2 62 



V3 6- V3 



7T 



12 



, so 



rf/L=6/7T = f (4) ^ = 



6- V3 



7T 



12 



74. / 



'«-s(t 



tanx \ _ (l+cotx)sec 2 x-tanx(-csc 2 x) ^ (1 + 1) (2) + (1) (2) _ 3 

J" (1 + cot*)* IT)- 4 -2' S0 



+ cot* 



d f\x=n/4 = f (f ) ^ = i dx. 




75. v' = 



=( i+ - 2 ) 



1/2 



-1/2 



+ x(l)(l+x 2 ) ' (2x). 



When x = 1, / = + £ (-^=) (2) = so an equation of the 



tangent 



line is y - = ^ (x - 1) <=> y = h^x - An equation 
of the normal line is y — «Jl — — (x — 1) <^> y = — + ^p. 



3 



2- 



1 " 



0 



-1 




-1 



0 



1 



4cos 2 x^ — — 8 cos* sin* = —4 sin 2.x: 



y' (y) — —4 sin 5^ = —2^/3, so an equation of the tangent line is 
y-l = -2V3 (x-f)^y = -2V3x + 3 + 2 ^ 7r . An equation of the 
normal line is y - 1 = ^ (jc - f ) <=> y = ^x + 18 ~^ 7r . 



4- 



2" 



1 -- 



0 




-1 0 



1 



77. Differentiating implicitly, we have x 2 + 5xy + y 2 — 7 = 0 => 2jc + 5y + 5*)/ + 2yy' = 0. If x = y = 1, we have 
2 + 5 + 5y' + 2y' — 0 => y' = — 1, so an equation of the tangent line is y — 1 = — I (x — 1) o y = — x + 2 and an 
equation of the normal line is y — 1 = I (x — I) y = x. 

78. Differentiating implicitly, we have x + ^/xy + y = 6 => 1 + 5 (jcy) -1 / 2 (y + */) + y' — 0. If x — y — 2, then we have 

1 + 2 ^2) "*~ + / = 0 => / = — 1, so an equation of the tangent line isy — 2 — — \ (x — 2) <=> y — — x + A and an 

equation of the normal line is y — 2 = \{x — 2) <^ y — x. 

2 



x 



79. + y 3 = 1 => 3x 2 + 3y 2 y' = 0 => y' = 5 



y 2 (2x) - x 2 (2y/) 



2xy 2 — 2x 2 y ( — 



x 



2 



y 



2x (y 3 + x 3 ) 



y 



y 



4 



80. sin 2x + cos 2y = 1 => 2 cos 2x — (2 sin 2y) y' — 0 



y = 



cos 2x 
sin 2y 



2x 
73" 



„ (sin 2y) (—2 sin 2x) — (cos 2x) (2 cos 2y) y' 2 sin 2x sin 2y + 2 cos 2jc cos 2y 

(sin 2y) 2 sin 3 2y 

81. / (x) — cos 2 x => f (x) = 2 cos* (— sinx) = — sin 2*. At a = ^, 

^ w = /(?)+/' (f) (^-?) = cos2 ?- sin ( 2 (?))(^-f) = -^+ii(^+ 9 )- 
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82. For ^0.00096, let = and fl = ° 001 ' so /' (*) = ^~ 2/3 and L(x) = f (0.001) + /' (0.001) (a - 0.001) 

^O00T + \ (0.001)- 2 / 3 (a - 0.001) = — + - — Therefore, 

3> 1 1000(0.00096) - 1 1 0.04 

^0.00096 « L (0.00096) = — + = » 0.0987. 

J 10 30 10 30 

83. a. /' (a) = ^ (jc 2 + l) = 2x. Set /' (a) = 2x = 2, giving jc = 1. Then y = 2 and the point is (1, 2). 
b. m — f' (1) = 2, so an equation is y — 2 — 2 (x — 1) or y = 2a. 

84. a. /' (*) = ^- (2a 3 - 3x 2 - I6x + 3) = 6a 2 - 6a- - 16. Set 6x 2 - 6x - 16 = -4 => 

6a 2 - 6x - 12 = 6 (a 2 - a - 2) = 6 (jc - 2) (a + 1) = 0 => x = -1 or 2. The points are (-1, 14) and (2, -25). 

b. At (-1, 14), m = f (-1) = -4 and an equation is y - 14 = -4 (a + 1) or y = -4a + 10. 
At (2, -25), m = f (2) = -4 and an equation is y + 25 = -4 (x - 2) or y = -4a - 17. 



<=> 



: - y ' = T x {x 



sec a 




(1 + tan a) (sec a tan a) - (sec a) sec 2 x C 1 + 1) (v^ - (V2) 



85. v ' = — I = — , so y' r _ , 4 = ^— (r ^ — '— = 0. Thus, y 

+ tanA/ (1 + tanA) 2 X ~* /A 2 2 



is not changing with respect to a when a = ^ . 

86. a. v = s' (?) = (f 3 - 12/ + l) = 3? 2 - 12 ft/s => a = 1/ (?) = 4- fat 2 - 12) = 6? ft/s 2 . 

at \ / at \ ' 

b. The particle is stationary when 0 (?) = 3? 2 — 12 = 0 => t — 2 s. (We reject the negative root.) 

c. signof t + 2 ++++++++++++ v (?) = 3 (t 2 - 4^ = 3 (t + 2) (? - 2). From the sign diagram for v, 
sign of t- 2 0 + + + + + we conc i U( i e that 0 (t) < 0 on (0, 2), so the particle moves in the 

0 1 2 3 Ms) negative direction for 0 < t < 2, and v (t) > 0 on (2, 00), so it moves 

in the positive direction for t > 2. 

d. / * (e) s (3) = 3 3 - 12 (3) + 1 = -8. The total distance covered is 



( 



• — 1 — 1 — 1- 



-15 -10 12 * (ft) 



87. v (?) = s' (t) = j t (lO? 2 / 3 - ? 5 / 3 ) = ft-V* - §? 2 / 3 => a W = t>' (0 = -f t~ 4/3 - ^" 1/3 

88. a. 0 (0 = s' (?) = [5 cos (t + f )] = -5 sin (? + f ) => a (?) = 1/ (?) = -5 cos (t + f ) 

b. It reaches the origin when s (t) = 5 cos (? + = 0 <=> ? + ^ = y <=> ? = ^ ^ 0.7854 s. 

c. 0 (^) = -5 ft/s and a (f ) = 0 ft/s 2 

89. 0 (r) = 1000 (0.04 - r 2 ), so 0 (0.1) = 30 crn/s and v' (0.1) = 1000 (-2r)\ r=0A = -200 cm/s. At a point 0.1 cm from 
the central axis, the speed is 30 cm/s. The speed is decreasing at the rate of 200 cm/s/cm. 

90. / (0 = 20? - 45? 0 45 + 50 => /' (0 = 20 - 20.25? "°- 55 

At 7 A.M., t = 1, and f (1) = 20 - 20.25 = -0.25 mi/h per hour. 

At 8 A.M., t = 2, and /' (2) = 20 - 20.25 (2)~ 0 - 55 % 6.17 mi/h per hour. 

d r wol 3000 , 3000 

91. N' (?) = — 2000 (1 + 3?) 1 / 2 = ■ so N' (5) = -= = 750 subscribers/month 

dtl -I VTT3? ,/l6 



5 (2) - s (0)| + |j (3) - s (2)| = |-15 - 1| + |-8 - (-15)| 

= 16 + 7 = 23 ft. 
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92. a. C (x) = — (0.000002* 3 - 0.02x 2 + lOOOx + 120,000) = 0.000006.x 2 - 0.04.x + 1000 and 

ax \ ) 



dx 

-, , x d / 0.000002.x 3 - 0.02* 2 + lOOOx + 120 

C (x) 



dx 



= 0.000004* - 0.02 - 



x 

120,000 



000002.x 2 - 0.02.x + 1000 + 



120,000 



x 



b. C (5000) = —0.0048, so at a level of production of 5000 units, the cost of producing an additional printer is dropping 
by approximately $0.0048/printer. 



93. If H = 183, then S = f (W) = 0.0071 84 W 0425 (l83 0 - 725 ) 



dS 
dW 



W=8() 



= (0.007184) (l83 0 - 725 ) (0.425) W~ 0 - 515 1 ^_ gQ % 0.0107 m 2 /kg, so his surface area is increasing at the rate 



of approximately 0.0107 m 2 /kg. 



94. 



AS dS 



S 

dS 



(0.007184) (l83 0/725 ) (0.425) W~°- 515 dW 



< 



S 

0.425 • 0.5 
80 



(0.007184) (183 0 - 725 ) W 0A25 



0.00266 or 0.266%. 



0.425 d W 
W 



. If |AW| = \dW\ < 0.5, then 



95. / (t) = 3 sin (fg (f - 79)) + 12 => /' (?) = 3 cos (|§ (f - 79)) • fg. Therefore, /' (79) = |g » 0.05164. The 
number of hours of daylight is increasing at the rate of 0.05 hours per day on March 21 (in a non-leap year). 



96. AP % dP = ^- (-0.000002.x 3 + 6x - 350) dx = (-0.000006.x 2 + 6^ dx. If 



dx 



x 



< 0.1, then 



AP 

x=900 

2.86%. 



dP 



(-0.000006.x 2 + 6) (0.1 jc) 
^ =900 ~ (-0.000002.x 3 + 6x - 350) 



0.0286, so the maximum error in the profit is about 



x=900 



97. a, 



dV 



d I nr 2 h 



nr 



dh dh 



dV 



d I izr h 



2nrh 



98. a, 



dr dr 



dR d v 



0 



2v 



2 



doc dot g 



sin 2a = — - cos 2a 



b. 



dR 
dot 



— 0 => cos 2a = 0 <^> a = |, so = -J- 



7T 



dR 



< 0. 



c. If 0 < a < 4-, then 0 < 2a < and > 0. If 4- < a < 4f , then < 2a < 7r and 

4 z c/a ^ z z da 

d. The range R of the projectile is increasing for 0 < a < ^ and decreasing for ^ < a < y and is greatest when the 
angle of elevation is ^ =45°. 



99. x L - y 2 = 9 => 2.x — - 2y^- = 0 



dx 



dy 



dt 



dt 



dy xdx dx dy 5-3 

— = — — . When x — 5, y = 4, and — - = 3, — = — — 
dt y dt J dt dt 4 



15 



100. sin 2x + cos 2y = 1 

sin 0 



dx 



dy 



(2 cos 2.x) (2sin2y) -f- = 0 



d.x 



sin2y dy „ T , _ , dy 

y . When x = f, y = 0, and y 



dt cos 2.x dt 



dt 



= -1, 



df 



COS7T 



(-i) = o. 
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101. Let A denote the position of the spectator and B the position of the boat. 



o o o dL dx 

Then L 2 = x 2 + 120 2 => 2L — = 2x — 

dt dt 



dL x dx 

— = . When x = 50 

dt L dt 



and 



dx 



dL 50 (20) 



, = 20, L = V50 2 + 120 2 = 130 ft and — = 1 _ 
dt dt 130 



7.7 ft/s. 




102. We have y = 6000 tan 0 and so by the Pythagorean Theorem, 

D 2 = 6000 2 + y 2 = 6000 2 + 6000 2 tan 2 0 

dD 9 dO 

2D—^ = 72,000,000 tan 0 sec 2 0 



dO 



dt 



dD 36,000,000 tan 0 sec 2 0 C M dy ~ dO 

= But — = 6000 sec 2 0 — , and so 

dO D dt dt 

dD 6000 tan 0% n . 

At the instant when 0 = 30° and §f = 880, we 




6000' 



dO 



D 



9 9 9 / /?\2 ^ 6000 (tan 30°) 880 
have £> 2 = 6000 2 + 6000 2 (^) £> = 4000 V3, and so — = J- = 440 ft/rad. 



dO 



4000V3 



103. Differentiating x — y = a implicitly, we have 2x — 2yy = 0 



x 



y — — , so the slope of the tangent line to the hyperbola at P (xq, yo) is 

y 

— and the slope of the normal line there is — — . Therefore, an equation 

yo x 0 

yo 

of the normal line is y — yo — ( x ~ x o)- To find Q, we set y = 0 to 

yn 

obtain — yo = (x — xq) => —XQyo = ~yo x + x oyo => x = 2x$. So 

Q (2x 0 , 0). Next, we find|0P| = ^ x% + Vq and 

| P Q | = yj (2xq — xq) 2 + (0 — yo) 2 = + y$, as was to be shown. 





\ 










\\ 
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\\ 
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vv 
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Challenge Problems 

1. Let / (x) = x {0 and g (x) = x 5 . Then 




^10.210 ^ x l l~_f 

lim — -z — — lim 1 

x^2 x 5 - 2 5 



lim 



x l0 -2 10 
x-2 



f (2) 10* 



9 



x _> 2 x 5 - 2 5 
x-2 



lim 

x->2 



x 5 - 2 5 
x-2 



g' (2) 5x 4 



= 64. 



jc=2 



;t 10 -2 10 (x 5 ) 2 -(2 5 ) 2 (x 5 -2 5 )(jt 5 +2 5 ) 
Alternate Solution: lim — = 5- = lim ^ 7 — lim 7 5 

x-+2 x^ - 2* x^2 x* - 2^ jc->2 x^ - 2^ 



lim (x 5 + 2 5 ) = 64 

x^2 \ / 



2. y' — ^—Jx + Jx + Jx — 
dx v 



1 



= ~r ( x + J x + V*) 

2yJ X + V 7 -^ + 



1 



1 + 



1 



d 



1 



1 + 



1 



2Jx + y/x + ^fx 



1 l x | 1 | 1 \ 4 yTy^ + yi + 271 + 1 
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* 1 _l 1 x-l+x + 2 2x+\ 

3. a. H = — — — — — s and the result is verified. 

x + 2 x-l (jc + 2)(jc-1) x 2+ x -2 

b. Using the result of part (a), 

2x + 1 \ J 




= -(* + 2)-'-(jc-1) 
/" (x) = 2 (x + 2)" 3 + 2 (* - l)" 3 => /"' (x) = (-3) (2) (x + 2) " 4 - (3) (2) (* - l)" 4 



fin) W = ( _l)n n! 



1 1 

+ 



.(x + 2f +1 (jc- l) w+1 



4. a. If x > 0, then |x| = x => / (x) = sin |x| = sin* and so / is differentiable. If x < 0, then |x| = — x 

=> f (x) = sin (— x) = — shut, which is also differentiable. To investigate whether / is differentiable at 0, 

.. ,. /(0 + /Q-/(0) .. sm\h\ tm\h\ sink 
consider hm = hm . If h > 0, then hm = lim = 1 , and if h < 0, 

h^0 h /z->0 h h-+0+ h fc->0+ h 

sin | h | sin h 

lim = lim = — 1, so / is not differentiable at 0. We conclude that / is differentiable on (— oo, 0) 

/j->0- h /z->0~ h 

and on (0, oo). 

b. On each of the intervals (2mr, (2n + 1) 7r), n any integer, sin* > 0 and so f (x) — |sinx| = sin* is differentiable. On 
each of the intervals ((2n — 1) 7r, 2nir), n any integer, sin* < 0 and so / (x) = \sinx\ = — sinx is differentiable. But 

., ,. /(0 + fe)-/(0) .. |sin/t| \anh\ sin A ,. f , 
consider lim = lim . It n > 0, then lim = lim = 1 , and it h < 0, 

h h->0 h h^0+ h h^0+ h 

| sin h | — sin/z 

lim = lim = — 1, so / is not differentiable at 0. Similarly, we can show that / is not differentiable 

/j->0- h h^0~ h 

at mr, n any integer. Thus, / is differentiable on all intervals of the form («7r, (n + 1) 7r), n any integer. 

. l+x 2-(l-x) 2 

5. / (x) = -== = = -== - VI - x => 

r (x> = j- [2 a - X )- 1/2 - (i - *) 1/2 ] = 2 (-3) a - *r 3/2 (-1) - \ a - *r 1/2 (-1) 



= 2(1) (1 - ,)"3/2 + 1 ( 1 ) (1 - *)" W 

f" w = 2 (I) (i - *r 5/2 + 1 (\) (k) (i - *r 3/2 



= 2ft)(i)(i)(i-,r" 1 + i(i)(i)(!)(i-^ 





/ (4) w = 2 (i) (|) (I) (J) (i - ,)- 9 / 2 + 1 (i) (i) (|) (!) (i - *r 7 / 2 

/10 fr) = 13.5^.... 19 (l _ x) _ 21/2 + Lll^pjZ (1 _ x) -19/2 

1 • 3 ' 5 17 (1 - x)- 21 /2 [2 • 19 + (1 - x)] = 1 - 3 - 5 ; n ' 17 (1 - x)- 21 /2 (39 - x) 



6. /' (x) = 



2 10 - ' • - " 2 io 



d / ax + b\ (cx + J) a — (ax + b)c ad — be 



dx\cx + d) (cx + d) 2 (cx + d) 



f" (x) = — \(ad - be) (cx + d)~ 2 ] = -2 (ad - be) (cx + d)~ 3 c = -2c (ad - be) (cx + d)~ 3 => 
dx L J 

/'" (x) = (-3) (-2) c 2 (ad - be) (cx + d)~ 4 =>•••=> /(") (x) = (-1)" -1 n\ c n ~ x (ad - be) (cx + d)-^ n+v > 



7. Since / (a + x) = f (a) f (x) holds for all real numbers a and x, we can consider x to be constant and differentiate with 
respect to a: f (a + x) = /' (a) / (x). Now substitute a = 0: /' (x) = /' (0) / (x). 
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8. Since (a) = 0 for every a in (a, b), f^ n ) (a) = k, where & is a constant. But f( n ) (c) = 0 for some c in (a, 

/: = 0; that is, /( w_1 ) (a) = 0 for all a in (a, b). This means that /( w-2 ) (a) must be a constant function for a g (a, b). 

But the fact that f( n ~ 2 ) (c) = 0 for some c in (a, b) then tells us that /( w_2 ) (x) = 0 for all x in (a, /?). Repeating this 
argument, we eventually arrive at the fact that / (x) is a constant function, and since / (c) = 0 for some c in (a, b), we 
conclude that / must be the zero function. 



9. f' (x) = ±f (yr+^) = /' (vTT^) = ^ (yr+^) . \ (i+ * 2 ) 1/2 (^) = 

10. Both graphs pass through the point of tangency and this implies 

2 1 

that (^) +/?(^)+c = sin^- = ^. Also, at the point of tangency the 
slopes of the tangent lines of the two graphs are equal, so 



+ x 



d 



dx 



(x 2 + bx + cj 



X=7T/6 



d < • ^ 
= — (sin a) 

dx 



X=7T/6 



2x + £>| x=7r /6 = cos x \ x —jf => 2 • ^ +b = cos ^- = Solving the 




system 



TV , h _ V2 



gives & = ^ — y and 



-3 -2 -1 



0 



1 



^ - I _l 2d. _ Z<V3 
6 _ 2 36 12 • 



11. |/ (a) - / (y)| < (a - y) 2 =^> - (x - y) 2 < f (x) - f (y) < (a - y) 2 . Ifx^y, then without loss of generality, 
suppose x > y. Then — (a — y) < ^ x \~{^ < x — y. Since lim (x — y) = 0, the Squeeze Theorem implies 

- lim (x - y) < lim fix \~{ (y) < lim (x - y) => 0 < f (y) < 0, so /' (y) = 0. Since this is true for all x and y, / is 



a constant function. 

tan ax + tan ah 

v r f(x + h)-f(x) \sma(x + h)-\saiax 1 - tana* tana/z 
12. / (a) = lim = lim = lim 

h^0 h h^0 h h^0 h 

tanax + tana/* - tana* + (tanax) 2 tana/z tan <^ U + tan2 

= lim = lim — 

/z->0 h (1 — tan ax tana h) /i->0 h (1 — tan ax tan a/z) 



— tan aA 



tana/z 
= lim • lim 



sec 2 ax 



lim a 

/h0 



sin a/z 
ah 



)(—)] 

) \ cos a/z/ J 



2 2 

sec^ ax — a sec aA 



/*—>() /z /?—>() 1 — tan aA tana/z 

13. 2a 2 + 2xy + Ay 2 — 3a + 3y + 7 = 0. Differentiating implicitly with respect to a, we obtain 

4a + 2y + 2Ay' + y 2 + 2Ayy' - 3 + 3/ = 0 (1). Substituting a = 1 and y = -2 gives 

4 — 4 + 2y f + 4 — Ay' — 3 + 3y' = 0 => y r = —1. Differentiating (1) with respect to a again, we get 

4 + 2y ; + 2y' + 2Ay" + 2yy' + 2yy r + 2a (y') 2 + 2Ayy" + 3y" = 0, and substituting a = 1, y = -2, and y' = - 1 in this 
equation, we obtain y" — — 10. 



3.1 Concept Questions 



i. 



a. The absolute maximum value of a function / is the largest value assumed by / (x) for all x in the domain of /. For 
example, if / (x) = 1 — x 2 , then the absolute maximum value of / is 1. 

b. / has a relative maximum value at a number c if there exists an open interval / containing c such that f (c) > f (x) for 



all x e /. For example, / (x) = sinx has relative maxima at -j ± 2/27T, n = 0, 1,2,.... 

2. a. A critical number of / is a number c in the domain of / such that f' (c) = 0 or f' (c) does not exist, 
b. / can have a relative extremum only at a critical number. 

3. a. If / is continuous on a closed interval [a,b], then / must attain an absolute maximum value and an absolute minimum 

value on [a, b]. 

b. We find all critical numbers of / on (a, b), then evaluate / at these critical numbers as well as at the endpoints a and b. 
The largest and smallest numbers on the list are the absolute maximum and absolute minimum values of / on [a, b], 
respectively. 




7. 



3.1 Extrema of Functions 



1. The absolute maximum value of / is 3, attained at x = 1. There is no absolute minimum value since / is not bounded 
below. 

2. There is no absolute maximum value because / is not bounded above. The absolute minimum value is 0, attained at x = 0. 

3. The absolute maximum value of / is 1, attained at x =2n,n an integer. The absolute minimum value of / is 0, attained at 
x = 2n + 1 , n an integer. 

4. There is no absolute maximum value; f (x) can be made as close to 2 as we please by taking x sufficiently close to x = —2, 
but the value 2 is never attained. The absolute minimum value of / is —2, attained at all values of x > 0. 

5. The absolute maximum value of / is 37, attained at x = 1. The absolute minimum value of / is —5, attained at x = 5. 

6. There is no absolute maximum value; / (x) can be made as close to 1 as we please by taking x sufficiently large, but this 
value is never attained. There is no absolute minimum value because / is not bounded below. 




8. 




The absolute minimum value of / is 1, attained at x = —1. The absolute minimum value of g is —4, attained at x = 2. 

167 



168 Chapter 3 Applications of the Derivative 



9. 




10 




H 1 1 1 1 — >- 



-1 



There is no absolute minimum or absolute maximum 
value. 



The absolute maximum value of / is 0, attained at t = — 1 



11. 




12. 



H 1 h 



H 1 1 1 1 1 h 



g has no absolute extremum. 




The absolute minimum value of h is 1, attained at x = 0 




The absolute minimum value of / is - 1 , attained at x = 2. The abs olute minimum value of g is - 1, attained at 

x = ^ . The absolute maximum value of g is 1 , attained at 
x = 0. 
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The absolute minimum value of / is 1 , attained at x = 1 . g has no absolute extremum. 



17. 




18. 



The absolute minimum value of / is 0, attained at x = 0, 
The absolute maximum value of / is 2, attained at 
x = -2. 




The absolute minimum value of g is 0, attained at x 
The absolute maximum value of g is 3, attained at x 



19. 




20. 



The absolute maximum value of / is 2, attained at t = y . 




The absolute maximum value of h is attained at 



t — 



1 
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21. 




22. 




/ has no absolute extremum. 



The absolute minimum value of g is 1, attained at 6 = 0 



23. 




24. 




H 1 1— »■ 

X 



The absolute minimum value of / is —2, attained at x = 0. 



The absolute minimum value of / is — 1 , attained at 
x — —1. 

25. /' (x) = — (2x + 3) = 2 / 0, so there is no critical number. 

ax 

d 

26. g (x) = — (4 — 3x) = — 3 ^ 0, so there is no critical number. 

27. /' (jc) = — (lx 2 + 4jc) = 4.x + 4 = 4 (jc + 1) = 0 <=> x = — 1, so the only critical number is -1. 

ax \ J 

28. ti (t) = ^- (6t 2 -t-2\ = \2t - 1 = 0 <=> t = ^, so the only critical number is ^. 

29. /' (jc) = (x 3 - 6x + 2^ = 3x 2 - 6 = 3 (x 2 - 2^ = 0 <=> x = ±a/2, so the critical numbers are and a/2. 

30. g' (0 = (2t 3 + 3r 2 - 12* + 4) = 6r 2 + 6t - 12 = 6 (V 2 + f - 2) = 6 (f + 2) (f - 1) = 0 <^ t = -2 or t = 1, so the 
critical numbers are —2 and 1. 

31. /' (x) = -jj- (2x 3 + 6x + 7^ = 6x 2 + 6 7^ 0 for all x, so there is no critical number. 

32. /' (x) = ^- (lx 3 + \x 2 + 2x - 3) =i 2 + x + 2^0 because the discriminant 1-4(1) (2) = -7 < 0, and so 



dx 

f'(x) = 0 has no real root. Thus, / has no critical number. 



33. ti (x) = — (x 4 - 4x 3 + 12) = 4x 3 - \2x 2 = 4x 2 (x - 3) = 0 <=> x = 0 or x = 3, so the critical numbers are 0 and 3. 

dx \ / 

d 



34. g' (0 = — (3f 4 + 4t 3 - \2t 2 + 8) = 12f 3 + 12? 2 - 24t = \2t (t 2 + t-T) = lit (t + 2) (* - 1) = 0 if t = -2, 0, or 1, 
so the critical numbers are —2, 0, and 1 . 
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35. /' (jc) = — (3x 4 - Sx 3 - 6x 2 + 24x + lo) = \2x 3 - 24x 2 - I2x + 24=12 (x 3 -2x 2 -x + i} 



= 12 (x - l)(x+ l)(x -2) 
f'(x) = 0 => x = — 1, 1, or 2, so the critical numbers are —1, 1, and 2. 

36. h' (z) = ^-(z 5 - 5z 3 + 10z + 4) = 5z 4 - 15z 2 + 10 = 5 (z 4 - 3z 2 + 2) = 5 (z 2 - 2) (z 2 - l) = 0 <=> z = ±1 or 
±V2, so the critical numbers are — V2, —1,1, and 

37. / ' (x) = — — fx 2 / 3 ) = \x~^l 3 — — 7-pr is discontinuous at x = 0. Since x = 0 is in the domain of / , 0 is a critical 

dx \ J J 3x [ / 3 

number of /. 

38. g' (0 = (4t 1 / 3 + 3r 4 / 3 ) = |r~ 2 / 3 + 4? 1 / 3 = I?" 2 / 3 (1 + 30 = ~ ^T^ - g' (0 is discontinuous at t = 0 and has a 
zero at? = — Since both are in the domain of g, the critical numbers of g are — ^ and 0. 

d ( u \ (" 2 + l) (1) - " (2«) i_„2 

39. h (u) = — I -= I = = — T = 0 w = ±1, so —1 and 1 are critical numbers of h. 

duW + lJ (u 2 + l) 2 (u 2 + \) 2 

J / x 2 \ (x 2 + 3 ) ( 2 *) " * 2 ( 2 *) 6* 

40. g (x) = — I —5 I = = = T = 0 => x = 0, so 0 is a critical number of g. 



41 



. /' (0 = ^- (cos 2 2/) = 2cos2r • (-sin 20 • 2 = -4cos2r sin2r = -2sin4? = 0 o 4t = rnr <^=> t = ™, 



n = 0, ±1, ±2, . . ., so the critical numbers of / are ^p, n = 0, ±1, ±2, . . .. 



44. /' (x) = x 2 + 4x + 3^ = — 2x + 4, and we see that the only critical number in the interval (—1,3) is 2. 



d 

42. g'(0) = — (2 sin 0 - cos 20) = 2cos0- (-sin 20) -2 = 2cos0 + 2sin20 = 2cos0 + 

du 

2(2sin0cos0) = 2cos0 (1 + 2sin0) = 0 cos0 = 0 or sin0 = -\ <^ 0 = f + nir, 0 = ^ + 2n7r, or 

0 = ^-jp + 2mr, n — 0, ±1, ±2, . . ., so the critical numbers are y + «7r, ^ + 2/17T, and 0 = + 2w7r, 
n = 0, ±1, ±2, 

43. /' (x) = (x 2 — ^ — 2^ = 2x — 1 is continuous everywhere and has a zero at x = ^, giving ^ as the only critical 
number of / in the interval. Testing the values of / (x) at the endpoints and the critical number, we find that / (0) = —2, 
/ ^) — — 1> an d / (2) = 0, so / has an absolute minimum value of — ^ attained at x = j and an absolute maximum 

value of 0 attained at x = 2. 
d 

dx 

f (— 1) = —2, / (2) = 7, and / (3) = 6, so / has an absolute maximum value of 7 attained at x = 2 and an absolute 
minimum value of —2 attained at x — — 1 . 

45. ft' (jc) = — (x 3 + 3jc 2 + l) = 3x 2 + 6x = 3x (x + 2) = 0 <=> jc = -2 or 0, both of which lie on the interval (-3, 2). We 

ax V / 

calculate h (— 3) = l,h(—2) = 5,h(0) = 1, and /i (2) = 21, so h has an absolute minimum value of 1 attained at x = —3 
and x = 0, and an absolute maximum value of 21 attained at x = 2. 

46. /' (0 = (-2/ 3 + 3? 2 + 12* + 3) = -6t 2 + 6f + 12 = -6 (V 2 - t - 2^ = -6 (f - 2) (r + 1), so -1 and 2 are critical 

numbers of / on the interval (-2, 3). We calculate / (-2) = 7, / (-1) = -4, / (2) = 23, and / (3) = 12, so / has an 
absolute minimum value of —4 attained at t = — 1 and an absolute maximum value of 23 attained ait = 2. 

47. g f (x) = — (^3x 4 + 4x 3 + l) = \2x 3 + 12x 2 = \2x 2 (x + 1), and so g has critical numbers —1 and 0 on the interval 

dx V / 

(—2, 1). We calculate g (—2) = 17, g (— 1) = 0, g (0) = 1, and g (1) = 8, so g has an absolute minimum value of 0 
attained at x = —1 and an absolute maximum value of 17 attained at x = —2. 
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48. f (x) = ^- (lx A - §x 3 - 8x 2 + 12^ = Sx 3 - 8x 2 - 16x = Sx (x 2 - x - 2) = 8x (x - 2) (x + 1), so / has critical 

numbers -1, 0, and 2 on the interval (-2, 3). We calculate / (-2) = / (-1) = ^, / (0) = 12, / (2) = and 

/ (3) = 30, so / has an absolute maximum value of ^ attained at x — — 2 and an absolute minimum value of — ^ 
attained at x — 2. 

d ( x \ (* 2 + l)(l)-*(2.x) i_ x 2 (l _ jc) (i + jc) 

49. /'(*) = — ( — ) = J - ^ = = , = 0 <=> x = — 1 or x — 1, so lis the 



dx \x 2 + \J (*2 + x f ( x 2 + !)2 ^ 2 + 1) 2 

1 1 9 

only critical number in the interval (—1,2). We calculate / (— 1) = — j, / (1) = j, and / (2) = |, so / has an absolute 
maximum value of j attained at x = 1 and an absolute minimum value of — ^ attained at x = — 1 . 

j / M l/2 \ (u 2 + l) ^m- 1 /2_ m 1/2( 2m ) 1 M -l/2 ^ m 2 + j _ 4m 2^ 1 _ 3m 2 



50. g' (w) = ( J = ^ ^ , = ^ , ^ = y = 0 <=> 

</k \a 2 + 1/ ( w 2 + !)2 ( M 2 + ^2 2wl/2 ^ 2 + ^2 

u = and we see that g has the critical number ^ on the interval (0, 2). g (0) = 0, g (*r) = 4^ % 0-57, and 

g (2) = % 0.28, so g has an absolute minimum value of 0 attained at x = 0 and an absolute maximum value of ^-^5 
attained at x = ^ . 

51. g' (0) = ( — ^— I = — = i — T . g has no critical number in the interval (2, 4), g (2) = 2, and 

do \v-lj ( v - l) 2 (0 - l) 2 

g (4) = I . Thus, g has an absolute minimum value of | attained at v = 4 and an absolute maximum value of 2 attained at 
o = 2. 

52. / (x) = 2x H — is discontinuous at x = 0, which lies on the interval (—1, 3). Since lim \2x H — ) = —00 and 

x *->0- \ x ) 

lim \2x + - I = 00, we see that / has no absolute minimum or absolute maximum value. 
x->0+ \ x) 

1 d / 1 /9 \ _ 1/9 1 x 1 / 2 — ! 

53. f (x) = — [x — 2x l/A ) = 1 — x A/z = 1 r-pr = — r — has 1 as a critical number in the interval (0, 9). 

dx V / jcl/2 jcl/2 

/ (0) = 0, / (1) = —1, and / (9) = 3, so / has an absolute minimum value of —1 attained at x = 1 and an absolute 
maximum value of 3 attained at x = 9. 

d / \ / \ ? 3 / 2 — 8 

54. f (0 = — (±r 2 _ 4f l/2j = |t - 2r -1 / 2 = ^ _1/2 (V 3/2 - 8j = /2 is discontinuous at ? = 0 and has zeros 

where f 3 / 2 = 8 £ = 8 2 / 3 = 4. Therefore, / has the critical number 4 in the interval (0, 9). We calculate / (0) = 0, 

/ (4) = —6, and / (9) = — Thus, / has an absolute minimum value of —6 attained at t = 4 and an absolute maximum 
value of 0 attained at t — 0. 

55. /' (x) = A p/3 ( x 2 - 4)] = ^ (* 8 / 3 - 4* 2 / 3 ) = §* 5 /3 - §*-'/3 = 8,-1/3 (,2 _ ^ = 8(jC+ ^ " 1} is 

discontinuous at x — 0 and has zeros at x = ±1, so the critical numbers of / on (— 1, 2) are 0 and 1. / (— 1) = —3, 

/ (0) = 0, / (1) = —3, and / (2) = 0, so / has an absolute minimum value of —3 attained at x — — 1 and at x — 1, and an 

absolute maximum value of 0 attained at x — 0 and at x — 2. 



56. g'(x) = d 



dx 



* ( 4 - *2) 1/2 = ( 4 - *2) 11 ^ + * ( 1) ( 4 - *2)-^ (-2*) = (4 - *2)-' /Z [(4 - *2) - *2] 



1/2 /,\ /. ,\-l/2 . . . /. ,\-l/2 



2 (2 - * 2 ) 

= - is discontinuous at x = ±2 and has zeros at x — ± V5. 

Therefore, g has the critical number V2 on the interval (0, 2). We calculate g (0) = 0, g (v^) = 2, and g (2) = 0, so g has 
an absolute minimum value of 0 attained at x — 0 and at x — 2, and an absolute maximum value of 2 attained at x — *Jl. 
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57. f f (x) = — (2 + 3 sin 2x) = 6 cos 2x is continuous everywhere and has a zero at ^ on the interval (0, y ) , so x = ^ is 

the only critical number in the interval. / (0) = 2, / (y) = 5, and / (y) = 2, so / has an absolute minimum value of 2 
attained at x = 0 and at * = y , and an absolute maximum value of 5 attained at x = y . 

58. < (,) = — (cos, - sin,) = - sin, - cos, is continnons everywhere and has zeros where - sin, - cos, = 0 O 



tan 



x = -1 <^> x = 2JL or x = 2f on the interval (0, 2tt). g (0) = 1, g (2jt) = -</2, g (2f ) = V2, and g (2tt) = 1, so 



g has an absolute minimum value of —y/2 attained at x = and an absolute maximum value of V2 attained at x = -y^-. 

i 

59. g' (?) = — (2 sin r — t) = 2 cos r — 1 is continuous everywhere and has a zero where 2 cos £ = 1 ocosr = 4 => 

f = y on the interval (0, y), so g has the critical number y on (0, y). g (0) = 0, g = V3 - y % 0.68, and 

g (y) = 2 — y ^ 0.43. Thus, g has an absolute minimum value of 0 attained at t — 0, and an absolute maximum value of 

V3 - y attained at t = f. 

d 

60. / (x) = — (x — sinx) = 1 — cos* is continuous everywhere and has zeros where 1 — cos* = 0 <^> cos* = 1 => 

dx 

x = 2mr, n an integer. Since none of these lies on (0, 2n), f has no critical number in that interval. / (0) = 0 and 

/ (27r) = 2-7T, so / has an absolute minimum value of 0 attained at x = 0 and an absolute maximum value of 2-k attained at 

x — 2-7T. 



61. P' (x) = — (-0.000001.x 3 + O.OOLt 2 + 5x - 500) = -0.000003X 2 + 0.002x + 5 is continuous everywhere 

dx \ J 

and has zeros where P' (x) = 0 => -0.000003.x 2 + 0.002.x: + 5 = 0 ^ 3x 2 - 2000.x - 5,000,000 = 0 o 

(3x - 5000) (x + 1000) = 0 => x = ^ or -1000. We reject the root -1000 because it lies outside the interval 

(0, 2000), so 5^00 is the only critical number in (0, 2000). P (0) = -500, P (^) « 5981, and P (2000) = 5500, so the 
total daily profit is maximized if the production is approximately 1667 dozen recordable DVDs. 

9 (k D\ kD 2 D 3 dR 2kD 3D 2 9 dR „ 

62. R = D 2 ( = => = — = kD — D 2 — D (k — D). Setting = 0, we have D = 0 

\2 3 / 2 3 dD 2 3 dD 

or D = k. We consider only D = k (since D > 0). If D < k, then |g > 0; and if D > k, then |§ < 0. So D = k gives a 
relative maximum of R. Since there is only one critical number, D — k gives an absolute maximum of R. 

63. Observe that / is continuous on [0, 4] . Next, we compute 

f {t) = £ (lOt - 40* 1 / 2 + 50^ = 20 - 20* -1 / 2 = 20;- 1 / 2 (t 1 ! 2 - l) = 20 (^" 1 ) .. Observe that t = 1 is the only 

critical number of / on (0, 4). Calculating / (0) = 50, / (1) = 30, and / (4) = 50, we see that the average speed of traffic 
is highest at 6 A.M. (t = 0) and 10:00 A.M. (t = 4) and lowest at 7 A.M. (t = 1). 



64 



. p' (t) = £ (0.04363? 3 - 0.267? 2 - 1.59? + 14.7) = 0.13089; 2 - 0.534; - 1.59 = 0 => 

0.534 ± 7(-0.534) 2 - 4(0.13089) (-1.59) 

t = « -2 or 6.08. We reject the negative root. Calculating P (0) = 14.7, 

2(0.13089) J 6 5 w . 

P (6.08) % 4.97, and P (9) ^ 10.57, we conclude that t « 6.08 gives a minimum of P. This corresponds to early 1970. 
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65 



. S' (?) = £ (0.000989? 3 - 0.0486? 2 + 0.7116? + 1.46) = 0.002967? 2 - 0.0972? + 0.7116. Using the quadratic formula 

, , . „, , N „ . 0.0972±7(-0.0972) 2 -4(0.002967)(0.7116) , , ^ 
to solve the equation / (?) = 0 gives t = 2(0 002967) ~ 1 1 .0 



or 21.7. 



t 


5 11.0 19 


S(t) 


3.9 4.7 4.2 



From the table, we see that S has an absolute maximum when t ~ 11. So children with superior intelligence have a cortex 
that reaches maximum thickness around 1 1 years of age. 

66. A! (?) = j- t (-0.00005? 3 - 0.000826? 2 + 0.0153? + 4.55) = -0.00015? 2 - 0.001652? + 0.0153. Using the quadratic 
formula to solve /' (?) = 0, we obtain ? % -17.01 or 5.997. 



t 


5 6 19 


A(t) 


4.5996 4.6013 4.1996 



From the table, we see that A has an absolute maximum when ? % 6. So the cortex of children of average intelligence 
reaches a maximum thickness around the time the children are 6 years old. 



67. The revenue function is R (x) = xp = 



50* 



0.0Lc 2 + 1 



. To find the maximum value of R, we compute 



(o.Olx 2 + l) 50 - 50x (0.02*) 0.5 (x 2 - 100) 

R' (x) = ± '- = = ^ f . Now R' (x) = 0 => x = -10 or x = 10. The first 

(0.0Lt 2 + l) 2 (0.0Lt 2 + l) 2 

root is rejected since x > 0. Thus, x = 10 is the only critical number. Next, we compute R (0) = 0, R (10) = 250, and 

R (20) = 200, and conclude that R (10) = 250 is the absolute maximum value of R. Thus, the revenue is maximized by 

selling 10,000 watches. 

68. n' (r) = -^j- ^k ^R 2 — r 2 ) j = — 2kr is continuous everywhere and has a zero at r — 0, which lies outside the interval 

(0, R) and so v does not have a critical number in (0, R). Next, we calculate v (0) = kR 2 and v (R) = 0, so the absolute 

maximum value of v is kR 2 cm/s, and this occurs at r — 0. This shows that the flow of blood is fastest along the central 
axis. The flow of blood is slowest along the wall of the artery (where r — R). 

69. R' (x) — — [kx (Q — x)] = k— (Qx — x 2 } —k{Q — 2x) is continuous everywhere and has a zero at g/2; this is the 

ax ax \ J 

only critical number of R on (0, Q). R (0) = 0, R (2/2) = kQ 2 /4, and R (Q) — 0, so the absolute maximum value of R, 

namely kQ 2 /4 is attained at Q/2, showing that the rate of chemical reaction is greatest when exactly half of the original 
substrate has been transformed. 



70. 



v' — f (r) = ^j- ]^kr 2 (R — r)j (^ r2 - = k (iRr — 3r 2 ) = rk (2R — 3r) is continuous everywhere and has 

j /? \ AkR? 9 

zeros at 0 and f (0) = 0, / \ — ^ , and / (R) = 0, so the absolute maximum value of v occurs at ^R, 

showing that the velocity of airflow is greatest if the radius is | of the normal radius. 

n dx = d r (iQ o QOl3 (iQ _ ^ 4 -| = _ l 5 _ o 0Ql3 (4) (1Q _ ^ 3 = _ x 5 + o 0Q52 (l0 _ ^ 3 . s continuous 

at at L J 



d 



everywhere and has zeros where 0.0052 (lO - ? 3 ) = 1.5 o (10 - ?) 

the critical number 3.4 on (0, 10). x (0) = 2, x (3.4) % 7.4, and x (10) 
amount of salt, roughly 7.4 lb, is in the tank. 



3 _ 1.5 



=>t = 10- 



1.5 



3.4, and so x has 



0.0052 ^ 1 V 0.0052 

0, showing that after 3.4 minutes, the maximum 
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72. V 0) = [o.03r 3 (t - 7) 4 + 6O.2] = 0.03-^ [? 3 (t - 7) 4 ] = 0.03 ^3t 2 (t - 7) 4 + 4t 3 (t - 7) 3 ] 

= 0.03r 2 (t - 7) 3 [3 (t - 7) + 4f] = 0.21? 2 (/ - 3) (f - 7) 3 

is continuous everywhere and has zeros at 0, 3, and 7, so 3 is the only critical number of / on (0, 7). We calculate 

/ (0) = 60.2, / (3) % 267.56, and / (7) % 60.2, so the PSI is lowest at 7 A.M. (t = 0) and at 2 P.M. (f = 7), and highest at 

10 A.M. (t = 3). 



d 



73. R'(t) = ^ (-0.71 If 3 + 3.76r 2 + 0.2r + 36.5^ = -2.133r 2 + 7.52? + 0.2 = 0 



t = 



-7.52 ± J (7.52) 2 - 4 (-2. 133) (0.2) 



—0.03 or 3.55. We reject the negative root, and calculate R (0) = 36.5, 



2 (-2.133) 

R (3.55) % 52.79, and R (5) % 42.63. Thus, office space rents peaked at $52.79/ft 2 after 3.55 years (in the middle of 2000) 



74. y> = l[JL(,4.2Lt 3 +L3x)l = ^ (4* 3 - 6L* 2 + L 3 ), so 
y dx L24EI V /J 24£/ V /' 



y 



L24£/ 

_ ^0 
x=L/2 - 24EI 



4(^) 3 -6l(£l) 2 + L 



3 



^0 



24£7 



§L3 + 



L 3 ^ =0, showing that is a root of the 



equation 4* J — 6Lx z + L 3 = 0. Therefore x — L/2 is a factor of 4* J — 6Lx z + L J , and we use long division: 



4x 2 - 4Lx - 



2L 



x-L/2 



4x 3 - 6Lx 2 
4x 3 - 2Lx 2 



+ L 



-4Lx 2 



+ L 



1 



-4Lx L 



1 



2L^x 



-2L 2 x + L 3 
-2L 2 x + L 3 

0 



Thus, 4x 3 - 6Lx 2 + L 3 = (x - £l) (4x 2 - 4Lx - 2L 2 ) = (2x - L) (2x 2 - 2Lx - L 2 ). Now 2x 2 - 2Lx - L 2 = 0 

, that is, x = \ (l - V3) L or \ (l + V5) L. Both these roots lie outside the 



2L ± V4L 2 + 8L 2 2L ± 2V3L 



interval [0, L], so * = is the only critical number in (0, L). We calculate y (0) = 0, y (jL^ - 

5w L 4 

so y has an absolute minimum value at x = (the midpoint), and the maximum deflection is 334^/ 



5wqL 
384£7 



, and v (L) = 0, 



75. a. 




0 12 3 4 



b. The lowest percentage of new vehicles with diesel 
engines is about 21.5. 
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76. a. 



10 



5 - 



0 




0 



10 



b. The federal debt will be at its highest level in 
2010. The level will be approximately 
$12.39 trillion. 



15 



20 



77. R = 2v 'x (h - x) =>R' = 2—Ux(h- .x)] 1 / 2 ] = 2 (l) [x (h - x)]~ 1/2 (h - 2x) = , R f is continuous on 

ax I J W V-^ (fi - x ) 

(0, /z) and has a zero at h/2, a critical number of R on (0, /*). We calculate R (0) = 0, R (h/2) = h, and R (h) = 0. Thus, 
the maximum value of R occurs at h /2, and so the orifice should be located halfway up the side of the cylinder. 



78. P> (,) = d - 



100 



? 2 + 10? + 100 
t 2 + 20? + 100 




= 100 



1000 



(t 1 - 100) 



(t 2 + 20? + lOo) (2t + 10) - (V 2 + 10? + lOo) (2t + 20) 

(? 2 + 20?+ 100) 2 



= 0 => t — 10, the only critical number of P for t > 0. 



(? 2 + 20? + 100) 2 

Since P' (?) is negative for 0 < ? < 10 and positive for ? > 10, we see that the point (10, 75) is the absolute minimum, so 
when organic waste is dumped into the pond, the oxygen content drops from 100% to a low of 75% before the restoration 
process brings it back close to 100% over time. 



79. y' = 500 



d 



dx 



( 



1000 - x \ 3/4 / 1000 - x \ 5/4 



V 1000 



r - ( 



1000 



= 500 



1 

8 



3 / 1000-jc \~ 1/4 
1000 



( -— ) - - ( 

V 1000 / 4 V 



5 / 1000 -x\ 1/4 



1000 



( 1000) 



1000 -jc\ 1/4 . /1000-x\ -1 / 4 



1000 



y<_3 



1000 



is continuous on (0, 1000) and has a zero where y 



r = 0=>5( 



1000 -x\ 1 ' 4 



1000 



1000 -x \-V 4 
1000 



y/2 



1000 -x\ 1/2 3 

5 



1000 - jc 



1000 / 5 1000 25 
y (1000) = 0, so the maximum distance the boat drifts north is about 93 ft. 



1000 - x = 360 x = 640. We calculate y (0) = 0, y (640) % 92.95, and 



80. S = 4a 2 [sin 26 - sin 2 0 j => S' = 4a 2 — {sin 26 - sin 2 6 j = 4a 2 (2 cos 20-2 sin 6 cos 6) = 4a 2 (2 cos 26 - sin 26) 

is continuous everywhere and has zeros where S' = 0 <=> 2 cos 26 = sin 20 <=> tan 20 = 2 o 0 = ^ tan -1 2 ~ 0.5536, a 

critical number of S on (0, f ). We calculate S (0) = 0, 5 (0.5536) « 2.47a 2 , and S (^) = 2a 2 . Thus, the maximum value 
of S occurs at about 0.5536, where x ^ a cos 0.5536 « 0.85a and v ^ a sin 0.5536 « 0.53a. 
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81. 



F' — — J j^rau; 2 (a 2 cos 2 U3t + b 2 sin 2 



1/2 



= Jr>^ 2 cos 2 ujt + Z? 2 sin 2 cj^ [a 2 (2 cos u;f) (— sin uot) to + b 2 (2 sin Cctf ) (cos tot) u>J 



rau; 



(fc 2 - a 2 ) si 



sin cj? cos ut 



(b 2 - a 2 ) si 



sin 2u>t 



V a 2 cos 2 otf + £ 2 sin 2 uit cos 2 utf + b 2 sin 2 utf 



/C7T 



is continuous everywhere and has zeros where sin 2u:t = 0 o 2cj? = &7T <=> £ = - — , & = 0, 1,2,... for t > 0. The critical 
numbers and the corresponding values of F are given below. 



t 


0 


7T/ (2W) 




3tt/ (2w) 


2tz/(jJ 


• • • 


F(t) 


muj a 


mcj b 


2 

muj a 


muj 2 b 


1 

mu) a 


• • • 



We see that the force is greatest at the points (a, 0) and (—a, 0) and smallest at the points (0, b) and (0, — b). 

Intuitively, the force required to keep the mass in orbit should be maximal when it is at the points farthest from the origin, 

and the force should be smallest when the mass is at the points closest to the origin. 



82. a. F' = \— 

dO [/xsi 



sin 0 + cos 0 



d i 

= » W ~JZ 0* sin 6 + cos °) 
du 



— — iiW (/xsin0 + cos0) 2 (/x cos 0 — sin 6) — 



fiW (s'mO — /xcos 6) 




1 



(/x sin 6 + cos 0) 2 
is continuous on (0, y ) and has a zero where sin 0 — /x cos 6 — 0 <=> 

0 = tan -1 /x, a critical number of F. To find F ^tan -1 /x^, refer to the diagram. We see that 

F (tan"! M ) = — ^ = Now F (0) = F (tan"* M ) ^ 

V J / \ 1 Vl + /x 2 v 7 




, and 



F (y) = W, so F has an absolute minimum value at tan -1 /x, the required angle. 



b. From the results of part a, we see that the magnitude of the force is 



lb. 



c. F = 



0.4 • 60 



24 



. To verify the results of parts a 

0.4 sin 0 + cos 0 0.4 sin 0 + cos 0 

and b for this special case, we compute F (0) = 24, F (0.38) ^ 22.3, and 
F (f ) = 60. 



60 



40 



20-- 



0 




0.0 



0.5 



1.0 



1.5 



83. / = 



W 



9EI 



W 



ifO < x < 1 



ISEI 



(5 - 3* 2 ) 
(?>x 2 - ISx + 19) if 1 < x < 3 



On [0, 1], / = 0 <=> * = ± ( f 1 « ±1.291. Both lie outside the 



interval [0, 1], and so y has no critical number in that interval. On (1, 3], / = 0 o x = 



18±y(-18) 2 -4(3)(19) 



1.37 



or 4.63, so 1.37 is a critical number in (1, 3). We calculate y (0) = 0,y (1) % 0.44—, y (1.37) % 0.48 — , and y (3) = 0. 



EI 



EI 



We conclude that the maximum deflection of the beam is about 0.48 



W 
~EI 
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84. lim / (x) = lim (-*) = 0 and lim / (x) = lim (x - 1) = -1. Thus, 

lim f (x) does not exist, and so / is discontinuous at 0. From the graph, we see 

jt->0 

that the absolute maximum value of / is 1 at x = — 1 , and the absolute minimum 
value of / is — 1 at x = 0. This result does not contradict the Extreme Value 
Theorem because / (x) is not continuous on its domain. 




85. From the graph of /, we see that / has an absolute maximum value of 5 at x = 2 

and an absolute minimum value of 1 at x = 0. This does not contradict the 
Extreme Value Theorem because / (x) is not continuous on its domain. 




86. f' (x) — (x^ + x + 1^ = 3x 2 + 1 is continuous on (— oo, oo) and is never zero, because 3x 2 +1 > 1 for all x. Since 
/ does not have a critical number in (-co, oo), / cannot have a relative extremum. 



87. f' is undefined at each integer and f' (x) = 0 for all other values of x. Therefore, every real number is a critical number of 
/. (See Figure 4 in Section 1.2 for the graph of the greatest integer function.) 



88. g has no absolute maximum value. Its absolute minimum value of 0 is attained at 
integer values of x . 




89. /' (jc) = 4" ( sin - I = cos - ( — Vl = - CQS ^ l J X \ Since f (x) = 0 <=> - = ^ + nn = tt ( i + n), 

ax \ x ) x \ x l ) x l xl \ z / 

1 

n — 0, ±1, ±2, . . ., we see that / has the critical numbers x — — n — 0, ±1, ±2, Any open interval 

tt (n + \ J 

containing the origin also contains an infinite number of these critical numbers. 



90. a. If / has a relative minimum at c, then there exists a d > 0 such that f (x) > f (c) whenever x satisfies 

c — S < x < c + 5. Multiplying both sides of f (x) > f (c) by —1 gives — / (x) < —f (c). Since g (x) = — / (x), this 
implies g (x) < g (c) whenever x lies in (c — d, c + <5); that is, g has a relative maximum at c. 

b. If / has a relative minimum at c, put g (x) = —f (x). Then, by the result of part a, g has a relative maximum at c. Using 
the result of Theorem 1 for the case where the function has a relative maximum at c, we see that g' (c) = 0 and this, in 
turn, implies that /' (c) — —g' (c) = 0. 
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91. 




-2 



-1 



0 



1 



92. 



0 



-2" 



-4" 



0.0 




0.5 



1.0 



1.5 



2.0 



From the graph, we see that the absolute maximum value 

of about 7.8 is attained at x ~ —0.9 and the absolute 
minimum value of about —4.16 is attained at x — — 2 



From the graph, we see that the absolute maximum value 

of about —1.7 is attained at* = 1 and the absolute 
minimum value of about —4.1 is attained at x % 1.9 



93. 



0.04 



0.02 " 



0.00 




0 



1 



2 



3 



94. 



1.2 



1.1 " 



1.0 




0.0 



0.5 



1.0 



1.5 



2.0 



From the graph, we see that the absolute maximum value 

of about 0.036 is attained at x % 0.8 and the absolute 
minimum value of 0 is attained at x = 0. 



From the graph, we see that the absolute maximum value 

of about 1.11 is attained at x ~ 0.54 and the absolute 
minimum value of 1 is attained at x — 0. 



95. a. 



8 



6- 



2- 



0 




From the graph, we see that the absolute minimum value of / 
is approximately 0.978, occurring when x % 0.909, and the 
absolute maximum value of / is 7, occurring when x — 2. 



b. f (x) — (j. x ^ ~ \ x + 2^ = 2x 3 — | = 0 => x — Evaluating / at the critical number we have 



/ 



(en = * - 1 (t) 



^ „ „ 9 




0.978. Next, / (0) = 2 and / (2) = \ (2) 4 - § (2) + 2 = 7, 



so we see that the absolute minimum value of / is 0.978 and the absolute maximum value of / is 7. 
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96. a. 



1 -- 



0 



-1 



-2 




-1.0 -0.5 



0.0 



0.5 



1.0 



From the graph, we see that the absolute minimum value of / 
is approximately —1.414, occurring when x % —0.707, and 
the absolute maximum value of / is 1 , occurring when x — 1 . 



b. f'to = &\x-(l-f) 



1/2' 



= 0^71^? = 



— X 



1 - x 2 = x 2 



x = but x = — ^ is the only root of y/l — x 2 = — x. 



X 


-1 1 


fix) 


-1 -V2 1 



From the table, we see that the absolute minimum value is — >/2, and the absolute maximum value is 1 



97. a. 



1.0 



0.9 



0.8 




From the graph, we see that the absolute minimum value of / 
is approximately 0.828, occurring when x ^ 0.172, and the 
absolute maximum value of / is 1 , occurring when x — 0 or 
x = 1. 



0.0 0.2 0.4 0.6 0.8 1.0 



(*V2 + i) (!) _ + i) (1,-1/2) 



x + 2 V* - 1 



. Setting /' (x) = 0 gives 



+ A / (jcV2 + l) 2 2V^(VI+ l) 2 

x + 2^ — 1 = 0. To solve this disguised quadratic equation , put u — *Jx. This gives u 2 + 2u — 1 = 0 
-2±V4-4(1)(-1) 



u — 



= — 1 ± V2. Since w must be nonnegative, we see that the required root is u — *J2 — 1 and 



so 



x = (V2- l) 2 . 



X 


0 (V2-l) 2 1 


fix) 


1 V2(2-V2) - 0.828 1 



From the table, we see that the absolute maximum value is 1 and the absolute minimum value is approximately 0.828. 



98. a. 



1.0 



0.5 



0.0 




0.0 



0.5 



1.0 



1.5 



From the graph, we see that the absolute minimum value of / 
is 0, occurring when x — 0, and the absolute maximum value 
of / is 0.685, occurring when x « 1.047. 
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b. f' (x) — (2 sin* — x) = 2cosx — 1 = 0 => cosx = ^ or x = ? , giving y as the only critical number of / on 

(o,f). 





u 3 2 




0 3 ^~ n % 0.685 ^ « 0.429 



From the table, we see that / has an absolute maximum value of about 0.685 and an absolute minimum value of 0. 

99. False. Consider / (x) = x^. Here f' (x) = 3x 2 = 0 <^> x = 0, but / has neither a relative maximum nor a relative 
minimum at 0. 

2 

100. False. Consider / (x) = x 2 / 3 . Then f' (x) = - ^ ls not defined at x = 0, but / has a relative minimum at 0. 



—x if -1 < x < 0 



1 



£ if jc = 0 



/ is defined on the closed interval [—1, 1], but does not have an 



101. False. Consider / (x) = 

x if 0 < x < 1 
absolute minimum value on [—1, 1]. 

102. False. Consider / (x) = x on the open interval (0, 1). / is continuous on (0, 1), but it has neither an absolute maximum nor 
an absolute minimum value on (0, 1). 



3.2 Concept Questions 



1. See Theorem 1 on page 258. If / is constant on [a,b], then its graph is a horizontal line segment and the slope of the 
tangent line to the graph of / is 0 at each number c e (a,b). If / is not a constant function, then its graph must rise above 
(or fall below) / (a). Since / assumes the same value at b as it does at a, the graph must eventually turn down (or up), and 
consequently there is at least one turning point where the slope of the tangent line is 0. 

2. See Theorem 2 on page 260. For a geometric interpretation of the Mean Value Theorem, see page 260. 



3. a. 




b. We find that c\ ^\.l and ^ 5.4 



3.2 The Mean Value Theorem 



1. f (x) = — 4x + 3 => f' (x) = 2x — 4. / is continuous on [1,3] because it is a polynomial function, and / is 
differentiate on (1, 3). Furthermore, / (1) = 1 - 4 + 3 = 0 and / (3) = 9 - 12 + 3 = 0, so by Rolle's Theorem, 
f' (c) = 2c — 4 = 0 for some c e (1, 3), namely c = 2. 



182 Chapter 3 Applications of the Derivative 

2. g (x) = x 3 — 9x => g' (x) — 3x 2 — 9. g is continuous on [—3, 3] and differentiable on (—3, 3), g (—3) = —27 — 9 (—3) = 0, 
and g (3) = 27 — 9 (3) = 0, so by Rolle's Theorem, there exists a number c e (—3, 3) such that g' (c) = 3c 2 — 9 = 0. In 
this case, c 2 = 3 => c = ±V5. 

3. / (x) = + — 2x => /' (x) = 3x 2 + 2x — 2. f is continuous on [—2, 0] and differentiable on (—2, 0), 

/ (-2) = (-2) 3 + (-2) 2 - 2 (-2) = 0, and / (0) = 0 3 + 0 2 - 2 • 0 = 0, so by Rolle's Theorem, there exists a number c 

. r, , -2 ± V2 2 - 4 (3) (-2) -2 ±728 -l±>/7 



in (-2, 0) such that f (c) = 3c z + 2c - 2 = 0. In this case, c = 

1 + V7 , 1 + V7 

Only — lies on (—2, 0), so c = — 



2(3) 



3 v 7 " 3 

4. (*) = jc 3 (* - 7) 4 => (x) = x 3 (4) (x - 7) 3 + 3x 2 (x - 7) 4 = x 2 (x - 7) 3 [Ax + 3 - 7)] = 7x 2 (x - 3) (x - 7) 3 . h 
is continuous on [0, 7] and differentiable on (0, 7), /z (0) = 0, and h (7) = 0, so by Rolle's Theorem, there exists a number c 

in (0, 7) such that /z' (c) = 7c (c — 3) (c — 7) 3 = 0. In this case, the only such c is 3, because neither 0 nor 7 lies on (0, 7). 

5. / (x) = xjl-x 2 => 

1/2 /i\ / o\-V2 , _ . / o\-l/2 



X (l - * 2 ) V2 = (l - *2) V ' + , ( 1) (l " x 2 ) (-2*) = (l - [(l _ ,2) _ ,2] 



_ 1 - 2x 2 

f is continuous on [—1, 1] and differentiable on (—1, 1), / (—1) = 0, and / (1) = 0, so by Rolle's Theorem, there exists a 

. 1 — 2C 2 9 Py 

number c in (-1, 1) such that /' (c) = — 0. In this case, 1 - 2c z = 0 <=^> c = ±^T- 

V 1 — c 2 



6. f(t) = t 2 / 3 (6-0 1/3 



/' (0 = r 2 / 3 (I) (6 - if 1 * (-D + (6 - 0 1/3 (§'" 1/3 ) = ^"V3 (6 - 0 -2/3 r_, + 2 (6 - 01 = ^3^2/3 - 

/ is continuous on [0, 6] and differentiable on (0, 6), / (0) = 0, and / (6) = 0, so by Rolle's Theorem, there exists a 

4- c 

number c in (0, 6) such that /' (c) = — — ™- = 0. In this case, c = 4. 

c l/3 (6 _ c )Z/j 

7. /* (0 = sin 2 1 h f (t) = 2 sin £ cos ? = sin 2t. h is continuous on [0, 7r] and differentiable on (0, 7r), /z (0) = 0, and 
h (7r) = 0, so by Rolle's Theorem, there exists a number c in (0, 7r) such that h' (c) = sin 2c = 0. In this case, c = y . 

8. / (x) = cos 2* — 1 => /' (x) = — 2sin2x. / is continuous on [0, 7r] and differentiable on (0, 7r), / (0) = 1 — 1=0, 
and / (7r) = cos 27T — 1 = 1 — 1 = 0, so by Rolle's Theorem, there exists a number c in (0, 7r) such that 

f' (c) = —2 sin 2c = 0. In this case, c = y . 

9. / (x) = x 2 + 1 => /' (x) — 2x. f is continuous on [0, 2] and differentiable on (0, 2). Therefore, there exists a number c in 

the interval (0, 2) such that f (2) ~ ^ (Q) = /' (c) => ^— ^ = 2c => c = 1. 

7 2-0 2 

10. / (x) = x 3 — 2x 2 => /' (x) = 3a- 2 — Ax. f is continuous on [—1, 2] and differentiable on (—1, 2). Therefore, there exists a 

number c in the interval (-1,2) such that f (2) "/ ^ = /' (c) =^> ( 8 ~ 8 ) ~ ~ 2 ) = 3c 2 _ 4c 0 j = 3c 2 _ 4c 

2- (-1) 3 

^ 2 , 1 n • • 4±yi6-4(3) (-1) 4±V28 2±V7 

o 3c — 4c — 1 = 0, giving c = — — = , both 01 which lie on (—1, 2). 

2 (3) 6 3 

11. h (x) = — => h' (x) — — 4r. /z is continuous on [1, 3] and differentiable on (1,3). Therefore, there exists a number c in the 

h(3) — h (1) . 4-1 1 1 1 ^ r - 

interval (1, 3) such that = h (c) =^> ^— — = — -=>—- = — - ^> c = ±V3. Since — V3 does not lie in 

3—1 2 c z 3 c z 

the interval (1, 3), we see that the required value of c is V3. 
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12. g (t) = => g f (t) = — - ?r~^ — n • 8 is continuous on [—2, 0] and differentiable on (—2, 0). 

* - 1 0 - l) 2 (r - l) 2 

o (0) — g (—2) 1 
Therefore, there exists a number c in the interval (—2, 0) such that — - — — = ( c ) ^ — 2 — = ~ ( i)2 ^ 

— ~ = 1 — y <=> (c — l) 2 = 3 => c = 1 ± V3. We reject c = 1 + \/3 because it lies outside the interval (—2, 0), so 

3 (c - l) 2 

the required value of c is 

13. ft (*) = xV2xTT = x(2x + \) x / 2 => h'(x) = (2JC+1) 1 / 2 + 

x U) (2x + I)" 1 / 2 (2) = (2* + l)" 1 / 2 [(2* + 1) + x] = * ft is continuous on [0, 4] and differentiable on (0, 4). 

ft (4) - ft (0) , 4 (3) - 0 3c + 1 
Therefore, there exists a number c in the interval (0, 4) such that = b! (c) 



4-0 w 4 (2c +1) 1 / 2 

o 3 (2c + 1) 1/2 = 3c + 1 <^ 9 (2c + 1) = 9c 2 + 6c + 1 ^ 18c + 9 = 9c 2 + 6c + 1 <^ 9c 2 - 12c - 8 = 0 => 

12±V144 + 4(9) (8) 12 ±12^3 2±2^3 . . 2 + 2^3 

c = = = . The required value is c = because the other root lies 

18 18 3 4 3 

outside the interval (0, 4). 

14. / (x) = sin* => /' (x) = cos*. / is continuous on [0, y] and differentiable on (0, y). Therefore, there exists a number c 
in the interval (0, y) such that ^ ^ 2 J — j-^- = f (c) =^> 1 n ° = cos c => cos c = ^ <=> c = cos -1 |r % 0.88. 

15. / (x) = x + sin* => /' (x) = 1 + cos*. / is continuous on [y, tt] and differentiable on (y , 7r). Therefore, 

. /(7T)-/(f) , 7T - (f + 1) 

there exists a number c in the interval (-j, 7r) such that ^ = / (c) => ^ = 1 + cos c <=> 



7T — 



T T 



f -1 = f + ? cose cose = -£<=>c = cos -1 (- JrJ % 2.26. 



sinf . (1 + cost) (cost) — s'mt (— s'mt) 1 . . r 

16. g (t) = => g (r) = r = . g is continuous on 0, 45- an d differentiable 

1 + cos? 6 (1+cosO 2 1+cosr 6 L 2J 

on (0, y). Therefore, there exists a number c in the interval (0, ?) such that ^ ^ 2 J ^ = g' (c) => = 5 

— — 0 — 1 H~ cos c 

<=>1+ cos c=f=>c = cos -1 (f - 1) ^ 0.96. 

17. The function A is continuous on the interval [0, 30] and differentiable on (0, 30). Furthermore, A (0) = A (30) = 0, and so 
by Rolle's Theorem there exists a number c in (0, 30) such that A' (c) = 0. This tells us that there is at least one instant 
during the 30-minute flight when the plane is neither climbing nor descending. 

18. Let S (t) denote the distance covered by the trucker after t hours. Then S is continuous on the time interval |^0, y|J 
and differentiable on ^0, So, by the Mean Value Theorem, there exists a number c in ^0, such that 

S (y§) — S (0) _ q j 93 # j2 

= S f (c) =5 S f (c) — — — = ~ 66.17. In other words, there is some time c with 0 < c < || 



35 ~ w ^ ~ v ^ 35 

TI u T2 
for which the speed of the trucker was about 66. 17 mi/h, exceeding the posted speed limit. 

19. h(t) — j^t 4 — t 3 + 4t 2 => ft' (f) = ^ 3 - 3t 2 + 8?. The function ft is continuous on the interval [0, 8] and differentiable on 
(0, 8). Furthermore, ft (0) = 0 and ft (8) = ^ • 8 4 - 8 3 + 4 • 8 2 = 256 - 512 + 256 = 0. Therefore, by Rolle's Theorem, 

there exists a number c in (0, 8) such that ft' (c) = \c 3 - 3c 2 + 8c = 0 o \c (c 2 - 12c + 32^ = \c (c - 8) (c - 4) = 0 
=> c = 4, since 8 lies outside the interval (0, 8). This suggests that the aircraft attains the highest altitude at t — 4. 
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20. r (t) = $t 3 - ^t 2 + ^r + 56^r' (t) = $t 2 - + ^00 The function r is continuous on [0, 12] and differentiable 
on (0, 12). Furthermore, r (0) = 56 and r (12) = 56. Therefore, by Rolle's Theorem, there exists a number c in (0, 12) 

such that r' (c) = $ c 2 - ^ c + ^ = 0 o c 2 - 1 8c + 60 = 0 => c = 18=b ^ 324 ~ gl2 = 9 ± V2I. However, 9 + >/21 

lies outside the interval (0, 12), so c — 9 — y/21 « 4.4 is the required value. The result suggests that the occupancy rate is 
highest around the middle of May. 



21. f(x) = \x\-l = 



x — 1 if x < 0 

=> /' to = 

x - 1 if* > 0 



-1 if*<0 
1 if x > 0 



Thus, /' (jc) 7^ 0 for x on (—1, 0) U (0, 1). Also, / is not differentiable at x = 0, so /' (x) ^ 0 for all x in the domain. 
Rolle's Theorem is not contradicted because the requirement that / be differentiable on (—1, 1) is not satisfied. 

22. f (x) — 1 — x 2 / 3 => /' (x) — — §* -1 / 3 = — - jj^ • Suppose there is a number c satisfying —1 < c < 8 such that 

, = /(»)-/ (a) = f (8) - / (-1) ^ 2 = (l - - 0-1) = _ 1 3 = = 

7 w ^-a 8-(-l) 3cV3 9 3 

This contradiction shows that no such c exists. The result does not contradict the Mean Value Theorem because / is not 
differentiable on the interval (—1,8). 

23. / does not satisfy the hypotheses of the Mean Value Theorem on [0, 2] because it is not 
differentiable on (0, 2). In fact, / fails to be differentiable at x = 1. To see this, we calculate 

/(l)-/(l-/z) 1-(1-/Q 2 r 2h-h 2 
lim — lim = hm — hm (2 — h) — 2 and 

h-^0+ h /i->0+ h h^0+ h h^0+ 

lim = Um 2- (1 + - 1 ^ Um = n m (-1) = -1. Thus, the left-hand limit of the 

difference quotient is not equal to the right-hand limit, so /' (1) does not exist. 

24. g (x) = x 4 — 2x 2 + x is continuous on [0, 1] and differentiable on (0, 1). Furthermore, g (0) = 0 = g (1). Therefore, by 

Rolle's Theorem, there exists at least one number c in (0, 1) such that g f (c) = 4c 3 — 4c + 1 = 0. But g f (x) = f (x), and 
so / (c) = 0, showing that / has at least one zero in (0, 1). 

25. / (x) = x 5 + 6x + 4 is a polynomial function and so it is continuous and differentiable on (—00, 00). Next, consider 
/ (— 1) = — 1 — 6 + 4 = — 3 <0 and / (0) = 4 > 0. Using the Intermediate Value Theorem, we see that there exists at 
least one number r\ on (—1, 0) such that f (r\) — 0, and this shows that / has at least one zero in (—1, 0). Now suppose / 
has another zero distinct from r\, on (—00, 00). Then / (r\) = f (ji) — 0 and Rolle's Theorem implies that there 
exists a number c in the interval (r\ , vi) [or in fa, r\) if ^2 happens to be smaller than r\] such that /' (c) = 0. But 

/' (x) = 5x + 6 > 6 is never zero, so no such c exists. This contradiction implies that r2 cannot exist, and so / has 
exactly one zero, r\ . 

26. Let / (x) = x 7 + 6x 5 + 2x — 6. Then / is continuous and differentiable on (—00, 00). Evaluating / at x = —1 and 
x = 1 gives / (— 1) = — 15 < 0 and / (1) = 3 > 0. By the Intermediate Value Theorem, there exists a number r\ on 
the interval (—1, 1) such that f {r\) — 0, and this shows that / has at least one zero in (—1, 1). Now suppose that the 
equation has another root ri, distinct from r\, in (—00, 00). Then f (r\) — f fo) = 0 and by Rolle's Theorem, there 
exists a number c in the interval (r\ , rj) [or in {r^, r\) if r2 happens to be smaller than r\\ such that f (c) = 0. But 

/' (c) = lc^ + 30c 4 + 2 > 2, so no such c exists. This contradiction implies that cannot exist, and this in turn shows that 
the assumption that there is another root r2 distinct from r\ is not tenable. We conclude that / has exactly one zero, so the 
given equation has exactly one root. 
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27. Suppose / (x) = — I2x + c has two distinct zeros r\ and r2 in [0, 1]. We may assume that 0 < r\ < < 1, since 

f (r\) — f fa) — 0 and / is continuous on [ri , r2~\ and differentiable on (rj , r2). Rolle's Theorem implies that there exists 

a number a in (ri , r?) such that /' (a) = 5x 4 - 12 = 5a 4 — 12 = 0 o a = ^ % ±1.24. But this implies that a 

does not lie in (0, 1). This contradiction shows that / cannot have more than one zero on [0, 1]. 

28. Let / (x) = sin*. If a = b, then \f (a) — f (b)\ = |sin<2 — sin Z?| = 0 and \a — b\ = 0. So |sina — sin Z?| = \a — b\. 
Next, we assume that a < b. The function / is continuous on [a, b] and differentiable on (a,b). Using the Mean Value 



Theorem, we see that there exists a number c in (a, b) such that 



f (b) — f (a) sin b — sin a 



= f (c) — cos c. Thus, 



b — a b — a 

s'mb — sina = (b — a) cose => |sin£ — sina| = \b — a\ |cosc|. But |cosc| < 1 and so |sin£ — sina| < \b — a\ and, 
combined with the previous result, we see that the inequality holds for all real numbers a and b. 

29. Let / (x) = a n x n + a n _\x n ~^ + • • • + a\x. Then / (0) = 0, so 0 is a root of the equation / (x) = 0. Now let r > 0 
be a positive zero of /. Then / (r) = 0. Since / is continuous on [0, r] and differentiable on (0, r), there exists a 

number c in (0, r) such that /' (c) = 0. But f' (x) = na n x n ~ l + (n — 1) a n -\x n ~ 2 + •••+«!, and so we have 

/ r (c) = na n c n ~ l + (/i — 1) a„_ic" -2 H h «i =0. This c satisfying 0 < c < r is a root of the given equation. 

30. Let g (x) = ex. Then g' (x) = c and so g' (x) — f (x). By Theorem 3, g and / must differ by a constant. Thus 
f (x) = g (x) + d, where d is constant, and so f (x) = cx + d as desired. 



31. 



a. / (-1) = (-1) 4 - 4 (-1) - 1 = 4 > 0 and 

/ (1) = (l) 4 - 4 (1) - 1 = -4 < 0, so the Intermediate Value Theorem 
implies that / has at least one zero r\ in the interval (—1, 1). Next, 

/ (2) = 2 4 - 4 (2) - 1 = 7 > 0, and so the Intermediate Value Theorem 
says that / has at least one zero r2 on the interval (1,2). Clearly r\ and 
are distinct. Now suppose that / has another zero r distinct from r\ and 
Y2- Then r must lie in one of the intervals (-co, rj), (r\ , r2), and 
(r2, oo). Then by Rolle's Theorem, there must exist a number c in one of 



4" 



2- 



0 



-2- 



-4- 




-3 -2 -1 



0 



1 



the intervals (— oo, r\), (r\, 1), (1, r^), and (r2, oo) such that /' (c) = 0. But 

f (x) = 4x 3 — 4 = 4 (x — 1) ^x 2 + x + 1^ =0 only at x = 1. This is a contradiction, and the desired result follows. 



32. / (x) = 



x sin — if x > 0 77 

* / (x) = 0 where x — 0 or sin — = 0 

0 if jc = 0 x 



0.5 " 



7T 1 

— = n7r =^> x = —,n — 1, 2, 3, /is continuous on [0, 1] and differentiable 

x n 



on (0, 1). Therefore, we can apply Rolle's Theorem to each of the intervals 



0.0 



-0.5 " 



1 1 

3' 2 



1 1 

4' 3 



1 1 



n + 1 ft 



, . . ., and conclude that there is a number c„ in 




0.0 0.2 0.4 0.6 0.8 1.0 



the interval 



(— -) 

\n+V n) 



such that f (c n ) = 0, n = 1, 2, 3, . . .. Thus, /' (jc) = 0 



has infinitely many roots in (0, 1). 
33. Let / (x) = cos 1 — j cos 2.x. Observe that / is continuous and differentiable on (—00, 00). 

f' (x) = 2 cos* (— sinx) — \(— sin2x) (2) = —2 sin* cosx + sin 2.x = — sin2x + sin2x = 0. Using Theorem 3, 

9 1 

we see that / (x) = C where C is a constant; that is, / (x) = cos z x — ^ cos 2x = C. To find C, we calculate 
/ (^) = 0 - 2 (—1) = C <^> C = ^, so cos 2 * - cos 2x = ^ ^ cos2 -^ = \ (1 + cos2x). 
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34. Let h = f — g. Then h is continuous on [a, b] and differentiable on (a,b). Furthermore, 

h (x) — h (a) 

h (a) = (f — g) (a) = / (a) — g (a) = 0. If a < x < b, then the Mean Value Theorem gives = h (c) for 

x — a 

h(x) — 0 

some number c in (a, x). Then h' (x) = f' (x) — g' (x), and we have = /' (c) — g' (c) < 0, since f' (x) < g f (x) 

x — a 

for all x in (a, b). Multiplying both sides by x — a > 0 gives h(x) < 0 o f (x) — g (x) < 0 <^> f (x) < g (x) for all x in 
(a,b). 

35. / (x) = Ax 2 + Bx + C is continuous on [a, b] and differentiable on (<?, b), and f (x) = 2Ax + B. 

By the Mean Value Theorem, there exists a number c in (a, b) such that — = /' (c) => 

/? — <3 



(a/? 2 + 5/? + c) - ^Afl 2 + Ba + c) A ^ 2 - a 2 ^) + B (b - a) 



= 2 Ac + B <=> — = 2Ac + B <^> 

/? — a o — a 

A(b + a)(b - a) + B (b - a) a + b 

— — = 2Ac + B=>A(b + a) + B = 2Ac + B <=> c = , showing that c lies at the 

b — a 2 

midpoint of the interval [a , b] . 

36. / (x) = 2 (x — 1) (x — 2) (x — 3) (x — 4) is a polynomial function, and thus continuous and differentiable on (— oo, oo). 
Furthermore, / (1) = / (2) = / (3) = / (4) = 0. Therefore, by Rolle's Theorem, there exists at least one number c\ in 
(1, 2), at least one number q in (2, 3), and at least one number C3 in (3, 4) such that f (c\) = f (q) = f (C3) = 0. 
Therefore, f' has at least three real zeros. On the other hand, f' is a polynomial of degree three and can have at most three 
real zeros. Therefore, f has exactly three zeros. 

37. Suppose / has two distinct fixed points c\ and in /, with c\ < C2- Applying the Mean Value Theorem to / on the interval 

\c\ , C2I contained in /, we see that there exists a number c in (c\ , q) such that / (c) = — ^ 2 ^ — f ( l) _ J_ _ ^ 

c 2 -ci c 2 -ci 

contradicting the assumption that f' (x) ^ 1 for all x in /. This shows that / can have at most one fixed point in /. 

38. f (x) = — (x + 6) 1 / 2 = # 1 for all x in (0, 00). Therefore, by the result of Exercise 37, / can 

ax 2V* + 6 

have at most one fixed point in (0, 00). Solving the equation / (c) = c gives *Jc + 6 = c^c + 6 = c 2 <=^> 
c 2 — c — 6 = (c — 3) (c + 2) = 0 o c = 3 in (0, 00). Therefore, (3, 3) is the only fixed point in (0, 00). 

39. Suppose f (x) < d for some number x in (a, b). Since / is continuous on [a,b], the Extreme Value Theorem implies that 
/ attains an absolute minimum value at some number c'm[a,b]. However, the number c cannot be an endpoint because 

f (a) — f (b) = d and we have assumed that f (x) < d for some number x in (a, b). Therefore, c must lie in (a,b). Since 
/ is differentiable on {a, b), f (c) exists, and by Theorem 1, /' (c) = 0. 

40. a. By the Mean Value Theorem, there exists a number c in (a, b) such that — — f' (c). Since a < c < b,we 

b — a 

c — a c — a 

have a — a < c — a < b — <2=>0<c — a < b — a => 0 < < 1. Put 6 — and h — b — a. Then we have 

b — a b — a 

c = a + (b- a) 6 = a + 0h, and so f ^ ~ f ^ = f (a + Oh), 0 < 6 < 1. 

b — a 

f(a+h)-f(a) (a + h) 2 - a 2 a^ + 2ah+h 2 -a 2 

b. ■ = ■ — ■ = 2a + h and /' (a + Oh) — 2x\ x=a _i_Qj t = 2a + 2Gh, 

h h h 

so 2a + h = 2a + 20 h => 0 = \. 

41. a. / (x) = x 4 — 2x 3 + x — 2 is continuous on [—1, 2] and differentiable on (—1, 2) because / is a polynomial. 

/ (-1) = (-1) 4 - 2 (-1) 3 + (-1) - 2 = 0 and / (2) = 2 4 - 2 (2 3 ) + 2 - 2 = 0, so the hypotheses of Rolle's 
Theorem are satisfied. 
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b. /' (x) = Ax 3 — 6x 2 + 1. Setting /' (x) = 0 and using a calculator or 

computer, we find the roots of f'{x) — 0, and therefore the desired values 
of c, to be approximately -0.36603, 0.50000, and 1.36603. 

c. Using a calculator or computer, we find / (—0.36603) ~ —2.25, 

/ (0.50000) % -1.6875, and / (1.36603) % -2.25. The graph of / and 
the tangent lines y = —2.25 and y = —1.6875 are shown in the figure. 



1 



0 



-1 -- 



-2 -- 



-3 




-1 



0 



1 



42. a. / (x) = x 2 sinx is continuous on [0, 7r] and differentiable on (0, 7r), 

/ (0) = 0 sin 0 = 0, and / (n) — it 2 sin 7r = 0, so the hypotheses of 
Rolle's Theorem are satisfied. 

b. /' (x) = 2x sinx + x 2 cosx = x (2 sinx + x cosx). Setting /' (x) = 0 
gives x = 0 or 2 sin x + x cos x = 0. Using a calculator or computer, we 
find that the root of this equation is 2.28893, so c % 2.28893. 



2- 



0 





1 1 


1 1 
















1 1 


1 1 













0 



1 



c. / (2.28893) « 3.945. The graph of / and the tangent line y = 3.945 are 
shown in the figure. 

43. a. / (x) = x 4 — 2x 2 + 2 is continuous on [0, 2] and differentiable on (0, 2) and so the hypotheses of the Mean Value 



Theorem are satisfied. Therefore, there exists a c such that 



/' (c) = Ax 3 - Ax 



/(2)-/(0) 10-2 



= A 



10- 



x=c 2-0 2 

4c 3 — Ac — A<^ c 3 — c — 1 = 0. Using a calculator or computer, we 
finder 1.325. 



5 " 



b. An equation of the secant line is y — 2 = Ax or y = 4x + 2. Since 
/ (1.325) ^ 1.571, we see that an approximate equation of the 
required tangent line is y — 1.571 = A(x — 1.325) ox y — Ax — 3.729. 



0 



I — 1 — 1 


1 — 1 — 1 


— 1 — f- 









H * 




H 


— i-^H 


— i — 


i — i — | 


1 — 1 — 1 


V 
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44. a. / (x) = sin^/x is continuous on |^0, ^7r 2 J and differentiable on ^0, \'R 2 ^, and so the 

hypotheses of the Mean Value Theorem are satisfied. Therefore, there exists a c such that 



/'(c)=£(«n*V2) 



1 



2^7 



cos 



1 ^ /(|^ 2 )-/(0) 

cos = — — 



x=c 



2Vc 



I- 2 



1-0 



7T Z 



8v^ 



cos = — Using a graphing calculator, we find c ^ 0.691. 



7T 



b. An equation of the secant line is y — 0 = — =■ (x — 0) or y = — 

7T Z 7T Z 

Since / (0.691) « 0.739, we see that an approximate equation of the 

4 

required tangent line is y — 0.739 = —r (x — 0.691) or 



l.o-- 



0.5 



7T 



y = 0.405.x + 0.459. 



0.0 




0.0 0.5 1.0 1.5 2.0 2.5 



45. False. Consider / (x) =ron[-l,2]. / is continuous on [—1, 2] and differentiable on (—1,2). Furthermore, 
/' (0) = 2x\ x=0 = 0, but / (-1) = 1^4 = / (2). 
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46. False. Consider / defined on [—1, 2] by / (x) = 



—x if — 1 < x < 0 
x 2 if0<x<2 



Then f' is not differentiable at 0, and therefore 



fails to be differentiable on (—1,2). But c — j on (— 1, 2) satisfies 
/' ( 0 = 2x\ x=1/2 = 1. 



/(2)-/(-l) = 4-1 
2-(-l) 3 



= 1 , which is equal to 



47. True. If a and £ are any two real numbers with a < b, then ^ ^ ^ — ^ ^ - = /' (c) for some c in (a, £>). But /' (c) = 0 

b — a 

everywhere. So f {b) — f (a). Since a and are arbitrary, / is a constant function. 

/(*2)-/(*l) 



48. True. By the Mean Value Theorem, if ;q 7^ JC2, 



l/(*2) - /(*l)l = 1*2 < 1*2 since 

/ (5) - / (2) 



*2 — *1 

< 1. 



= / (c), where *i < c < X2* So 



49. True. 



5-2 

contradicting \f (x) > 2 on (2, 5). 



= /' (c) for 2 < c < 5 => I / (5) - / (2) | = 3 | /' (c) | O 



f (c) , , liWzZS! s | . 2 , 



50. True. By the Mean Value Theorem, there exists a number c with 1 < c < 3 such that 
/(3)-/(l) /(3)-/(l) 



3-1 2 
4</(3)-/(l)<8on[l,3]. 



= / ; W => / (3) - / (1) = 2/ / (c). Since 2 < f (x) < 4 on (1, 3), we have 




1. See page 267 

2. See page 268 

3. See page 271 




1. a. / is increasing on (-co, —2), constant on (—2, 2), and decreasing on (2, oo). 

b. / has a relative maximum value of 2 attained at all the values of x on the interval [—2, 2]; / has no relative minimum. 

2. a. / is increasing on (— oo, oo). 
b. / has no relative extremum. 

3. a. / is decreasing on (— oo, — 1) and increasing on (— 1, oo). 
b. / has a relative minimum value of 0 attained at — 1 . 

4. a. / is decreasing on (— oo, — 1) and (1, oo) and increasing on (—1, 1). 

b. / has a relative minimum value of — ^ attained at — 1 and a relative maximum value of ^ attained at 1 . 

5. a. / is increasing on (— oo, — 1) and (— 1, oo). 
b. / has no relative extremum. 

6. a. / is increasing on (— oo, —2) and (—2, 0) and decreasing on (0, 2) and (2, oo). 
b. / has a relative maximum value of —2 attained at 0. 

7. a. f (x) < 0 on approximately (— oo, —2.5) and (2.5, oo). Therefore, / is decreasing on those intervals, f (x) > 0 on 

approximately (—2.5, 2.5), so f is increasing on this interval. 
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b. f (x) = 0 at x & —2.5 and x ^ 2.5, and these are critical numbers of /. Since f (x) < 0 if x < —2.5, and f (x) > 0 
if x > —2.5, we see that / has a relative minimum at —2.5. Next, /' (x) > 0 if x < 2.5 and f (x) < 0 if x > 2.5, and 
so / has a relative maximum at 2.5. 

8. a. f (x) < 0 on (-co, —2), and so / is decreasing on (-co, —2). f (x) > 0 on (—2, 0) and (0, oo), and so / is 

increasing on these intervals. 

b. f' (x) — 0 at x — —2, and this is a critical number of /. Since f' (x) < 0 for x < —2 and f (x) > 0 for x > —2, we 
see that x = —2 gives a relative minimum. 

9. / (x) = x 2 — 2x => f' (x) — 2x — 2 — 2 (x — 1) is continuous everywhere and o + + + + + sign of / 

has a zero at 1, the only critical number of /. f' (x) is negative for x < 1 and — 



-> x 



positive for x > 1 . The sign diagram of f is shown. ° 



> x 



a. / is decreasing on (— oo, 1) and increasing on (1, oo). 

b. / has a relative minimum at 1 with value / ( 1 ) = — 1 . 

10. / (x) — —x 2 + Ax + 2 => f {x) — —2x + 4 = —2 (x — 2) is continuous + + + + + 0 sign of / 

everywhere and has a zero at 2, the only critical number of /. /' (x) is positive for , , ► x 

0 2 4 

x < 2 and negative for x > 2. The sign diagram of f is shown. 

a. / is increasing on (— oo, 2) and decreasing on (2, oo). 

b. / has a relative maximum at 2 with value / (2) = 6. 

11. f(x) = x 3 -6x + \^f'(x) = 3x 2 -6 = 3(x 2 -2) = 3 (x + v^) (x - V5) + + 0 o + + sign of/ 

is continuous everywhere and has zeros at — V2 and \/2, the critical numbers of / . ^ ^ ** x 

The sign diagram of f is shown. 

a. / is increasing on ^-oo, -^/2j and (^/2, oo^ and decreasing on 

b. / has a relative maximum of / (— V2^ = 1 + 4^2 and a relative minimum of / = 1 — 4^2. 

12. / (x) = —x 3 + 3x 2 + 1 => / r (x) = — 3x 2 -\-6x — —3x (x — 2) is continuous — 0 + + + + + 0 — sign off 
everywhere and has zeros at 0 and 2, the critical numbers of /. The sign diagram _ 

of /' is shown. 

a. / is decreasing on (— oo, 0) and (2, oo) and increasing on (0, 2). 

b. / has a relative minimum of / (0) = 1 and a relative maximum of / (2) = 5. 

13. / (x) = 2x 3 + 3x 2 - \2x + 5 => f (x) = 6x 2 + 6x - 12 = 6 (x + 2) (x - 1) is + + 0 o + + sign off 

continuous everywhere and has zeros at —2 and 1, the critical numbers of /. The _ 

sign diagram of f is shown. 

a. / is increasing on (— oo, —2) and (1, oo) and decreasing on (—2, 1). 

b. / has a relative maximum of / (—2) = 25 and a relative minimum value of / (1) = —2. 

14. / (x) = x 3 - 3x 2 - 9x + 6 => /' (x) = 3x 2 - 6x - 9 = 3 (x - 3) (x + 1) is + + 0 o + + signof/' 

continuous everywhere and has zeros at — 1 and 3, the critical numbers of /. The _ 

sign diagram of f' is shown. 

a. / is increasing on (— oo, —1) and (3, oo) and decreasing on (—1, 3). 

b. / has a relative maximum of / (— 1) = 11 and a relative minimum of / (3) = — 21. 

15. / (x) = — Ax 3 + 6 => / ; {x) — Ax 3 — \2x 2 — Ax 2 (x — 3) is continuous o 0 + + sign of/' 

everywhere and has zeros at 0 and 3, the critical numbers of /. The sign diagram 

of f' is shown. 



0 1 



-> x 



-2 -1 0 1 



— i 1 1 1 1 > X 

-10 12 3 



> x 



0 1 
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a. / is decreasing on (—00, 3) and increasing on (3, 00). 

b. / has a relative minimum of / (3) = — 21. 



16. / (jc) = -jc 4 + 2jc z + 1 



2 



+ + 0 — O+ + O- 



is continuous 



/' (x) = -Ax 3 + Ax = -Ax (x 2 - l) = -4jc (x + 1) (jc - 1) i 

everywhere and has zeros at —1, 0, and 1, the critical numbers of /. The sign 
diagram of f is shown. 

a. / is increasing on (—00, —1) and (0, 1) and decreasing on (—1, 0) and (1, 00). 

b. / has relative maxima of /(—!) = /(!) = 2 and a relative minimum of / (0) 



- sign of f 
-> x 



-1 



0 



1 



= 1. 



is discontinuous at 0 and has no 



17. / (x) = *V3 - 1 =>/'(*) = i*" 2 / 3 = ^3 
zero. Therefore 0 is the only critical number of /. The sign diagram of /' is shown 

a. / is increasing on (—00, 00). 

b. / has no relative extremum. 

18. / (x) = *V3 _ x 2/3 ^ f (x) = 1,-2/3 _ 2,-1/3 = 1,-2/3 ^ _ 2,1/3) is 

discontinuous at 0 and has a zero at x = ^ . The critical numbers of / are thus 0 

and ^ . The sign diagram of f f is shown. 

a. / is increasing on ^— oo, and decreasing on y^, oo^. 



b. / has a relative maximum of / y^j = 



/' not defined 



+ + + + + 



+ + + + + sign of/' 
' > x 



— 1 



0 



1 



/' not defined 



+ + + + + 



+ + 0 - 



- sign of /' 

x 



0 



1 

8 



19. / (jc) = x 2 (x- 2) 3 => 

f (jc) = 2jc (jc - 2) 3 + x 2 (3) (jc - 2) 2 = jc (jc - 2) 2 [2 (jc - 2) + 3jc] — 

= x(5x- 4) (jc - 2) 2 

is continuous everywhere and has zeros at 0, |, and 2, the critical numbers of /. 
The sign diagram of /' is shown. 

a. / is increasing on (— oo, 0) and oo^ and decreasing on ^0, 

b. / has a relative maximum of / (0) = 0 and a relative minimum of / = —1.10592 



+ + 0- -0 + + +0++ sign off 



0 



1 



20. / (x) =x 3 (x- 6) 4 => 

f (jc) = 3jc 2 (jc - 6) 4 + jc 3 (4) (jc - 6) 3 = jc 2 (jc - 6) 3 [3 (jc - 6) + 4jc] 



+ + 0 + + 0 0 + + sign of / 



= jc 2 (7jc-18)(jc-6) 3 



18 



H 1 h 



0 18 
7 



is continuous everywhere and has zeros at 0, -y , and 6, the critical numbers of /. 
The sign diagram of /' is shown. 

a. / is increasing on ^— oo, i^j and (6, oo) and decreasing on 6^. 

b. / has a relative maximum of / ^-i^ « 2350 and a relative minimum of / (6) = 0. 
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21. 



1 1 x 2 — 1 

+ /'(jc) = = 
x jc z 



(x + 1) (jc - 1) . 



2 



is discontinuous 



x 

at 0 and has zeros at ±1, but 0 is not in the domain of /, so the critical numbers of 
/ are — 1 and 1 . The sign diagram of f' is shown. 

a. / is increasing on (— oo, —1) and (1, oo) and decreasing on (—1, 0) and (0, 1). 

b. / has a relative maximum of / (— 1) = —2 and a relative minimum of / (1) = 2 



/' not defined 



+ + 0 - - 



0 + + sign off 

1 > x 



1 



0 



1 



22. / (x) = 



x 



r oo = 



(*-i)(i)-*(i) 



i 



x - 1 ' " v "' (x-l) 2 (x-l) 2 

domain of /, so / has no critical numbers. Furthermore, /' (x) is negative on its domain. 

a. / is decreasing on (— oo, 1) and (1, oo). 

b. / has no relative extremum. 



is discontinuous at 1 and has no zeros, but 1 is not in the 



23. / (jc) = 



x 



f to = 



(x - 1) (2x) - x 2 (1) x 2 -2x x (x - 2) . 



IS 



x- 1 " v "' (x-l) 2 (x-l) 2 (x-l) 2 

discontinuous at 1 and has zeros at 0 and 2. Since 1 is not in the domain of /, only 

0 and 2 are critical numbers of /. The sign diagram of f' is shown. 

a. / is increasing on (— oo, 0) and (2, oo) and decreasing on (0, 1) and (1,2). 

b. / has a relative maximum of / (0) = 0 and a relative minimum of / (2) — 4. 



/' not defined 



+ + 0 - - 



0 + + sign of/' 

1 ► x 



0 



1 



24. / to = 



/' to = 



x 



x 2 + 1 

(x 2 + 1)(1)-jc(2jc) 



0+ + + + + 0- 



1 -x 



2 



(1 -*)(!+*) . 



- sign of f 
-> x 



is continuous 



-1 



o 



l 



{x 2 + l) 2 (x 2 + l) 2 {x 2 + l) 2 

everywhere and has zeros at ±1, the critical numbers of /. The sign diagram of /' is shown. 

a. / is decreasing on (— oo, — 1) and (1, oo) and increasing on (—1, 1). 

b. / has a relative minimum of / (— 1) = — j and a relative maximum of / (1) = 



25. / (x) = 



2x-3 



f to = 



(x 2 - 4) (2) - (2x - 3) (2x) 2x 2 - 8 - 4x 2 + 6x 2(x 2 - 3x + 4) . 



is discontinuous 



x 2 -4 JK/ (x 2 -4) 2 (x 2 -4) 2 (x 2 -4) 2 

at x = ±2 and has no zero. Since ±2 are both outside the domain of /, there is no critical number, f is negative on its 
domain. 

a. / is decreasing on (— oo, —2), (—2, 2), and (2, oo). 

b. / has no relative extremum. 



26. / to = 



x 2 - 3* + 2 _ x 2 - 3x + 2 _ (x - 2) (x - 1) 
x 2 + 2x + 1 ~ ( x + l) 2 ~ (jc + l) 2 

(jc + l) 2 (2jc - 3) - (jc 2 - 3jc + 2)2 (jc + 1) 



/' not defined 
+ + 



0++ + sign off 



(jc + 1) [(jc + 1) (2jc - 3) - 2(jc 2 - 3jc + 2)] 5x _ 7 

~ (x + l) 4 ~ (x + l) 3 

is discontinuous at jc = — 1 and has a zero at ^ . Since — 1 is not in the domain of 

/, the only critical number is y. The sign diagram of f is shown. 

a. / is decreasing on ( — 1, ^ and increasing on (— oo, —1) and oo). 

b. / has a relative minimum of / = — 



-1 0 



H 1 1— 

l l 2 



> x 
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27. / (x) = x 2 / 3 (x - 3) => /'not defined 

/' (x) = (JC _ 3) + X V3 = l x -l/3 [2 (x _ 3) + 3x] = 5*^6 is + + J 0 + + + sign of f 

3-\- * i 



discontinuous at 0 and has a zero at |, so 0 and | are critical numbers of /. The 0 1 1 

sign diagram of f' is shown. 

a. / is increasing on (—00, 0) and 00^ and decreasing on ^0, 

b. / has a relative maximum of / (0) = 0 and a relative minimum of / & —2.03. 

28. / (x) = x^4-x = x (4 - x) 1 / 2 => + + + + + + 0 __ sign off 
/'(*) = (4-jc) 1 / 2 + jc(^ (4-jc) _1 / 2 (-1) — ' 1 -— ' ^ x 

= _ 1 (4 _ *)-l/2 [_ 2 (4 - + = - (3X " 8) 



0 1 2 §3 4 



is discontinuous at x = 4 and has a zero at |, both critical numbers of /. The sign diagram of f is shown. 



a. / is increasing on (—00, |j and decreasing on (§>4j. 

b. / has a relative maximum of / ~ 3.08. 



1 /2 

29. / (x) — xy/ x — x 2 — x (x — x 2 ^ has domain [0, 1]. +++ + + 0- 



sign of /' 



/ o\!/2 /,\/ o\-l/2 < 1 1 1 — > >x 

f'(x) = (x-x 2 ) +xU)(x-x 2 \ (1-2*) 0 I 1 

= j(x- x 2 y l/2 (x - x 2 } + x (1 - 2jc)1 

-1/2 jc (3 - 4jc) 



is discontinuous at x — 0 and 1 and has a zero at | , the only critical number of / 

in (0, 1). The sign diagram of /' is shown. 

a. / is increasing on ^0, |^ and decreasing on 1^. 



b. / has a relative maximum of / — ^j^-. 



x x 

30. f (x) — . = 7-pr", the domain of f is (—00, — 1) U (1, 00). 

71231 ( x 2 -l) 1/2 



/'W= d 



dx 



x (x 2 - l)" 1/2 = (x 2 - l)" 1/Z + x (4) (x 2 - if** (2.) = (x 2 - l)" 1/Z - x 2 (x 2 - l) 



-1/2 / A -3/2,. . / „ A -1/2 0/0 A -3/2 



= (x 2 — l) ^ \(x 2 — l) — x 2 ~\ = — t~pt has no zero an( l is negative on its domain. 

v ; lv ; j ( x 2_!)3/2 

a. / is decreasing on (—00 — 1) and (1, 00). 

b. / has no relative extremum. 

31. f (x) = x — 2 sin*, 0 < x < 2n => /' (x) = 1 — 2 cos* is continuous on (0, 27r) — 0 + + + + + 0 — sign off 

and has zeros where 1 — 2 cos x = 0 <=> cos x = i ^> x = ? or ^f. The sign — 1 — 1 — 1 — 1 — 1 — 1 — 1 — > x 

0 I 77 ^ 2t7" 

diagram of /' is shown. 

a. / is decreasing on (0, y) and ^y^, 27 X ) and increasing on ^y , y^. 

b. / has a relative minimum of / (y) « — 0.68 and a relative maximum of / (y^) % 6.97. 



Section 3.3 Increasing and Decreasing Functions and the First Derivative Test 193 



32. f (x) = x — cosx, 0 < x < 2-7T => f (x) — 1 + sin* is continuous on (0, 2iz) and 
has zeros where 1 + sinx = 0 <^=> sin x = — 1 =^> x = a critical number of /. 
The sign diagram of /' is shown. 

a. / is increasing on (0, lit). b. / has no relative extremum. 



+ + + + + 0 + 



•i 1- 



0 



3tt 



2tt 



sign of /' 



> x 



33. / (x) = cos 2 0 < x < 2iz => 

/' (x) = (2cosx) (— sinx) = —2 sin* cos* = — sin 2.x is continuous on (0, 2iz) 

and has zeros where sin 2x = 0 => x = y , 7r, or ^ in (0, 27r). These are the 

critical numbers of /. The sign diagram of /' is shown. 

a. / is decreasing on (0, y) and ^7r, If) and increasing on (y, 7r) and ^^y, 2-7r). 

b. / has relative minima of / (y) = / (^?) ~ ^ an( * a re l atrve maximum of / (7r) — 1. 



— 0 + +0-- 0+ + 



sign of f 

x 



0 f 77 

2 



377- 



2tt 



34. / (x) — sin 2 2x, 0 < x < n => 

f' (x) = 2 (sin 2x cos 2x) (2) = 4 sin 2jc cos 2x = 2 sin 4x is continuous and has 

zeros where sin4x = 0 => x — ^, y , ^ in (0, 7r). The sign diagram of f is 
shown. 

a. / is increasing on (0, ^) and (y , ^J-) and decreasing on , y) and {^-, 7r). 

b. / has relative maxima of/(^) = / (t) = * an( * a re l atrve minimum of / ( y) = 0. 



+ + 0--0+ + 0- - 



sign of /' 



0 — — 



f-> x 



IT IT 377 



77 



x = y or 4p in 



35. f {x) — x sin* + cosx, 0 < x < 2ir => f (x) = sin* + x cosx — sinx — x cos* 
is continuous everywhere and has zeros where x cos x — 0 = 
(0, 2tt). The sign diagram of /' is shown. 

a. / is increasing on (0, y) and ^"y-, 2ir^ and decreasing on ^y, "y~^- 

b. / has a relative maximum of / (y) = y and a relative minimum of f {^-^ — — 



+ +0 



0 



77 

2 



3?r 

2 • 



0 + + 



sign of /' 



77 2.7T 



36. / (*) = 



sinx 



1 + sin 2 x 



, 0 < x < 2-7T 



/' (x) = 



^1 + sin 2 x^j cos x — (sin x) (2 sin x) cos x 



( 



(l + sin 2 *) 



1 — sin z x I cos x 



1 



cos x 



+ + 0 



0 f 77 

2 



(l + sin 2 x) (l + sin 2 jc) 

is continuous everywhere and has zeros at y and ^j-, critical numbers of /. The 
sign diagram of f is shown. 

a. / is increasing on (0, y) and (^j-, 2irj and decreasing on ^y, 

b. / has a relative maximum of / (y) = ^ an( * a re l atrve minimum of / (^j^j — ~\ 



0 + + 



sign of /' 



3tt 



277 
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37. / (x) = tan (x 2 + l), -f < x < f 



/' (x) = sec 2 (x 2 + l) • 2x = y— ^ is discontinuous where 

V / cos z [x z + 1) 

COS 2 (x 2 + l) = 0 <=> X 2 + 1 = ^ + rtTT <=> X = ±y/y +/17T - 1, 

n = 0, 1, 2, . . ., and has a zero at x = 0. Only ± / y — 1 lie on (— y , y), but they 



/' not defined 



- 0 



I h 



+ 



sign of /' 



0 — — 
Z 2 



77 A 



0 



2 Z 



-Vtt/2 - 1 - 1 



are not in the domain of /, so 0 is the only critical number. The sign diagram of f 

is shown. 

a. / is decreasing on ^— y , —yj^r — and ^— ^ y — 1, 0^ and increasing on (o, y — 1^ and (^/y — 1, 

b. / has a relative minimum of / (0) % 1.56. 



38. / (*) = 



1 



1 — cosx 



, 0 < x <2n 



f (x) = (1 — cosx) 1 = — (1 — cosx) 2 sinx = — =■ is 

dx (l-cosx) z 

continuous on (0, 2tt) and has a zero at 7r. Thus, 7r is the only critical number of / in (0, 2ir). The sign diagram of f is 

shown. 



-2 



sinx 



0 + + + + 



sign of /' 



-)— > x 



0 



IT 



277 



a. / is decreasing on (0, 7r) and increasing on (71% 27r). 

b. / has a relative minimum of / (it) = ^ . 



39. / is increasing on (20.2, 20.6) and (21.7, 21.8), constant on (19.6, 20.2) and (20.6, 21.1), and decreasing on (21.1, 21.7) 
and (21.8,22.7). 



40. h(t) = 0.1f 2 (f-7) 



4 



/z' (0 = 0.1 [2? (/ - 7) 4 + ? 2 (4) (/ - 7) 3 ] = 0.2? (t - 7) 3 [(? - 7) + 2/] 



= 0.2t (3? -l)(t- 1) 



+ + + 0 



-\ r— I 1 h 



0 1 1 

3 



sign of h' 



t 



1 1 

is continuous everywhere and has zeros at 0, 4, and 7, so i is the only critical number of h in (0, 7). 

The sign diagram of h! is shown. The rocket is ascending on the time interval ^0, ^ J and descending on the time interval 



The maximum altitude is 



(5) 



258 ft. 



41. / (0 = 20? - 40V? + 52 



— 0++++++++ 



sign of /' 



0 1 



/' (0 = 20 - 20?" */ 2 = 20?" x l 2 (W 2 - l) = 20 ^ ~ is continuous on 
(0, 4) and has a zero at 1, a critical number of / in (0, 4). 

The sign diagram for /' is shown. / is decreasing on (0, 1) and increasing on (1,4), and it has a relative minimum at 1 
with value / (1) = 32. The rate of traffic flow is decreasing from 6a.m. to7A.M., after which it increases from 7A.M. to 
10 A.M. The traffic flow is slowest (32 mi/h) at 7 A.M. 
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136 

42. A (t) = T + 28, 0 < t < 11 ^ 

1 + 0.25 (t - 4.5) 2 

A' (t) = 136^- [l + 0.25 (t - 4.5) 2 ]" 1 = -136 [l + 0.25 (t - 4.5) 2 ]~ 2 (0.25) (2) (t - 4.5) 
_ 68 (t - 4.5) 

[l + 0.25 0-4.5) 2 ] 2 

is continuous everywhere and has a zero at 4.5, a critical number of A. A' (t) > 0 for t in (0, 4.5), and A' (t) < 0 for t in 
(4.5, 1 1). Thus, the PSI is increasing on (0, 4.5), that is, from 7 A.M. through 1 1:30 A.M., and decreasing on (4.5, 1 1), that 
is, from 1 1:30 A.M. through 6 P.M.. The function A has a relative maximum of A (4.5) = 164, so the PSI attains its highest 
value, 164, at 11:30 a.m.. 



43. C (*) = 0.0001* 3 - 0.08* 2 + 40* + 5000 C (x) = 



C(x) 



= 0.000 l* 2 - 0.08x + 40 + 



x 



5000 



x 



— , 5000 , 9 

C (x) = 0.0002.x - 0.08 ^- is continuous on (0, 00) and has zeros where 0.0002* 3 - 0.08x 2 - 5000 = 0 <=> 

x l 

2x 3 - 800x 2 - 50,000,000 = 0 o x 3 - 400x 2 - 25,000,000 = 0. We take advantage of the hint that 500 is a root of the 
equation, and use long division: 

x 2 + lOOx + 50,000 

x - 500 r ~ 



x 3 - 400x 2 
x 3 - 500x 2 



- 25,000,000 



IOOjc 2 - 25,000,000 

IOOjc 2 - 50,000* 



50,000* - 25,000,000 
50,000* - 25,000,000 



0 



Thus, x 3 - 400x 2 - 25,000,000 = (x - 500) (x 2 + 100* + 50,000) = 0. This equation has only 500 as a root, so this is 



the only critical number of C. Since C (*) < 0 on (0, 500) and C (*) > 0 on (500, 00), we see that C is decreasing on 
(0, 500) and increasing on (500, 00). The lowest average cost of $35/unit is attained when the level of production is 
500 units. 



44. / = — \-^— (x 4 - 4Lx 3 + 6L 2 * 2 )] = Ux 3 - 12L* 2 + 12L 2 *) = — * (x 2 - 3L* + 3L 2 Y The 

y dx L24EI V )\ 24EI V / 6EI V / 

discriminant of the quadratic equation * 2 - 3L* + 3L 2 is b 2 - 4ac = (-3L) 2 - 4 (1) (3L 2 ) = -3L 2 < 0, so the 

equation has no real root. In fact, * 2 — 3L* + 3L 2 > Ofor* > 0. Therefore, y' > 0 for * > 0, and y is increasing on 

w ( a a a\ w L 4 
(0, L). The maximum deflection occurs at * = L and is y\ x -r — — I — 4Lr + 6L* ) — — — ft. 
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45. H = 4.8 sin (t - 10)) + 7.6 



d 



H' (t) = 4.8 cos (f (t - 10)) — [f (t - 10)] = 4.8 (f) cos (f (t - 10)) = 0.8ttcos (f (f - 10)). Setting (0 = 0 



dt 

7T _|_ 37T _|_ 5"7T 



gives £ (f - 10) = ±f,±^,±^,. 
7, 13, and 19. 

From the sign diagram of H' at right, we see that H is increasing on 
(0, 1) , (7, 13), and (19, 24), and decreasing on (1, 7) and (13, 19). The 
relative minima of H occur at (7, 2.8) and (19, 2.8) and the relative 
maxima occur at (1, 12.4) and (13, 12.4). 



. t - 10 = ±3, ±9, ±15, . . .. Since 0 < t < 24, the critical numbers are t = 1, 



+ 

I 

00--0+ + 0--0 + +0 



sign of H\t) 



01 



13 19 



We see that the low tides occur at 7 A.M. and 7 P.M. and the high tides occur at 1 A.M. and 1 P.M. 



i — > t 



24 



46. a. 



600 



400 " 



200 



0 



0 



1 



b. 




150 



100 



50- 



0 




0 



1 



Note that S' (t) > 0 for t in [0, 5]. 



c. S' (0 = -6.945? 2 + 68.65? + 1.32. Setting S' (t) = 0 and solving the resulting 



0 + + + + + + 



sign of S' 



, . -68.65±V( 68 - 65 ) 2 -4(-6.945)(1.32) _ 
equation, we obtain t — — 2(-6 945) % —0.02 or 9.90. 

From the sign diagram, we see that S is increasing on the interval [0, 5]. 



H t 



0 



47. a. 



10 



0 




0 



10 



15 



b. f (0 = 4- (-0.00447? 3 + 0.09864? 2 + 0.05 192r + 0.8) 

dt V / 

= -0.0134k 2 + 0.19728? + 0.05192 



The graph of f shows that /' (t) > 0 on 
(0, 15). Thus, / is increasing on (0, 15). 




0 



10 15 



48. / (x) = 15 (0.08333;t 2 + 1.91667.x + l) \ so by the Chain Rule, 



/ o \~ 2 d ( n \ -15(0.16666*+ 1.91667) 
/' (jc) = -15 (0.08333* 2 + 1.91667a: + 1 ) — (0.08333x 2 + 1.91667* + 1 ) = 1 +r < 0 

v / dx \ ) (0.08333* 2 + 1.91667* + l) z 

for all * in (0, 11). Therefore, / is decreasing on (0, 11). Our result shows that the predicted number of crash fatalities 
drops throughout the age range of 16 to 27 years old. 
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49. a. 



40 



30 



20" 




b. S' (t) = (o.46f 3 - lilt 1 + 6.21* + 17.25) = 1.38f 2 - 4.44f + 6.21 



The graph of S' shows that S f (t) > 0 on 
(0, 4), so S is increasing on (0, 4). 



10-- 




0 



1 



0 



1 



. f f (x) = — ^2* 5 + * 3 + 2x\ — 10* 4 + 3* 2 + 2 > 2 > 0 for all * in (—00, 00), so / is increasing on (—00, 00). 

dx \ / 



50. 



51. a. 



c. f' (*) = ^- (x 3 - fljc) = 3x 2 - a. If a < 0, then f' (x) > 0 for all 
x, and so / is increasing everywhere. If a > 0, then /' (x) = 0 o 



i 1 1 1 1 


1 — /— af > / 1 

/////. 
// / / / - 
// / / / . 


If' /7 
/ / / /V 

III// 
- /////. — 


1 1 1 




+ + 0 



0 + + sign of/' 
-> x 



-2 



-1 



0 



1 



The graphs for a < 0 are black, the 
graphs for a > 0 are gray, and the graph 
for a = 0 is dashed. 

b. From part a, it appears that / is 

increasing on (— 00, 00) whenever a < 0 

d 



-y/a/3 0 

From the sign diagram of we see that / is decreasing on 



) . Thus, in order to guarantee that / be increasing, a 
must not be positive. 



52. /' (x) = — (cos* — ax + b) — — sin* — a < 0 => sin* > —a. We require that the last inequality hold for all x on 

dx 

(—00, 00), and this is true provided a > 1. 

53. Let /(*) = * + sin* — Z? => / ; (x) — 1 + cosx > 0 for all x, so / is increasing on (—00, 00). 

If Z? < 0, then / (0) = —b > 0. Since / is increasing, / (x) > 0 for x > 0, and this implies that / has no positive root. 
If b > 0, then / (0) = —b < 0. Since / (x) increases without bound as x increases without bound, / must have at least one 
(positive) root. Because / is increasing, it has exactly one such root. 

54. / (x) = tmx — x => /' (x) = sec 2 x — 1 > 0 for x in (0, y) => / is increasing on (0, y). Since / (0) = 0, we have 
/ (x) > 0 for x in (0, y), and so tan* — x > 0 => tan* > x for x in (0, y) . 



55. / (jc) = 



sin* 



/' m = 



x cos x — sin x cos x (x — tan x) 

x 2 



. Let us show that tanx > x for x e (0, y). Let 



g (x) = tan* — x => g' (x) = sec 2 jc — 1 > 0 for x e (0, y). We conclude that (x) < 0 and so / is decreasing on 



(0, f). Since lim 



sin* 



12 2 
— 1 and f (5) = — = — , we have — < 



sin* 



< 1 



2* 



< sin* < * for* e (0, y). 



* 7T 

56. / (*) = -2* 2 + ax + b => /' (*) = -4* + a. We require that /' (2) = 0 o -4 • 2 + a = 0 => a = 8, and 

/ (2) = -2 • 2 2 + 8 • 2 + b = 4 => b = -4. Thus, / (*) = -2* 2 + 8* - 4. Since the graph of / is a parabola that opens 
downward, (2, 4) is an absolute maximum. 

57. / (*) = ax 3 + 6* 2 + bx + 4 => f (*) = 3a* 2 + 12* + b. We require that /' (-1) = 0 <^ 3a - 12 + b = 0 and 
f' (2) = 0 <=> 12a + 24 + b — 0; solving these two equations simultaneously gives a — — 4 and = 24. Thus, 

/ (*) = —Ax 3 + 6* 2 + 24* + 4. Using the First Derivative Test, it can be shown that / has a relative minimum at —1 and a 
relative maximum at * — 2. 



198 Chapter 3 Applications of the Derivative 

. d ( ax -\-b\ (cx + d)a — (ax + b)c ad — be . . , 

58. f (x) — — I I — = -. Since ad — be 0 by assumption, f (x) 0 for all x, 

dx\cx + dj (cx + dj 2 (cx+d) 2 

so / has no critical number and thus no relative extremum. Note that x — —d/c is not in the domain of /, and so cannot be 
a critical number. 



59. Since / (x) > 0 for x / 0, we see that / has a relative minimum at 0. Also, /' (x) = 



ifx < 0 



x 



so /' (x) > 0 



2x if x > 0 



if x ^ 0, so /' (x) does not change sign as we move across x = 0. This does not contradict the First Derivative Test 
because / is not continuous on an interval containing x = 0. 



60. Referring to the proof of Theorem 1, we have / (X2) — / (xj) = f (c) (X2 — x\). Now if f (x) < 0 for all x e (a,b), then 
/' (c) < 0 by assumption. Therefore, / (^2) — / (*i) < 0 <^ f C*2) < / m at is, / is decreasing on (a, b). 



61. Proof of part b: Using the same notation as in the proof of part a, we have /' (x) < 0 on (a, c) => / is decreasing on 
(a, c); and f' (x) > 0 on (c, b) => / is increasing on (c, b). Therefore f (x) > /(c) for all x in (a, b), and / has a relative 
minimum at c. 

Proof of part c: If f (x) > 0 on (a, c) and (c, /?), then for all x in (a, c), f (x) < / (c), and for all x in (c, /?), 
/(c) < / (x). So / has no relative extremum at c. The case where f (x) < 0 is dealt with in a similar manner. 



3 3 2 

62. To prove that * — — < sin* for x > 0, let / (x) = sinx — x + — . Then f (x) = cosx — 1 + — . We want to show that 

6 6 2 

x 2 

f (x) > 0 for x > 0, so let g (x) = /' (x) = cosx — 1 + — . Then g f (x) = — sinx + x, which is positive for x > 0. This 

Ad 

implies that g (x) is increasing for x > 0, and this in turn implies that /' (x) is increasing for x > 0. So f' (x) > f' (0) = 0 

=> / is increasing on (0, 00). Therefore, / (x) > / (0) = 0, and this implies that sinx — x + — - > 0<=>x — <sinx. 

6 6 

To prove that sinx < x for x > 0, let h (x) = x — sinx. Then h' (x) = 1 — cosx. So h! (x) > 0 for x > 0, and since 
h! (0) = 0, we have h' (x) > 0 for all x > 0. Therefore, h is an increasing function. Since h (0) = 0, we have h (x) > 0 for 

x 3 

all x > 0, and so x > sinx. Combining the two results, we have x — < sinx < x. 



63. a. 




-2 -1 0 1 2 -0.4 -0.2 0.0 0.2 0.4 



It appears that / is increasing on approximately 
(-co, —1.2) and (1.2, 00), but it is difficult to tell from 
this graph what happens near the origin. 



/ is increasing on approximately (—00, —1.2), 
(—0.2, 0.2), and (1.2, 00), and decreasing on 
(-1.2, -0.2) and (0.2, 1.2). 
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64. a. 




1 1 1 


1 \ 




\ 




1 1 f- 
















-0.4 -0.2 0.0 0.2 0.4 



-0.04 -0.02 0.00 0.02 0.04 



b. /' (x) = i + 2x sin cos — for x ^ 0, and because of the presence of the term cos — , we see that f' oscillates 

Z X X X 

between positive and negative values in any open interval containing 0, and so / is not monotonic there. 



65. a. 




1.0 



0.5- 



0.0 




-2 



-1 



0 



1 



-0.4 -0.2 0.0 0.2 0.4 



b. / (x) = 



—x \2 — sin — | if x < 0 



x 



( 2 " - I) 1 



/'to — 



- if x > 0 



2- 



2- 





1 




1 




1 


sin 




+ 




COS 






X 




X 




X 




1 




1 




1 


sin 




+ 




COS 






X 




X 




X 



1 



If x = - — , ft any integer, then f (x) = 2 + 2n7r > 0. If * = 



1 



, then f to = 2 - (2w + 1) tt < 0. This 



2n7r' ' ^ " ■ (2n+l)7r 

shows that / is not monotonic to the left or to the right of 0. 

66. True. Let h{x) — f (x) + g (x), and let jq and X2 be any two numbers in / with x\ < x 2 . Then 

/ (xi) < / (x 2 ) and g (x { ) < g (x 2 ); that is, / (x 2 ) - f to) > 0 and g (x 2 ) - g to) > 0. Now 

h (x 2 ) - h (xi) = [/ (x 2 ) + g to)] - [/ to) - g to)] = [/ to) - / to)] + [g to) - g to)] > 0 => h to) > h (xi) 
=> is increasing on / . 

67. True. Let h(x) — f (x) — g (x), and let x\ and x 2 be any two numbers in / with x\ < x 2 . Then 
/ to) < / to) => / to) - / to) > 0. Also, g (x 2 ) < g (xi) =^> g to) - g to) > 0. Now 

h to) - to) = [/ to) - g to)] - [/ to) - g to)] = [/ to) - / to)] + [g to) - g to)] > 0 => /* is increasing 
on /. 

68. False. Take / (x) = g (x) = x. Then / and g are increasing on (— oo, oo), but (fg) (x) = x 2 is not increasing on 
(— oo, oo). 

69. True. Let h = f/g and let x\ and x 2 be any two numbers in / with x\ < x 2 . Then / (x 2 ) — f to) > 0 and 
5 to) to) > 0- Now 

/ to) / to ) / to) g to ) - g to) / to ) 



ft to) - h to) = 



gto) gto) gto)gto) 

/ to) g to) - / (x\)g to) + / to) g to) - g to) / to) 

^ to)#to) 

[/ to) - / to)] g to) + U to) - * to)] / to) 



g to)g to) 



> 0 ^> /z = //g is increasing on /. 



200 Chapter 3 Applications of the Derivative 



70. False. Consider / (x) = 



Then / is increasing on (— oo, oo), but f (0) does not exist. 



x if x < 0 
ifX if x > 0 

71. False. Consider / 0) = 2x and g (x) = x + 10 on [0, 2]. Then /' (x) = 2 > 1 = g' (x). But / (1) = 2 < 1 1 = g (1) 




1. See page 277. 

2. See page 279. 

3. See pages 283 and 284. 




1. / is concave upward on (0, oo) and concave downward on (— oo, 0); it has an inflection point at (0, 0). 

2. / is concave downward on (— oo, oo). It has no inflection point. 

3. / is concave upward on (— oo, —4) and (4, oo) and concave downward on (—4, 4). It has no inflection point. 

4. / is concave upward on (— oo, 0) and (1, oo) and concave downward on (0, 1). It has inflection points at (0, 0) and (1,-1) 

5. / is concave downward on (— oo, —2), (—2, 2), and (2, oo). It has no inflection point. 

6. / is concave upward on (0, oo) and concave downward on (— oo, 0). It has an inflection point at (0, 1). 

7. f" (x) < 0 on (— oo, —1) and (0, 1), and so the graph of / is concave downward on (— oo, —1) and (0, 1). f" (x) > 0 on 
(—1,0) and (1, oo), so the graph of / is concave upward on (—1, 0) and (1, oo). The sign of f" changes as we move 
across x = — 1, x = 0, and x = 1, and so / has inflection points at these x-values. 

8. f" (x) > 0 on (— oo, —0.7) and (0.7, oo), and so the graph of / is concave upward on (— oo, —0.7) and (0.7, oo). 

f" (x) < 0 on (—0.7, 0.7), so the graph of / is concave downward on (—0.7, 0.7). f" changes sign as we move across 
x — —0.7 and x — 0.7, and so / has inflection points at these x -values. 

9. a. is not the graph of / because it does not have an inflection point at x — 3. 

b. is the graph of /. 

c. is not the graph of / because / (3) is not defined, and so the graph does not have an inflection point at x — 3. 

10. a. is not the graph of / because it is not concave upward on (1, oo). 

b. is not the graph of / because it does not have inflection points at x — 0 and x — 1 . 

c. is the graph of /. 

11. / (x) = x 3 - 6x /' (x) = 3x 2 - 6 f" (x) = 6x = 0 <=> x = 0. 

The sign diagram of /" is shown at right. We see that / is concave 0 + + + + + sign of f" 

downward on (— oo, 0) and concave upward on (0, oo). It has an > x 

inflection point at (0, 0). 0 

12. g (x) = x 3 - 6x 2 + 2x + 3 => g' (x) = 3x 2 - \2x + 2 => g" (x) = 6a- - 12 = 6(x - 2). 

The sign diagram of f" is shown at right. We see that / is concave + + + + sign of g" 

downward on (— oo, 2) and concave upward on (2, oo). It has an > x 

inflection point at (2, —9). 

13. / (0 = t 4 - 2t 3 ^ /' {t) = At 3 - 6t 2 ^ f" (0 = \2t 2 - \2t = I2t (t - 1). 

The sign diagram of f" is shown at right. We see that / is concave + + 0 0 + + sign of /" 

upward on (— oo, 0) and (1, oo) and concave downward on (0, 1). It , > t 

has points of inflection at (0, 0) and (1,-1). 0 1 
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14. h (x) = 3x 4 + 4x 3 + 1 => ti (x) = \2x 3 + \2x 2 => h" (x) = 36x 2 + 24x = \2x (3x + 2). 



The sign diagram of h" is shown at right. We see that h is concave 
upward on oo, — |) and (0, oo) and concave downward on 

( — |, o). It has points of inflection at (— |, and (0, 1). 



+ + 0 



0 + + sign of/?" 



2 
3 



0 



15. / (x) = 1 + 3.x 1 / 3 => /' (jc) = x" 2 / 3 => f" (jc) = -§x~ 5 / 3 = - 

The sign diagram of /" is shown at right. We see that / is concave 
upward on (— oo, 0) and concave downward on (0, oo). It has an 
inflection point at (0, 1). 



3*5/3 



16. g (x) = 2x- jc 1 / 3 => g' (x) = 2 - \x~ 2 / 3 



8 



tf 



(X) = ix- 5 /3 = 



9xV3 



The sign diagram of g" is shown at right. We see that g is concave 
downward on (— oo, 0) and concave upward on (0, oo). It has an 
inflection point at (0, 0). 



/" not defined 



+ + + + + 



0 



g" not defined 



- sign of /" 
> x 



+ + + + + sign of 
1 ► x 



0 



17. h ( t ) = \t 2 + ft 5 / 3 => h' it) = \t + t 2 ' 3 => h" (0 = | + f rV3 = 2 (l + ,-i/3) = V ) 



The sign diagram of h" is shown at right. We see that h is concave 
upward on (— oo, —1) and (0, oo) and concave downward on (—1, 0) 

It has inflection points at (— 1, — j^j and (0, 0). 



h" not defined 



+ + 0 



+ + signof/?" 
> t 



-1 



0 



18. f{x) = x - (l -x 2 y /2 => f(x) = 1 - \ (l -* 2 ) l/ \-2x) = 1 +x (l -x 2 } 



-1/2 



-1/2 



f" (x) = (l - x 2 )- l/2 +*(-*)(!- - 2 )" 3/2 (-2.) = (l - x 2 Y V2 [(l - , 2 ) + x 2 ] = _i 



_ v2^/2- 



l-*2 



The sign diagram of /" is shown at right. Note that the domain of f" 
is (—1, 1). We see that / is concave upward on (—1, 1). It has no 
inflection point. 



++++++++ 



sign of f" 



-1 



0 



1 



1 /2 i 

19. /t (jc) = (x 2 - * 4 ) => h! (x) = \{x 2 - x 4 )~ 1/Z (2x - 4x 3 ^j = (x - 2.x 3 ) (x 2 - x 4 ^j 



-1/2 



-1/2 



h"(x) = (l-6x 2 )(x 2 -x 4 ) 1/2 +( x -2x 3 )(- l 1 )(x 2 -x 4 ) J/ "(2x-4x 3 ) 



-3/2 



- fx - 2* 3 



The sign diagram of h" is shown at right. Note that the domain of h" 

is (— 1, 0) U (0, 1), and that h" has no zero. We see that h is concave 
downward on (—1, 0) and (0, 1). It has no inflection point. 



(x 2 - x 4 ) 

h" not defined 



sign of h" 



-1 



0 



l 
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2Q.g(x) = x + -=>g'(x) = l-x- 2 =>g»(?c)= 2 



X 



X 



3' 



The sign diagram of g" is shown at right. We see that g is concave 
downward on (— oo, 0) and concave upward on (0, oo). It has no 
inflection point. Note that g is not defined at 0. 



g" not defined 



+ + + + + sign of g" 
> x 



0 



21. h (x) = x 2 + x~ 2 => ti (x) = 2x- 2x~ 3 => h" (x) = 2 + 6x~ 4 = 

The sign diagram of h" is shown at right. We see that h is concave 
upward on (— oo, 0) and (0, oo). It has no inflection point. 



2 (x 4 + 3) 



x 



h not defined 



+ + + + + 



+ + + + + sign of h" 
> x 



0 



22. / (x) = 



x 



x+ 1 



f (x) = ( * + *> * = (x + l)- 2 => /» 00 = - 

(* + 1) 2 



(* + 1) 3 ' 



The sign diagram of / /r is shown at right. We see that / is concave 
upward on (—00, —1) and concave downward on (—1, 00). It has no 
inflection point. Note that / is not defined at — 1 . 



f" not defined 



+ + + + + 



sign of /" 
■> x 



-2 



-1 



0 



23. / (11) = 



u 



u 2 -l 



f'(u) = 



(u 2 - (1) - u (2m) 
(" 2 " I)' 



u 2 + 1 



/ r/ («) = 



- (m 2 - l) 2 (2m) + (m 2 + l) (2) (t/ 2 - l) (2m) (2m) (u 2 - l) (-M 2 + 1 + 2m 2 + 2) 2w (u 2 + 3) 



(m 2 - 1) 



4 



(« 2 - 1) 



(«2 - 1) 



The sign diagram of f" is shown at right. We see that / is concave 
downward on (—00, —1) and (0, 1) and concave upward on (—1, 0) 
and (1, 00). It has an inflection point at (0, 0). 



f" not defined 

/ \ 

+ + 0 - - 



+ + sign off" 
> u 



-1 



0 



1 



24. / (x) = 



x 1 -9 

T^ 2 



f M = 



(l - x 2 } (2x) - (x 2 - 9) (— 2jc) 

(I"- 2 ) 2 



-16x 



(l-x 2 ) 



2 



f" (PC) = 



(l - x 2 Y (-16) + 16* (2) - jc 2 ) (-2x) 16 (3x 2 + 



(l-x 2 ) 



4 



The sign diagram of f" is shown at right. We see that / is concave 
upward on (—00, —1) and (1, 00) and concave downward on (—1, 1). 
It has no inflection point. 



+ + 



f not defined 

/ \ 



+ + sign off" 
> x 



-1 



0 



1 



25. / (jc) = sin 2x, 0 < x < 7r => f' (x) = 2 cos 2x => f" (x) = -4 sin 2x = 0 ^> x = y for x e (0, 7r). 



The sign diagram of f" is shown at right. We see that / is concave 
downward on (0, y) and concave upward on (y , 7r )- & nas an 
inflection point at ( y , 0) . 



0 + + + + 



sign of f" 



0 



77 

2 



77 
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26. g (*) — cos 2 x, 0 < x < 2ir => g' (*) = — 2 cos* sin* — — sin 2* 
x e (0, 2tt). 

The sign diagram of g" is shown at right. We see that g is concave 
downward on (0, ^), (~f 9 ^f), and , 2-7rj, and concave 

upward on (^, and ^^p, It has inflection points at 
l\ (2?- iW^L l\ and ( l£- l\ 



7T 37T 57T 77T 



(*) = -2cos2* = 0=> x = f , =f , 



for 



-0++0--0 + + 0- signof#" 



H h 



H 1 h 



° f 



377 ^ 577 
—r 77 —r 



Itt 



277 



27. /? (?) = sin? + cos?, 0 < t < 2n => h' (t) = cos t - smt =^> h" it) = - sinf - cos? = 0 <=> tanr = -1 => * = 
in (0, 2tt). 

The sign diagram of ft" is shown at right. We see that h is concave 

3tt 



3-7T or 77T 



0+++++0- sign of/?" 



downward on ^0, and (^f, 2-7r^ and concave upward on 
(if, ?f}. It has inflection points at (if, o) and o). 



4- 
0 



H h 



H 1 h 



377 



77 



777 



> t 



277 



+ + + 0 0 ++ + 0 



28. /(*) = * — sinx, 0 < x < 4tt => f (*) — 1 — cos* => f" (x) — sinx = 0 => x = 7r, 27t, or 37T in (0, 4n). 

The sign diagram of f" is shown at right. We see that / is concave 
upward on (0, 7r) and (27T, 37t) and concave downward on (n, 2iz) 
and (37T, 4iz). It has inflection points at (7r, 7t), (27t, 27t), and 

(37T, 3-7T). 



sign of f" 



0 



H h 



H h 



77 



277 377 477 



29. / (*) = tan 2*, — 7r < * < 7r => /' (*) = 2 sec 2 2* => /" (*) = 8 sec 2 2x tan 2* = 8 ^1 + tan 2 2*^ tan 2*, which has 
discontinuities at* = — If, — ^, ^, and and zeros at x — — y , 0, and y . 



The sign diagram of / is shown at right. We see that / is concave 
upward on (-tt, -2|l), _|), (0, f ), and (f , 2jl), an d 

concave downward on ( — , — y ^ , (— ^ , 0) , , y), and 
(if, tt). It has inflection points at (-f , 0), (0, 0), and (f , 0). 



/" not defined 



+ 


[-0 + 


-0 + 


-0 + 




sign of f" 






' ) 


' 1 







—77 



H 1 1 h 

.K 0 

2 



77 

2 



77 



30. g (*) = 



1 



1 — cos* 



= (1 - cosx) { , 0 < x < 2-7T ^> g' (x) — — (1 — cosx) 2 (sinx) 



2(1 — cos x) 3 sin 2 * — (1 — cosx) 2 cos* = (1 — cosx) 3 ^2sin 2 * — (1 — cosx) cosxj 

2 — cos 2 x — cos x (cosx + 2) (1 — cosx) 



= (1 — cos x) 3 ^2 sin 2 x — cos x + cos 2 = 



(1 — cos*) 3 



(1 — COS*) 3 



31. h (x) = 



cosx + 2 
(1 — cos*) 2 
sin* 



> 0 on (0, 2-7T). Thus, g is concave upward on (0, 2-7r) and has no inflection point. 



1 + cos* 
d 



, — 7T < * < 7T 



ti (*) = 



( 1 + cos *) cos * — sin * (— sin *) 
(1 + cos*) 2 



1 



1 + cos* 



ft" (*)= ^-(1 + cos*)- 1 = 
ax 



sin* 



(1 + cos*) 2 



The sign diagram of h" is shown at right. We see that h is concave 
downward on (— 7r, 0) and concave upward on (0, 7r). It has an 
inflection point at (0, 0). 



0 + + + + 



sign of/?" 



-77 



0 



77 
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32. 



sinx 



1 + smx z z 



(1 + sin x) cos x — sin x cos * 
(1 + sin*) 2 



cos* 



(1 + sinx) 2 



(1 + sin*) 2 (— sinx) — (cos x) 2(1 + sin x) cos x sinx + sin 2 * + 2cos 2 x 

(l+sinx) 4 ~ (1 + sinx)- 3 

sinx + sin 2 * + 2 (l - sin 2 *) sin 2,_ s[nx _ 2 s[nx _ 2 



(1 + sinx) 3 (1 + sinx) 3 (1 + sinx) 2 

So / is concave downward on ^— y , ^) and has no inflection point. 



< 0 for all x e 



33. 



10 



5- 



0 




-2 



-1 



0 



1 



34. 



2- 



0 



-2 



-2 



-1 



( 



7T 37r\ 




0 



1 



a. / is concave upward on (—0.4, oo) and concave 
downward on (—oo, —0.4). 

b. / has an inflection point at (—0.4, 6.4). 



a. / is concave downward on (— oo, — 1) and 
(0.9, oo) and concave upward on (—1, 0.9) 

b. / has an inflection point at about (0.9, 0.9) 



35. 



1 



0 



-1 




36. 



1.0 



0.5 -- 



0.0 




a. / is concave upward on (— oo, 0) and concave 
downward on (0, oo). 

b. / has an inflection point at (0, 0). 



a. / is concave upward on (—2, —0.7) and (0.7, 2) 
and concave downward on (—0.7, 0.7). 

b. / has inflection points at about (—0.7, 0.8) and 
(0.7, 0.8). 



37. h (t) = ^t 3 - It 2 - 5t - 10 => ti (t) = t 2 - At - 5 = (t - 5) (t + 1) = 0 => t = -1 or 5, the critical numbers of h. 
h" (t) = It — 4 = 2 (t - 2). We use the SDT: h" (-1) = -6 < 0, so h has a relative maximum of h(-l) = -2^; and 



h" (5) = 6 > 0, so h has a relative minimum of h (5) = — 



130 



38. 



h (x) — 2x 3 + 3x 2 — I2x — 2^h'(x) — 6x 2 + 6x — 12 = 6 (x + 2) (x — 1) = 0 => x = — 2 or 1, the critical numbers of 
h. h" (x) = I2x + 6 = 6 (2x + 1). We use the SDT: h" (-2) = -18 < 0, so h has a relative maximum of h (-2) = 18; 
and h" (1) = 18 > 0, so h has a relative minimum of h (1) = —9. 

39. / (x) = x 4 - 4x 3 => f (x) = 4x 3 - \2x 2 = 4x 2 (x - 3) = 0 => x = 0 or 3, the critical numbers of /. 

f" (x) = \2x 2 - 24x = \2x (x - 2). We try the SDT: f" (0) = 0 and the test is not conclusive, but the FDT shows that 
there is no relative extremum at 0. f" (3) = 36 > 0, so / has a relative minimum of / (3) = —27. 
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40. / (x) = 2x 4 - 8x + 4 => f (x) = 8x 3 - 8 = 8 (x - 1) (x 2 + x + l) = 0 => x = 1, the sole critical number of /. 
f" (x) = 24x 2 , and by the SDT, f" (1) = 24 > 0 shows that / has a relative minimum of / (1) = -2. 

1 2t 2 1 r 2 

41. / (f) = It + - => /' (r) = 2 - J" 2 = = — = 0 => t = ±&, the critical numbers of /. f" (t) = - T , and we use the 



t 

SDT: f" < 0, so / has a relative maximum of / (~^) = -2^2; and /" > 0, so / has a relative 

minimum of / (^pj = 2^/2. 



t 



1 



2v* — 1 3/7 2 

42. A it) = t L + - => /i' (0 = 2f - ? -2 = = — = 0 =^> f = the only critical number of h. h" (t) = 2 + -r, and we use 



t 



t 



the SDT 



^ I > 0, so /z has a relative minimum of 



•(*)- 



3^2 



43. g (f) = 



f 2 +l 



(0 = 



g" (0 = 



d 

dt 



\-t 



.(' 2 +0 - 



(r 2 + l) - / (2Q = (1 _ 0(1 + 0 

( f 2 + g 2 - (f2 + !)2 
(t 2 + l) 2 (-20 - (l - r 2 ) 2 (r 2 + l) It 



= 0 => f = ±1, the critical numbers of g. 



2/ 



(,> - 3) 



(' 2 + 1) 4 

g" (— 1) = ^ > 0, so g has a relative minimum of g (— 1) = — ^. (1) 
g (1) = 1. For this problem, it would have been easier to use the FDT. 



. We use the SDT: 



(r 2 + 1) 3 

— ^ < 0, so g has a relative maximum of 



/ 1/2 / \l/2 2 [2 — 
44. / (x) = Xy /A - /' (x) = ±x (4 - x 2 ) (-2x) + (4 - x 2 j = — ^ JL 



= 0 => x = 




(4-x 2 ) 1/2 

the critical numbers of /. Note that /' is not defined at x — ±2, but these are the endpoints of the domain 



of /. /" (J) = 2 



(^4 - x 2 } 1/2 (— 2jc) - (2 - * 2 ) \ (4 - x 2 ) 1/2 (-2.x) 

4-x 2 



2x 



(* 2 - 6 ) 

(4-* 2 ) 3/2 



. We use the SDT: 



/" (~ V^) = 4 > 0, so / has a relative minimum of / (—•Jl^ = —2; and /" = — 2 < 0, so / has a relative 



maximum of 



/ (a/2) = 2. 



45. / (x) = sinx + cosx, 0 < x < y => /' (x) — cosx — sinx = Ootani = 1 => x = ^ in (0, y), so this is the only 
relevant critical number, f" (x) = — sin x — cosx, so using the SDT, we find that f" (^) = — a/2 < 0, implying that / has 
a relative maximum of / (^) = V2. 

46. / (x) — sin 2 x, 0 < x < ^j- =^ f' (x) = 2 sinx cosx = sin2x = 0 => x = y or 7r in (o, ^j"), so these are critical 

numbers, f" (x) = 2cos2x. Using the SDT, we find that f" (y) = — 2 < 0, so / has a relative maximum of / (y) = 1; 
and f" (7r) = 2 > 0, so / has a relative minimum of / (7r) = 0. 

47. / (x) = 2 sinx + sin2x, 0 < x < it => 

/' (x) = 2cosx + 2cos2x = 2 cosx + 2 (2 cos 2 x - l) = 2 (2cos 2 x + cosx - l) = 2(2cosx - 1) (cosx + 1) = 0 => 

x = y , the only critical number in (0, 7r). / /r (x) = —2 sinx — 4 sin2x and (y) = —3^3 < 0, so by the SDT, / has a 
relative maximum of / (y) = ^r^. 
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48. h (t) = 



1 



d 



, 0 < t < 2-7T => h! (t) = — (1 — cos t) 1 = — (1 — cos t) 1 sin t = — 

at 



-2 



1 — cos t 



smt 



(1 - cos?) 2 



= 0 => t = 7r, the 



only critical number in (0, 2n). h (t) = 
has a relative minimum of h (n) — ^ . 



— (1 — cos t) 2 cos t + (sin t) (2) (1 — cos t) sin t 

(1-cosf) 4 



and h" (tt) = ^ = ^ > 0, so /t 



49. 




50. 




51. 




52. 




-l 



l 



0 



53. a. D\ (t) > 0, D' 2 (t) > 0, D'[ (t) > 0, and D'{ (t) < 0 on (0, 12). 

b. With or without the proposed promotional campaign, the deposits will increase, but with the promotion, the deposits will 
increase at an increasing rate whereas without the promotion, the deposits will increase at a decreasing rate. 

54. Note that the tangent line to the graph of N attains its greatest slope at P. This means that the rate at which the average 
worker is assembling satellite radios is the greatest — that is, the worker is most efficient — at t = 2, corresponding to 
10 a.m. 

55. The significance of the inflection point Q is that the restoration process is working at its peak at the time to corresponding 
to its t -coordinate. 

56. a. Both N\ (t) and N2 (t) are increasing on (0, 12). 

b. N'l {t) < Oand N'{ (t) > 0 on (0, 12). 

c. Although the projected number of crimes increases in either case, a cut in the budget will see an accelerated increase in 
the number of crimes committed. With the budget intact, the rate of increase of crimes committed will continue to drop. 



57. f (t) increases at an increasing rate until the water level reaches the middle 
of the vase, at which time / (t) is increasing at the fastest rate. This 
corresponds to the inflection point of /. Though f (t) continues to 
increase until the vase is filled, it does so at a decreasing rate. 




concave downward 



inflection point 



concave upward 
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58. The behavior of / (?) is just the opposite of that given in the solution to y| 
Exercise 57. / (?) increases at a decreasing rate until the water level 
reaches the middle of the vase; this corresponds to the inflection point of 
/. After that, / (?) increases until the vase is filled, and does so at an 
increasing rate. 



concave upward 



inflection point 



concave downward 



59. a. S' (?) = 0.39? + 0.32 > 0 on (0, 7), so sales were increasing through the years in question, 
b. S" (?) = 0.39 > 0 on (0, 7), so sales continued to accelerate through the years in question. 

60. a. A' (?) = j- t (0.010716? 2 + 0.8212? + 313.4) = 0.021432? + 0.8212 is positive for t> 1, so A is increasing on (1, 50), 

and this shows that the average amount of atmospheric carbon dioxide was increasing from 1958 through 2007. 

b. A" (?) = ^A' (?) = ^ (0.021432? + 0.8212) = 0.021432 > 0, and this shows that the amount of atmospheric carbon 
dioxide was increasing at an increasing pace from 1958 through 2007. 

61. a. P' (?) = (44,560? 3 - 89,394? 2 + 234,633? + 273,288) = 133,680? 2 - 178,788? + 234,633. 

Observe that P' is continuous everywhere and P' (?) = 0 has no real solution, since the discriminant 

b 2 - 4ac = (-178J88) 2 - 4 (133,680) (234,633) = -93,497,808,816 < 0. Since P' (0) = 234,633 > 0, we may 
conclude that P' (?) > 0 for all t in (0, 4). So the population is always increasing. 

b. P" (?) = 267,360? - 178, 788 = 0 => ? = 0.67. The sign diagram of P" shows 0 + + + + sign of P' 

that ? = 0.67 is an inflection point of the graph of P. This shows that the 1 > t 

0 67 

population was increasing at the slowest pace sometime toward the middle of 
August, 1976. 

62. A (?) = 1.0974? 3 - 0.0915? 4 => A' (?) = 3.2922? 2 - 0.366? 3 => A" (?) = 6.5844? - 1.098? 2 . Setting A' (?) = 0, we 
obtain ? 2 (3.2922 - 0.366?) = 0, and this gives ? = 0 or ? % 8.995 % 9. Using the Second Derivative Test, we find 

A" (9) = 6.5844 (9) - 1.098 (81) = -29.6784 < 0, and this tells us that ? % 9 gives rise to a relative maximum of A. Our 
analysis tells us that on that May day, the level of ozone peaked at approximately 4 P.M.. 

63. a. N' (?) = (-0.9307? 3 + 74.04? 2 + 46.8667? + 3967) = -2.7921? 2 + 148.08? + 46.8667. Af'is continuous 

-146.08±7(148.08) 2 -4(-0.9307)(46.86667) 
everywhere and has zeros at ? = 2(-2.7021) ^ —0.1053 or 53.1406. Both these points lie 

outside the interval of interest. Picking ? = 0 for a test point, we see that N' (0) = 46.86667 > 0 and conclude that N is 
increasing on (0, 16). This shows that the number of participants is increasing over the years in question. 
d 
dt 

N' (?) is increasing on (0, 16), and the desired conclusion follows. 



b. N" (?) = (-2.7921? 2 + 148.08? + 46.86667) = -5.5842? + 148.08. Since N" (?) > 0 on (0, 16), we see 



that 



64. a. N' (?) = ^ (6.08? 3 - 26.79? 2 + 53.06? + 69.5) = 18.24? 2 - 53.58? + 53.06. In solving the equation N' (?) = 0, we 

see that the discriminant is (-53.58) 2 - 4 (18.24) (53.06) = -1000.4412 < 0. Thus, N' (?) # 0. But 
N' (0) = 53.06 > 0, and so N' (?) > 0 on (0, 4). This shows that N is increasing on (0, 4). 
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0 + + + + sign of N" 

b. N" (?) = £ (l8.24? 2 - 53.58? + 53.06) = 36.48? - 53.58 = 0 gives ( % 

0 1.5 4 

/ = 1.46875. From the sign diagram for N" , we see that N has an 
inflection point when ? « 1.5. This says that TV is increasing least rapidly 

at t ^ 1.5, so the number of communities using surveillance cameras is increasing least rapidly around the middle of 
2004. The rate of increase is N f (1.46875) = 18.24 (l.46875 2 ) - 53.58 (1.46875) + 53.06 % 13.71, approximately 
14 communities annually. 



65. a. The number of measles deaths in 1999 is given by N (0) = 506, representing 506,000. The number of measles deaths in 
2005 is given by N (6) = -2.42 (6 3 ) + 24.5 (6 2 ) - 123.3 (6) + 506 = 125.48, representing 125,480 deaths. 

b. N' (?) = £ (-2.42? 3 + 24.5? 2 - 123.3? + 506) = -7.26? 2 + 49? - 123.3. Since the discriminant is 

(49) 2 - 4 (-7.26) (-123.3) = -1179.6 < 0, we see that N' (?) has no zero. Because N' (0) = 123.3 < 0, we conclude 
that N' (?) < 0 on (0, 6). This shows that ./V is decreasing on (0, 6) and implies that the number of measles deaths was 
dropping from 1 999 through 2005 . 

c. N" (?) = —14.52? + 49 = 0 <=> t ~ 3.37, so the number of measles deaths was decreasing most rapidly in April 2002. 

The rate is given by N f (?) = -7.26 (3.37) 2 + 49 (3.37) - 123.3 % -40.62, representing a decrease of approximately 
41,000 deaths annually. 



66. /' (?) = 



d 
dt 



100 




2 + 10? + 100 
2 + 20? + 100 



= 100 



(? 2 + 20? + lOo) (2? + 10) - (? 2 + 10? + lOo) (2? + 20) 

(? 2 + 20? + 100) 2 



1000 



(? 2 - 100) 



(? 2 + 20? + 100) 



1000 (?- 10) 
(? + 10) 3 



f" (?) = 1000 



d 



t- 10 



dt _{t + 10) 3 „ 
2000 (? - 20) 
(? + 10) 4 



= 1000 



(? + 10) 3 - 3 (? - 10) (? + 10) 2 

(? + 10) 6 



1000 (? + 10) 2 [(? + 10) - 3 (? - 10)] 

(? + 10) 6 



The only root of /" (?) = 0 is / = 20. Since /" (?) > 0 for ? < 20 and /" (?) < 0 for ? > 20, we see that / has an 
inflection point at approximately (20, 78). 
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67. a. Note that 



x 5 - 1 



f(x) = 2- 



x i - 1 



(x 3 - l) if X < 1 
x 3 - 1 if X > 1 

1 + x 3 if* < 1 
3-x 3 if x > 1 



f" not defined 



0+ + + + + 



sign of f" 

> x 



0 



1 



C. 



f to = 



f" to = 



3x 2 if x < 1 
— 3x 2 ifx > 1 

6x ifx < 1 
— 6x ifx > 1 



From the sign diagram, we see that / 



is concave downward on (— oo, 0) and (1, oo), and concave upward 
on (0, 1). 

b. No, there is no inflection point at x = 1 because the graph of / does 
not have a tangent line at ( 1 , 2) . 




68. Since Ixl = < 



—x if x < 0 
x if x > 0 



we find that f (x) = x \x\ = 



—x 2 if x < 0 
x 2 if x > 0 



/'(*) = « 



-2x ifx < 0 
2x if x > 0 



r to = 



-2 ifx < 0 
2 if x > 0 



So / is concave downward on (— oo, 0) and concave upward on (0, oo). Therefore (0, 0) is an inflection point of /. To 
show that f" does not exist at 0, observe that if we define f' (0) = 0, then f' (x) = 2 |x|, and the result of Example 6 in 
Section 2. 1 tells us that f" (0) does not exist. 

69. / (x) = x 4 + 2x 3 + cx 2 + 2x + 2 => f (x) = 4x 3 + 6x 2 + 2cx + 2 => f" (x) = 12x 2 + \2x + 2c. For / to be concave 
upward everywhere, we require that f" (x) > 0 for all x on (— oo, oo). This is true provided the discriminant b 2 — 4ac < 0 
=> 144-4(12) (2c) < 0 = 



c> |. 



70. 



. f (x) = — (ax 4 + Z?x 3 + cx 2 + dx + e) = 4ax 3 + 3bx 2 + 2cx + d^> f" (x) = 12<ax 2 + 6bx + 2c. The requirement 

dx V / 

that / has inflection points implies that f" (x) must change sign at least twice on (— oo, oo), and this is true if and only if 
f" ( x ) = 0 has two distinct real roots. This is true if B 2 - 4AC > 0 => (6b) 2 - 4 (12a) (2c) > 0 <^ 36b 2 - 96ac > 0 <=> 
3b — 8<zc > 0. This is the required condition on a, b, and c. 



71. No. Consider the function / (x) = x 2 — 1 on (—1, 1). / is concave up, since f" (x) — 2 > 0 on (—1, 1). Now ifh — f 

2 

on (-1, 1), then h (x) = [/ (x)] 2 = (x 2 - l) = x 4 - 2x 2 + 1 on (-1, 1). ti (x) = 4x 3 - 4x => 



h" (x) = 12x 2 -4 = 4 (3x 2 - 1^. The sign diagram for h 



ft 



1 -- 



shows that h is concave downward on (— and so it 

cannot be concave upward on (—1, 1). 

+ + 0 0++ sign of/?" 



0 



) >x 



-1 ^3/3 0 V3/3 1 



-1 -: 




-1.0 -0.5 



0.0 



0.5 



1.0 



/ is graphed in black and h — f 2 is graphed in gray. 
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72. Let h = f 2 . Then h f (x) = j-{[/W] 2 j = V to /'to and 

ft" (jc) = 2 [/' (x)] 2 + 2/ (jc) /" to = 2 {[/' (x)] 2 + / (*) /" to}. Since / is concave upward on /, we have 
f" (x) > 0 on /. Also, / (x) > 0 on / by assumption, so h" (x) > 0 on /, and thus h is concave upward on /. 

73. The polynomial function has the form / (x) = a 2n+ \x 2n+x + a 2n x 2n H \-a2x 2 + a\x + ao, where a 2 n+l 7^ 0 and « > 1. 

Thus, /' (jc) = (2n + 1) «2«+l^ 2 " + 2na 2n x 2n ~ l + h 2a 2 x + ^ and /" (x) = (2n + 1) (2n) c^+l* 2 " -1 H H 2<3 2' 

Since a 2n +l 7^ 0, /" is a polynomial of odd degree and thus has at least one real root. (See Exercise 85 in Section 1.4.) 
This implies that there is at least one number at which / changes concavity, showing that / has at least one inflection point. 

74. / to = a 2n x 2n + a 2n -2X 2n ~ 2 H h a 2 x 2 + a 0 => /' (x) = 2na 2n x 2n ~ x + {In - 2) a 2n _ 2 x 2n ~ 3 H + 2a 2 x =3> 

f" (x) — 2n{2n— 1) a 2n x 2n ~ 2 + (2n — 2) (2rc — 3) a2 w _2-^ 2w_4 H h 2^2, a polynomial in which every term has an 

even power. Since all the coefficients are positive, f" (x) > 0 for all x on (—00, 00), and thus / is concave upward. 
Finally, the absolute minimum value of / is / (0) = a$. 

75. Since (a, f (a)) is an inflection point of /, f" (a) = 0. This shows that a is a critical number of Next, / changes 
concavity at (a, f (a)). If the concavity changes from concave downward to concave upward [f" (x) < 0 for x < a and 
f" to > 0 for x > a], then f has a relative minimum at a. On the other hand, if the concavity changes from concave 
upward to concave downward [f" (x) > 0 for x < a and f" (x) < 0 for x > a], then f' has a relative maximum at a. 
Thus, f has a relative extremum at a. 



76. 



a. /' (a) = 0 => a is a critical number of /. Since f" (a) = 0, a is also a candidate to be an inflection point of /. Suppose 
f'" (a) > 0. Then there exists an interval / containing a such that f" is increasing on /. In this case, f" (x) < 0 for all 
x < a in /, and f" (x) > 0 for all x > a in /. This shows that / has an inflection point at a. The case where f m (a) < 0 
can be dealt with similarly. 

d 



b. f to = 



dx 




— — sin* + x — jx 2 — 0 



x — 0, and so 0 is a critical number of /. In fact, 



c. 



this is the only zero of f (x). To see this, observe that /' (x) = 0 => sin x = — ^x 2 + x. The functions 

g (x) = sin x and h (x) = — + x have graphs that pass through 

the origin, and the graph of h lies below that of g. To investigate the 

nature of the critical number 0, compute f" (x) = — cos* + 1 — x. 

Since f" (0) = 0, the Second Derivative Test is inconclusive. Now 

/"' (x) = sinjc - 1. Since (0) = -1 # 0, the result of part a 
shows that (0, 0) is an inflection point of /, and this implies that 
(0, 0) is not a relative extremum of /. So / has no relative extremum. 




-2 



-1 



0 



1 



77. False. For example, / (x) = x 1 / 3 has an inflection point at 0, but f (0) is not defined. 



78. False. Consider / (x) = 



off. 



x 3 if jc ^ 0 
1 if jc = 0 



Then / is not continuous at x =0, and so (0, 1) cannot be an inflection point 



79. True. If / is a polynomial of degree 3, then f" must be a linear function which has exactly one zero. Also, the sign of f" 
must change as we move across that zero. 

80. True. Since / is concave upward on /, f" (x) > 0 for all x in /. If h = — /, then h" (x) = —f" (x) < 0 for all x in I, and 
this shows that h is concave downward, so — / is concave downward. 
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1. a. lim / (x) = oo means f (x) can be made as large as we please by taking x sufficiently close to (but not equal to) 3. 
b. lim f (x) = — oo means / (x) can be made as large in absolute value as we please (but negative) by taking x 

sufficiently close to (but less than) 2. 

2. a. lim f (x) — 2 means f (x) can be made as close to 2 as we please by taking x sufficiently large in absolute value and 

x— >— oo 

negative. 

b. ^lini^ / CO = —5 means / (x) can be made as close to —5 as we please by taking x sufficiently large. 

3. a. See page 292. 
b. See page 296. 

4. a. The graph of a function can have infinitely many vertical asymptotes. For 

example, / (x) = tan* has vertical asymptotes at x = | ± nn, 
n = 0, 1, 2, 3, 




b. The graph of a function can have zero, one, or two horizontal asymptotes. For example, / (x) = x 2 has no asymptote, 

/ (x) — —~ has y — 0 as its only horizontal asymptote, and / (x) = tan -1 x has horizontal asymptotes at y = ±3f 

x z + 1 






5. a. lim 



=— ^_ . -77-/2 



3 3 
= oo means that given a positive number M there exists a number 8 > 0 such that 



*->2 (x-2) 2 
whenever 0 < \x — 2| < £. 

2x 2 + x + 1 2 

b. lim = = - means that given any e > 0, there exists a number Z? such that 

whenever x > B. 



(x - 2) 



> M 



2x 2 + x + 1 2 
3x 2 + 4 3 



< £ 




1. a. lim / (x) — — oo 

^->0- 



b. lim / (x) = oo 



c. lim f (x) = oo 



d. lim / (x) = — oo 
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2. a. lim / (x) = oo 

x->0- 



b. lim / (x) = — oo 

x->0+ 



c. lim f (x) = oo 

x-^oo 



d. lim / (x) = oo 



3. a. lim / (#) = — oo 



b. lim /(*) = 0 

x— >— oo 



c. lim f (x) = 0 



4. a. lim / (jc) = 1 

x— >— oo 

5. lim / (x) = oo 

X— >2/77T 



b. lim /"(*) = 1 



6. a. lim / (x) does not exist. 

x— >— oo 



1 



b. lim f (x) does not exist. 

x->oo 



7. lim = — oo since the numerator is positive and the denominator approaches 0 through negative values as 

*->-l~ x + 1 

x — > — 1 from the left. 

8. lim = — oo since the numerator approaches —3 and the denominator approaches 0 through positive values as 

r->-3+ t + 3 

t — > — 3 from the right. 
1 +* 

9. lim = oo since the numerator approaches 2 and the denominator approaches 0 through positive values as x —> 1 

I — x 

from the left. 
x + 1 

10. lim = — oo since the numerator approaches 2 and the denominator approaches 0 through negative values as x — > 1 

1 — * 

from the right. 
u 2 + 1 

11. lim = oo since the numerator approaches 17 and the denominator approaches 0 through positive values as u — > 4 

M _>4+ w - 4 

from the right. 

.3 



12. lim 



r->l ff2 _ 



(*2 - 1) 



= oo since the numerator approaches 1 and the denominator approaches 0 through positive values as t — > 1 . 



13. lim 



x + 1 



x^0+ *Jx(x- l) 2 
x — > 0 from the right. 



= oo since the numerator approaches 1 and the denominator approaches 0 through positive values as 



14. lim ( — 1 — | = — oo. As x ^ —1 from the right, the first term approaches —1 but the second term approaches oo. 

\x x + 1/ 



15. lim ( — 1 — | = oo. As x — > —2 from the right, the first term approaches 1 but the second term approaches 

jc^-2+\-x + 3 x + lj 

— oo. 



16. lim 



1 



x ^0+ smx 
the right. 



= oo since the numerator is positive and the denominator approaches 0 through positive values as x — > 0 from 



17. lim 



= oo since the numerator is positive and the denominator approaches 0 through positive values as x — > y 



x-Ktt/2)- cos* 
from the left. 



cos 2jc 

18. lim cot 2x = lim = oo since the numerator approaches 1 and the denominator approaches 0 through positive 

*_>()+ x ->o+ sin 2.x 



values as x — > 0 from the right. 



1 



19. lim sec nt = lim 

f-> (-3/2)- f-> (-3/2)- cos 7T? 



= oo since the numerator is positive and the denominator approaches 0 through 



positive values as t — > | from the left. 
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X + 1 1 + 7 

20. lim — — = lim = 1 



x->oo x — 5 



<u r 3 * + 4 v 

21. lim = lim 



x— >oo ] _ 2 

X 



x— »— oo 2x — 3 



x— > — oo ? — - 



3 
2 



22. lim 



2x 2 - 1 



1 



..... , = lim — . 

x-»oo 4jc 2 + 1 x->oo4 + J_ 2 



23. lim — = — lim 



a: 



2 

a: 



X— >-(X) X J + 1 X— >-QO J _j_ 1 



= 0 



X 



X 



24. lim = lim 1 

X — ^ — OO X + 1 X— > — OO 



1 + 1 



= OO 



25. lim 



x 



x 



2 



*->oo\ 3x 2 - 2 3.x + 




= lim 

x— >oo 



* 3 (3jc + 



l) - x 2 (: 



3jc 2 -2 



) 



(3x 2 - 2) (3x + 1) 



— lim 



x- 3 + 2x 



2 



x^oo (3x 2 -2) (3x+ 1) 



= lim 

x— >oo 



1 

9 



26. lim 



x->-oo + 1 



;c 4 + l 

"1 



= lim 



x+ -\ 



X 



1 



= — 00 



x->-oo l _|_ » 

X J 



27. lim 



— 2x' 



— lim 



-2 



28. lim 1 + - 

X-»OC> \ ^ 



29. lim 



*->oo 3 _ 3 + 1 + l 3 



X 



( t + \ 2t 2 -\ \ 
\2t- 1 + \-3t 2 ) 



= lim ( 1 + 

X— >00 



= lim 

x— >oo 



1+} 



+ 



2- -i- 



2-1 4-3 



1 

2 



2 
3 



1 

6 



30. lim 

s— > —00 




2*2 + 




= lim 



1 



1 



s — > — 00 1 1 _i_ I 



2+4 



=1-1=1 

2 2 



2* r 2 

..... = lim 

s]3x 2 + 1 



31. lim 



2V3 



32. lim 



2t 



2 



= lim 



2f 



2 



V3 



1 



,— — , = lim 

f->-oo J t 4 + t 2 f->-oo J t 4 + t 2 1 *->-oo 



= 2 



1 cos 2jc 1 cos 2jc 
33. Since—— < < — , we apply the Squeeze Theorem to obtain lim 



= 0, 



x 



x 



X 



x— >oo x 



34. lim cos — = 1 because as x — > 00, > 0 and cosO — 1. 

x->oo x x 



1 sin ^ 1 sin /* 
35. lim x sin - — lim — r^-. Letting h = —, this is equal to lim = 1. 

x->oo x x->oo 1 x /?->() h 



x 



36. lim 



— lim 



1 



1 



x-T6o 3x + cos a: x^> "60 3 + 3 

37. lim / (x) — lim - = —00, lim f (x) — lim 1 = 1, lim f (x) = 

x->0~ x->(T X x^0+ x->0+ x->-oo 

lim / (x) — lim 1 = 1. 

x— >oo x— >oo 



lim — = 0, and 

x->— OO X 



X 7T 

38. lim f (x) = lim l±-x 2 + x\= lim — ( 1 H ) = 00. lim f (x) — 

X— >— OO I->-00 V 77 / X— > —OO 7T V X / X-^OO 



lim sin 2x does not exist. 

x^oo 
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1 sinx 1 

39. a. Since |sinx| < 1 <=> — 1 < sinx < 1, we have < < — 

X X X 



for* > 0. 



1 



b. Noting that lim — = 0 and applying the Squeeze Theorem to the 

>oo x 



inequalities in part a, we obtain lim 



sinx 



= 0. 



>oo x 




0 



10 15 20 



40. -1 < cos* 2 < 1 => - 



lim — — 0. 



1 COS X 1 1 

— < < , and since lim — 0, the Squeeze Theorem implies that 



\fx "sf^ *sf^ 



x->oo j~x~ 



*->°o jx 



41. a. 



1.0 



0.5 



0.0 




0 20 40 60 80 100 



lim x 

x—>oo 




*2 + l 



b. 



X 


10 


100 


1000 


10,000 


/to 


0.49876 


0.49999 


0.50000 


0.50000 



lim x \\lx 2 + 1 - x ) « A 

x— >oo V / z 



c. lim x (vx 2 + 1 — * ) = lim 

x— >oo \ / x^oo 




x (Jx 2 + 1 



X 2 + 1 +x 



1 



= lim 



x 



Jx 2 + \+x Vjc2 + 1+jc 



lim 

X— >OC 



1 



1+ -4 + 1 



1 

2 



42. a. 



10 



0 



-10 



1 


I 1 


1 


i — 1 — 1 — 1 — 








1 1 


1 1 


1 1 


1 1 1 



-100 -80 -60 -40 -20 0 



b. 



X 


-5 


-10 


-100 


-1000 


-10,000 


f to 


-5 


-2.92893 


-2.53206 


-2.50313 


-2.50031 



lim (x + jx 2 + 5x) % -2.5 

x— >— oo \ / 



lim (x + y/x 2 + 5x) % -2.5 

x— > — oo V / 



hm [x + +5x)= lim • 

x—>—oo\ ) x—>— oo I x _./v2x^v 



5x 



r 



y^ 2 + 5x 

i 



lim 1 - 

x^—oo 

5x_ 

I r I 



5x 



x — \J x 2 + 5x 



-5 
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43. a. 



1.0 



0.5 " 



0.0 




0 



20 40 60 80 100 



b. 



X 


10 


100 


1000 


10,000 


fix) 


0.77122 


0.71411 


0.70781 


0.70718 



lim Ulx 2 + 3x + 4 - y/2x 2 + x + l) » 0.707 

x— >oo V / 



lim 

x— >oo 




2x 2 + 3x + 4 - >/2* 2 + * + l) 
c. lim Ulx 1 + 3* + 4 - V2x 2 + * + f) 

x— >oo V / 



0.7 



44. a. 



0 



= lim 

x— >oo 



— lim 



V2x 2 + 3jc + 4 - >/2jc 2 + x + 1 



1 



x + 3 



V2x 2 + 3x + 4 + V2x 2 + x + 1 
x/2x 2 + 3x + 4 + V2x 2 + x + 1 



V2x 2 + 3x + 4 + V2x 2 + x + 1 



lim 

x— »oo 



9 



1 



V2 



■ III 


1 1 


1 1 


1 h 


r 




— ■ 1 I 1 


1 1 


1 1 


1 1 



0 



20 



40 60 80 100 



3 ■ 4 +y^? 



2V2 



b. 



X 


10 


100 


1000 


10,000 


fix) 


1.62649 


1.63232 


1.63293 


1.63299 



V3* + 2 — ys* 

hm — 

y/2x + 1 - V2jc 



1.633 



lim 



V3jc + 2 - V3x 



1.6 



c. lim 



V2x + 1 - V2* 
V3x + 2 - VSx V3x + 2 + V5x V2x + 1 + V2x 



* 

J2x J3x + 2 + 



V5x 



= lim 



Jlx 



J3x~ 



1 



45. y = 



± 1 are horizontal asymptotes since ^lin^ f ix) 



46. y = 0 is a horizontal asymptote since lim / (x) 

x— >— 00 



47. y = 



— 1 is a horizontal asymptote since lirn^ / (x) 



2+1 + V2 4V2 2V6 

= lim 2 • , — — — = 

: 1 and lim / (*) = — 1. 

x—> — OO 

0; x = 1 is a vertical asymptote since lim f (x) = 00. 

x— > l - 

— 1; x = ±1 are vertical asymptotes since lim / (x) = 00 and 

x->-l+ 



lim / (x) = 00. 

x->l~ 

48. y = 1 is a horizontal asymptote since lim / (x) 

x — > — OO 



1; jc = — 1 is a vertical asymptote since lim / (x) = 

x->-l+ 



— 00. 



49. lim 



x->oo x + 2 



= 0, so y = 0 is a horizontal asymptote, lim — ■ = 00, so x = — 2 is a vertical asymptote. 



x^-2+ * + 2 



X X 

50. lim — 1, so y = 1 is a horizontal asymptote, lim — —00, so x = —1 is a vertical asymptote 

x^oo x + 1 ' F .x+l 

X — 1 X — 1 

51. lim — 1, so y = 1 is a horizontal asymptote, lim = —00, so x = —1 is a vertical asymptote 

x^oo x + 1 ' F *_>_i+x+l 



216 Chapter 3 Applications of the Derivative 



52. lim 



t 



— 1 , so y = 1 is a horizontal asymptote, lim 



t 



?— >oo — 4 
t — ±2 are vertical asymptotes. 



,_>_2- (t + 2)(t-2) 



— oo and lim 



r 



f _>2- (* + 2) 0-2) 



— — oo so 



53. lim 



2x 



= 0, so y = 0 is a horizontal asymptote, lim 



2x 



*^oo x 2 - x - 6 
so x = —2 and x = 3 are vertical asymptotes. 



*_>_2+ 0 + 2) (x-3) 



— oo and lim 



2x 



*_> 3 + ( x + 2)(x-3) 



= oo, 



2 — x 2 

54. lim — = — 1 , so y = — 1 is a horizontal asymptote, lim 



2-x 



*->oo ;t 2 + * 
and x = 0 are vertical asymptotes. 



x->-l- x (x + 1) 



2 — x 2 

oo and lim — = oo, so x 

x->0+ * (x + 1) 



55. lim 



t l -2 



= 1, so y = 1 is a horizontal asymptote, lim 



t l -2 



>oo r 2 — 4 
? = ±2 are vertical asymptotes. 



f _>_ 2 - 0 + 2) 0-2) 



= oo and lim 



f z -2 



f _>2+ 0 + 2) 0-2) 



— oo, so 



56. If x > 0, then = x^. Dividing the numerator and the denominator of f (x) by x^, we have 



fix) = 



2x 



2 



73^+2 J_y^^ 

X J 

2 2 
lim f (x) = lim , = — = 



2^3 



A /i (3x6 + 2) 



, so 



3 + 



x 



x 



. We conclude that y = is a horizontal asymptote of the graph of /. 



3 + 



x 



Next, if x < 0, then Vx^ = x 3 = — x 3 . Dividing the numerator and the denominator of / (x) by 



— x 3 , we have / (x) = — 



V3x 6 + 2 



x 



, so 



3 + 



x 



6 



lim / (x) 

x — > — oo 



off. 



lim 

x->—oo 



-2 



3 + 



V3 



2\/3 7 /a 

. We see that y = — ^j 2 - is also a horizontal asymptote of the graph 



x 



57. 




58. 




-77/2 



59. 



-2 -1 




yn 
1 



H > 

2 x 




60, 
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61. a. The denominator of C (x) = 



0.5x 



100 -x 



is equal to zero if x — 100. 



b, 



Also, lim C (x) = oo. Therefore, x = 100 is a vertical asymptote 
100" 

of C. This means that the cost increases dramatically as the amount of 
pollutant removed approaches 100%. 



10 



5" 



0 




0 



20 40 60 80 100 



(1735 2 
— t-t^t- + 38.6 ) = 38.6. As the number of miles driven increases, the driving cost drops and 
x 1 • - 1 



approaches 38.6 cents per mile. 



63. a. lim P (t) = lim 

t—>oo t-^oo 



= lim 



25t 2 +125? + 200 

t 2 + 5t + 40 
25 + 125 + 2f 

1+5 ,40 



b. 



= 25 



so the population approaches 25,000 in the long run 



30 



20 



10 



0 




0 



10 



15 



20 



64. a. lim fit) 

t-^oo 



lim 100 

t—>oo 



100 lim 



t 2 + 10? + 100 
t 2 + 20? + 100 

i I 10 , 100 

__t___t]_ 

i 7 20 7 ioo 
1+ / + t 2 



= 100 



so in the long run, the oxygen content approaches the original level 



100 



90 



80 



70 




200 



65. 



terminal velocity 



0 
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66. a. 



t(s) 


v (t) (m/s) 


0 


0 


10 


44.85 


20 


51.02 


30 


51.86 


40 


51.98 


50 


52 


60 


52 



b. 



60 



40 



20 





I — \ 




— \ 




— \ 




— h 










— 1 — ' — 









0 







i — 1 — 




1 — 1 — 1 


' 1 ' 1 




— h 



0 10 20 30 40 50 60 



c. lim v (t) = lim 52 fl - (0.82)'l = 52 

= 52 m/s 



lim 1- lim (0.82)' 

t—>oo t—>oo 



67. lim 

v— >c 



m 0 



= oo since the numerator is positive and the denominator 



1 - 



v 



approaches 0 through positive values as v — > c from the left. 




68. a. lim v 



lim c 

E— >oo 



1 



Eo 
E 




\ 



lim 



1 



£o 

E 



c. The speed of light is the "ultimate" speed. 



— c 



V A 




69. a. 



1.0 



0.5 



0.0 




0 20 40 60 80 100 



From the graph, we estimate lim / (x) & 0.6. 

x— >oo 



c. lim ( J3x + Jx — J3x — Z7x) — lim ( 



b. 



X 


fix) 


10 


0.578156 


100 


0.577430 


1000 


0.577358 


10,000 


0.577351 


100,000 


0.577350 



From the table, we estimate lim f (x) ~ 0.577. 



— lim 



y/3x 4- «s/x — y/3x — «Jx y/3x + y/x + y/3x — «Jx 

y/3x + +Jx + ^/3x — y/x 

2 



1 



2^/x 



_2_ V3 

y^^Tv? + y/3x~^/I ^ 6c v / 3+l/VI + ^3-1/71" 2V3 ~ 3 



= lim 
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70. a. 



b. 



2-- 



0 




0 20 40 60 80 100 



X 


fix) 


10 


1.807172 


100 


1.079010 


1000 


1.667890 


10,000 


1.666789 


100,000 


1.666679 



From the graph, we estimate lim / (x) & 1.7. 

x—> oc 

1/3 



From the table, we estimate lim / (x) « 1.7. 



c. Let A = ^x 3 + 2x 2 + 3x - l) i/J and 5 = (x 3 - 3x 2 + x - 4^ 1/3 . Then A 3 = x 3 + 2x 2 + 3x - 1 and 



5 



3 _ v 3 



x 3 - 3x 2 + x - 4. Using the identity A 3 - £ 3 = (A - £) (a 2 + A5 + £ 2 ) ^ A - B = 



A 3 - B 3 



A 2 + AB + B 2 



, we 



have 



(x 3 + 2x 2 + 3x - l) 1/3 - (x 3 - 3x 2 + x - 4} 



1/3 



(x 3 + 2x 2 + 3x - - (x 3 - 3x 2 + x - 4) 



(jc 3 + 2x 2 + 3x - 1) 2/3 + (x 3 + 2x 2 + 3x - 1) 1/3 (x 3 - 3x 2 + x - 4) 1/3 + (x 3 - 3x 2 + x - 4) 



2/3 



so 
lim 



(x 3 + 2x 2 + 3x - 1/3 - (x 3 - 3x 2 + x - 4} 



1/3 



— lim 



5x 2 + 2x + 3 



x— >oo 



( x 3 + 2x 2 + 3;c _ !) 2 / 3 + ( x 3 + 2x 2 + 3x - 1) 1/3 (x 3 - 3x 2 + x - 4) 1/3 + (x 3 - 3x 2 + x - 4) 



2/3 



= lim 



5 

3 



5 + f + ^ 



(•+i+*-*r+('+i+*-*) ,/ '('-i+*-*r+('-i+*-*) 



2/3 



71. a. lim 



"0* 



= 00 since the numerator approaches a positive 



v^^/liRlgR - v 2 
number and the denominator approaches 0 through positive values. 



H k 



Thus do — V2g-K is a vertical asymptote. The result states that as the 
initial velocity of the rocket approaches the escape velocity, the height 
attained by the rocket increases without bound. 



b. The escape velocity is ^2jR = ^2 (32) (4000) (5280) « 36,765 ft/s 
or about 25,067 mi/h. 



0 



v 



0 



72. lim 



/ 2x 2 + 

I X+l 



— ax — b I = lim 



2x 2 + 3 - (x + 1) (ax + /?) 



= lim 



If the limit is 0, then 2 — a = 0 



-(2 + /7)x + 3-/? r 
lim = lim 

x— >oo x+l x->oc 



X + 1 

a = 2. Then the limit reduces to 
3-/? 



(2-tf)x 2 -(tf + Z?)x + 3-Z? 

x + 1 



-(2 + /?) + 



x 



X 



= - (2 + fc). Setting - (2 + fc) = 0 gives b = -2. 
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a n x n +a n -\x n 1 H h ap 

x^6o b m x m + b m - X x m - x + • • • + b 0 



73. If n > m, then lim 



lim 



„ Y n—m j_ , y-n—m— 1 j_ j_ ^0 
-\- a n _\x H 1 — — 

b m H 1 h 



— ±00. 



X 



X 



m 



a n x n + a n -\x n 1 + • • • + ap 
b m x m + b m - X x m - 1 + ■ ■ ■ + b Q 



\fn = m , then lim 



lim 



%-l 

tf« H h 



+ 



ao 



x 



n a 



n 



b m + !-••• + 



b 



m 



X 



X 



n 



a n x n + a n _\x n 1 + • • • + ap 
x^™ b m x m + b m _ x x m ~ l + • • • + b 0 



If n < m, then lim 



a n-\ . «0 

a« H 1 h 



lim 



— 0, and the result 



x 



n 



follows. 



74. Put* = - <=$t = -. As* -> oo, ? -> 0+, so lim f (*) = lim /|-Y 

? * x^oc- 7 f->0+ V / 



75. Put x — - = — . As x — > oo, ? — » 0 + , so lim x sin — = lim = 1. 

t x x->oo x t->0+ t 



76. Put x = 



1 

- ^> t 

t 



1 



= -. As x — > oo, ? — > 0 + , so 

1 tan? sin? 1 
lim x tan — = lim — lim • 

*->oo x t->0+ t /->0+ ? cos? 



( lim ™£ ) ( lim — ) = 1 

y->0+ ? / \f->0+ cos?/ 



77. Let M > 0 be given. Consider — > M => X 4 < 



M 



x < 



/ 2 y/4 

(mJ ' sopick5 




1/4 



> 0. ThenO < Ijcl < <5 



> 



[(2/M)V4] 



j = M, and since M is arbitrary, lim — = oo. 

4 ' jt->0 x 4 



1 /- 1 1 

78. Let M > 0 be given. Consider — — > M => y/x < — => * < — T for x > 0, so pick o 



1 



M 



M 2 



> 0. Then 0 < x < 8 



> * = M , and since M is arbitrary, lim — L = oo. 



V* y/l/M 2 



o+ V* 



79. Let TV < 0 be given. If - < TV for x < 0, then x > ~, so take <5 = — > 0. If 0 < \x\ < 8, then — x < S, implying that 

11 .1 

x > —0 — — <=> — < TV, so lim - = — oo. 

N X x^Q- X 



80. Let e > 0 be given. Now 



x 



x 2 + \ 



-0 



x 



x 2 + \ 



X 



x 2 +\ 



x > N 



X 



x 2 + \ 



X 

X 
X 



< — < — = e. Since e is arbitrary, lim - n 

x N x^>oo x 2.+ l 



1 

- < £ 

X 

= 0. 



x > - for x > 0, so pick N = -. Then 

£ £ 
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81. Let e > 0 be given, and consider 



x 



x + 1 



-1 1 1 1 

— <eo|x + l| > - =>x+l > - or 

x + \ \x + \ \ e e 



1 

x + 1 < => x < 

e 



~ ( 1 + l)" PiCk N = ~ ( 1 + i) < °* ThCn if * < ^' We haVe X < ~ ( ! + l)' 



- I , so that 



1 1 1 I JC 
x + 1 < — 1 h 1 = and |x + 1 1 > -, so 

£ £ £ \X + 1 



-11 = 



< — ^— = e. Since e is arbitrary, we have shown 



jt + l| l/e 



that lim 



x 



x-^-oo x + 1 



= 1. 



M M 

82. Let M > 0 be given. Then 3x > M x > — , so pick N = — > 0. Then x > N => 3* > 3 
arbitrary, we have shown that lim 3x = oo. 

83. False, lim — ?— = — oo and lim — = oo, so lim — does not exist. 

x->2~ x — 2 x->2+ x — 2 x ^>2 x — 2 



= M. Since M is 



84. True. Write f (x) = c and let e > 0 be given. Then pick N to be any positive number. Then x > N 

\f (x) — C\ — \C — C\ < £. 



85. False. The graph of / (x) = 
y = 0. 



2x 



;t2 + l 



crosses its horizontal asymptote 



y 




x 2 - 4 (jc + 2) (jc — 2) 

86. False. Let / (x) = . Then lim / (*) = lim = 4, and so * = 2 is not a vertical asymptote 

x — 2 *->2 jc->2 x — 2 



87. True. Let / (x) = 



asymptotes. 



x 



. Then y = — 1 and v = 1 are horizontal 



J' 






f 




► 

0 x 







88. False. Let f(x) = x + 2. Then lim / (x) = 2 = L, but lim / ( - ) = lim ( - + 2 ) 



1 1 




1. See page 307. 



2. a. If |*| is very large, then 
of g (x) = * 2 . 



1 



1 



0 is very small, and so for large values of |*|, the graph of / (x) = x -\ — =■ behaves like that 

x L ' x L 



b. lim f (x)— lim ( x 2 + \ ) = oo since the second term in the function grows arbitrarily large as x approaches 0. 

jt->0 jt->0 \ x l ) 
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c. (1) The domain of / is (— oo, 0) U (0, oo). (2) There is no x- or 



/' not defined 



y-intercept. 



(3) / (-x) = (-x) 2 + — l — =x 2 + ^ = f (x), so 



- - 0 + + 



HO 



X 



0 + + sign off 

1 ► x 



the graph of / is symmetric with respect to the y-axis. 

im (x 2 + 4r | = lim (x 2 + 4r | = oo 

► -oo \ x 2 / x^oo\ x 2 / 



-1 



0 



1 



(4) lim 

(5) lim ( x 2 + 4r | =oo, and so * = 0 is a vertical asymptote. 
i^0\ x 2 ) 



(10) 



There is no horizontal asymptote. 

o 2 (x 4 - l) 



3 



zb 1 are critical numbers of 



(6) /' (x) = 2x - = 

/. From the sign diagram for we see that / is decreasing on 
(— oo, — 1) U (0, 1) and increasing on (—1, 0) U (1, oo). (7) / has 

relative minima at (— 1, 2) and (1, 2). (8) f" (x) — 2-\ — j > 0 for x in (— oo, 0) U (0, oo), so / is concave upward 




x 



on (— oo, 0) U (0, oo). (9) / has no inflection point. 
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5. g (x) = 4 - 3x - 2x 3 (10) 
(1) The domain of / is (— oo, oo). (2) Setting x — 0 gives y — 4 as the 
y-intercept. Setting y = g (x) = 0 gives a cubic equation which is not 
easily solved, so we will not attempt to find the x -intercept. (3) There is 
no symmetry. (4) lim g (x) = oo and lim g (x) = — oo. 

(5) There is no asymptote. (6) g' (x) = -3 - 6x 2 = -3 (lx 2 + l) < 0 

for all values of x, and so g is decreasing on (— oo, oo). (7) The 
preceding step shows that g has no critical number and hence has no 

relative extremum. (8) g" (x) = —12*. Since g" (x) > 0 for x < 0 and g" (x) < 0 for x > 0, we see that g is concave 
upward on (— oo, 0) and concave downward on (0, oo). (9) From step 8, we see that (0, 4) is an inflection point of g. 




6. / (x) = x 3 - 3x 2 + 2 

(1) The domain of / is (— oo, oo). (2) The y-intercept is 2. The 
x -intercepts are not easily found, so we will not use this information. 

(3) There is no symmetry. (4) lim / (x) = — oo and 

x— >— oo 

lim / (x) = oo. (5) There is no asymptote. 

>oo 

(6) f (x) = 3x 2 - 6x = 3x (x - 2) = 0 x = 0 or x = 2, so 0 and 2 

are critical numbers of /. From the sign diagram for we see that / is 
increasing on (— oo, 0) and (2, oo) and decreasing on (0, 2). (7) / has a 
relative maximum at (0, 2) and a relative minimum at (2, —2). 

(8) f" (x) = 6x — 6 = 6 (x — 1) = 0 <=> x = 1. From the sign diagram for 

f", we see that / is concave downward on (— oo, 1) and concave upward 
on (1, oo). (9) / has an inflection point at (1, 0). 



+ + 0 



(10) 



o 



0 + + + + + sign off 
0 + + sign off 



x 



1 




7. / (x) = x 3 - 6x 2 + 9x + 2 

(1) The domain of / is (— oo, oo). (2) The y-intercept is 2. The 
x -intercepts are not easily found, so we will not use this information. 

(3) There is no symmetry. (4) lim f (x) — — oo and 

x— >— oo 

^lirn^ / (x) = oo. (5) / is a polynomial function, so there is no 
asymptote. 



+ + 0 



(10) 



l 



0 + + + + + 
0 + + 



sign of /" 
sign of /' 



x 



(6) f (x) = 3x 2 - I2x + 9 = 3 (x 2 - 4x + 3) = 3 (x - 3) (x - 1) = 0 

o x = 1 or 3, the critical numbers of /. From the sign diagram for we 
see that / is increasing on (—00, 1) and (3, 00) and decreasing on (1, 3). 

(7) From (6), we know that 1 and 3 are critical numbers of f.f changes 
sign from positive to negative as we move across x — 1 , so / has a relative 
maximum of / (1) = 6, and similarly, / (3) = 2 is a relative minimum. 

(8) f" (x) = 6x — 12 = 6 (x — 2) = 0 <=> x = 2. The sign diagram for f" shows that / is concave downward on (—00, 2) 
and concave upward on (2, 00). (9) From (8), we see that f" changes sign as we move across x — 2. Since / (2) = 4, / 
has an inflection point at (2, 4). 
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8. / (f) = 2t 3 - \5t 2 + 36t - 20 

(1) The domain of / is (—00, 00). (2) / (0) = —20 is the y -intercept. 
Setting y = f (t) = 0 leads to a cubic equation that is not easily solved, so 
we will not attempt to find the t -intercept. (3) There is no symmetry. 
(4) lim /(f) = -co and lim / (t) = 00. (5) There is no asymptote. 

(6) /' (t) = 6t 2 - 30t + 36 = 6(t 2 - 5t + 6) = 6 (t - 3) (t - 2). From 

the sign diagram for /', we see that / is increasing on (—00, 2) and 

(3, 00) and decreasing on (2, 3). (7) / has a relative maximum at (2, 8) 

and a relative minimum at (3,7). (8) f" (t) = 12t - 30 = 6 (2f - 5). 
Setting /" (f) = 0 gives t = | as a candidate for an inflection point of /. 

Since /" (t) < 0 for f < | and /" (f) > 0 for f > |, / is concave 
downward on (—00, |) and concave upward on 00^ . (9) / has an 



+ + 0 



0 + + sign off 



inflection point at 



(10) 



> t 




9. / (x) = 2x 3 - 9x 2 + 12jc - 3 

(1) The domain of / is (-co, 00). (2) The y-intercept is —3. The 
x -intercept is not easily found, so we will not use this information. 
(3) There is no symmetry. (4) lim / (x) — —00 and 

x — > — OO 

lim f {x) — 00. (5) There is no asymptote. 

X ^ OO 

(6) / (x) = 6x 2 - 18* + 12 = 6 (x - 2) (x - 1) = 0 o x = 1 or x = 2, 
the critical numbers of /. From the sign diagram for f , we see that / is 
increasing on (—00, 1) and (2, 00) and decreasing on (1, 2). (7) / has a 
relative maximum at (1, 2) and a relative minimum at (2, 1). 

(8) f" (x) = I2x - 18 = 6 (2x - 3) = 0 ^ x = \. From the sign 
diagram of f", we see that / is concave downward on (—00, |) and 

concave upward on ^ , 00^ (9) / has an inflection point at |) • 

10. / (t) = 3t 4 + 4t 3 = t 3 (3t + 4) 

(1) The domain of / is (-co, 00). (2) The y-intercept is 0. Setting 

y = f (t) = 0 gives 0 and — ^ as the f-intercepts. (3) There is no 

symmetry. (4) lim / (t) = 00 and lim f (t) — 00. (5) There is 

t—>—oo /— >oo 

no asymptote. (6) f (t) = \2t 3 + \2t 2 = \2t 2 (t + 1). From the sign 

diagram for f , we see that / is increasing on (—1, 00) and decreasing on 
(—00, — 1). (7) / has a relative minimum of / (— 1) — — 1 . 

(8) f" {t) = 36t 2 + 24t = \2t (3t + 2) = 0 ^ t = -§ or t = 0. From 
the sign diagram for f ff , we see that / is concave upward on (— 00, — |^ 

and (0, 00) and concave downward on ^ — |, 0^ . (9) / has inflection 

points at and (0, 0). 



(10) 



(10) 



0 + + + sign of/" 

+ + + + + 0 0++ sign off 



0 



1 




+ + + + 0 0 + + sign off" 

0+ + + + + 0+ + sign off 



-1 -1 

3 



> t 



0 




Section 3.6 Curve Sketching 225 



11. g (x) = x 4 + 2x 3 - 2 

(1) The domain of g is (—00, 00). (2) The y-intercept is —2. 
(3) There is no symmetry. (4) lim g (x) = lim g (x) = 00. 

(5) There is no asymptote. (6) g f (x) = 4x 3 + 6x 2 = 2x 2 (2x + 3) = 0 
<=> x = 0 or — |, the critical numbers of /. From the sign diagram for g f 



we see 



that g is decreasing on (—00, — |^ and increasing on ^— |, 00). 

(7) g has a relative minimum at ( _ |' — ff )• 

(8) g" (x) = I2x 2 + 12x = \2x (x + 1) = 0 <=> x = 0 or -1. From the 

sign diagram of g" , we see that g is concave upward on (— 00, — 1) and 
(0, 00) and concave downward on (—1,0). (9) g has inflection points at 
(-1,-3) and (0, -2). 



12. f( x ) = ( x -2) 4 + \ 

(1) The domain of / is (— 00, 00). (2) The y-intercept is 17. There is no 
x -intercept. (3) There is no symmetry. (4) lim / (x) — 00 and 

x — > — 00 

lim / (x) = 00. (5) There is no asymptote. 

(6) f (x) = 4 (x — 2) 3 = 0 <=> x = 2. From the sign diagram for we 
see that / is decreasing on (—00, 2) and increasing on (2, 00). (7) / has 

a relative minimum at (2, 1). (8) /" (x) = 12 (x - 2) 2 = 0 o x = 2, 

but is positive for * 7^ 2, so / is concave upward on (—00, 00). 
(9) / has no inflection point. 



13. / (x) = 4x 5 - 5x 4 

(1) The domain of / is (—00, 00). (2) The y-intercept is 0 and the 

x -intercepts are 0 and |. (3) There is no symmetry. 

(4) lim f (x) = —00 and lim / (x) = 00. (5) There is no 

>-oo x—>oo 

asymptote. (6) /' (x) = 20x 4 - 20x 3 = 20x 3 (x - 1) = 0 o x = 0 or 

1, the critical numbers of /. From the sign diagram for f \ we see that / is 
increasing on (—00, 0) and (1, 00) and decreasing on (0, 1). (7) / has a 
relative maximum at (0, 0) and a relative minimum at (1 , — 1). 

(8) f" (jc) = 80x 3 - 6(k 2 = 2(k 2 (4jc - 3) = 0 <^ x = 0 or x = |. 
From the sign diagram of f", we see that / is concave downward on 

^—00, |^ and concave upward on 00^ (9) / has an inflection point 



at 



/3 _ 81 \ 



+ + + + 0 0 + + + sign of Q 



0+ + +0+ + + sign of g' 



x 



-# -1 



0 



(10) 




0 + + + sign off 



0 



(10) 




+ + + 0 0+ + + sign off 



0 



1 



0 0 + + + sign off 



0 



3 
4 



> X 



(10) 
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14. g (x) = ^x — y/x 

(1) The domain of g is [0, oo). (2) The y-intercept is 0. To find the 

x-intercept, set y = 0 <=> \x — Jx — 0<^x — 2^/x o> x 2 = Ax <=> 
x (x — 4) = 0 <=> x = 0 or x = 4. 

2 




oo (4) There is no 



= 0^ 



(3) lim (lx - Jx] = lim lx ( 1 — 

*->oo \ z / x->oc L \ ^Jx 

symmetry. (5) There are no asymptotes. 
(6) g> (x) = \ - \x~W = \x~W (xW - l) = ^J- 

x = 1. From the sign diagram for g', we see that g is decreasing on (0, 1) 
and increasing on (1, oo). (7) From the sign diagram of g' , we see that 

g (1) = — ^ is a relative minimum. 



<« *"(*) = (4) (4)* 



-3/2 = 



1 



4x3/2 



> 0 for x > 0, and so g is 



concave upward on (0, oo). (9) There is no inflection point. 



(10) 



0+ + + + + sign of a' 



4- 



> x 



0 



1 




15. y = (x + 2) 3 / 2 + 1 

(1) The domain of y is [-2, oo). (2) The ^-intercept is y = 2 3 / 2 + 1. 
(3) There is no symmetry. (4) lim (x + 2) 3 / 2 + 1 = oo (5) There is 



no asymptote. (6) / = | (x + 2) 1 / 2 > 0 for all x in (—2, oo), so y is 
increasing on (—2, oo). (7) There is no relative extremum. 



> 0 for all x in (—2, oo), so the 



(8) /' -\ix + 2)->/2 , __ 

graph of y is concave upward on (—2, oo). (9) There is no inflection 
point. 



(10) 




16. / (0 = Vr 2 -4 

(1) / is defined where t 2 - 4 > 0 <^=> t < -2 or t > 2, so the domain of / is (-oo, -2] U [2, oo). (2) Since 
t — 0 does not lie in the domain of /, there is no y -intercept. Setting y — f {t) — 0 gives the t -intercepts as 

—2 and 2. (3) lim / (t) = lim / (t) = oo (4) Since / (—0 = /(f), the graph of / is symmetric with 

t—>—oo t—>oo 

^ft 2 ^4 

respect to the y-axis. (5) There is no vertical or horizontal asymptote, but because lim = 1 and 

f^oo t 

lim ^ t = 1, and furthermore lim (Vf 2 - 4 — t) = 0, we see that by symmetry y = ±t are slant asymptotes. 
t—>— oo —t /— >oo V / 

(6) f (t) = A (t 2 - 4)~ i/2 (It) = t(t 2 - 4)~ i/2 = 1 Setting / ; (r) = 0 gives t = 0, but this lies outside the 
domain of / and so there is no critical number. 
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From the sign diagram for f, we see that / is decreasing on (— oo, — 2) 
and increasing on (2, oo). (7) / has no relative extremum. 

»r(,)=(,'-f' f t ,(-j)p- 4 ) ~ 3/2 (2,) 



=(< 2 -<r /2 (' 2 -<-< 2 )=-id 



. Since /" (t) < 0 for all 



t in the domain of /, we see that / is concave downward everywhere 
(9) From (8), we see that there is no inflection point. 



17. / (x) = 



X 



x+ 1 



(1) The domain of / is (— oo, — 1) U (— 1, oo). 
v-intercepts are 0. (3) There is no symmetry. 



(2) The x- and 

(4) lim f(x) 
x— >— oo 



= 1 



and lim / (x) = 1. (5) y = 1 is a horizontal asymptote. Also, 

jt—> oo 

lim / (x) — oo and lim / (x) = — oo, so x = — 1 is a vertical 

x—>-\~ *-» — !+' 



asymptote. (6) f (x) = 



(x + l)-x 



1 



, so / has no critical 



(x + l) 2 (x + l) 2 
number. From the sign diagram for we see that / is increasing on 
(— oo, — 1) and (— 1 , oo). (7) / has no relative extremum. 

2 



(8) /"(x) = -2(*+l) 



-3 _ 



. From the sign diagram of f ff , 



(x + l) 3 

we see that / is concave upward on (— oo, — 1) and concave downward on 
(— 1 , oo). (9) / has no inflection point. (Note that — 1 is not in the 
domain of /.) 



18. g (x) = 



x + 1 
x - 1 



(1) The domain of g is (— oo, 1) U (1, oo). (2) The y-intercept is 
g (0) = — 1 and the x -intercept is also — 1. (3) There is no symmetry. 
(4) lim g (x) = lim g (x) = 1. (5) y = 1 is a horizontal asymptote 

Jt— >— oo x— >oo 

Also, lim g (x) — — oo and lim g (x) — oo, so x — 1 is a vertical 



+ + + sign off 



r 



-2 



0 



(10) 



(10) 




/' and /" not defined 

+ + 



(10) 



asymptote. (6) g' (x) — 



(*-!)-(*+ 1) 



. From the 



(x - l) 2 (x - l) 2 

sign diagram for g, we see that g is decreasing on (— oo, 1) and (1, oo). 
(7) g has no relative extremum because it has no critical number ( 1 is not 



in the domain of g). (8) g ff (x) = 



(x - l) 3 



. From the sign diagram for 



g , we see that g is concave downward on (— oo, 1) and concave upward 
on (1, oo). (9) There is no inflection point (1 is not in the domain of g). 



+ + 



sign of / 

+ + + + + + + + sign off 

1 1 > x 



-1 



0 



1 



V A 



2- 



i h 




T=f h 



1 



■4— > 

X 



g'andg" not defined 

+ + + + sign of g" 
sign of g' 

► x 



0 



1 
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19. h (x) = 



x 



x 2 -9 

(1) The domain of h is (-oo, -3) U (-3, 3) U (3, oo). (2) The x- and 



— x 



x 



= —h (x), so 



y-intercepts are 0. (3) h (—x) = — 

(-x) 2 -9 x 2 -9 

the graph of h is symmetric with respect to the origin. 

(4) lim h (x) = 0 and lim h (x) = 0. (5) From (4), we see that 
x—>-oo x—>oo 

y = 0 is a horizontal asymptote. Since lim h (x) = lim h(x) = — 

x—>—3~ >3~ 

and lim h (x) = lim ft (jc) = oo, x = ±3 are vertical asymptotes. 

x— >-3+ jc— >3+ 



OO 



(x 2 — 9) — jc (2jc) 



(6) A' (*) = ^ * = 5 

(* 2 -9) 2 (^ 2 -9) 2 

for /z' we see that h is decreasing on its domain, 
extremum. 



From the sign diagram 



(7) / has no relative 



(10) 



(8) h" (x) = - 



(x 2 - 9) 2 (2x) - (x 2 + 9) 2 (x 2 - 9) (2jc) 2x (x 2 + 27) 



/z' and h" not defined 

/ \ 
+ + 0 + + 



-3 



sign of h" 
sign of h' 

x 



0 




. From the sign diagram of h" , we see that h 



(x 2 - 9) 



(x 2 - 9) 



is concave downward on (—00, —3) and (0, 3) and concave upward on (—3, 0) and (3, 00). (9) h has an inflection point 
at (0, 0). Neither of ±3 is in the domain of h. 



20. / (0 = 



t 



(1) The domain of / is (—00, 00). (2) The t- and v-intercepts are 0. 

—t t 



(3) / (-0 = 



(-f) 2 + 1 t 2 + 1 



= — / it), so / is symmetric with 



respect to the origin. (4) lim / (t) = lim / (t) = 0 (5) From (4), 

we see that y = 0 is a horizontal asymptote. There is no vertical asymptote 
because the denominator is never zero. 



(6) /' (0 = 



(f 2 +l)-f(2f) (i + 0( i_ 0 



= 0=>f = ±l,the 



(,2+iy (,2 +1 ) 

critical numbers of /. From the sign diagram for f ', we see that / is 
decreasing on (—00, —1) and (1, 00) and increasing on (—1, 1). (7) / 

has a relative minimum at ^— 1, — ^ and a relative maximum at ^1, . 

2 



-0 + + +0 0+ sign off" 

- - - 0 + + + 0-- - sign of/' 



-73 -1 



0 



1 73 



t 



(10) 




(8) /" (0 = 



(t 2 + l) (-20 - (l - r 2 ) (2) (V 2 + l) (20 It (t 2 + l) (t 2 + 1 + 2 - 2? 2 ) 2* (r 2 - 3) 



= 0 



{t 2 + 1) 4 (t 2 + 1) 4 (r 2 + 1) 3 

t — 0 or ±>/3- From the sign diagram for f" , we see that / is concave downward on (-00, -Vfj and ^0, V5) and 
concave upward on ^— y/3, 0) and ^V3, 00). (9) / has inflection points at (—a/3, — ^) and 
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21. / (x) = 



x 



\+x 2 

(1) The domain of / is (— oo, oo). (2) The x- and y-intercepts are 0. 
(3) Since / (— x) — f (x), the graph is symmetric about the y-axis. 



(4) lim 



x 



— lim 



x 



= 1 (5) The results of (4) show that 



x^-oo 1 -f x 2 x^So 1 _|_ x 2 

y = 1 is a horizontal asymptote. There is no vertical asymptotes because 
the denominator is never 0. 



(6) f (x) = 



(l+* 2 ) (2x)-x 2 (2x) 



2x 



= 0 => x = 0, the 



(l+* 2 ) 2 (1+^2)2 

only critical number of /. Since /' (x) < 0 if x < 0 and f' (x) > 0 if 
x > 0, we see that / is decreasing on (— oo, 0) and increasing on (0, oo). 
(7) The results of (6) show that (0, 0) is a relative minimum. 



0+ + + + + 0 sign off" 




3/3 0 



v5/3 



■> x 



(10) 




-i i 



(8) /" (x) 



(l + jc 2 ^ 2 (2) - 2x (2) (l + x 2 } (2x) 2 (l + x 2 ) [(l + x 2 } - Ax 1 ] 2^1- 3;t 2 ) 
~ (l+^2) 4 " (l+* 2 ) 4 (l+^2) 3 



X - 



From the sign diagram of f", we see that / is concave downward on (-00,-^) and (^,oo) and concave upward on 

(- > *r ) • (9 > The results of show that ( _ *r ' I) and ( *r > ' " " " " 



are inflection points. 



22. g (x) = 



x l -9 



x 2 -4 

(1) The domain is (-co, -2) U (-2, 2) U (2, oo). (2) The v-intercept is 
| and the x -intercepts are ±3. (3) Since / (— x) = / (x), there is 



f and f" not defined 

/ \ 
+ + + + + 

- - 0 + + 



sign off 
+ + sign off 

► x 



symmetry about the y-axis. (4) lim 



x 2 -9 



1 - 



— lim 



x—>oo x 2 — 4 x— >oo i 1_ 



-2 



(10) 



Similarly, lim 



x 2 -9 



= 1. (5) From the results of (4), we see that 



x-^-oo x 2 — 4 

y — 1 is a horizontal asymptote. Now the denominator is 0 when 

x 2 — 4 — 0 <^=> x — ±2. Since the numerator x 2 — 9 is not zero at x = ±2, 
we see that x = ±2 are vertical asymptotes. 



(6) /' (*) = 



(x 2 _ 4) (2x) - (x 2 - 9) (2x) 



lOx 



= 0 => x = 0, 





H — ^ 



(x 2 - 4) 2 (x 2 - 4) 2 

and /' (x) is discontinuous at x = ±2. From the sign diagram for f', we see that / is increasing on 

(0, 2) and (2, 00) and decreasing on (—00, —2) and (—2, 0). (7) The point ^0, |j is a relative minimum. 

(* 2 - 4) 2 (10) - (lOx) (2) (x 2 - 4) (2x) 10 (* 2 - 4) (x 2 - 4 - 4.x 2 ) -10 (?>x 2 + 4) 



(8) /" (*) = 



(x 2 -4Y (x 2 -4) 4 (x 2 -4) 3 

not defined at x = ±2. From the sign diagram for we see that / is concave upward on (—2, 2) and concave downward 
on (—00, —2) and (2, 00). (9) There is no inflection point. Note that x — ±2 are not in the domain of /. 



, which is 
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23. h (a) = 



1 



a 2 — x — 2 

(1) Note that the denominator x 2 - x - 2 = (a - 2) (x + 1) = 0 <=> 

x = — 1 or x = 2, so the domain of h is (—00, — 1) U (—1, 2) U (2, 00). 

(2) Setting x = 0 gives — ^ as the y-intercept. (3) There is no symmetry. 
(4) lim h (x) = lim h(x) = 0 (5) The results of (4) show that 

y = 0 is a horizontal asymptote. Furthermore, the denominator is 0 at 
x = — 1 or 2, where the numerator is not equal to 0. Therefore, x — — 1 
and x — 2 are vertical asymptotes. 

(6) /' (x) = — (x 2 - x - 2) = - (jc 2 - * - 2) (2a - 1) 

1 - 2a- 
" ( x 2_ x _ 2 ) 2 

Setting f (a) — 0 gives x — j. The sign diagram of h' shows that h is 

increasing on (— 00, —1) and ^—1, and decreasing on (2^) anc * 

(2, 00). (7) The results of (5) show that (5,-5) is a relative maximum. 



h' and h" not defined 



+ + 
+ + 



+ + + + 0 



-1 



0 I 1 

2 



(10) 



+ + sign of h" 
sign of h' 



.y a 



l- 




x 



(8) h" (x) = 



(x 2 -x- 2) 2 (-2) - (1 - 2x) 2(x 2 -x-2)(2x- 1) 2(x 2 -x- 2)[-(x 2 - a - 2) + (2a - l) 2 ] 



(x 2 -x- 2) 



(x 2 - x - 2) 



6(x 2 - x + 1) 
(a- 2 - a - 2)3 



/z" (a) has no zero and is discontinuous at x = — 1 and a = 2. The sign diagram of h" shows that the graph of h is concave 
upward on (— 00, —1) and (2, 00) and concave downward on (—1, 2). (9) There is no inflection point. 



24. / (a) = xy/9 - x 2 

(1) The domain of / is [—3, 3]. (2) The A-intercepts are ±3; the y-intercept is 0. 

(3) / (—a) = (—a) -^9 — (—a) 2 = — xy/ 9 — a 2 — —f (a), so / is symmetric with respect 
to the origin. (4) lim / (a) and lim / (a) do not exist. (5) There is no asymptote. 



(6) f (x) = 



d 



dx 



x(9- x 2 ) 



1/2 



=(>-* 2 r^(»-*r"w-&° 



__u 372 



x=± 



f is decreasing on ^—3, — and (j^, 3^ and increasing on ^— ^p)- (7) / has a relative minimum at 
^— ' ~ f ) anc * a re l atrve maximum at ^ , . 
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(8) /" (x) = - 



d 



dx 



-1/2' 



4x(9-x 2 ^j 1/2 + (lx 2 -9} (-^) (9-* 2 ) V \-2x) 



-3/2 



3/2 [ 4 (9-j C 2 ) + (2x 2 -9)] 



x 



{lx 1 - 2l\ 
7777- = Oox = Oor ±^ 

_ v 2^ 3 /2 I 



376 



(9 - x 2 ) 

However of these roots, only x — 0 lies in (—3, 3). / is concave upward 
on (—3, 0) and concave downward on (0, 3). (9) / has an inflection 
point at (0, 0). 



25. f (x) — x — sinx, 0 < x < 2-k 



(1) The domain of / is [0, 2n]. (2) The x-intercept is 0; the v-intercept 
is 0. (3) There is no symmetry. (4) Not applicable (5) There is no 

asymptote. (6) /' (x) = 1 — cos x = 0 cos x = 1 => x — 0 or 2n. 

From the sign diagram for /', we see that / is increasing on (0, 2n). 

(7) From (6), we see that / has no relative extremum. 

(8) f" (x) = sin* = 0 => x = 0, 7T, or 27T. From the sign diagram for f", 
we see that / is concave upward on (0, 7r) and concave downward on 

(-7T, 2tt). (9) / has an inflection point at (-7T, 7r). 



26. g (x) = 2 sin* + sin 2.x , 0 < x < 2ir 

(1) The domain of g is [0, 2tt]. (2) The x -intercepts are 0, 7T, and 27r; 
the y-intercept is 0. (3) There is no symmetry. (4) Not applicable 

(5) There is no asymptote. (6) f' (x) = 2 cos x + 2 cos 2x = 0 => 
x = y or x = From the sign diagram of we see that / is 

increasing on (0, y) and (^j- 9 2^ and decreasing on , ^j-^- 
(7) / has a relative maximum at , and a relative minimum at 

(¥' ~^r)- ( 8 ) /" CO = -2sinx - 4sin2x = 0 => 

1 (-?) % 1-82, tt, or/3 = 27r-cos- 1 % 4.46. So 

/ is concave downward on (0, 1.82) and (71% 4.46) and concave upward on 
(1.82, tt) and (4.46, 2tt). (9) From (8), we see that (1.82, 1.45), (tt, 0), 
and (4.46, —1.45) are inflection points. 



x = a. — cos 



(10) 



(10) 



+ + + +0 

-0+++++0- 



sign of f" 
sign of /' 



-H h 



3 t 

372 



0 



t 3 

2 



x 




0 + + + 0 0 

0+++++++0 



sign of f 
sign of f 

x 



0 



77- 



2tt 




+0--0--0+ 



sign of f 



0 



77- 



77 



5tt 



■> X 



2tt 



--0+0-0++ 



0 a tt ft 2tt 



sign of f" 



(10) 
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27. / (*) = 



1 



, — 2-7T < * < 2-7T 



1 — COS* 

(1) The domain of / is (— 2-7T, 0) U (0, 2-7r). (2) There is no intercept. 

1 1 



/' and f" not defined 



+ + + + + 
-- 0 + + 



+ + + + + 
— 0+ + 



sign of f" 
sign of /' 



(3) / (-*) = 



= / (*), so / is symmetric with 



1 — cos (— *) 1 — COS* 
respect to the y-axis. (4) Not applicable (5) From (4), we see that 
there is no horizontal asymptote. The vertical asymptotes are x = 0 and 



— 277 -77" 0 77 2?T 



(10) 



d 



x — ±2ix. (6) /' (*) = (1 — cos*) 1 = — (1 — cosx) (sin*) 

ax 



smx 



= 0 => * = ±7T. 




— 27T —77" 



(1 — cos*) 2 

Also, / (0) is undefined, so ±7r are critical numbers of /. From the sign 
diagram for f' , we see that / is decreasing on (— 2-7T, —tt) and (0, 7r) and 

increasing on (— 7r, 0) and (7T, 27r). (7) / has minima at ^— 7r, ^ j and 

(*.*). 

(8) /" (*) = [sin* (1 — cos*) -2 J = — [cos* (1 — cos*) -2 + sin* (—2) (1 — cos*) -3 sin* J 

3 r . 2 "I cos 2 * + cos* -2 
= — (1 — cos*) ^ cos* (1 — cos*) — 2sin z * = = — 

L -I (1 — cos*)- 3 

cos* + 2 . 
= =■ is undefined at * = 0. 

(1 — cos*) 

From the sign diagram of f" , we see that / is concave upward on (— 2-7T, 0) and (0, 2ir). (9) / has no inflection point. 



28. y = cos 2 *, —TV < x < 7T 

(1) The domain is [— 7r, 7t]. (2) The *-intercepts are ± y ; the 

y-intercept is 1. (3) cos 2 (— *) = cos 2 * = y, so the graph is symmetric 
with respect to the y-axis. (4) Not applicable. (5) There is no 



asymptote. (6) y' — —2 cos* sin* = — sin 2* = 0 => * = 0 or ±y on 

(— 7T, 7r). From the sign diagram for y f , we see that y is decreasing on 
(— 7r, -y) and (0, y) and increasing on (— y , 0) and (y, 7r). (7) y 

has relative minima at (— y , 0) and (y , 0) and a relative maximum at 

(0, 1). (8) y" = -2 cos 2* = 0^* = ±f or±^ on (-tt, tt). From 
the sign diagram of f" , we see that / is concave downward on 

^— 7r, — ^J^, (— 5", 5"), and ^^p, 7r^, and concave upward on 
("T' "f ) and (f > t)- W y has inflection points at (-2*. ±), 
(~f ' 2 1 )' (f ' 2)' and (t' 2)- 



(10) 



-0 + 0-0 + 0- 
-- 0 ++0--0 + + 



sign of y" 
sign of / 



4 



H 1 1 h 



H h 



77 a 7J" 7T 3 77" 

_77 ~2 0 4 2 X 77 
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29. g (*) = 



sin* 



. Throughout this solution, 



+ + + 0 



5tt 



-2 77 



377- 



77 



1 + sin x 
n represents any integer. 

(1) The domain of g is the set of all real numbers 
except ^j- + 2rm. 

(2) The * -intercepts are mr and the ^-intercept is 0. 

(3) There is no symmetry. (4) lim g (x) and lim g (*) do not exist. 

(5) From (4), we see that g has no horizontal asymptote, g has vertical 

asymptotes at x — + 2nn. 

(1 + sin*) cos* — sin* cos* cos* 



g' not defined 



+ + + 0 



+ + + 0 



• • • 



7T 



0 



77 

2 



3tt 0 57T 

7T ~2 2tt ~2 ••• 



sign of g r 

x 



(10) 




— ATT 



(6) (x) = 



(1 + sin*) 



(1 + sin*) 



is 



discontinuous at ^ + 2n7r and has zeros at y + 2n7r. From the sign 

diagram, we see that g is decreasing on + 2rc7r, ^ + 2n7r^ and 

increasing on + 2n7r, ^ + Inirj. (7) g has relative maxima at ^y + ft7r, 





— l 



—2 




(8) *"(*) 



_ (1 + sin*) 2 (-sin*) -(cos*) 2(1 + sin*) cos* _ (1 + sin*) [(1 + sin*) (- sin*) - 2cos 2 *] 



(1 + sin*) 2 
sin 2 * — sin* — 2 (sin* — 2) (sin* + 1) 



(1 + sin*) 4 



sin * — 2 



(1 + sin*) 3 (1 + sin*) 3 (1 + sin*) 2 

g" is discontinuous at + 2nn and negative on its domain, so g is concave downward on ^ 
(9) / has no inflection point. 



3|1 + 2nn, n -f + 2«7r) 



> 

X 



30. / (*) = 2* — tan*, — y < * < y 

(1) The domain of / is (— y , y) • (2) The *- and v-intercepts are 0. 
(3) / (-*) = 2 (-*) - tan (-*) = -2* + 

tan* = — (2* — tan*) = — / (*), so the graph of / is symmetric with 
respect to the origin. (4) Not applicable (5) From (4), we see that 
there is no horizontal asymptote. There are vertical asymptotes at 

* = ±f . (6) f (jc) = 2 - sec 2 * = 0 o sec* = ±^2^x = ±f , 
the critical numbers of / on (— y , y). From the sign diagram for we 
see that / is decreasing on (— y, — -J) and (-J, y) and increasing on 

( — T' t)" ^ nas a re l atrve minimum at (— ^, 1 — y) and a relative 
maximum at — 1 + y). 

(8) f" (*) = — 2 sec* (sec* tan*) = — 2 sec 2 * tan*. From the sign 
diagram of f", we see that / is concave upward on (— y , 0) and concave 

downward on (0, y ) . (9) / has an inflection point at (0, 0). 



(10) 



+ + + + 0 — 
- - 0 + + + 0 



sign of f" 
sign of /' 



77" 



H 1 1 1 1 h 



7T 



— 0 

2 4 U 4 



7T 

2 
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31. g (u) — — . lim — lim — x = 1 = m and 

u 2 _ l M ->oo u w->oo u 2 _ 1 



r n \ 1 + u 

lim \g(u) — u\ — lim I —= u \— lim —= = 0 = so 



j = w is a slant asymptote. Using the curve sketching guidelines, we 
obtain the graph at right. 



x 3 + 1 
32. h(x) = . 

x (x + 1) 

r *(*) r * 2 +l/* r 1 + l/x 3 

lim = lim — = = lim = 1 = m and 

*->oo x x->oo x z + x x->oo 1+1/jc 

X~* ~\~ X \ x — x 2 

lim [h (x) — mx] = lim I —= * I = lim 



X-HX>\X 2 +X ) X ^>°°X 2 +X 

x->oo 1 + 1/jt 

so y = x — 1 is a slant asymptote. Using the curve sketching guidelines, 
we obtain the graph at right. 



33. /(x) = 2 ^_ 2 ■ 

r /(*) x -2-3/x v l-l/x-3/x 2 1 

lim = lim = lim = — = m 

x->oc x x->oc 2x — 2 x->oc 2 — 2/x 2 

and 

lim \f (x) — mx] = lim ( - 2 * — ^ | = lim — - — ^ 

x^oo lJ J jt-»ool 2x-2 2 I a:^oo2x-2 

= — j = b, so y = ^ — ^ is a slant asymptote. 
Using the curve sketching guidelines, we obtain the graph at right. 



~ A f( x * 2 -2.x + 2 /(*) x-2 + 2/x 

34. f (x) = . lim = lim = 1 = m and 

x — 1 *->oo x x->oo x — 1 



lim \ f (x) — mx] — lim ( + 2 _ \_ ^ m * + 2 

*->oo L 1 x— >oo\ x — 1 / x— >oo x— 1 



= — 1 = b, so y = a- — 1 is a slant asymptote. 
Using the curve sketching guidelines, we obtain the graph at right. 
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35. / (x) = 



2x l -3 
x-2 



f(x) 2x-3/x 
lim = hm — - 

x— >— oo x — 2 



x— >— oo x 



lim [/ (x) — mx\ — lim 



x— >— oo 
slant asymptote. 



x— >— oo 




-3/x< 
-2/x 



— 2 — m and 



-3 + Ax -3/x+A 
lim = lim 



x— >— oo x — 2 



x—>-oc 1 — 2/x 



= 4 = b, so y = 2x + 4 is a 



36. f(x) = VI +x 2 + 2* 



r /(*) Vl + x 2 + 2x / xj\/x 2 + 

lim = lim = lim 

x-^oo x x— >oo x x— 



X 





+ 1 + 2 I = 3 = m and 



lim \f(x) — 3x]= lim f V 1 + x 2 — x) — lim ( ^ — 7 

x->oo L J x^oo \ / x— >oo\ 1 

so y = 3x is a slant asymptote. 



x 2 — X 



+ x z +x 



41 



= lim 



1 



+ x l +x 



fix) ( \x\ Via 2 + 

lim = lim 



x— >— oo x 



x— >— oo 





= lim (-y/\/x 2 + 1 + 2) = 1 = 

x— >— 00 V / 

lim I"/ (*) - *1 = lim U\ + x 2 + jc) 

x— > — 00 L J x— >— 00 V / 



m and 



= lim 

x— >— OO 



V 1 



1 +x 2 



yr+T 2 - 



1 



= lim — — 

X ^-°° yJ\+X 2 -X 



= 0 = b 



so y = x is also a slant asymptote. 



37. #(f) = _lf3 + 3f2 + 1 0f 

(1) The domain of N is [0, 4]. (2) The y -intercept is 0. (3) There is no 
symmetry. (4) This is not applicable because the domain of N (t) is 
[0, 4]. (5) There is no asymptote. 

(6) N' (t) = -\t 2 + 6t + 10 = -\ {3t 2 - I2t - 20) > 0 on the domain 

of N, so N is increasing on (0, 4). (7) There is no relative extremum in 
(0, 4). (8) N" (t) = -3f + 6 = -3(f-2) = 0 when t = 2. From the 
sign diagram of N" , we see that N is concave upward on (0, 2) and 
concave downward on (2, 4). (9) The point (2, 28) is an inflection point. 
The average worker's efficiency increases until 10:00 A.M. and then 
begins to decrease. 

38. Using the guidelines for curve sketching, we obtain the graph of 

N (t) = -OAt 3 + 1.5t 2 + 80. Note that N' (t) = -0.3t 2 + 3t and 

N" (t) = -0.6? + 3 = 0of = 5. Since N" (t) > 0 for t < 5 and N" (t) < 0 
for t > 5, we see that N has an inflection point at (5, 105). This shows that the 
rate of increase of N, which was itself increasing from 0 to 5, begins to 
decrease thereafter. Therefore, the program is working. 



10 



5" 



0 



-5 " 
-4 



(10) 



x— >oo 



= 0 = b 9 



+ x l + x 




-2 



0 



+ + + + 0 - 



sign of N" 

> x 



0 




1 — 1 — 1— ► 



2 3 4 ? 




236 Chapter 3 Applications of the Derivative 

39. S' (t) = — ( 1.0974* 3 - 0.0915? 4 ) = 3.2922r 2 - 0.366r 3 = 0 => t = 0 or 

at \ J 

t ^ 9. S has a relative maximum of S (9) ^ 200. 

S" (0 = 6.5844; - 1.098f 2 = * (6.5844 - 1.098?) = 0 <=> f = 0 or f « 6. 5 
has an inflection point at about (6, 118). The level of ozone increases from 

0 PS I at 7 A.M. to a maximum of about 200 psi at about 4 P.M., dropping back 

to 121 PS I at about 6 P.M. The rate of increase of the ozone level is maximum at 
about 1 P.M. 

40. f (x) = 0.000003* 2 - 0.006.x + 5 => /" (x) = 0.000006a: - 0.006 = 0 => 
x = 1000. The total daily cost of production increases as the number of 
multi-packs of DVDs produced increases, but at a slowing rate, until production 
reaches 1 000 multi-packs per day. The rate of increase of the rate is smallest at 
that level, and from that level up to the maximum production level of 

3000 per day, the rate of change of the cost of production increases, perhaps due 
to overtime costs. 

41. /' (0 = -1.5 + 0.0052 (10 - 0 3 = 0 <=> (10 - f) 3 = => t » 3.39, 

0.0052 

and / (3.39) ^ 7.43. The amount of salt increases to a peak level of 
approximately 7.43 lb after approximately 3.4 minutes, and then it declines. 
Ten minutes after the beginning of the experiment, all of the salt is removed. 
(Note that at that time, the tank is empty.) 



42. / (t) = 20t — + 52. Using the guidelines for curve sketching, we obtain 
the graph of / at right. The speed of traffic flow at 6 A.M. is 52 mi/h. It 
decreases until it reaches 32 mi/h at 7 A.M., and then increases again until it 
gets back to 52 mi/h at 10 A.M. 



43. Using the guidelines for curve sketching, we obtain the graph of / at right. 
Observe that the domain of/is0<u<c and lim f (v) = oo. When a 

v—>c~ 

particle is at rest, its mass is wlq. But as its speed increases, so does its mass. As 
its speed approaches the speed of light, c, the mass of the particle increases 
without bound. 
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44. / (t) = 4.8 sin (t - 10)) + 7.6. The graph of / is shown at right. The water 

level is approximately 1 1.8 ft at 12 A.M.. Over the next 24 hours it has relative 
minima of approximately 2.8 ft at 7 A.M. and at 7 P.M.. The water level is 
highest, at about 12.4 ft, at about 1 A.M. and about 1 P.M.. Twenty-four hours 
later, the water level is back at approximately 1 1.8 ft. 



10- 



5 " 



0 




0 



10 20 



30 



45. 



10 



0 



-10 





1 — \ 




I — \ 






1 1 1 


■ h 



















H h 



I — H 1 1 h 



-2-101234 



46. 



1 -- 



0 



-1 




-2 -1 



0 



1 



47. 



40" 





— \ 






1 1 


' 1 1 


1 1 


\ 








— H 












— h+ 




-8 -6 -4 -2 0 2 4 6 8 



48. 





1 — 1 — 1 






1 — \ 




I — \ 




1 — \ 






h 






1 — \ 














— H 




















| 1 1 


1 1 


1 


— 1 1 


1 ' 1 ' 1 


H 



-8 -6 -4 -2 0 2 4 6 8 



49. 



15 -- 



10 



5- 



0 



-H 




1 1 










0 2 4 



8 10 
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50. a. 



1 -- 



0 



-1 -- 






— \ 




— \ 




— ' — 1 — 1 




— y 





























— i — 1 — i 








— \ 




— \ 








— h 



-3-2-10123 



-3-2-10123 



1 



0 



-1 " 



n = 1 
i I i I ' 



n = 5 



-3-2-10123 



n = 10 



'I' M 



\ 1 h 



\ 1 r 



1 



0 



-1 -- 



\ ( h 



<— I— i 



-3-2-10123 



-- -1- 

-3-2-10123 





— \ 




— \ 




— ' — 1 — 1 




















1 — h 




0 



i r 



t r 



-3-2-10 1 2 3 



n = 100 n = 1000 

b. If x = ±1, then / (jc) = 0. If -1 < x < 1, then lim x 2n = 0. (If \x 



x 



In 



n-^oo 

In 1 11 i ,,2n 



is.) Finally, if \x \ > 1, then lim ^ ^- = lim ^ 



2n 



« — > oo 

| < 1, then the larger the power n is, the smaller 
= 1 , leading to the limiting function 



/(*) = 



1 if \x\ > 1 

0 if |*| = 1 

1 if |*| < 1 




1. a. See pages 249 and 320 
b. See page 320. 



2. See page 320. 




1. Let x and y denote the two numbers. We want to maximize P = xy. But x + y = 100 => y = 100 — jc, so P = x (100 — 

Furthermore, x > 0 and j > 0, so * < 100. The problem reduces to finding the maximum of P = f (x) = -x 2 + 100* 
on (0, 100). /' (x) = -2x + 100 = 0 <=> x = 50, a critical number of /. Since f" (50) = -2 < 0, we see that / is 
maximized if x — 50. Note that 50 is the only critical number in (0, 100). Thus, y — 100 — 50 = 50, and so the two 
numbers are both 50. 
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2. Let * and y denote the two numbers. We want to minimize P — xy subject to the condition y — x — 50 o y = * + 50. We 

write P — xy — x (* + 50) = x 2 + 50x => P' — 2x + 50 => x = -25 is a critical number of P. Because P" — 2 > 0, 
the graph of P is concave upward, and so x = —25 gives the absolute minimum of P. The corresponding value of y is 
y = —25 + 50 = 25. So the required numbers are —25 and 25. 

3. Let x and y denote the two numbers. Then xy = 54 <=> y = 54/*. We want to minimize g = x + y 2 , which can be written 

as g = /(*) = * + (54/*) 2 = x + 2916/* 2 , * > 0. Now /' (*) = 1 - 2 (2916) /* 3 = 0 => x = ^5832 = 18, a critical 

number of /. Since f" (x) = 2 (2916) (3) /* 4 , we see that f" (18) > 0. By the SDT, / has a relative minimum at x — 18. 
Since 18 is the only critical number, we see that x — 18 gives the absolute minimum of /. So one number is x — 18 and the 
other is y = 54/* = 54/18 = 3. 

4. Let x denote the positive number. We want to minimize /(*) = * + 1/*, 0 < x < oo. We calculate 



f'(x) = \-\/x 2 = - 

* z * z 



* 2 - 1 (*+!)(*- 1) 



, which is 0 if x = ±1 and undefined if x = 0. Only 1 lies in (0, oo), so it 



5. 



is the only critical number of /. Since f" (x) = 2/* 3 > 0 in (0, oo), we see that x gives rise to the absolute minimum of 
/. Thus, the required number is 1. 

Let x and y denote the lengths of two adjacent sides of the rectangle. We want to maximize A — xy. But the perimeter is 

2x + 2y and this is equal to 100. So 2x + 2y = 100 <^> y = 50 - x. Therefore A = f (*) = x (50 - *) = -x 2 + 50*, 
0 < * < 50. A! = -2x + 50 = 0 => * = 25 is the only critical number of /. Since A!' (25) = -2 < 0, we see that A is 
maximized for * = 25, so the required dimensions are 25 m by 25 m. 

6. Let * and y denote the lengths of two adjacent sides of the rectangle. The perimeter of the rectangle is P = 2x + 2y and is 



to be minimized. But xy = 144 => y = 144/* 



288 , 288 

p = f (x) = 2* + , * > 0. /'(*) = 2 - - 



2* 2 - 288 



* 



* 2 * 2 



, which 



has a zero when 2* 2 - 288 = 0 => * = 12 in (0, oo). So 12 is a critical number of /. f" (*) = 576/* 3 > 0 on (0, oo), 
so / is concave upward. Therefore, * = 12 gives the absolute minimum value of /. The corresponding value of y is 
y = 144/* = 144/12 = 12. So the required dimensions are 12 ft by 12 ft. 



y 



7. Let * and y be the dimensions of the corral, as shown in the figure. The area of 
the corral is A = xy and is to be maximized. The fencing required is 2* + 3y 

and this is equal to 400. So 2* + 3y = 400 <^> y = -|* + ^p. Since y must 

be positive, we have — |* + > 0 => * < 200. Thus, the function to be < x > 

maximized is A = /(*)=* (-|* + ^p) = -\x 2 + ^*, 0 < * < 200. 

We calculate /' (*) = - \x + ^ = 0 => * = 100. Since f" (100) = -\ < 0 and 100 is the only critical number of /, 
we see that the absolute maximum of / is attained at * = 100. The corresponding value of y = — | (100) + ^p = ^p, so 

the required dimensions are 100' x 66^. 



8. We have 2* + y = 3000 and we want to maximize the function 

A — f{x) — xy — x (3000 - 2*) = 3000* - 2* 2 , (0, 1500). The critical 
number of A is obtained by solving f (*) = 3000 — 4* = 0 => * = 750. Since 

f" (750) = -4 < 0, we conclude by the SDT that * = 750 yields the absolute 
maximum value of A. Thus, the required dimensions are 750 x 1500 yards. The 

maximum area is 1,125,000 yd 2 . 
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9. The volume of the box is V = / (x) = x (16 — 2*) (10 — 2x). But we must have x > 0, 16 — 2x > 0, and 10 — 2a: > 0; 
these conditions imply 0 < x < 5. So the problem reduces to maximizing the continuous function / on the interval (0, 5). 

We calculate /' (x) = -jj- (4x 3 - 52x 2 + 160*) = I2x 2 - 104x + 160 = 4 (?>x 2 - 26x + 40) = 4 (3jc - 20) (x - 2) = 0 



20 



20 



x = 4jp or 2. But ^ lies outside (0, 5), so it is rejected. Since f" (2) = 4 (6x — 26)1^=2 — — 56 < 0, we conclude by 
the SDT that the required dimensions are 12" x 6" x 2" '. 

10. Let each square that is cut out have side length x. Then the dimensions of the 
box are (10 — 2x)" by (10 — 2x)" by x" and its volume is 

V = f (x) = x (10 - 2x) 2 = 4x 3 - 40x 2 + 100*, 0 < x < 5 



f (x) = I2x 2 - 80* + 100 = 4(x - 5) (3* - 5) = 0=> x = 5 or x = §. 
Since f" (§) = (24* - 80)| x=5/3 = -40 < 0, we conclude by the SDT that 

x — ^ gives an absolute maximum of /. So the dimensions of the desired box 
are f" by f" by §". 













A 






10- 
















<- io - 2.v 






10 - 2x 



10 - 2a- 



11. Let x denote the length of one side of the base and h its height in inches. Then the 
amount of material needed is S = x 2 + 4xh. But the volume is 216 in 3 , so 
x 2 h = 216 o h = 216/x 2 . Therefore, 



S = f (x) = x 2 + 4x (216/* 2 ) = x 2 + 864/x, jc > 0 




h 



X 



f'(x) = 2x- 



864 2x 3 - 864 



= 0 



3 _ 



= 432 <=> x = 6 <J2 % 7.6. 



Now /" (x) = 2 + 1728/x 3 > 0 for x > 0, so the graph of / is concave upward. Thus, S is minimized at * = 6^2. The 
corresponding value of h is /z = 216/ ^6^2) = 3^2 % 3.8, so the required dimensions are about 7.6" x 7.6" x 3.8". 

12. The length plus the girth of the box is 4x + h = 108 and h = 108 - 4x. Then V = x 2 /z = (108 - 4x) = 108jc 2 - 4x 3 

=> V' = 216* - 12a: 2 . We want to maximize V on the interval (0, 27). Setting V' (x) — 0 and solving for x, we obtain 
x = 18 and x = 0. Since V" (18) = (216 - 24jc)|^ = ig = -216 < 0, the SDT implies that V is maximized when x = 18. 

Thus, the dimensions of the box are 18" x 18" x 36", and the maximum volume is approximately 1 1,664 in 3 . 

13. We take 2nr + I = 108. We want to maximize V = ixr 2 t = nr 2 (-2-zrr + 108) = -27r 2 r 3 + 108-Trr 2 subject to the 
condition that 0 < r < ^. Now V' (r) = -6?r 2 r 2 + 216-jrr = -6ixr (nr - 36). Since V' = 0, we find that r = ^ is the 

critical number of V. Since V" ^) = (-127r 2 r + 216tt) | _ = -216tt < 0, we conclude by the SDT that the 

maximum volume of 46 ^ 56 in. 3 occurs when r — ^ ~ 1 1.5 inches and £ — 108 — 2-7r(|p) — 36 inches. 

14. Let r denote the radius of the container and h its height. Then the amount of material used is given by the surface area of the 
container S = 2ixr + 2irrh, the quantity to be minimized. Since the capacity of the can is 12 fluid ounces (12 x 1.805 in. 3 ), 



we have ixr 2 h = 12 (1.805) <=>/* = 



21.66 



77 r 



, so we want to minimize S = / (r) = 27rr 2 + 2ixr 



/ 21.66 \ 



= 2-zrr 2 + 



43.32 



r > 0 => /' (r) = 4?rr - 



43.32 = 4 (Trr 3 - 10.83) = q ^ ^ = / 10.83 \ ^ 
r 2 r 2 \ tv ) r 



1.51. Since /" (r) = 4tt + 



86.64 



> 0 



for all r > 0, we see that the graph of / is concave upward, so / is minimized at r % 1.51. The corresponding value of 
21 66 

3.02. So the radius of the container is approximately 1.51", and its height is approximately 3.02". 



h 



tt(1.51) 
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3 



15. Let y denote the height and x the width of the cabinet. Then y = ^x. Since the volume is to be 2.4 ft , we have 

2 4 (2) 1 6 

xyd = 2.4, where d is the depth of the cabinet and x (j% x ^ d — 2.4 <=> d — - 2 = — y . The cost for constructing 

640 



the cabinet is C = 80 (2xd + 2yd) + 40 (2xy) = 160 ^ + Qx^ (^y) J + 80;c = ^ + 120 * 2 



640 240.x 3 - 640 ,/«" ? %r- ? 

C" (jc) = + 240.x = 5 =0ifjc = ^f = |V9. Therefore, * = § V9 is a critical number of C. Next, 



1280 



C" (x) = + 240 > 0 for all x > 0, telling us that the graph of C is concave upward. So x = ~ 1.39 yields an 



x 



absolute minimum. The required dimensions are about 1.39' x 2.08' x 0.83'. 



16. *y = 50 and so y = 50/x. The printed area is A = (* — 1) (y 



-2 (x 2 - 25) 



-Z) = fr-l)(f-2)=- 



= -2x + 52 - ^ 



A' = -2 + ^ = ^— * ^ = 0 => x = ±5. Since A" = -±2? < 0 for x > 0, we see that the graph of A is 



concave downward on (0, 00), and so x = 5 yields an absolute maximum. The dimensions of the paper should therefore be 
5" x 10". 



17. We want to maximize A — f (x) = 2.x y = 2x-\/ 4 — jc 2 for 0 < x < 2. 



A' (*) = 



dx 



2* (4 - x 2 ) 1/2 = 2 (4 - , 2 ) VZ + 2, ( \ ) (4 - , 2 ) (-2.) = 2 (4 - * 2 )" i/Z [(4 - x 2 ) - x 2 ] 



1/2 



-1/2 



-1/2 



4 (2 - x 2 ) 



= 0 => x = ±V5, but we reject —\[2 since it lies outside (0, 2). 



The FDT shows that the sole critical number y/2 gives a relative maximum, so the absolute maximum value of / is attained 
at x = V2. The corresponding value of y is J 4 — (V^j = V5, so the required dimensions are 2^/2 x \f2. 



18. We want to maximize A = A (2*) y = aV9 — x 2 , 0 < x < 3. 



A 7 = 



a: 



dx 
9-2x 2 

a/9^ 2 



(«- 



2 \ 1/2' 



(9-, 2 ) 1/2 + , 



(*) ( 9 - * 2 )~ 1/2 ( - 2x) = ( 9 - x V ,L K 9 - * 2 ) - x2 ] 



-1/2 



= 0 => x = since x must lie in (0, 3). 

3V2 • 



The FDT shows that the sole critical number ^p=- gives a relative maximum. The corresponding value of 
y = ^9 - = • Thus, the base of the triangle is 3^2 and its height is h^. 



19. The area of the shaded region is A = xy, but (x, y) lies on the line with equation y = — ^x + 2, so we maximize 
A = x ^— + 2^ on (0, 3). A' = — + 2 = 0 <^> x = |, so | is a critical number of A. The FDT shos that the sole 

critical number j gives a relative maximum, so A is maximized at x = | and y = — | ^ + 2 = 1. The dimensions are 
|xl. 
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20. The area of the trapezoid is A = ^ (2x + 6) y = (x + 3) ( 9 — x J . We want to maximize 



(-2*) = - 



2x 2 + 3* - 9 



/(x) = (x + 3)(9-x 2 ) 1/2 (0<x <3)./ , W = (9-^ 2 ) 1/2 + (x + 3)(^)(9-x 2 ) 1/2 v _ ^_ _ 

Setting /' (x) = 0 gives 2x 2 + 3.x — 9 = (2x — 3) (x + 3) = 0, or x = | (we reject the negative root). Since 
-2x 2 + 6jc + 9 



r to = 



(x - 3) y/9-X 2 



< 0 for all x on [0, 3), / reaches its absolute maximum at x = For this value of x, we have 



v = J 9 — — ^T~- me trapezoid has parallel sides of length 6 and 3 and height 2^2. 



21. Let J denote the distance between a point (x, y) on the line y = 2x + 5 and the origin. Then 

J 2 = x 2 + v 2 = x 2 + (2* + 5) 2 = 5x 2 + 2(k + 25 = 5 (jc 2 + 4* + 5) . We want to minimize / (x) = x 2 + Ax + 5. 

Setting /' (x) = 2x + 4 = 0, we find x — —2. Since f" (x) = 2 > 0, we see that x = — 2 does give a minimum value of / 
So the required point is (—2, 1). 



2 2 

x y 

22. Let d denote the distance between a point (x, y) on the hyperbola — — = 1 and the point (0, 3). Then 



d L = x L + (y - 3) z = x L + y z - 6y + 9. But x z = 4 + |y 2 , so J z = / (y) = 4 + |y z + y z - 6y + 9 = ^y z - 6y + 13 

2 



4 ,.2 



13 ,.2 



To minimize d, it suffices to minimize d 2 . Now /' (y) = ^y — 6 = 0 => y = y|. Next, x 2 = 4 + | ^ = 



±2.43, so the required points are (-^^, yjj) and (-^pl fj). 



9000 
1521 



23. Let d be the distance between the point (—1, 1) and a point (x, y) on the hyperbola 
xy = 1. Then J 2 = (* + l) 2 + (y - l) 2 = x 2 + 2x + 1 + y 2 - 2y + 1, but y = -, 

9 9 1 2 

so d — f (x) — x -\-2x -\ — 7T h 2. To minimize d, it suffices to minimize 

x l x 



2 



2 



/ (x). f' (x) = 2x + 2 ~ H — y = 0 => + x 3 + x — 1 =0. Using a graphing 

x 5 x z 

6 4 

utility or a CAS, we find* « -1.6180 orO.6180. Since /" (jc) = 2+ -r - 



*4 jc3' 



/" (-1.6180) % 3.7191 > 0 and f" (0.6180) % 26.1866 > 0, so both critical 
numbers —1.6180 and 0.6180 give rise to relative minima of /. The required 
points are (-1.6180, -0.6180) and (0.6180, 1.6180). 




24. Without loss of generality, we may assume that p > 0. Let d denote the distance 
between P and the point lying on the parabola y = 2px . Then 
d 2 = (x — a) 2 + y 2 = x 2 — 2ax + a 2 + 2/?x = x 2 + 2 (p — a) x + a 2 . To 

minimize J, it suffices to minimize d 2 for x > 0. /' (*) = 2x + 2 (/? — a) = 0 

x — a — p. f"{x) — 2> 0 shows that the * -coordinate of the point on the 
parabola that is closest to P is a — p if a > p and 0 if a < p. 





i 








/d 


0 


*- i 

V t\a, 0) 




y 2 = 2px 
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25. The semicircle is described by the equation / (x) = Vl6 — x 2 . The area of the 

1/2 



rectangle is A = / (x) = 2*y = 2jc ^16 — x 2 ^ 



dx 



2* 



(l6-* 2 ) 



\l/2 



= 2^16- x 2 ) 1/2 + 2x (±) (l6 - x 2 ) 1/2 (-2x) 





y 1 
4 


k 










-4 


4 A' 



4 (8 - x 2 ) 



-^-*r I,2 [K* 2 M-4= 



= 0 



x = 2^2 is the only critical number in (0, 4). The FDT shows that the only critical number 2^2 gives a relative maximum, 
and this implies that A is maximized at 2^2. The required dimensions are 4\/2 x 2^2. 




26. The distance between (x, y) and (3, 2) is d = y] (x - 3) 2 + (y - 2) 2 . We want 

to minimize d or, equivalently, d 2 . Since y must satisfy y = 1 — x, we 

minimize / (x) = (x - 3) 2 + (1 - x - 2) 2 = 2x 2 - Ax + 10 => 

/'(x)=4x-4 = 0ox = 1, so 1 is a critical number. /" (x) — 4 > 0 for all 
x, so / is concave upward everywhere and x — 1 yields the absolute minimum 
value of / on (—00, 00). Thus, the required point is (1,0). 

27. The distance between (x, y) and (—3, —4) is d = yj (x + 3) 2 + (y + 4) 2 . We need to minimize d or, equivalently, d 2 . Since 
(x, y) lies on the parabola y = 4 — x 2 , we minimize / (x) — d 2 — (x -\- 3) 2 + ^4 — x 2 + 4^ = (jt + 3) 2 + ^8 — x 2 ^ => 

/' (x) = 2 (x + 3) + 2 ^8 — x 2 ^ (—2.x) = 2 (lx^ — \5x + 3^ . Using a graphing utility, we find the real root of the 

equation 2x 3 — \5x + 3 = 0 to be x % —2.834. The corresponding value of y is about —4.032, and so the required point is 
about (-2.834, -4.032). 

1 



(-3, -4) 




0 



-1 




-2.90 -2.88 -2.86 -2.84 -2.82 -2.80 



28. The fuel cost 



is 2.80 ( 



600 



\ 2.8 

I = x dollars/mile and the labor cost is — dollars/mile. Therefore, the total cost per mile is 

/ 600 

12 2.8 . . 12 2.8 ^ 12(600) 



C (x) = — + 



12 

x 



x 



600 



C (x) = T + — - = 0 <^> x l = 



x 



600 



2.8 



36 

x % 50.71. C" (x) = -r > 0 for all x > 0, 

x 5 



and so C is concave upward. Therefore x & 50.71 gives the absolute minimum, so the most economical speed is about 
50.71 rmVh. 

29. Let x denote the number of trees beyond 22 per acre. Then the yield is Y = (36 — 2x) (22 + x) = — 2x 2 — 8x + 792. 
Y' — —Ax — 8 = 0 <=> x — — 2 is the critical number of Y . Now Y" — —A < 0, so x — —2 gives the absolute maximum of 
Y. So we should plant 20 trees/acre. 
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30. Let us denote the length of the base by x and the height by y (both measured in feet). Then its volume 

*y ^ o 20 

is V — x L y and is to be 20 ft , so x L y — 20 => y = — Next, the cost of constructing the box is 

x l 

x 2 8 _ ... 8 
= 1 — , x > 0. To minimize C, we set — — x = 0 

2 x dx x l 



C = 03x 2 + (0.1) (4xy) + 0.2x 2 = 0.5x 2 + OAx ^ j = 

)l =3>0, 

/ U=2 



j 2 c 

* 3 = 8 or x = 2. Since — T 

dx 1 




the SDT shows that x — 2 gives the absolute minimum (C 



x=2 

has just one critical number). Thus, the required dimensions are 2 ft x 2 ft x 5 ft. 



31. Let us denote the length of the base by x and the height by y (both measured in feet). Then the cost is 

C = 0.3.x 2 + (0.15) (4xy) + 0.2x 2 . Since the cost is to be $2, we have 0.5x 2 + 0.6xy = 2 <=> 5x 2 + 6xy = 20 <=> 

20 -5x 2 . 9 9 /20-5;t 2 \ IOx 5x 3 m c 9 

v = . We want to maximize V — x L y — x L I I = — , x > 0. We set V — — = 0 



6 



= j ^> jc = ^3 (since x must be positive). Since V" (^y^ = _5 -*l2y3/3 = ~^T^~ < °' the SDT snows tnat 



2V3 • 



20 



_5 (l) 10V3 



x = -^p gives the absolute maximum (V has just one critical number). Since y = — ^2 = — - — , the required 
dimensions are h& ft x ^ ft x f t an d the required volume is ft 3 . 



32. We want to maximize the function R (x) = (200 + x) (300 - x) = -x 2 + lOOx + 60,000 =^> R f (x) = -2x + 100 = 0 <=> 
x = 50, a critical number of Since /? /; (x) = — 2 < 0, we see that x = 50 gives an absolute maximum of R. Therefore, 
the number of passengers should be 250. The fare will then be $250/passenger and the revenue will be $62,500. 



33. Let x denote the number of passengers per day, p the fare per ride, and R the MTA's revenue. Observe that the 

given data imply that when x = 6000, p = 3, and when x = 5000, p = 3.50. Therefore, the points (6000, 3) and 

3.50-3 

(5000, 3.50) lie on a straight line. The slope of the line is m = = —0.0005 and the equation of the line is 

v J 6 K 5000-6000 M 

p - 3 = -0.0005 (x - 6000) => p = -0.0005x + 6. Therefore, the revenue R = f (x) = xp = -0.0005* 2 + 6x is the 

quantity to be maximized on the interval (0, 12000), since both p and x must be positive. / is continuous on (0, 12000), 

and we compute /' (x) = -0.001* + 6 = 0 => x = 6000. Since R" (6000) = -0.001 < 0 and x = 6000 is the sole critical 

number, the SDT implies that x = 6000 gives the absolute maximum value. Thus, the maximum revenue of $18,000/day is 

realized when the ridership is 6000/day and the optimum fare is therefore $3.00, as recommended by the consultants. 



34. We want to maximize S = kh 2 w. But h 2 + w 2 = 24 2 <^> h 2 = 576 - to 2 , so 

S = f(w) = km (576 - w 2 ^j = k (516w - w 3 ). Now setting /' (to) = k (576 - 3w 2 ^j = 0 gives 

w = ±Vl92 % ±13.86. Only the positive root is a critical number of interest. Next, we find f" (w) = —6kw, and in 
particular, f" (\/192^ = —6*f\92k < 0, so that w « 13.86 gives a relative maximum of /. Since f" (w) < 0 for w > 0, 

we see that the graph of / is concave downward on (0, 00), and so w = V192 gives an absolute maximum of /. We find 

h 2 = 576 - 192 = 384 <^>h^ 19.60. So the width and height of the log should be approximately 13.86 inches and 
19.60 inches, respectively. 
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35. h = \/23 2 — in 2 . The figure is similar to that of Exercise 34. S = kwh^ = kw ^529 — w 2 J , 0 < w < 23 => 
5' = k (529 - w 2 y /2 + kw (§) ^529 - w 2 ) 1/2 (-2u>) = (529 - w 2 } 1/2 [(529 - u) 2 ) - 3w 2 ] 

= £ ^529 - to 2 ) 1/2 (529 - 4io 2 ) = 0 => 

10 = ±23 or w = ±4^-. We reject the negative roots. The FDT shows that =j- gives a relative maximum and since it is 
the only critical number, we conclude that a width of 11. 5" yields the absolute maximum. The corresponding height is 
h = V23 2 - w 2 % 19.9". 



36. The area of the cross-section is A = (2) (5 cos 0) (5 sin 0) + 5 (5 sin 0) = 25 (cos 0 sin 0 + sin 0), 0 < 0 < f 



dA 
d0 



= 25 (- sin 2 0 + cos 2 0 + cos 6>) = 25 (cos 2 0 - 1 + cos 2 0 + cos 0) 
= 25 ^2 cos 2 0 + cos 0 - l) =25 (2cos0- l)(cos0 + 1) 



Setting — — — 0 gives cos0 = j or cos0 = — 1 => 0 = the only critical number in (0, y). Next, 

A" = 25 sin 0 (4 cos 0+1) < 0 for all 0 on (0, y ) , so the absolute maximum of A occurs at 0 = y . The desired angle is 
60°. 



37. We want to maximize V = \irr 2 h, but 2-zrr = 2tt (12) - 120 
12tt - 60 



r — 



7T 



, and also h — \l 144 — r 2 . Thus, 



y = / (0) = ^Trr 2 ^144 - r 2 ) 



1/2 




v = r (0) = 



j7 



1^2 (144 _ r 2) 



1/2' 



dr_ 

Id 



2r (l44-r 2 ) 1/2 + r 2 ^^144-r 2 ) 1/Z (-2r) 



-1/2 



/ h 


\ 12 







= -2r(l44-r 2 ) 1/2 [2 (l44 - r 2 ) - r 2 J = - 



2r 



(288 - 3r 2 ) 
7144 -r 2 



= 0 



127T - Trr 277 ( 3 " ^) 

r = 0 or r — ±4^/6, but only 4^6 is meaningful. In that case, 0 = = - - . We calculate 

6 3 

2tt (3 - To") 

/ (0) = 0, / ( 1 = 1287rV3, and / (2ir) = 0, so the maximal volume of 1287rV3 in 3 is obtained when 



2tt (3 - ys) 

0 = ^- rad, or about 66°. 



38. Since the perimeter of the window is 28 ft, we have 2x + 2y + tzx — 28 <=> y = i? (28 — irx — 2x). We want to 

maximize A — 2xy + \-nx 2 — j7rx 2 + x (28 — nx — 2x) — \-kx 2 + 28x — 7rx 2 — 2x 2 — 2%x — ^-x 2 — 2x 2 . Now 

A' = 28 — nx — 4x = 0 <^> x = is a critical number of A. Since A" = — 7r — 4 < 0, the number yields a maximum of 

28tt 56 \ 1 112 + 287T- 287T-56 28 



A. The corresponding value of y = - 



4+7T 4 + 7T/ 2 4 + 7T 4 + 7T 
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39. We want to minimize S = 3irr 2 + lirrh. But izr 2 h + ^irr 3 = 504n <=> h = (504 - |r 3 ), so 




„ 9 1008tt 4tit 2 5tit 2 1008tt xt 

= 3-7rr z H = 1 . Now 

r 3 3 r 



lOTrr 1008tt 10tit 3 - 3024tt 3 3024tt /1512\ 1 / 3 •• , u * 

/ (r) = = — = = = 0 o H = ^> r = I -^4^ ) % 6.7 is a critical number of 

/. Since /" (r) = 1 — > 0 for all r in (0, oo), we see that r ^ 6.1 does yield an absolute minimum of h. 

3 

Therefore, the radius should be approximately 6.7 ft and the height should be approximately 6.7 ft. 



40. The area enclosed by the rectangular region of the racetrack is A = {£) (2r) = 2rt. The length of the racetrack is lizr + 2£, 
and this is equal to 1760, so 2 (nr + £) = 1760 <=> nr + £ — 880 o £ = 880 — 7rr. Therefore, we want to maximize 

A — f (r) = 2r (880 — 7rr) = 1760r — 2-7rr 2 . The restriction on r is 0 < r < To maximize A, we compute 
f ( r ) = 1760 - 4tit. Setting /' (r) = 0 gives r = = ^ % 140. Since / (0) = / (^jR) = 0, we see that the 

maximum rectangular area is enclosed if we take r = and £ — 880 — 7r ^4^?^ = 440. So r — 140 and I — 440. The 
total area enclosed is 2ri + Trr 2 = 2 (440) + tt (^) 2 = 2^ + ^ = ^§00 w lg4j 8?4 ft2 



7 9 64 

41. We want to minimize the surface area of the container S = 27ir z + lirrh. But 7rr z /z = 64 o /i = — Therefore, 

9 1 64 \ - o 128 . „ 128 47rr 3 - 128 „ 3 /32 _ o . 

5 = 27rr 2 + 2?rr ( — T | = 27rr 2 + , r > 0 => 5' = 4tit =- = = = 0 => r = J — % 2.17. Since 



7rr 2 J r r 2 r 3 v rr 



= 4-7T H r- > 0 for r > 0, we see that the graph of S is concave upward, and r ~ 2.17 gives the absolute minimum 



256 



64 3/ 32 

value of S. The corresponding value of h is h = ^ = 2J — « 4.34. Notice that the height is twice the radius. 



42. We want to maximize A = ^r 2 0. But 2r + s = 50 and 5 = r0, so 



1 0 19 /50-2r\ 
. Therefore A = \r 2 0 = \r 2 I J = 



s 50 — 2r 

0 = - = . Therefore A = ±r z 6 = ir z I — 1 = 25r - r L => 

r r 



A! = 25 - 2r = 0 o r = ^ and ^ is a critical number of A. A" = -2 < 0 

and the graph of A is concave downward everywhere. Therefore =j- gives a 
maximum value of A (r), and the desired radius is 12.5 ft. 




43. Let x denote the distance between O and M. Then we want to minimize D = y/5 2 + x 2 + ^(12 - x) 2 + 2 2 , 0 < x < 12 

x 12 — x x 12 — x 

=> /y = z = 0 o z — . The easiest way to solve this equation is to 

V25 + x 2 y( 12 - x )2 +4 V25 + x 2 y(l2-x) 2 + 4 

x 12 — x 

find the intersection of the functions / (x) — ■ and g (x) = — t======== using a graphing utility. We find 

V 25 + * 2 y(12-;t) 2 + 4 

that this is x « 8.57. Physical considerations tell us that this is obviously the desired solution, so M must be located 
approximately 8.6 mi from O. 
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12 — x Jx 2 + 9 

44. The time taken for the flight is T = f (x) = — - — + , 0 < x < 12 



x 3x- 2y/x 2 + 9 

4^/x 2 + 9 12jx 2 + 9 



. Setting /' (x) = 0 gives 



/' to = 4 + 1 (i) (* 2 + 9) (2*) = 4 + 

3x = 2^/x 2 T9 «=> 9jc 2 = 4 (x 2 + 9^ <^> 5x 2 = 36. Therefore, x = We reject the negative root. Since 

/ (0) = 2.75, / (^p) « 2.56, and / (12) % 3.09, we see that x % 2.7 miles gives an absolute minimum for T. 



45. a. / (*) = ^J- and D (x) = yj (x - 0) 2 + (y - I) 2 = y/x 2 + y 2 - Ay + 4 = 



2 , (* + 1) 
x z H 



x > 0. 



b. 



4 (jc + 1) 

<Jx 



+ 4, 




We find the minimum value of D to be about 0.45, and so the closest the 
speedboat came to the disabled boat is approximately 0.45 mi. 



0.0 0.5 



1.0 1.5 



2.0 



46. Suppose the distance between the two ports is D miles. Then it takes the ship D/v hours to travel from one port to the 
other. Therefore, the total cost incurred in making the trip is C — (a + bv^ = - + bv 2 dollars. We want to 

— 0 => v — ( — — ) . Since C" = -5- + 2b > 0 

\2b/ v 5 



. a —a + 2Z?o 3 
minimize C for v > 0, so we calculate C — =■ + 2bv — = 



a 



for v > 0, the graph of C is concave upward and so the critical number 7 — gives rise to the absolute minimum value of 



2b 



C. So the ship should sail at 



3/ — mi/h 

2b 



47. P' = 



d 



dR 



E 2 R 



(R + r) 



= E 2 



Since P" = E 2 



(R + r) 2 -R (2) (g + r) 
(R + r) 4 

(g + r) 3 (-1) - (r - R) (3) (g + r) 2 " 

(/? + r) 6 



£ 2 (r - tf) 



(fl+r) 3 

2£ 2 (R - 2r) 
(* + r) 4 



= 0 => P = r, so r is a critical number of P. 



and P" (tf)| = 



-2£ 2 r 
(2r) 4 



8r 3 



<0, 



the SDT and physical considerations both imply that R — r gives a relative maximum value of P. The maximum power is 



E 2 r E 2 
P — 7T — — watts. 

(2r) 2 4r 



, N &ra /z _ /cm /z 9 2&ra , 2km m 

48. A' (q) — T H — = 0o = - O g z = — - — <^ q — ± A / . We reject the negative root, so q — 

-2 q l 2 h V h 



2km 



q 



only critical number. Next, A" (q) = 



ft 



is the 



2&m 



> 0 for g > 0, so A 



2km 



q^ \ v h 

a relative minimum. Since A is concave upward, it is the absolute minimum. 



> 0 and the SDT implies that q = 



2km 



h 



gives 



49. v f = 



d 



dL 



, L C 
kJ C + L 



= k 



d 



(l cx 1 / 2 k/L c\- L ^n 



dL 



c\-v 2 /i c_ 

L 2 



k (l 2 - c 2 ) 



= 0 => L = ±C, v 



2CL\I- + - 
C L 



is not defined for L = — C, and so we reject that root. The length of the wave with minimum velocity is C. 
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50. Let the circle have equation x 2 -\- y 2 — a? 1 . Since y — v 'a 2 — x 2 , the area of 
the inscribed isosceles triangle is / (x) = j (2x) (y + a) = x a 2 — x 2 + 



for 0 < x < a. We want to maximize f (x) — x 



(a 2 - x 2 ) 



\l/2 



on the 



closed interval [0, a]. 



(a 2 -* 2 ) + <s 



+ x (±) (a 2 - x 2 ) 1/2 (-2x) 




= (a 2 - x 2 ) 



-1/2 



^a 2 — x 2 ^ + a (a 2 — x 2 ^ ^ — 



a 2 — 2x 2 + ^y^ 2 - x 2 

Setting /' (x) = 0 gives a 2 — 2x 2 + ay/ a 2 — x 2 = 0 <=> 2x 2 — a 2 = <2\Az 2 — x 2 . Squaring both sides of this equation 
leads to 4x 4 - 4^ 2 x 2 + a 4 = a 4 — a 2 x 2 => x 2 (Ax 2 — 3a 2 ^ = 0, so x = 0 or * = ±^a. Thus, is the only critical 

number in (0, a). We calculate / (0) = 0, / = ^^-a 2 , and / (a) = a 2 , so / attains a maximum value at * = 

To show that the triangle with this value of x is equilateral, we find \AB\ — 2x — 2 (^^j — \fi>a. Next, for this value of 



x, \BC\ 2 = \AC\ 2 =x 2 +(a + y/a 2 - x 2 ^j 



2^ _A/3 ^ 2 



a + 



2 



n2 



= 3a 2 => |5C| = |AC| = V3a. 



Since |AB| = |5C| = \AC\, the triangle is equilateral. 



51. Let the circle have equation x 2 + y 2 = a 2 . Then the area of the inscribed 
rectangle is A = (2x) (2y) = 4xy = 4x\J a 2 — x 2 , 0 < x < a. We want to 

maximize / (x) = Ax (a 2 — x 2 ^ ^ on the closed interval [0, a]. Then 

f(x) =4 (a 2 -x 2 y /2 + 4jc(±) ^ 2 -x 2 )~ 1/2 (-2x) 

(a 2 - 2;t 2 ) 




= 4 (a 2 -* 2 ) 1/2 [(a 2 - x 2 ) - x 2 ] = -±== 







0 






Setting /' (x) = 0 gives a 2 - 2x 2 = 0 => x = So ^ is the only critical number in (0, a), f (0) = 0, 

/ (^raj = 2a 2 , and / (a) = 0, so / attains a maximum value at x = ^a. The dimensions of the rectangle for this value 



of x are 2x = 2 = V2a by 2y = 2y a 2 — = V5«. Since the sides have equal length, we conclude that the 

rectangle of maximum area is indeed a square. 



52. We want to maximize V = nr h. By similar triangles, 



15 -5r , T7 „, x ? /15-5r 
h = , and so V = / (r) = 7rr z 



5tt 



(3r 2 -r 3 ), 

0 < r < 3 => /' (r) = ^ (6r - 3r 2 ) = 5irr (2 - r) = 0 <^ r = 2. 




/ (0) = 0, / (2) = 2^L, and / (3) = 0. We see that V is maximized if the 
radius of the cylinder is 2" and its height is |". 
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53. We want to maximize S = 2nrh. By similar triangles, 



H-h r 



H 



R 



h = H (l - 1), and so S = f (r) = 27rrtf (l - 1) = 27r//^r - ^ 



r w = - 



4tt# 
R 



< 0, so the graph of / is concave downward everywhere, and 




r — R/2 yields the absolute maximum of /. The required radius is R/2 and the 
height is H/2. 

54. We want to maximize S — Aizxy. But x 2 + y 2 — a 2 <^=> y — yj a 2 — x 2 , 



0 < x < a, and so S = / (x) = 4nx^/ a 2 — x 2 , 0 < Jt < 



/' (x) = 4tt 



(a 2 -x 2 ) 1/2 + x(^) (« 2 -x 2 ) 1X '(-2x) 



-1/2 



= 4tt(« 2 -x 2 ) 1/2 [( fl 2_ x 2^_ ;c 2] = 



47T 



(a 2 - 2x 2 ) 
V a 2 — x 2 



= 0 




x = since x must be nonnegative. / (0) = 0, / = 27r<3 2 , and 



/ (a) = 0. We see that the required radius is %f-a and the height is 
2y = 2^a 2 -\a 2 = 2 (^fl) = . 

55. We want to minimize A = ^y. Let ra denote the slope of the line. Then its 

equation is y — 2 — m(x — 1) or y = rax — ra + 2. The x -intercept of this line 
ra -2 



is x — 



ra 



and the y -intercept is — ra + 2, so 




= ^=K^) ( " m+2)= "H m " 4+ ^)" 

' = — ]- ( 1 ^ ) = 0 <=> ra = ±2. If ra = 2, then the equation of the line is y = 2x and it does not form a triangle as 

2\m l ) 



described in the problem. So we reject this root. Since A" — T > 0 if ra < 0, we see that ra = —2 gives rise to the 



ra 



absolute minimum of A, so the required equation is y = — 2x + 4. 



d0\g 

required angle of elevation is ^ or 45°. 
k cos 0 



56. R' = -if ^sin2^V= ^ cos 20 = 0 <=> cos 20 = 0 <=> 0 = f. P (0) = 0, P (f ) = \andP(f) = 0, so the 



57. P = 



ft 



h 



where & is the constant of proportionality, cos 0 = — = — r 

r 2 ^ 7^25 



, so P = 



kh 



(/z 2 + 25) 3/2 



,0 < h < 8 



P' = * 



d 



dh 



h (h 2 + 25) 



-3/2' 



(/z 2 + 25) 3/2 -h ^ (— I) (h 2 + 25) ^ (2/z) 



-5/2 



= * (ft 2 + 25) 5/ [(ft 2 + 25^ - 3ft 2 ] = 



^25 - 2ft 2 ) 



{h 2 + 25) 



5/2 



= 0^ ft = 



5V2 . 



since ft > 0. 



Now P (0) = 0, P % 0.0154/:, and P (8) % 0.0095&, so the required height is ^ % 3.54 ft. 
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58. a. S (0) = 6ab + -b 



V3 — cos 0 
sin0 



S' (0) = \b 2 



sin 0 (sin 0) - (y/3 - cos 0) (cos 0) 



sin 2 0 



-¥ 



sin 2 0 — V3 cos 0 + cos 2 0 



Setting S' (0) = 0 gives v^cosfl =locos0=^= = ^ 



sin 2 0 



54.7° and 6/ = cos" 1 ^. 



3fr 2 (l-V3cos0) 



2 sin 2 0 



S" (0) = 



3b 2 ( V3 cos 2 0 - 2^3 cos 0 

sin 3 0 



> 



0 for all 0 on (0, y ) => S (0) has its absolute minimum at 0 — 



cos" 1 ^ 



b. 



2.0 



1.5 " 



1.0 




0.0 



0.5 



1.0 



Either by zooming in or using an extremum finder, we see that / has a 
minimum at 0 ^ 0.9553. This agrees with the result obtained in part a, 



because, = cos- 



0.9553. 



1.5 



59. Let £ be the length of the pipe. We can write £ — £\ + £2 — 8 sec 0 + 4 esc 0, 

d £ 

0 <0 < f.Now — - = 8sec0tan0-4csc0cot0 = O<=^ 
2 dO 



8 sec 0 tan 0 = 4 esc 0 cot 0 <=> 



8 sin0 



4 cos0 



cos 0 cos 0 sin 0 sin 0 



<=^> 2 sin 3 0 = cos 3 0 



<^> tan 3 0 = ^ o 0 = tan -1 % 0.6709. Since £ 00 as 0 0 and 

v 2 

^ — > 00 as 0 — > we see that 0 ^ 0.6709 gives the absolute minimum value 
of £ on (0, f ) , which is / % 8 sec 0.6709 + 4 esc 0.6709 % 16.65 ft. So a 16 ft 
pipe can be carried around the corner. 



8 ft 



4 ft 



A* 



\30* 



• >• 



x 



60. With respect to the coordinate system shown, the position of plane A at time t is 

(-\ (300 - 5000 > ^ ( 30 ° ~ 500r )) = (- 150 + 250r, V3 (150 - 250?)) 

and the position of plane B is (200 — 500?, 0). Therefore, the distance between 
the two planes is 

D = ^[-150 + 250? - (200 - 500?)] 2 + [V3 (150 - 250?)] 2 
= lOOv^r 2 - 75? + 19 

To minimize D, it suffices to minimize D 2 = f (?) = 75? 2 - 75? + 19. We find that /' (0 = 150? - 75 = 0 o t = \. 
Since f" (?) = 150 > 0 for all t > 0, we see that t — \ yields the absolute minimum value of / (?), and thus for D. 

D (j^j = 100^75 (Jzj — 75 ^) + 19 = 50, so the aircraft will be closest to each other half an hour later. The smallest 
distance between them is 50 miles. 
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61. We need to maximize V = 



16r 



hi) 



— r 2 . Now 



v = 



(r + (32r) - 16r 2 ■ 2 (r + 



4 



-2r = 



32r (r + ^ - 32r 2 16r - 2r (r + 



2r 



8 



so V' 



= 0 <^=> 8 - (r + Jr) 3 = 0 <=> (r + = 8<^r + ^ = 2 <^=> r = \. 



Next, 



V 



= ^, so/z = 



^ — 1 = — 1 = 3. Thus, the dimensions are 



H) 



r = \ and h = 3. We have V (0) = 0, V (j^j = ^, and V (fy = 0, so V is maximized if r = |. The radius is 1.5 ft and 
the height is 3 ft. 



62. F' = 



d 



Q 



X 



Q d 



2 9^" 3 / 2 



( 



dx 47T£Q ^ x 2 _|_ a 2^ 3 / 2 47T£Q ^ L 

47T£0 



(x 2 +a 2 ) J/Z [(x2 + fl 2)_3x 2 ]=- 



47TE0 

2x 2 - a 2 



( 



x^+a 2 ] 3/2 + x(-^)(x 2 + a 2 ^j 



) 



-5/2 



(2*) 



4 ^ £ 0 ( x 2 + fl 2)V2 



Q Ux 3 - 9a 2 x\ 

We reject the negative root. F" = n ' n => F" ( ^a) < 0, so F is maximized when x = ^a. 



4tts 0 {x 2 + a 2 ) 1/2 



63. a. (o) = a L 



— ah 



(v — u) (?>v 2 ^ — v 



Ek 



dv \v — u 

ah (li? - 3wo 2 ) „t..2 



(v - u) 2 



aLv (2v — 3u) 



= 0 <=> 



(v — u) 2 (v — u) 2 

v = 0 or t> = ju, and ju is a critical number of E in (0, oo). 

0+ + + + + sign of E' 



0 



H h 



H 1 1 1 1 1 >■ V 



w 2 W 2w 



V 



0 



w 2 W 2w 



From the sign diagram, we see that the speed that minimizes E is ft/s 



64. g' ( 7 ) = 



d 



d^/ 



F 



(w-7 2 ) 2 + 4A 2 7 2 



-,-1/2 



= f(-?) [(u; 2 -7 2 ) 2 +4A 2 7 



3 / 2 d 



d^y 



(u; 2 -7 2 ) 2 +4A 2 7 : 



p 2 (u) 2 — 7 2 ) (-2 7 ) + 8A 2 7 -2F7 ( 7 2 + 2A 2 - w 2 ) 2F 7 (7 + y/u 2 - 2A 2 ) (7 - y/to 2 - 2A 2 ) 
2 [(^2_ 7 2) 2 +4A 2 7 2] 3/2 " [( U ,2_ 7 2) 2 + 4A 2 7 2] 3/2 " ~ ^ ~ 



^2_ 7 2) 2 + 4 A 2 7 2j 



Setting g' (7) = 0 gives 7 = 0 or 7 = y/ uj 2 — 2A 2 . From 
the sign diagram for g', we see that g is maximized at 

7 = y/u> 2 - 2A 2 . 



0 + + + + + 0 



0 



si d -2k 



sign of 

> r 
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Vjc 2 + 1 10-* 
65. The time taken to get to Q is T (x) = 1 , 0 < x < 10 



-1/2 . 1 



3 dx 



4 dx 




Setting T' (x) = 0 gives 



x 



3^ 



+ 



= = I <=> 4* = 3Vx 2 + 1 o 16* 2 = 9 (x 2 + l) 



— 3v ^, since x 



3.35. We see that x = hf- « 



1.134 



must be positive. 7 (0) = ^ » 2.83, r (^VZ) % 2.72, and T (10) = ^2 
yields the absolute minimum value for T, so she should land at the point R located about 1.134 mi from P. She requires 



T 



30 + 77 
I2~ 



2.72 hours. 



66. a. The distance from P to Q is and the radius of the pipe is R; the distance from Q to S is ^2 an d the radius of the pipe 

kd\ kdo 

is r. By Poiseuille's law, E = — T H -p, where k is the constant of proportionality. 

R 4 r 4 

b. Referring to the figure in the text, we see that d\ — a — b cot 6 and d2 — bcsc6. The result follows. 

-^(-csc 2 0) + ^(-csc0cot0)J =0 



dE 
c. — — — k 



d6 

= cot 0 ■ 



COS0 



R* 



esc 6 sin 6 



■ sin 6 — cos 0 <^=> 0 = cos 



6 9 ft 

<^=> — r CSC Z # = — 7 CSC 0 COt 0 <=> 



-1 



/?4 

4 



*4 



67. The time it takes the ray of light to travel from A to C is 



T = 



v^ 2 



«1 



+ 



+ (d - x) 2 



0 2 



, 0 < x < d 



T' (x) = 



1 d 


(a 2 + jc 2 ^ 1/2 


1 J 


r 


v\ dx 








02 





ll/2 



d — x 



v X y/a 2 +x 2 v J b 2 + ( d _ x )2 




Setting T' (x) = 0 and solving for x gives the critical number of T. We first show that this hypothetical critical number 
does give a minimum: 



T"{x) = 



1 d 



v\ dx 
1 



x (a 2 + x 2 ^j 



-1/2 



1 d 



t)2 dx 



-1/21 



( 



a 2 + ;t 2 ) 1/2 + * (- (a 2 + x 2 ) 



2 + x 2 ) V2 (2x) 



J-[^ 2 + (^-x) 2 ] 1/2 + (J - jc) [Z? 2 + (<i - jc) 2 ] V2 2(d-x)(-l) 



(a 2 + x 2 ) 3/2 (a 2 + x 2 - x 2 } + -i- [b 2 + (d- .x) 2 ] 3/2 [fc 2 + (d — x) 2 — (d — *) 2 ] 



t>l(«2+*2) 3/2 y 2 ^2 + {d _ x) 2j 



3/2 



> 0 



showing that this is indeed the case. Now since 



x 



y/a 2 +x 2 



— sin^i and 



d — x 



y/b 2 + (d — x) 2 
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= sin 62 , we see that the 



sin 0 sin 0 

condition for the existence of the absolute minimum value of T is T' (x) = 0, or = , as desired. 



»1 



o 2 



68. a. The sum of the squares of the errors is 

2 . r , , si2 



g(a) = [y\ -f(*l)] +[y2-f(x 2 )] +--- + [y n - f(x n )] = (yi -ax x y + (y 2 -ax 2 ) z + ■ ■ ■ + (y n -ax n ) 
b. g' (a) = 2 (yi - ax\) (-x\) + 2 (y 2 - ax 2 ) (-x 2 ) H \-2(y n - ax n ) (-x n ) 



a — 



= 2 (-x\y\ + ax\ - X2y2 + ax 2 ^ Xnyn + ax n) 

+ 4) - {x\y\ + .Y2.V2 + • • • + A// y n ) J = 0 => 

— , a critical number of g. Since g (0) = 2 I *j + x 




X| -|- x*2 ~\~ 



2, 
2 + 



+ 4) > 0, 



the number a 



gives an absolute minimum of g. 



69. a. a — 



0 + 0.1 (1.68) + 0.2 (3.18) + 0.3 (4.84) + 0.4 (6.36) + 0.5 (8.02) 



0 2 + (0.1) 2 + (0.2) 2 + (0.3) 2 + (0.4) 2 + (0.5) 2 
approximately y — 16.02.x. 



16.02, so the best straight line is 



b. 






1 — \ 


— 




— 1 — 














i — h 



c. F = kx o k 
16.02 lb/ft. 



16.02, so the spring constant is about 



0.0 0.1 0.2 0.3 0.4 0.5 

8 (<0 = bl - / (*l)] 2 + [yi ~ f ( x 2)f + • • • + [yn - f (x n )] 2 = (ji ~ ax 2 ) 2 + [y 2 - ax 2 ) 2 + • • • + {y n - ax 2 ) 
b. g' (a) = 2 (yi - ax 2 ) (-* 2 ) + 2 (y 2 - ax 2 ) (-x 2 ) + • • • + 2 (y n - ax 2 ) (-* 2 ) 
= 2 [~ (x 2 y { + x 2 y 2 + • • • + ^y„) + a (xf + * 4 + • • ■ + 4)] = 0 => 

a = + a critical number of g» (a) = 2 (x\ + * 4 + ■ • • + 4) > 0, so a does minimize g. 

xJ + x%-\ \-x% v ' 



71. a. a = 



1 ' -*2 w 

0+ (0.1) 2 (0.1608) + (0.2) 2 (0.6416) + • • • + (0.7) 2 (7.8614) 

0 4 + 0.1 4 + 0.2 4 + --- + 0.7 4 



16.04, so y = 16.04? 2 . 



b. 



10 



5-- 



0 







— 1 — 1 — 1 


1- 




i \ 








. Comparing s — jgt 2 with y = 16.04? 2 , we see that 
g^ 32.08 ft/s 2 . 







— 1 — 1 — 1 


1- 




1 







0.0 



0.2 



0.4 



0.6 
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1. See page 336. 

2. See page 337. 

3. No. See page 340. 




1. / ' (%) — ^— i—x 3 — 2x + 2) — —3x 2 —2. We use the iteration x n +\ — x n — ^- 

dx \ J f 



fix n ) 



f ( x n) 



— Xn 



-xl -2x n +2 2x1 + 2 



3x^ 2 



3x2 + 2 



1 2(1 > + 2 n « 

x 0 = l,xi = 3 ^ + 2 = °- 8 > x 2 



2 (0.8) 3 + 2 

3 (0.8) 2 + 2 



0.77143, and x 3 « 0.77092 % * 4 , so the desired root is about 0.7709 



2. / ' (jc) = — (2x 3 - I5x 2 + 36x - 26) = 6x 2 - 30x + 36. We use the iteration 

dx \ / 



x n+\ — x n 



f( x n) 



— x n ~ 



x\ = 



f ( x n) 6x% - 30x n + 36 

4(0.75) 3 - 15(0.75) 2 + 20 



2x1 ~ ^x 2 + 3bx n - 20 Ax 3 ~ ^ x n + 2 0 , 4-15 + 20 

. * 0 = 1, X \ = 



6x5 - 30x n + 36 



6-30 + 36 



= 0.75, 



6 (0.75) 2 - 30 (0.75) + 36 



3. /' (x) = ^- (J^x 4 - 2x 3 - 6x 2 + 8) = 6x 3 - 6x 2 - \2x. We have the iteration 



0.78519, and x 2 « 0.78599 % x 3 , so the desired root is about 0.7860. 



x n+\ — x n 



f(*n) \A ~ 2 4 ~ + 8 4.54 - 4*3 - 6* 2 - 8 . n]Q . 

= x„ — ^ — : — / . ^ — • *o — h x \ — 1-125, X2 ^ 1.12192 % 



6x 3 - 6x 2 - \2x n (y Xn (x 2 -x n -2) 

gives one root at about 1.1219, and x 0 = 3, x\ » 2.70139, x 2 » 2.59044, x 3 % 2.57478, jc 4 
other root, about 2.5745. 



2.57448 % x 5 gives the 



4. /' (x) = 



X 



-1/2 , _ x + 



. So 



■*•«+! — x n 



/(*«) 
f (*») 



x n \ 1 x n 



1 



— x n 



. jcq = 0.5, jq % 0.73205, * 2 « 0.70756, 



x n H~ v 1 — x n x n H~ \/ 1 — x n 



\-x 



2 
n 



x 3 « 0.7071 1 % jc 4 , so the root is about 0.7071. 



5. Let h(x) = / (*) — g (x) = x 2 — sin*. Then h' (x) — 2x — cos x. x n +\ — x n — - 11 



x„ — sin x n x„ — x n cos x n + sin x n 



^2*Xyi COS Xfi ^Xfi COS Xyi 

x 0 = 1, jq » 0.89140, x 2 » 0.87698, jc 3 « 0.87673 % * 4 , so the point of intersection is about (0.8767, 0.7686). 



6. Let /z (x) = / (jc) — g (jc) = tan* + x — 1. Then // (x) = sec 2 * + 1. 



tan ^ + * n — 1 x n sec x n — tan x n + 1 



■^w+1 — ? , 1 — ? 1 1 

sec z x n + l sec z x n + l 

x 4 % 0.47973, so the point of intersection is about (0.4797, 0.5203). 



. jc 0 = I, X \ » 0.64808, x 2 « 0.49060, x 3 % 0.47977, 



1 / I 9 

7. Let h(x) — f (x) — g (x) = ^ cosx — x. Then /r (x) = — ^ sin* — 1. x n +\ = x n — — — : 

— j sin x n — 1 

xq = 0.5, « 0.45063, x 2 % 0.45018 % x 3 , so the point of intersection is about (0.4502, 0.4502). 



2 cos x n — x n x n sin x + cos x« 



sin x n + 2 
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*j-*uf\ ft\ (\ • ^L/ M no sinx n -0.2x n X w COSX n -sinx n 
o. Let hyx) — j (x) — g (x) = smx — O.zx h (x) = cosx — 0.2. x^+i = x n = . 

cosx rt — 0.2 cos x n — 0.2 

*0 = 2, xi « 2.82658, x 2 % 2.60457, X3 % 2.59576, X4 % 2.59574, so the two points of intersection are about 

(±2.5957, ±0.5191). 



3 3 

9. /' (jc) = — (x 3 +x - 4) = 3x 2 + 1 => jc„ +1 =x n - Xn + * n ~ = *" + . x 0 = 1 => x\ = 1.5, x 2 « 1.38710, 

^ V / 34 + 1 34 + 1 



x 3 % 1.37884, and x 4 % 1.37880, so the zero is about 1.37880. 

10. // ( X ) = A (*3 + 2x 2 + x - 6) = 3x 2 + 4x + 1 => x w+1 = jc,, - *g + ^ + Xn ~ 6 = + ^ + 6 .x 0 = 1.5 => 

V ' 3x 2 + 4 ^ + j 3x 2 + 4 ^ + j 

xi « 1.25455, x 2 « 1.21946, and X3 % 1.21878 % X4, so the zero is about 1.21878. 

11. f(x) = — (x 5 +x - l) = 5x 4 + 1 => jc„ +1 = x„ - + *" ~ 1 = 4 ** + 1 . XQ = 0.5 => X! » 0.85714, 

dx v / 54 + 1 54 + 1 

x 2 « 0.77068, x 3 % 0.75528, and x 4 % 0.75488 % X5, so the zero is about 0.75488. 

+~ n , ^ d ( s ^ 4 ^ A ^4o^^ x~t + 2x 4 + 2x n — A 4x^ + 6x^ + 4 

12. /' (x) = — (x 5 + 2x 4 + 2x - 4) = 5x 4 + 8x 3 + 2 => x n+{ =x n - — — -r-^ — = — 2 2 . jt 0 = 0.5 

rfx V / 5x 4 + 8x 3 + 2 5x 4 + 8x 3 + 2 

=> xi % 1.35849, x 2 « 1.09867, x 3 % 0.96234, x 4 % 0.92766, and x 5 % 0.92572 % x 6 , so the zero is about 0.92572. 

~~ ni , x ^ /c , e\ c • 5x„+cosx„-5 5 - x n sin x„ - cos x n A _ 

13. j (x) = — (5x + cosx — 5) = 5 — sinx => x w _i_i — x n : = : . xq = 0.5 => 

ax 5 — sin x n 5 — sin x n 

x\ % 0.85890, x 2 » 0.87121, and x 3 % 0.87122 % x 4 , so the zero is about 0.87122. 

d . x„ - sinx„ -0.5 sinx„ -x„cosx„ +0.5 

14. / (x) = — (x — sin x — 0.5) = 1 — cosx =^> x n \\ — x n = . xq = 1 => 

dx 1 — cos x n 1 — cos x n 

X! % 1.74282, x 2 » 1.52289, x 3 % 1.49764, and x 4 % 1.49730 % x 5 , so the zero is about 1.49730. 

15. /' (x) = L ( X S + 3 x 2 - 3) = 3x 2 + 6x => x w+1 = x n - *" + 9 ^ " 3 = g^+M+l , ^ = _i ^ = 4 

dx V / 3x 2 + 6x„ 3x 2 + 6x„ J 

x 2 % - 1.3472222, and x 3 % -1.3472964 % x 4 , so the zero is about -1.347296. 



16 



3 3 

. /' (JC) = _1 7*3 _ x _ A 3jc 2 _ j ^ = ^ _ ^ - *" ~ 1 = 2x n + 1 = l 5 ^ w 1.3478261, 

^ V / 3x 2 - 1 3x 2 - 1 

x 2 % 1.3252004, x 3 % 1.3247182, and x 4 % 1.3247180, so the required zero is about 1.324718. 
ai *i t \ d t \ • , _ cosx„-x„ x„ sin x„ + cos x n 

17. /' (x) = -— (cosx — x) = — sinx — 1 => x n +\ — x n = . xn = 1 x\ % 0.7503639, 

dx — sin x w — 1 1 + sin x n 

x 2 % 0.7391129, and x 3 % 0.7390851 % x 4 , so the required zero is about 0.739085. 

d . 2x n — sin x n — 2 2 + sin x n — x n cos x n 

18. / (x) = — (2x — sinx — 2) —2 — cosx =^> x„ + i — x n — . xo = 2 => 

dx 2 — cos x n 2 — cos x n 

xi « 1.5485777, x 2 % 1.4993295, x 3 % 1.4987012, and x 4 % 1.498701 1, so the required zero is about 1.498701. 

19. It x 0 is a zero of /, then / (x 0 ) = 0, so x\ = xo - 7 r = -^o, x 2 = x\ - = x 0 - = xq, . . ., x n = x 0 , 
So all the terms in the sequence are equal to xq. 

20. / is continuous everywhere. Since / (0) = —2 and / (1) = 2 — 9+ 12 — 2 = 3, the Intermediate Value Theorem 
implies that there is at least one number c in (0, 1) such that / (c) = 0. To find c we use Newton's Method: 

d - (2*3 - 9*2 + 12x - 2U fa* - 18x + 12 => = *- - 2 *« " ^ + ^ ~ 2 ^ ~ ^ l + 2 

dx 



f (x) = 4~ (2x 3 - 9x 2 + 12x - 2) = 6x 2 - 18x + 12 ^> x„+i = x n - 

dxX > 6x 2 - 18x^ + 12 6(x 2 -3x„ + 2) 

Taking x 0 = 0.5, we find x\ ^ 0.05556, x 2 % 0.17905, x 3 % 0.19337, and x 4 % 0.19356 % x 5 , so the required zero is 
about 0.1936. 
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21. / is continuous everywhere. Since / (1) = —3 and / (2) = 1, the Intermediate Value Theorem implies that there is at least 

one number c in (1, 2) such that / (c) = 0. To find c we use Newton's Method: /' (x) = — (x^ — 3x — l) = 3x 2 — 3 => 

dx \ ' 



x n 3jtft 1 ^ x n ^ 



x n+l — x n 



'ijCfi 3 3-XT^2 3 
X4 ~ 1.87939, so the required zero is about 1.8794. 



dx 

. Taking xq = 1.5, we find x\ « 2.06667, jc 2 « 1.90088, * 3 % 1.87972, and 



22. /' W = -^- 3 ) = 



2x 



— x n 



x 1 — 3 



2jfw 



*3 ~ 1.73205, so the required root is about 1.7321. 



x n+ 3 



2x n 



. xq = 1.5 => x\ = 1.75, X2 ~ 1.73214, and 



23. /' (x) = — (x 2 — 6^ = 2x ^> x n +i = x n 
required root is about 2.4495. 



2x n 



2x n 



. * 0 = 2.5 =^> jq = 2.45 and X2 ~ 2.44949 % *3, so the 



24. /' (x) = 



x —1 

— 7^ = 3x 2 => = — w 



xt, ss 1.912931, so the required root is about 1.9129. 



2*2 + 7 
3x„ 2 



. jc 0 = 2 => jq « 1.916667, x 2 « 1.912938, and 



25. /' (x) = -^(x 4 - 2 0) = 4 * 



3 _ - 20 

^ — x n 

*+X n 



3x% + 20 

4r 3 



. x 0 = 2.1 => xi % 2.114898 and 



*2 % 2.114743 ~ X3, so the required root is about 2.1147. 



26. a. /' (jc) = A ( x * _ a) = fcc*- 1 , so %+1 = *„ - = - * *» + A 1 

a - '' ' kx 



n 

50 



*-l 



(k- \)x n + 



A 



£-1 



x 



n 



b. Take A: = 10 and A = 50. Then x n +\ = — ( 9x n + 9 



. Let us take jc 0 = 1.2. Then jq « 2.04903, * 2 « 1.85198, 



x 3 % 1.68629, * 4 « 1.56301, jc 5 » 1.49652, x 6 « 1.47968, andjt 7 % 1.47876 % jcg, so 1 ^50 « 1.4788. 



27. We cannot use xq = 1 because /' (1) does not exist. In fact, 
/' W = I [* - (l - x2 ) 1/2 ] = 1 - i (l - ^ 2 )" 1/2 (-2.) 



= 1 + 



, which is undefined at x = 1 . 



Using the result of Exercise 4, we have x n + \ = 



1 



. If we take 



x n H~ v 1 — x n 



xq — 1, then jq — 



1 



1 + 0 



= 1, X2 = 1, and so forth. Therefore, 1 cannot be 



used as an initial guess. If we take xq = 0, then x\ — 
the same problem. 



1 



o+yr 



= 1 and we have 




28. We need to find the roots of the equation -0.05? 3 + 0.4r 2 + 3.8f + 15.6 = 0. Let / (r) = 0.05r 3 - 0.4r 2 - 3.8f - 15.6. 



Then /' (t) = 0.15/ 2 - O.St - 3.8 and t n +\ =t n - 



0.05^ - 0.4# - 3.8f n - 15.6 O.lf* - 0.4# + 15.6 



. Let us take 



0.15^ - 0.8f w - 3.8 0.15^ - 0.8^ - 3.8 

t Q = 12. Then t\ « 15.951220, t 2 » 14.796808, t 3 % 14.646924, t 4 % 14.644481, and t 5 « 14.644480. So the required 

root is about 14.6445, corresponding to approximately 14 h 39 min. Thus, the temperature was 0°F at approximately 

8:39 P.M. 
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29. a. The square of the distance D between the submarine and the sonobuoy is 

2 

D 2 = g (x) = (x- 3) 2 + (y- 0) 2 = (x- 3) 2 + (x 2 + l) = x 4 + 3x 2 - 6x + 10. To minimize D 2 = g (x), we 



calculate g' (x) = 4x 3 + 6x - 6 = 2 (2x 3 + 3* - 3^ = 0. 



b. To solve 2x 3 + 3x - 3 = 0, let / (*) = 2.x 3 + 3x - 3 => /' (x) = 6x 2 + 3. Using Newton's Method, we write 



/fa) _ 



2x^ -\- 3x — 3 4jc^ + 3 

" w - n Choosing xq = 2, we find x\ « 1.296296, x 2 * 0.895339, 



d. 



/'fa) 6a: 2 + 3 6x 2 + 3 

*3 % 0.751740, Jt 4 % 0.735332, and x 5 % 0.735139 % x 6 , so the root is about 0.7351. 

. The distance is D % y/(0.7351) 4 + 3 (0.7351) 2 - 6 (0.7351) + 10 » 2.74 miles. 

The function is g (*) = V* 4 + 3.x 2 — 6.x + 10 (see part a). From the 
graph of g, we find that the absolute minimum of g occurs when 
x ~ 0.738 with a corresponding value of y % 2.739. 




0.0 0.2 0.4 0.6 0.8 1.0 



30. Let f (6) = 0 — 0.5 sin 0 — 1. We want to solve the equation / (0) = 0, so we 

calculate f (0) = 1 - 0.5 cos 0. 

0 W - 0.5 sin 0 n - 1 1 + O.5sin0„ -O.50„cos0„ , 

0„_i_ i = t/,7 = . We take 

" +1 n 1-O.5cos0„ 1-O.5cos0„ 

0 O = 1.5. Then 0! % 1.498701 % 0 2 , so the desired angle is about 1.4987 rad or 

about 85.87°. 



31. 



Let / (r) = Ar + 12k |jl + -) 



■' 1+ 12 



- 1 . Then 




l 



/' (r) = A + 12*(-127V)(l + -) 



r \ -\2N-\ 




— A — 



X2NK 1 1 + -) 



r x — 12iV— 1 



. The iteration formula is 



r n+\ —rn — 



n 



/fa) 
f fa) 



Ar n + 12* | ( 1 + 



12 



- 1 



= r n - 



/ r w \-12iV 
A - 12^ (l + JL) 



-1 



32. Here A = 360,000, * = 2106, and N = 25, so 



r n+\ — r " ~ 



n 



/fa) 
/' fa) 



360,000r„ + 12(2106) [(l + y|) 



r_n_\- 12(25) 
12 



- 1 



= r n - 



360,000 - 12 (25) (2106) (l + ^) 



- 12(25)- 1 



360,000r„ + 25,272 



= r n - 



( 



i + ^)- 3o °-i 

12/ 



360,000- 631,800 (l + -^j 



r„ x -301 



Let us pick r 0 = 0.06 (that is, 6%). Then r { % 0.050930, r 2 « 0.050079, and r 3 % 0.050070. Thus, the rate is about 0.05, 
that is, 5% per annum. 
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33. Here A = 200,000, k = 1287.40, and N = 30, so 



_fiTn)_ 
r n+l — r n ~TT~, 7 — r n 



200,000r„ + 12(1287.4) 



Tn\ -12(30) 
12 



•♦*) - 



f'(r„} ~" / r„ \~ 12(30)- 1 

7 w 200,000- 12(30) (1287.4) (l + -1) 



200,000r„ + 15,448.8 



= r n - 



r n \ -360 



12 



- 1 



-361 



200,000-463,464^1 + 

Let us pick r 0 = 0.05, that is, 5%. Then r\ % 0.070590, r 2 » 0.066850, r 3 % 0.066762, and r 4 % 0.066782. Thus, 
r % 0.067, that is, 6.7% per annum. 



/(*») 



1/3 



34. a. /' (x) = ^x 2 / 3 , so Newton's iteration is x n +\ — x n — y ~ n J — x n ""-2/3 ~ ~^ x n- Now if we pick xo ^ 0 



as 



an initial guess, then x\ — — 2xq, X2 = 4xq, x 3 = —8xq, . . ., x n = (—l) n 2 n XQ, which grows arbitrarily large in absolute 
value as n — > oo . 

b. If x 0 = 1, then / (*o) = / (1) = 1 and f (x 0 ) = f (1) = \, so an 

1 1 9 

equation of the tangent line at (1, 1) is y — 1 = ^ (x — 1) <^> y = j-x + ^. 

Next, with = -2, we find / (-2) = (-2) 1 / 3 = -2 1 / 3 and 

1 



/' (-2) - I ' 



1 " 



0 



3 (-2) 2 / 3 3(22/3) 



, so an equation of the tangent line at 



2 l/3 



+ 2^3 = 



1 



3 (22/3) 



(x + 2) o 



-1 



-2 




-4 -2 



0 



1 2 4 / 3 

y — z tztton x — • The graph of / is shown along with the two 



3 (22/3) 
tangent lines. 



35. a. / (x) = x 3 - l.5x z - 6x + 2 => fix) = 3x z - 3x - 6 => 



_ ^2 



x n+l — x n 



f M 



2x 3 — 1.5x 2 — 2 

— ^ ' — • For me choices xq = — 1 or *o = 2, the 

3-\^2 'ixyi 6 



denominator of is 3xq — 3xq — 6 = 0 and so Newton's method fails. 

b. If jco = -2.5, then x\ % -2.1049383, x 2 « -2.0062395, c. 
jc 3 % -2.0000242, and x 4 % -2.0000000 % * 5 , so r\ = -2. 
If JCO = 1, then x\ = 0.25, x 2 » 0.3142857, x 3 % 0.3138594, and 
x 4 « 0.3138593 % JC5, so r 2 » 0.313859. 

Ifjt 0 = 2.5, then x\ « 3.7857143, x 2 » 3.3159488, * 3 % 3.1943677, 
* 4 % 3.1861770, andx 5 % 3.1861407 % x 6 , so r 3 % 3.186141. 



0 



-5" 



-10 




-2 



0 



Chapter 3 Review 259 





1. a. / (x) < f (c); absolute maximum value 



b. f (c) < f (x); open interval 



2. a. domain; = 0; does not exist 



b. critical number 



c. relative extremum 



3. continuous; absolute maximum value; absolute minimum value 



4. a. (a, b)', f (c) = 0 

5. a. f(x\) < f(x 2 ) 



b. 



/ (P) - f (a) 



b — a 



b. increasing; decreasing 



c. <0 



6. a. /' 



b. > 0 



c. upward; downward 



d. relative maximum; relative extremum 



7. a. values; arbitrarily large; a 



b. values; to L; sufficiently large 



c. arbitrarily large; decreases 



8. a. lim / (x) = ±oo; lim / (x) — ±oo; 
lim / (x) — ±oo 



b. lim / (x) = L; lim f (x) = L 



9. a. M > 0; £ > 0; / (x) > M 



b. M > 0; N;x < N; f (x) > M 




1. f (x) = —x 2 + Ax — 3 is continuous on [—1, 3]. /' (x) — —2x + 4 = 0 <=> * = 2, a critical number of /. / (— 1) = —8, 
/ (2) = 1, and / (3) = 0, so the absolute minimum value is —8 attained at —1; and the absolute maximum value is 1 
attained at 2. 



2. g (x) = i^x^ — x l + 1 is continuous on [0, 2]. So g' (x) = x z — 2* = x (x — 2) = 0 => x = 0 or x = 2, so g has no critical 
number in (0, 2). g (0) = 1 and g (2) = — ^, so the absolute maximum value is 1 attained at 0, and the absolute minimum 
value is — ^ attained at 2. 

3. h (x) = — 6x 2 is continuous on [2, 5]. // (x) = 3x 2 — 12x = 3x (x — 4) = 0 <^> x = 0 or x = 4, so 4 is the only critical 
number of h in (2, 5). h (2) = — 16, h (4) = —32, and h (5) = —25, so the absolute maximum value is —16 attained at 2, 
and the absolute minimum value is —32 attained at 4. 

f (t 2 + l) - t {It) (1 + A (1 _ f ) 

4. / (r) = — is continuous on [0, 5]. /' (t) = = = = — = 0 => t = ±1, so 1 is the only 

' 2 +! (' 2 + l) ( ?2 +!) 

critical number of / in (0, 5). / (0) = 0, / (1) = j, and / (5) = so the absolute maximum value is ^ attained at 1, and 
the absolute minimum value is 0 attained at 0. 



v 2 



1 2 Ax 3 + 2 

5. / (x) — Ax ^ is continuous on [1, 3]. f' (x) = 4 H — ^ = — 



2 



(2* 3 + l) 



X 2 x^ x^ x^ 



1 



— 0 => x = — , so / has no 



critical number in (1, 3). / (1) = 3 and / (3) = so the absolute maximum value is ^4r attained at 3, and the absolute 



minimum value is 3 attained at 1 . 
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6. g (x) = xy/ 1 — x 2 is continuous on [—1, 1]. 

x (l - x2) 1/2 1 = (l - * 2 ) V2 + x ( 1 ) (l - *2)-' /2 (_ 2x) 



✓ w = f 

ax 



x = both critical numbers of g in (-1, 1). g (-1) = 0, g (~^) = - j, g (^) = \, and g (1) = 0, so the 

absolute maximum value is ^ attained at ^ , and the absolute minimum value is — ^ attained at — ^ . 

7. /' (x) = J- (-2.x 3 + 9x 2 - \2x + 6^ = -6x 2 + 18x - 12 = -6 0 - 2) (x - 1) = 0 => jc = 1 or 2, both critical 

numbers of / in (0, 3). / (1) = 1, / (2) = 2, and / (3) = —3. Observe, however, that the interval (0, 3] is open on the left 
and lim / (x) = 6. Since 6 is not attained, there is no absolute maximum value. The absolute minimum value is —3 

attained at x = 3 . 

8. g' (x) = — (x 3 - 2x 2 - Ax + 4^ = 3x 2 - Ax - A = (3x + 2) (x - 2) = 0 => x = -\ or 2, both critical numbers of / 
on (—1, 3). / (— | ^ = ^ and / (2) = —4, but note that although (—1,3) is open at both ends, lim + g (x) = 5, and 

lim g (x) = 1, so g does have an absolute minimum value of —4 attained at 2 and an absolute maximum value of ^ 
attained at — | . 

9. / (x) = cos* — sin* is continuous on [0, 27r]. f (x) — — sin* — cos* = 0 <=> tan* = — 1 => x = ^ or ^ in (0, 2-7r). 
/ (0) = 1, / (^f^ = -V2, / = V2, and / (2tt) = 1, so the absolute maximum value is V5 attained at and 

the absolute minimum value is —\[2 attained at 

10. / (x) = sinlx — 2 sin x is continuous on [— 7r, 7r]. 

/' (x) = 2 cos 2x — 2 cos x = 2 (2 cos 2 x — cos x — 1^ = 2 (2 cos * + 1) (cos x — 1) = 0 <^> cos x = — ^ or cos x = 1 
=> .i- = ± ^ or 0, all of which are critical numbers of / in (-tt, tt). / (-tt) = 0, / (-^r) = / (0) = 0, 
/ (^j-^j = — an d / (tt) = 0, so the absolute maximum value is attained at — ^j-, and the absolute minimum 
value is — ^2 attained at . 

11. f' (x) — —— {^x — sinx^ = j — cosx = 0 <=> x = cos -1 ^) = y» tne on ly critical number of / in (0, y). / (0) = 0, 

f (Tpj = ~ 3 6 +?r ' anc * C 71 ") — "j' but y is not attained because 7r is not in the domain of /. The absolute minimum 
value is ~^^" l " 7r attained at y , and there is no absolute maximum value. 

12. f (x) — ^— (x tanx) = tan* + x sec 2 x — 0 => x = 0, /' (x) < 0 for x < 0, and /' (x) > 0 for x > 0. Since 

dx 

lim / (*) = lim / (x) = 00, we see that / has an absolute minimum value of 0, and no absolute maximum 

(-71-/2)+ X^(7T/2)- 

value. 

13. / (x) = x 3 is continuous on [—2, 1] and differentiable on (—2, 1). So there exists a number c in (—2, 1) such that 

f (c) = 3x 2 = 3c 2 = ^ (1) ~/i~ 2) = 1 ~ ( ~ 8) ^ c = ±1. We reject 1 because it lies outside (-2, 1), so 

x=c 1 — (—2) 3 

c = -1. 

14. g (*) = ^/x is continuous on [0, 4] and differentiable on (0, 4). So there exists a number c in (0, 4) such that 



2 



g'(c)= 1 



2+Jx 



1 g(4)-g(0) 2-0 1 



2Vc 4-0 4 2 
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15. h (x) = x H — is continuous on [1,3] and differentiable on (1, 3). So there exists a number c in (1, 3) such that 

x 



ti (c) = 1 - 



1 



x=c 



h(3)-h (1) 
3-1 



10 _ 2 2 

-2— — = - o c 2 - 1 = ^c 2 => c = ±>/3. We reject -V5 because 



it does not lie in (1, 3), soc = *J3. 



16. / (x) = 



1 



is continuous on [0, 3] and differentiable on (0, 3). So there exists a number c in (0, 3) such that 



r w = - 



i 



2 (x + 1) 3/2 



2 (c + 1) 3/2 



/ (3) ~ / (0) 
3-0 



I _ 1 ! 

2-— = -- <=> (c + 1) 3/2 = 3 <=> c + 1 = 3 2 / 3 
3 6 



c = 1/9- 1. 



17. / (x) = x — sin x is continuous on [0, y] and differentiable on (0, y). So there exists a number c in (0, y) such that 



f (c) = 1 — cosx| x=(: , = 1 — cose — 



/(f)-/(0) f-1 1 2 2 -l/2\ 

VZ/ Z = 1 - = OCOSC = = t=> C = COS 



f-o 



7T 

T 



7T 



7T 



18. g (x) = cos 2x is continuous on [0, y] and differentiable on (0, y). So there exists a number c in (0, y) suc h that 
g' (c) = -2sin2*U =c = -2sin2c = = TT = ™ sin2c = I « c = 2 sin" 1 (#)• 



19. / (*) = 



/' to = 



2 2 

(* + !)-* 1 q / (0) ~ / (-2) 

T~ = 7 7a' f ^ = 



l 



0-2 



= -1 => 



* + 1 " N ' (x + l) z (jc + l) z ' v ' 0 - (-2) ( c + l) 2 2 

(c+ l) 2 = —1, which is impossible. So no such value of c exists. This does not contradict the Mean Value Theorem 
because / is undefined at x — — 1 and thus not continuous on [—2, 0]. 



20. f(x) = \x- 1| = 



(jc — 1) if0<* < 1 
x - 1 if 1 < x < 2 



/(2)-/(0) = 1-1 
2-0 2 



= 0. But /' (x) = 



-1 ifO <x < 1 
1 if 1 < x < 2 



and 



/' (0) does not exist. So there is no value of c in (0, 2) such that f' (c) = tS^l — f_^)_ _ q jbis does not contradict the 



2-0 



Mean Value Theorem, however, because / is not differentiable on (0, 2). 



21. a. / (x) = 7$x 3 — x 2 + x — 6^> f' (x) = x 2 — 2x + \ = (x — \) 2 . f' (x) = 0 gives x = 1, the critical number of /. Now 

/' (x) > 0 for all x ^ 1, so / is increasing on (— oo, oo). 

b. Since f (x) does not change sign as we move across the critical number x = 1, the First Derivative Test implies that 
x = 1 does not give rise to a relative extremum of /. 

c. f" (x) = 2 (x — 1). Setting f" (x) = 0 gives x = 1 as a candidate for an inflection point of /. Since /" (x) < 0 for 
x < 1 and f" (x) > 0 for x > 1, we see that / is concave downward on (— oo, 1) and concave upward on (1, oo). 

d. The results of part c imply that yl 9 —lyj is an inflection point. 

22. a. / (x) = (x — 2) 3 => f (x) = 3 (x — 2) 2 > 0 for all x ^ 2. Therefore, / is increasing on (— oo, oo). 

b. There is no relative extremum. 

c. f" (x) — 6{x — 2). Since f" (x) < 0 if x < 2 and f" (x) > O ifx > 2, we see that / is concave downward on (— oo, 2) 
and concave upward on (2, oo). 

d. The results of part c. show that (2, 0) is an inflection point. 



23. a. / (jc) = x 4 - 2x 



--0+ + 0- -0++ signoff 



/' to = 4x 3 -4x = 4x (x 2 - l) = 4x (x + 1) (x - 1). The sign 

diagram of f' shows that / is decreasing on (— oo, —1) and (0, 1) and 
increasing on (—1, 0) and (1, oo). 



> X 



-1 



0 



1 
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b. The results of part a and the First Derivative Test show that (—1,-1) and (1,-1) are relative minima and (0, 0) is a 
relative maximum. 

l \/3 Tk*» cism + + () 0 + + sign off" 



c. f" (x) = I2x 2 -4 = 4 (3x 2 - ij = 0 => x = The sign diagram + + 0 
shows that / is concave upward on ^— oo, — U oo^ and 

concave downward on ^— 

d. The results of part c show that ^— — ^ and — ^ are inflection points. 



-V5/3 0 V3/3 



4 4 x 2 — 4 

x jc z jc z 



(jt — 2) (jc 4- 2) 



. Setting 



/' not defined 
+ + 0-- 



--0++ sign off 
1 ► x 



-2 0 



f (x) — 0 gives x — —2 and x — 2 as critical numbers of /. f' (x) is 

undefined at x = 0 as well. 

a. / is increasing on (— oo, — 2) U (2, oo) and decreasing on (—2, 0) U (0, 2). 

b. / (—2) = — 4 is a relative maximum and / (2) = 4 is a relative minimum. 

c. /" (jc) = -TJ-. Since f" (x) < 0 for x < 0 and (x) > 0 for x > 0, we see that / is concave downward on (— oo, 0) 

X 

and concave upward on (0, oo). 

d. There is no inflection point. Note that x = 0 is not in the domain of / and is therefore not a candidate for an inflection 
point. 



25. a. / (x) = 



f to = 



x 



x- 1 

(x - 1) (2x) - x 2 (1) 



— 2x x (x — 2) 



. The sign 



/' not defined 



+ +0-- 



H 1" 



0 1 



--0++ sign off 
1 *> x 



(x - l) 2 (jc - l) 2 (x - l) 2 

diagram of f shows that / is increasing on (— oo, 0) and (2, oo) and 
decreasing on (0, 1) and (1,2). 

b. The results of part a show that (0, 0) is a relative maximum and (2, 4) is a relative minimum. 



(x - \) A (2x - 2) - x (jc - 2) 2 (x - 1) 2 (jc - 1) [(* - l) 2 - x (x - 2)] 



C. /" (X) = 



. Since f" (x) < 0 



(x - l) 4 (x - l) 4 (x - l) 3 

if x < 1 and (x) > O ifx > 1, we see that / is concave downward on (— oo, 1) and concave upward on (1, oo). 

d. Since x = 1 is not in the domain of /, there is no inflection point. 



26. a. / (jc) = => f (jc) = i (jc - l)" 1 / 2 = 



1 



2V^1 
(l,oo). 

b. Since there is no critical number in (1, oo), / has no relative extremum. 

c. /"(*) = l (*-l)-3/ 2 = - 1 



. Since f(x) > 0 if jc > 1, we see that / is increasing on 



4 (jc - l) 3 / 2 

d. There is no inflection point because f" (jc) ^ 0 for all jc in (1, oo). 



< 0 if jc > 1, and so / is concave downward on (1, oo). 



27. / (x) = (1 - x) 1 / 3 => /' to = - i (1 - jc)" 2 / 3 = - 



1 



3(1 - jc) 2 / 3 



/' not defined 



sign of f 

x 



a. / is decreasing on (— oo, oo). 

b. There is no relative extremum. 



0 



1 
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2 

c. Next, we compute f" (x) = -§ (1 - x)~ 5 ^ = j-j. We find /"not defined 

9 (* ~*) l + + + + sign off 

/ that is concave downward on (— oo, 1) and concave upward on (1, oo). * ^ x 

0 1 

d. x — 1 is a candidate for an inflection point of /. Referring to the sign diagram for f" , we see that (1, 0) is an inflection 
point. 

28. / (x) = x«Jx~=\ = x(x- l) 1 / 2 

a. /' (x) = x (k) (x - l)" 1 / 2 + (x - l) 1 / 2 = i (x - l)- 1 /2 [x + 2 (jc — 1)] = * ~ , n . Setting /' (x) = 0 gives 

W z 2(x-l) 1/2 

x = |, but this lies outside the domain of /, which is [1, oo). Thus, / has no critical number. Now, /' (x) > 0 for all 
x e (1, oo), so / is increasing on (1, oo). 

b. Since there is no critical number, / has no relative extremum. 



c f" to = \ 



(x - l) 1 / 2 (3) - (3x -2)l(x- l)" 1 / 2 



x - 1 

3x -4 



1 

2 



1 i\-l/2 



^ (x - l) _1 / z [6 (x - 1) - (3* - 2)] 



4(x- l) 3 / 2 

f" (x) — 0 implies that x — ^. f" {x) < 0 if x < | and /" (x) > 0 if * > ^, so / is concave downward on ^1, ^ and 
concave upward on , oo^ . 

d. From the results of part c, we conclude that ^p^is an inflection point of /. 

29. a. / (x) = _^L_ f ( x \ — (-* + x ) (2) — 2* Oj _ ^ — ^ 0 if x 7^ —1. Therefore / is increasing on 

x + 1 0 + l) 2 (jc + l) 2 

(-oo,-l)U(-l,oo). 

b. Since there is no critical number, / has no relative extremum. 

c. f" (x) = — 4 (x + l) -3 = - — T . Since f" (x) > 0 if x < — 1 and f" (x) < 0 if x > —1, we see that / is concave 

(x + l) 3 

upward on (—00, —1) and concave downward on (—1, 00). 

d. There is no inflection point since f" (x) ^ 0 for all x in the domain of /. 

a. Setting f (x) = 0 gives x = 0 as the only critical number of /. For x < 0, f (x) < 0 and for x > 0, f (x) > 0. 
Therefore, / is decreasing on (—00, 0) and increasing on (0, 00). 

b. / has a relative minimum at / (0) = — 1 . 

(l + * 2 ) (2)-2x(2)(l + * 2 )(2*) 2(l+x 2 ) (l+x 2 -4x 2 ^) 2 (?>x 2 - l) 



c. f" to = 



(1+* 2 ) 4 0 + *T 0 + * 2 ) 



and we see that 



x = ±t are candidates for inflection points of /. 

From the sign diagram, we see that / is concave downward on 0+ + + + + 0 sign off" 

(—00, — U {^y, 00^ and concave upward on (—-3^, -\/5/3 0 V3/3 



d. ( — — |^ and — |^ are inflection points of /. 
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31. Put / (x) = x 5 + 5x — 2. Then / is continuous everywhere. Now / (0) = —2 and / (1) = 4, and the Intermediate Value 
Theorem implies that / has at least one real zero on the interval (0, 1). Next, suppose / has two distinct real zeros x\ and 

X2 with x\ < JC2- / is continuous on [x\ , X2] an d differentiable on (x\ , X2), so the Mean Value Theorem implies that there 
exists at least one number c in (x\ , X2) such that = f (c). But / (x^) = f (x\) = 0 <=> /' (c) = 0. Since 

/' (jc) = 5x 4 + 5 > 5 7^ 0 for all x on (— 00, 00), no such c can exist. This contradiction shows that / has at most one zero, 
and so / has exactly one zero; that is, x 5 + 5x — 2 = 0 has exactly one real root. 

32. Put / (x) = x 5 + 3x 3 + x — 2. Then / is continuous everywhere. Note that / (0) = —2 and / (1) = 3>0, and so the 
Intermediate Value Theorem implies that / has at least one zero in (0, 1). The proof that there exists at most one real zero is 

similar to that in Exercise 31. Here f (x) = 5x 4 + 9x 2 + 1 > 1^0. 

x 2 

33. lim = —00. As x approaches 2 from the left, the numerator approaches 4 but the denominator approaches 0 

x^2~ x - 2 

through negative values. Thus, the quotient is negative and becomes arbitrarily large in absolute value. 
l-2x 

34. lim —= = —00. As x approaches —2 from the right, the numerator approaches 5, but the denominator approaches 0 

x->— 2+ x z - 4 

through negative values. Thus, the quotient is negative and becomes arbitrarily large in absolute value. 
2- 3* 

35. lim = —00. As x approaches 3, the numerator approaches —7, but the denominator approaches 0 through 

*->3 (x — 3) z 

positive values. Thus, the quotient is negative and becomes arbitrarily large in absolute value. 

x 2 — x -\- 1 x 2 — x -\- I 

36. lim —= = lim — — = —00. As x approaches 2 from the left, the numerator approaches 3, but the 

x^2~ x 2 -x-2 x^2~ (x - 2) (x + 1) 

denominator approaches 0 through negative values. Thus, the quotient is negative and becomes arbitrarily large in absolute 
value. 

Jx ( x 1 \ 

37. lim — — = lim ( • — = ) = 00. As x approaches 0 from the right, the first factor approaches 1, whereas the 

x^0+ smx x -+o+ \smx *Jx) 

second factor becomes arbitrarily large. 

2x + sinx _ 

38. lim ^— =0. As x approaches -3- from the left, the numerator approaches 7r + 1 and the denominator 

x-Ktt/2)- (tanx) z 

approaches 00, so the quotient approaches 0. 

l-2* + 3x 2 ^-i+ 3 ~ 

39. lim x = lim : = 3 

>oo x l — 1 >oo 1 1 

40. lim , = hm A = 1 

X ^°° y/x 2 - 1 x ->°° /l - J- 

x 2 

^2-x [2 r 



41. lim ^ 2 * = lim ^ = lim * * 2 , X = 0 

x—>—oo x + 2 x—>—oo x -\- I x — > —00 



X X 

1- * 1- 1 1 

42. hm — lim — — — 

x— »— 00 sin x — 2x x-^-00 $ mx _ 9 2 

43. lim — i — = lim — 1 — = 0 and so y = 0 is a horizontal asymptote. Since the denominator is equal to zero at 

2x + 3 *->oo2* + 3 

x = — I but the numerator is not, we see that x = — | is a vertical asymptote. 

9 9 
JC -|- X X -\- X 

44. lim —= = lim = 1, so v = 1 is a horizontal asymptote. Next observe that the denominator is equal to 

X^-OO x z — X x ^ > °° x l — X 

zero at x — 0 and at x — 1. Since the numerator is not equal to zero at x — 1, we see that x — 1 is a vertical asymptote. 
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45. 



/ (x) = x 2 - Ax + 3 

(1) The domain of / is (— oo, oo). 

(2) x 2 — Ax + 3 = (x — 3) (x — 1) = 0 => x = 1 and 3 are the * -intercepts. 
The y -intercept is 3. (3) There is no symmetry with respect to the y-axis 
or the origin. (4) lim / (x) = lim / (x) = oo (5) There is no 

Jt— >— oo x— >oo 

asymptote. (6) /' (x) = 2x - A = 2 (x - 2) = 0 <^> x = 2, the critical 

number of /. From the sign diagram for we see that / is decreasing on 
(— oo, 2) and increasing on (2, oo). (7) / has a relative minimum at 2 

with value / (2) = -1. (8) f" (x) = 2 > 0 for all x on (-co, oo), so / 
is concave upward on (— oo, oo). (9) There is no inflection point. 



(10) 



1 



0 + + + + + sign of/' 



> x 




i — i — i — i — i — i — > 

X 



46. / (x) = 2x 3 -6x 2 + 6x + 3 

(1) The domain of / is (— oo, oo). (2) The y-intercept is 3. The 
x -intercept cannot easily be found. (3) There is no symmetry. 

(4) lim f (x) = — oo and lim f (x) = oo. (5) There is no 

>-oo x— >oo 

asymptote. (6) f (x) = 6x 2 - \2x + 6 = 6 (x - l) 2 = ()<=} x = 1. 

From the sign diagram for we see that / is increasing on (— oo, oo) 

(7) / has no relative extremum. 

(8) f" (x) = 12* - 12 = 12 (jc - 1) = 0 <=> x = 1. From the sign 

diagram of f", we see that / is concave downward on (-co, 1) and 
concave upward on (1, oo) (9) / has an inflection point at (1, 5). 



0 + + + + + sign off" 

+ + + + + 0 + + + + + sign off 



(10) 



o 



i 




47. g (x) = 3x 4 - Ax 3 

(1) The domain of g is (-oo, oo). (2) g (x) = x 3 (3x - 4) = 0 <^> 

x = 0 or |, the * -intercepts. The y-intercept is 0. (3) There is no 

symmetry. (4) lim g (x) = lim g (x) = oo (5) There is no 

x— >-oo x— >oo 

asymptote. (6) g' (x) = \2x 3 - \2x 2 = \2x 2 (x - 1) = 0 <=> x = 0 or 

x — 1, the critical numbers of /. From the sign diagram for g\ we see that 
g is decreasing on (— oo, 1) and increasing on (1, oo). (7) g has a 
relative minimum at (1, —1). 

(8) g" (x) = 36x 2 - 2Ax = \2x (3x - 2) = 0 o x = 0 or \. From the 
sign diagram of g" , we see that g is concave upward on (— oo, 0) and 

0 , oo^ and concave downward on ^0, (9) g has inflection points at 



(0,0) and 



+ + 0 
- - 0 



- 0 + + + + sign of cj 
0 + + sign of g' 



(10) 



o 



2 
3 



> x 



1 
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48. h(x) = 2x + 3/x 

(1) The domain of h is (— oo, 0) U (0, oo). (2) There is no intercept. 
(3) h (—x) = —2x — 3/x — —h (x), so the graph of h is symmetric with 
respect to the origin. (4) lim h (x) = — oo and lim h (x) = oo. 

(5) x = 0 is a vertical asymptote. There is a slant asymptote of y = 2x, 
since lim [h (x) — 2x] — lim (3/x) = 0. 



(6) h'(x) = 2--r = 



X 



2x L -3 



x 



h is increasing on 



. From the sign diagram for h\ we see that 



oo } and decreasing on 




(-71.°) 



and 




— oo, — and 

• (7) /* has a relative maximum at with 



(10) 



h' and /z" not defined 



+ + 0 



+ + + + + sign of h" 
0 + + sign of h' 

1 ► x 



o 



^1 
2 




H 1 1 h 



1 1 1 1 1 h 



1 



value roughly —4.9, and a relative minimum at y | with value roughly 4.9. 

(8) ft" (x) — ^—(2 — 3x~ 2 \ = 6/x 3 . From the sign diagram of h" , we see that h is concave downward on (—00, 0) and 

ax \ J 

concave upward on (0, 00). (9) h has no inflection point. Note that 0 is not in the domain of h. 



49. 



f{x) = x 2 + \/x 

(1) The domain of / is (—00, 0) U (0, 00). (2) The x -intercept is 
(3) There is no symmetry. (4) lim f (x) = lim f (x) = 00 



-1 



, 1 2x 3 - 1 
(5) x = 0 is a vertical asymptote. (6) f (x) = 2x T = ^ — = 0 



X 2 X 2 



o x = -4=, and /' (0) is not defined. From the sign diagram for we 

v2 



(10) 



see that / is decreasing on (—00, 0) and 



(»•*) 



and increasing on 



("^f 9 °°) ^ ^ ^ S a re ^ at * ve mm i mum at ~3~^ w ^ m vame about 1 .9. 

d ( l\ 2 2(l + x 3 ) 



= 0oi = -l. 

From the sign diagram of we see that / is concave upward on 
(—00, —1) and (0, 00) and concave downward on (—1, 0). (9) / has an 
inflection point at (— 1 , 0) . 



/' and /" not defined 



+ + 0 



+ + + + + 
- - 0 + + 



sign of f" 
sign of /' 



-1 



0 



J_ 
V2 



x 
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50. / (*) = 



1 + x 2 

(1) The domain of / is (— oo, oo). (2) The y-intercept is 2; there is no 

2 2 

= / (x), so the graph 



* -intercept. (3) f (—x) = — . 

1 + (-x) 2 1 + x 2 

of / is symmetric with respect to the y-axis. 

(4) lim / (x) = lim / (x) = 0 (5) From (4), we see that y = 0 is a 



horizontal asymptote. 
(6) /'(*)= 



2(l+x 2 ) 



-1 



4* 



= 0 <=> x = 0, the 



(l+* 2 ) 

critical number of /. From the sign diagram for f', we see that / is 
increasing on (— oo, 0) and decreasing on (0, oo). (7) / has a relative 
maximum at (0, 2). 

2 



(10) 



+ + o 



+ + + + + 0 



0 + + sign off" 



sign of /' 



73 o 



3 



H 1 1 h 



(8) /" (x) = -4 



x 



_(1+* 2 ) . 



-4 



(l+* 2 ) - x (2) (l + x 2 ) (2jc) 



(l + * 2 ) 




■t — I — I — I — I — I — I — > 

1 x 



4 ( 3x2 - 0 j% 

— i -Z. =0«^= ±X2. From 



the sign diagram of we see that / is concave upward on ^— oo, 

{-ir>ir)- (9) f has inflection p° ints at (± ' i) • 



and 



(#00) 



and concave downward on 



51. / (x) = 



X 



2 



x 2 - 1 

(1) The domain of / is (-oo, -1) U (-1, 1) U (1, oo). (2) The x- and 



(-*) 



2 



x 



= f (x), so 



v-intercepts are 0. (3) / (— x) = - 0 — 0 

(-x) z - 1 x l - 1 

there is symmetry with respect to the y-axis. 

(4) lim / (x) — lim / (x) = 1 (5) x = ±1 are vertical 

x— >— oo x—>oo 

asymptotes. From (4), we see that y = 1 is a horizontal asymptote. 



(6) r (a = 



(x 2 - l) (2x) - x 2 (2x) 



2x 



. From the sign 



{x 2 -\y (* 2 -i) 

diagram for f , we see that / is increasing on (— oo, — 1) and (—1,0) and 
decreasing on (0, 1) and (1, oo). (7) / has a relative maximum at (0, 0) 



(8) /" (*) = -2 



d 



x 



dx ( x 2 _ i\ 



2 



= -2 



(jc 2 — l) 2 — jc (2) (-^ 2 -l) (2jc) 



(x 2 - 1) 



4 



(10) 



/ ' and /" not defined 

/ \ 



+ + 
+ + 



+ + 0 - - 



+ + 



sign of f" 
sign of /' 



> x 



-1 



0 



I 



H 1 h 




2 fox 2 + l) 

— ~. From the sign diagram of f", 

(x 1 — 1) 



we see that / is concave upward on (— oo, —1) and (1, oo) and concave downward on (—1, 1) (9) / has no inflection 
point because ±1 lie outside the domain of /. 
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52. / (x) = 



x 



X 4 + 1 



(1) The domain of / is (— oo, oo). (2) The x- and y-intercepts are 0. 



(3) / (-*) = 



(-*) 



x 



(-x) 4 + 1 x 4 + 1 



= / (x), so / is symmetric with 



respect to the y-axis. (4) lim / (x) = lim / (x) = 0 (5) From 

x—>-oo >oo 

(4), we see that y = 0 is a horizontal asymptote. 



(10) 



(6) f (x) = 



(x 4 + l) (2x) - x 2 (4x 3 ) 2x (l - x 4 ^j 

(- 4 + l) 2 = 
2x (l + x 2 ) (1 -jc)(1+jc) 



(x 4 + 1) 



= 0^ 



(,4 + 1)^ 

x = ±1 and 0 are critical numbers of /. From the sign diagram for we 
see that / is increasing on (— oo, —1) and (0, 1) and decreasing on (—1, 0) 
and (1, oo). 

(7) / has relative maxima at ^±1, ^ and a relative minimum at (0, 0). 



+ + 0--0 + + 0--0 + + 
+ + + 0 0+ + 0 



sign of f" 
sign of f 



■* — i- 
A _ 



1 f 0 t 1 f 



-0.54 



1.41 



-1.41 



0.54 




(8) /" (*) = 2 



x — x 



( x 4 + j) 2 _ 5x 4j _( x _ x 5^ (2) ^4 + ^ ^ 

2 (x 4 + l) [(x 4 + l) (l - 5x 4 ) - 8x 3 (x - x 5 )] 2 (3x 8 - 12x 4 + l) 



> 4 +0 - 



(x 4 + 1) 



(* 4 + 1) 



Setting /" (x) = 0 gives x 4 = 12± VH4 12 ^ so ^ ±1.41 or ±0.54. From the sign diagram of /", we see that / is 
concave upward on approximately (— oo, —1.4), (—0.54, 0.54), and (1.4, oo); and concave downward on approximately 
(- 1 .4, -0.54) and (0.54, 1 .4). (9) / has inflection points at approximately (- 1 .4, 0.4), (-0.54, 0.27), (0.54, 0.27), and 
(1.41,0.4). 



53. /(*) = (!-*) 1/3 

(1) The domain of / is (—00, 00). (2) The x- and y-intercepts are both 

1 . (3) There is no symmetry. (4) lim / (x) = 00 and 

x—>—oo 

lim / (x) = — 00. (5) There is no asymptote. 



(6) /' (x) = A (1 - *r 2/3 (-1) = - 



1 



. From the sign 



3(1 -x) 2 / 3 

diagram for we see that / is decreasing on (—00, 00). (7) / has no 
relative extremum. 

2 



. From the 



(8) /" (x) = - 1 (-§) (1 - x)-V3 (-!) = -—_ x)5/3 

sign diagram of f ,f , we see that / is concave downward on (—00, 1) and 
concave upward on (1, 00) (9) / has an inflection point at (1,0). Note 

that although 1 is not in the domain of f /f , it is in the domain of /, and the 
concavity of / changes there. 



(10) 



/' and /" not defined 

+ + sign off" 
sign of /' 

► x 



0 



1 




H 1 1 ■ 



I 1 1 1 1 h- > 

2 3 4 a- 
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54. g (x) = x + cosx, 0 < x < 2-7T 

(1) The domain of g is [0, 27r]. (2) If x = 0, then y = 1, giving the 
y-intercept as 1. The x -intercept, if there is one, is difficult to find. 
(3) There is no symmetry. (4) Not applicable (5) There is no 

asymptote. (6) g' (x) — 1 — sin x = 0 <=> sin x = 1 <=> x = y in 

(0, 2-7r). From the sign diagram for g' , we see that g is increasing on 
(0, 2-7r). (7) g has no relative extremum. (8) g" (x) = — cos x = 0 

x = y or ^ in (0, 27r). From the sign diagram of g", we see that g is 
concave downward on (0, y) and 27r^ and concave upward on 

(f ' ¥)• W * has inflection P° ints at (f ' f ) and (¥' ¥)• 



(10) 



--0++++0-- 
++0+++++++ 

f- 



sign of g" 
sign of cj 



0 f 



77 



3tt 



-H* A 

2tt 




55. /z (x) = 2sinx — sin2x, 0 < x < 2n 

(1) The domain of h is [0, 27r]. (2) h (0) = 0, so the y-intercept is 0. 
There are x-intercepts at 0, 7r, and 2-7T. (3) There is no symmetry. 
(4) Not applicable (5) There is no asymptote. 

(6) h' (x) = 2 cosx - 2cos2x = 2 cosx -2 (2cos 2 x - = 0 ^> 



2 cos 2 x — cos x — 1 = (2 cos x + 1) (cos x — 1) = 0 



x — 2 ' 3 ' or 



7T. From the sign diagram for we see that / is increasing on ^0, 
and (^j-, 27r^ and decreasing on (^j-, (7) /z has a relative 

maximum at (^j-, ^y^) an d a relative minimum at (^y, — ^p)- 



(8) /z" (x) = — 2sinx + 4sin2x = — 2sinx + 8sinx cosx = 0 



(10) 



+ 0- -0++0- sign of/*" 
+ + + 0 0+ + + sign of h' 



H h 



0 | 



277 _ 4 77" 

IT 77 IT 



1.32 



| 2tt- 
4.97 



sinx (1 — 4 cosx) = 0 <=> x = cos 1 | ~ 1.32, 7r, or 

27T — cos -1 ^ % 4.97. From the sign diagram of h" , we see that h is concave upward on approximately (0, 1.32) and 
(-7T, 4.97) and concave downward on approximately (1.32, 7r) and (4.97, 27r). (9) h has inflection points at approximately 
(1.32, 1.46) and (4.97, -1.44) and exactly (tt, 0). 




56. / (x) = 



1 



1 — sinx 



3?T 57T 

, — 2~ ^ a <~ — 2~ 



(1) The domain of / is , y) u (?> ^?)* ^ If x = 0, then y = 1, so 1 is the y-intercept. There is no x-intercept. 

(3) There is no symmetry. (4) Not applicable (5) The denominator of / is 0 at — , y , and , but the numerator is 



nonzero. Thus, x = — y^, x = y, and x = ^ are vertical asymptotes. (6) /' (x) = 



5tt 



cosx 



or ^j-, and /' is undefined at x = y . From the sign diagram for we 
see that / is decreasing on ^— yt, — y^ and ^y, y^ and decreasing on 

(-f.f)- d (¥>¥)• 



(1 — sinx) 2 

/' not defined 



= 0 



x — TJ" 



- - 0 + + 



- - 0 + + 



sign of /' 



377" 



H h 



7T 



77 

2 



3tt 



A 

5tt 
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(7) / has relative minima at ^— ^, and ^j. 



(10) 



(8) f" (x) = 



(1 — sin*) 2 (— sinx) — (cos*) 2 (1 — sinx) (— cosx) 



9 

sin x + sin x — 2 
(1 — sinx) 



(1 — sinx) 4 



> 0 on its domain. 



Thus, / is concave upward on ^— and , (9) / has no 



inflection point. 



i h 




— 77 




H 1 1 

77 277 



377 



57. fl' (x) = fc^-Jt (M - jc) = k [(M - x) + jc (-1)] =k(M - 2x). Setting fl' (*) = 0 gives M-2x = 0^>x = M/2, a 

ax 

critical number of R. Since /?" (x) = —2k < 0, we see that x — M/2 gives a maximum; that is, R is greatest when half of 
the population is infected. 



58. 



P' (x) = — f-0.000002x 3 + 6x - 350) = -0.000006.x 2 + 6 = 0 <^ x = ±1000. We reject the negative root. Since 
ax \ J 

P" (x) = -0.000012* and P" (1000) = -0.012 < 0, we see that P has an absolute maximum at 1000 with value 
P (1000) = -0.000002 (1000) 3 + 6 (1000) - 350 = 3650, corresponding to $3650 per day. 



59. a. P' (0 = -0.0006; 2 + 0.036? - 0.36 = 0 t 2 - 60t + 600 = 0, so 



t = 



60±,/(-60) 2 -4(l)(600) 



12.7 or 47.3. We reject the latter root 



0 + + + 



because it lies outside [0, 30]. The sign diagram for P' shows that P is 
decreasing on (0, 12.7) and increasing on (12.7, 30). 

b. The absolute minimum of P occurs at t = 12.7 and P (12.7) & 7.9. 

c. The smallest percentage of women over 65 in the workforce was about 7.9% in late 1982. 



-( - 

0 12.7 



sign of F 
> x 



30 



60. The distance between a point (x, y) on the graph of y = x 2 + 1 and the point (3, 1) is 

d = yj(x-3) 2 + (x 2 + 1- l) 2 = y/x 4 + x 2 - 6x + 9. It suffices to minimize d 2 = f (x) = x 4 + x 2 - 6x + 9 
f' (%) — 4x 3 + 2x — 6 = 2 ^2x 3 + x — 3^ . By inspection, x = 1 is a root of 2x 3 + x — 3, so we use long division: 



2x 2 + 2x + 3 



x- 1 



2x 3 + x - 3 

2x 3 - 2x 2 

2x 2 + x - 3 
2* 2 - 2x 

3x - 3 
3x - 3 
0 



Thus /' (*) = 2 (x - 1) ^2x 2 + 2* + 3j=0<=>x = l,and since f" (x) = I2x 2 + 2 > 0, we see that 1 gives the absolute 
minimum of /. The required point is (1, 2). 
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2 2 

61. A = 4xy, but from 1 = 1, we have y — iv 100 — x 2 . Thus, 

100 16 D 

A = / (jc) = |jc (lOO - jc 2 ) , 0 < x < 10 => 

/'(*) = | ^ioo-jc 2 ) 1/2 + *(z) (i00-jc 2 )~ 1/2 (-2jc) 

8/ 9\-v 2 r/ 7 \ on s(ioo-2x 2 ) 
= |(ioo-, 2 ) [(ioo-, 2 )-, 2 ] = ^_^ 




Setting /' (jc) = 0 gives x = V50 = 5V5. Now A (0) = 0, A (5>/2) = 80, and A (100) = 0, so / is maximized at 



x = 5\fl. The required dimensions are 10^2 x A\fl. 



62. Let x and y denote the two numbers. Then x + y — 8. We want to minimize S = jc- 3 + y or, equivalently, 

/ (x) = x 3 + (8 - jc) 3 . We calculate f (jc) = 3x 2 + 3 (8 - *) 2 (-1) = 48 (jc - 4). Setting /' (x) = 0 gives jc = 4, and so 
/ has a critical number 4. Since (4) = 481^=4 > 0, we see that / does have an absolute minimum at x — A. So the 
required numbers are 4 and 4. 



63. We want to minimize D 2 = x 2 + y 2 subject to y = (x — 3) 2 . So we want 
to minimize f (x) — x 2 + (x — 3) 4 . We calculate 

/' (jc) = 2x + 4 (jc - 3) 3 = 4jc 3 - 36jc 2 + HOjc - 108 



= 2(2jc 3 - 18x 2 + 55jc-54) 



By trial and error, we see that x = 2 is a root of /' (^) = 0. Using long 



division, we see that f (jc) = 2 (jc - 2) (lx 2 - \4x + 27^. We see 



that 



jc — 2 



2jc 2 



— 14jc 



27 



2jc 3 
2jc 3 



18jc 2 + 55jc 
4jc 2 



- 54 



14jc 2 + 65jc 
14jc 2 + 28jc 



- 54 



27jc - 
27jc - 



54 
54 



0 



x = 2 is the only real root of f' . Since 

/" (2) = 2 (6x 2 - 36jc + 55) I = = 14 > 0, we see that jc = 1 gives rise to a relative (and therefore absolute) minimum 
of /. So the required point is (2, 1). 



64. If D denotes the distance between (5,-1) and a point (jc, y) on the 

2 

parabola, then D 2 = (jc - 5) 2 + [y - (-1)] 2 = (jc - 5) 2 + (jc 2 + l) . 
To minimize D, it suffices to minimize 

2 

D 2 = f (jc) = (jc - 5) 2 + (x 2 + l) . 

/' (jc) = 2 (jc - 5) + 2 (x 2 + l) (2jc) = 4jc 3 + 6jc - 10. Using a graphing 

calculator or a CAS, we find the jc = 1 is a root of this last equation. Using 
long division to factor 4jc 3 + 6jc — 10, we see that 



Ax 



+ 4jc + 10 



Now 



jc- 1 



4jc 3 + 6jc - 10 
4jc 3 — 4jc 2 

4jc 2 + 6jc - 10 
4jc 2 - 4jc 

10jc - 10 

10jc - 10 
0 



f (jc) = (x - 1) (Ax 2 + 4jc + 10) = 2 (jc - 1) (2jc 2 + 2jc + 5). Setting f (jc) = 0 gives 1 as the only critical number of 

/. Since f" (jc) = 12jc 2 + 6 > 6 for all jc, the graph of / is concave upward. So the critical number 1 gives the absolute 
minimum value of /. Therefore, the required point is (1, 1). 
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65. a. 



30000 



25000 " 



20000 




0 



10 



15 



b. 



D' (0 = -34.1925? 2 + 571.982; - 1467.73 = 0 => t = 3.16 or 
t = 13.56. Since D (0) = 23, 755, D (3.16) % 21, 613, 
D (13.56) % 28, 021, and D (18) % 23, 527, we see that the system 
capacity of 3 1 ,000 MW was not exceeded. 



66. a. 



1000 -- 



500" 



0 




b. N' (t) = 5.0304? 3 - 79.07k 2 + 255.96? + 82.3 

N" (t) = 15.0912? 2 - 158. 142? + 255.96 = 0 => t % 2 or t % 8.48 
We reject the root 8.48 since it lies outside the interval [0, 8]. From 
the graph of N, we see that 2 gives rise to an inflection point of N, 
and therefore we conclude that the number of canceled flights was 
increasing at the fastest rate on February 8. 



0 



8 



c. N f (t) = 0 => t % -0.29, t % 5.09, or t % 10.92. Only the root t = 5.09 lies in the interval [0, 8]. From the graph of N, 
we conclude that the maximum number of canceled flights is given by N (5.09) = 1 146. 



67. V (0 = ^_ (1 - cos 3£) V (t) = £ sin ^ • f = § sin 2™ = 0 <^> ^ = rnz <^> t = 2n, 

n = 0, 1, 2, 3, . . .. So 0, 2, 4, . . . , 2w, . . . are the critical numbers of V. V" (t) = | cos ^ • ^ = ^ cos Now 



V" (n?r) = 



> 0 if n is even 
< o if n is odd 



So by the Second Derivative Test, the rate of flow of air is at a minimum when 



t = 0, 4, 8, 12, . . ., and at a maximum when f = 2, 6, 10, 14, 



68. Let each square that is cut out have side length x . Then the dimensions of the 

box are 8 — 2x by 8 — 2x by x, and its volume is V = / (x) = x (8 — 2x) 2 . We 

want to maximize / on [0, 4], so we calculate f' (x) — (8 — 2x) 2 + 

x (2) (8 - 2x) (-2) = (8 - 2x) [(8 - 2x) - 4x] = (8 - 2x) (8 - 6x) = 0 ^ 

x = 4or^.x = |i sa critical number in (0, 4). / (0) — 0,f y^j — -^7^, and 

f (4) = 0, so x = ^ yields an absolute maximum for /, and the dimensions of 
the box should be -y x ^ x | in. 

















t 

8 -2x 

l 












<- 8 - 2x 






8-2* 
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69. The cost is C = 2 (0.30) (lx 2 ^ + 2 (0.20) (2xh + xh) = \.2x 2 + \.2xh, but 
2x 2 /z = 4 ^ /r= 4r => C = / (*) = \.2x 2 + — , * > 0 => 



2.4 



f (x) — 2 Ax '-7T- = 0 <=> a 3 = 1 => * = lisa critical number of /. 



x 



f" (x) — — - > 0 for x > 0, so the graph of / is concave upward, and the 



4.8 



x 



critical number 1 gives the absolute maximum of /. The required dimensions 
are 1' x 2! x 2! . 



70. Let the cost of the material for the side be $a /ft. Then the cost for the top and 
bottom is $2a/ft, and the total cost is C = 27rr 2 • 2a + 2nrh • a. But 



2 h = 32tt o/i = ^,soC = / (r) = 4nar 2 + r > 0 



32 



64na 



64na o 
/' (r) = 87mr — = 0 ^ Snar 3 = 64na ^> r = 2. 



/" (r) = 8™ + 



1287TA 





> 0 for r > 0, so / is concave upward and r — 2 gives the absolute minimum value of C. The 



32 32 

corresponding height is -y = = 8 ft. 



71. The distance from the center of the table to a corner is \[2 ft. From the figure, 

k sin 0 

I (0) = — t; — , where k is the constant of proportionality. But d = 



rf2 



kh / r.\ 

so since sin 0 = I (h) — —r = kh (2 + h z ) 



-3/2 



/' (/t) = * 



( 2 + ,2)- 3 / 2 + ,(_3)( 2 + , 2 ) 



-5/2 



(2/z) 



/ 7\" 5 / 2 / 2 ? x 2/:(l-/z 2 ) 
= k\2 + h 2 \ \2 + h 2 - 3h 2 ) = — ^ Ur = 0 




+ + + + + 0 sign of/' 

1 > h 



0 



1 



(2 + /* 2 ) 5/2 

h = 1, a critical number. From the sign diagram for I' , we see that h — 1 gives rise to a relative maximum of I. Since there 
is only one critical number in (0, oo), we conclude that h = 1 actually gives the absolute maximum value of I. So the light 
should be placed approximately 1 ft above the table. 



72. The length of the wire is 



L (x) = v 7 * 2 + 120 2 + ^(500 - x) 2 + 300 2 

. , x x 500 — x 

V (x) = 



(* 2 + 120 2 ) 1/2 [ (500 - x) 2 + 300 2 ] 



1/2 



= 0o 



(500 - x) 



x 2 + 14,400 (500 - x) 2 + 90,000 



300 ft 




k — x — »k — 500 — x — *l 



x L (500 - x) 2 + 90,000x z = x L (500 - x) L + 14,400 (500 - x) L o 90,000x z = 14,400 (500 - x) L o x = ^ ft. 
L (0) % 703.1, L f-^) « 653.0, and L (500) % 814.2, so the stake should be placed ^ % 142.86 ft to the right of the 



2 



2 



1000 



shorter tower. 
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73. /' (x) — — (x 3 + 2x + 2 ) = 3x 2 + 2, so we have x n+ \ — x n — ^— ^ = — ^ . Taking xn — —0.5, we have 

dx \ / + 9. Irf 4-9. 



% -0.81818, x 2 « -0.77226, and x 3 « -0.77092 % x 4 , so the root is approximately -0.7709. 

d ( 4 i _ ^ ^ 3 i 1 l x„+x n —4 _ 3x 4 + 4 

|+1 " 4x1 + 1 

X! = 1.4, x 2 « 1.29633, x 3 % 1.28394, and x 4 % 1.28378 % x 5 , so the root is approximately 1.2838. 



d / \ x + x w — 4 3x + 4 
74. /' (x) = — (x 4 + x — 4) = 4x 3 + 1, so we have x n ^.\ = x n — = — \ . Taking xq = 1, we have 

dx \ ) 4x2 4-1 4xi 4- 1 



*'r\ d (2 ■ \ o u x^-sinx^ x 2 - XfI cosx^ + sinx„ 

75. / (x) = — I x — sin x ) = 2x — cos x, so we have x^+i — x n — = . Taking 

dx \ / 2xr, — cos Xn 2x n — cos x„ 



2x n — cos x w 2x 7 ? — cos x n 

x 0 = ^ , we have X! % 0.88990, x 2 « 0.87694, and x 3 « 0.87673 % x 4 , so the root is approximately 0.8767. 



76. / (x) = ax 2 + 6x + c => f (x) = 2ax + b = 2a(x + Then f is 0+ + + + + signof / 

v 1 ► X 

continuous everywhere and has a zero at x — — — . If a > 0, / is decreasing on ^ 

2a 

/ & \ / b \ 

( — 00, ) and increasing on ( ,00 I, and if a < 0, / is increasing on 

\ 2a J \ 2a J 

( *> \ , , • / b \ 
( — 00, ) and decreasing on ( , 00 ). 

\ 2a J \ 2a J 



Sign diagram for a > 0 

+ + + + + 0 sign off 

' > x 

-b/2a 

Sign diagram for a < 0 



77. / (x) = x 2 + ax + b => /' (x) = 2x+a. We require that f (2) = 0, so (2) (2) + a = 0 a = -4. Next, / (2) = 7 

implies that / (2) = 2 2 + (—4) (2) + b and b — 1 1, so / (x) = x 2 — 4x + 1 1. Since the graph of / is a parabola that opens 
upward, (2, 7) is a relative minimum. 

78. / (x) = x 4 + 2x 3 + cx 2 + 2x + 2 => /' (x) = 4x 3 + 6x 2 + 2cx + 2 => /" (x) = 12x 2 + 12x + 2c. For / to be concave 
upward everywhere, we require that f" (x) > 0 for all x on (-co, 00) . This is true provided the discriminant b 2 — 4ac < 0 
^144-4 (12) (2c) <0<=>c> \. 

79. f (x) = 6ax 5 + 4bx 3 + 2cx => f" (x) = 30ax 4 + \2bx 2 + 2c > 0 for all values of x. This shows that the graph of / is 
always concave upward, and so it cannot have an inflection point. 

80. a. /' (x) = 3x if x 7^ 0. We see that f (x) > 0 for x < 0 as well as for x > 0. In other words f' (x) does not change sign, 
b. / (0) = 2 and is larger than / (x) for x near x = 0. Therefore, / has a relative maximum at x = 0. This does not 

contradict the First Derivative Test because / is not continuous at x = 0. 




1. /(*) = 



-x 3 - (x - l) 3 ifx < 0 
x 3 - (x - l) 3 if 0 < x < 1 
x 3 + (x - l) 3 ifx > 1 



-3x 2 -3(x- l) 2 ifx <0 
3x 2 -3(x - l) 2 if 0 < x < 1 
3x 2 + 3(x - l) 2 ifx > 1 



f (x) < 0 if x < 0 and f (x) > 0 if x > 1. For 0 < x < 1, 
/' (x) = 3x 2 - 3 (x 2 - 2x + = 6x - 3 = 0 <=> x = \. 

From the sign diagram for we see that / has a relative minimum at ^ 
with value / ( = ^. Therefore, the absolute minimum value of / is ^. 



0 + + + + + sign off 



> x 



1 



2 
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2. r (x) = 



d_ I" (x + a) (x + b) 
dx _ (x — a) (x — b) J 



(x -a)(x- b) [(x + b) + (x + «)] - (x + a) (x + 6) [(x - 6) + (x - a)] 



(x — a) 2 (x — b) 



2 



(x 2 - a 2 } (x-b) + (x 2 - b 2 } (x-a)- (x 2 - a 2 } (x + b)- (x 2 - b 2 } (x + a) 

(x - a) 2 (x - b) 2 
(x 2 - a 2 } (-2b) + (x 2 - b 2 } (-2a) 2(a + b) (x 2 - ab^j 

(x- a) 2 (x - b) 2 



(x - a) 2 (x - b) 2 
Ifa + b^O, then /' (x) = 0 o x 2 = ab. 

If ab < 0 (a and b have opposite signs), then / has no critical number 

If ab = 0 (one of a and Z? is 0), then 0 is a critical number. In this case f'(x) — — 
as we move across 0, and so 0 does not give rise to a relative extremum. 



2(a-\-b)x 



(x - a) 2 (x - b) 2 



does not change sign 



If ab > 0 (a and b have the same sign), then / has critical numbers at ±^/ab. We have two subcases: 
i. a + b > 0 



0+ + + + + + + + + + 



/'not defined 
+ + 0 



sign of /' 

*- x 



—Jab 



0 



a \fab b 



The sign diagram shows that / has a relative minimum at —\fa~b with value / ^— \fab^ 



—Jab + a 



) {-Jab + b} 



and a relative maximum at Jab with value / (jTib^ — 



(jab + a^j (jab + 
(jab — a^ (jab — bj 



(—Jab — a^ (—Jab — bj 



ii. a + b < 0: The sign diagram for /' is the opposite of the one in case I, and / has a relative maximum at — Jab and a 
relative minimum at Jab. 



9 9 

3. The graph of x + xy + y — 3 is described by the two functions y = 



-x ±Jx 2 -4 (x 2 - 3) -x± J 3 (4 - x 2 ) 



2 2 

The common domain of these functions is [—2, 2]. To find the maximum and minimum values of these functions, we need 

2jc i 

to find y' . But it is easier to use implicit differentiation: 2x + xy' + y + 2yy' ~{)^y' — . Setting y' = 0 gives 

x + 2y 

y = — 2x, and substituting this into the original equation gives x 2 + x (—2x) + (— 2x) 2 = 3 <=> x = ±1, the critical 
numbers. The corresponding points on the curve are (—1,2) and (1, —2). Also, note that y' is undefined if x + 2y = 0, so 



we solve the system 



x + 2y = 0 
x 2 + xy + y 2 = 3 



giving x = ±2. The corresponding points are (—2, 1) and (2, —1). We 



conclude that the highest point on the curve is (—1, 2), and the lowest point is (1, —2). 



4. If n — 1 or if y — x, then the inequalities are obvious. So suppose that n > 1 and 0 < x < y. Define f (t) = t n for n > 1. 
Then / is continuous on [x, y] and differentiable on (x, y). By the Mean Value Theorem, there exists a number c in 

f(y)-f(x) y n -x n 



(x, y) such that (c) = 



. But /' (f) = n**- 1 and /" (?) =n(n-l) t n ~ 2 > 0 for all t if 



y — x y — x 

n > 1. This implies that /' is increasing on (0, oo) and in particular, in (x, y). Therefore, /' (x) < /' (c) < f (y) <=> 

nx n ~ x < < ny n ~ x o nx n ~ l (y — x) < y n — x n < ny n ~ l (y — x). 

y-x 
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5. a. Define the function / by / (x) = 1 + x p — (1 + x) p for x > 0. Then 

f' (x) — px p ~^ — p (1 + = p — : : > 0 for all * in (0, oo), since 1 — p > 0. Therefore, / is 

_x l ~P (l+x) [ -P_ 

increasing on (0, oo), and so / (x) = 1 + xP - (1 + x)/ 7 > / (0) = 0 => (1 + x)P < 1 + xP . Equality holds if x = 0, 
and the result follows. 

b. If we put x — a/b, where a and b are positive numbers, into the inequality of part a, we obtain ^1 + < 1 + 

or, upon multiplying both sides of the inequality by bP, (a + b)P < a,P + b p . 

c. If we put p — 1/rc in the inequality in part b, we obtain (a + b) { / n < a x l n + b l / n , the required result. 

6. Solving = x 2 — y 2 for y in terms of * yields y = ±\/ x 2 — x 4 . We take v = y/ x 2 — x 4 for 0 < x < 1 because we are 

/ 9 4 \l/2 

interested only in the part of the curve in the first quadrant. On this portion of the curve, f (x) = x + y = x + [x A — x*\ 



, v-1/2/ x V^ 2 - x 4 + (x - 2x 3 ) 

/'(*) = 1 + £(jc 2 -* 4 ) (2x-4x 3 j = V L =0^Jx 2 -x 4 = 2x 3 - 



X 



x 2 - x 4 = 4x 6 - Ax 4 + x 2 => x 



(Ax 2 — 3^ = 0 x — We reject — ^ since it lies outside the interval [0, 1]. So 

^ is the only critical number of / in (0, 1). / (0) = 0, / = an d / (1) = 1, so the maximum value of / is 

7. Suppose there are two roots a and b between 0 and 1, and suppose that 0 < a < b < 1. Observe that the polynomial 
function / (x) = x 5 — 5x + c is continuous on [a, b] and differentiable on (a, b). Furthermore, / (a) = / (b) = 0. So by 
Rolle's Theorem, there exists at least one number c satisfying a < c < b such that /' (c) = 0. But f (x) — 5x 4 — 5, so 

f' (c) = 5 ^c 4 — 1^ = 0 => c — 1. This contradicts the fact that c lies strictly between 0 and 1. Therefore, / cannot have 
two zeros on (0, 1), and the result follows. 

T 

8. Let / (v) = v 3 - —v 2 + 1. Then 



lot 



+ + 0 



0 + + sign off 



T 



T 



f' (v) — 3v v = 3v ( v — 

ct \ 3a. 



T 



T 



= 0 <=^> v = 0 or - — , so 0 and — are 



3ol 3a 

critical numbers of /. From the sign diagram of /, we see that / is increasing 

T 



on (— oo, 0) and 



and decreasing on 




3ol 



and has a relative 



maximum at 0 with value / (0) = 1 , and a relative minimum at - — . A typical 



3ol 



graph of / is shown at right. 



1 


1 > X 


0 


T 


3a 


M \ 


k . 


l 


1 


/ 0 


T 




3a 



V 



The Intermediate Value Theorem, coupled with the fact that / is increasing on (— oo, 0), implies that / has exactly one 
negative zero. The function / has no positive root if the relative minimum value of / is greater than 0; that is, if 



+ 1 = - 



+ 1 > 0 <^> T 3 < 54a 3 



f (l-) = v 2L. r\ + 1 \ = (JL) 2 (JL.L 

\3cxJ V W \v=T/Qol) \ 3a J \ 3a 2o 

T < 3\flcx. The function / has two positive roots if the relative minimum value of / is negative; that is, if / ^ 



T 



3ol 



< 0 



<=> T > 3^/Iol. 
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9. Since / is a polynomial function, it is continuous and differentiable on (— oo, oo). Let a and b be two roots of / with a < b. 
Then / (a) = f (b) = 0. The hypothesis of Rolle's Theorem is satisfied, and so there exists a number c in (a, b) such that 

/' (c) = 0. Now /' (x) = (a n x n + a n -\x n ~ l -\ h a\x + — na n x n ~ l + (n — 1) a n -\x n ~ 2 H h«l, and so 

0 = f' (c) = na n c n ~ l + (n — 1) a„_ic" -2 H + = g (c), showing that c is a root of g (x). 

10. a. The Mean Value Theorem applied to / guarantees that there exists a number c\ in (a, b) such that 

f '(b) ~ f ( a ) — f' ( c l) (b — a), and when applied to g, it guarantees the existence of a number C2 in (a, b) such that 
g (b) — g (a) = g' (c2) (b — a). Since c\ and are not necessarily equal, the stated theorem does not necessarily follow 
from these two equations. 

b. The function h is continuous on [a, b] and differentiable on (a, b). Also, h(a) = h (b) = 0, 
and so by Rolle's Theorem, there exists a number c in (a, b) such that h' (c) = 0, that is, 

«ic)=±\f (*) - / (a) - / jgj - ffi [ g (x) - g (a)] 1 1 ^Oo/'tO- ^g-^V t^Oo 
^ ^W-g(fl) L J Ijc= c g(b)~g (a) 

f(b)-f(a) = f'(c) 
g{b)-g (a) g> (c) ' 

11. Let g (x) = anx + — * 2 + — + 1 ^—x n+1 . Then g is continuous and differentiable everywhere, and 

2 3 n + 1 

in particular, on (0, 1). Furthermore, g (0) = 0 and, by assumption, g (1) = tf(H 1 1 H = 0. 

2 3 n + 1 

Therefore, by Rolle's Theorem, there exists at least one number c in (0, 1) such that g' (c) = 0, and this implies that 

g' (c) — ao + a\c + a2C H h a«c" = / (c) = 0. This shows that / (x) = + tfi* + h a n x n has at least one zero 

in (0, 1). 

12. F is continuous on [xq, x{\ and differentiable on (xq, So, by the Mean Value Theorem, there exists a number c\ in 
(xq, x\) such that F (x{) — F (xq) = / (ci ) (x\ — xq), where / (c\) — F' (c\). Applying the MVT to F on the interval 
[*1, *2]> we nave F ( x 2) ~ F ( x l) — f ( c 2) ( x 2 ~ x l) f° r some C2 in (x\, X2). Continuing, we see that there exists a 
number c n in (x n -i,x n ) such that F (x n ) — F (x n _\) — f (c n ) (x n — x n -\). Adding the respective sides of these 
equations together, we obtain 

[F (x n ) + F (*„_!)] + [F (* w _i) - F (x n _ 2 )] H \r[F (x 2 ) - F (x { )] + [F (x x ) - F (x 0 )] 

= f (Cn) (*n ~ x n-\) + / { c n-\) ( x n-l ~ x n-2> +'" + f fe) ( x 2 ~ x \) + / (c\) (*l - *o) 

or 

F (x n ) - F (xq) = F(b)-F(a) = f (c n ) (x n - x n -\) + / (c n -l) { x n-l ~ x n-l) +••• + / (c\) (x\ - xq) 

13. The function / is continuous on [*o> *l] an( l differentiable on (xq,x\). Therefore, Rolle's Theorem implies the 
existence of a number C(i,i) in (xq, x\) such that /' (c(i ? i)) = 0. Similarly, there exist numbers C(2,i)> • • • , c (n,\) m 
(x\,X2) , • • • , (x n -\,Xn) such that f' (c(2,l)) — " ' — f' (c(n,l)) — 0- Next, we apply Rolle's Theorem again to /' 
in the intervals ^(2,1)] » • • • » [ c (w-l,l)» c («,l)] t0 ^ nc ^ numbers C(\ ^), ■ . • , C(n,2) m eac ^ respective interval 
such that f" (c(i ; 2)) = • • • = f" (c( n ,2)) — 0. Carrying on, we find numbers and C(n, n -\) suc h tnat 
f {n ~ l) (c( n _i jW _i)) = f (n ~ l) (c( n ,n-l)) = ^ a nd finally, a number c in (c( w _i jW _i), q«,«-i)) such that /W (c) = 0. 



4.1 Concept Questions 



1. An antiderivative of a function / on an interval / is a function F such that F f (x) — f (x) for all x in I. For example, 
F (x) = x 2 is an antiderivative of / (x) = 2x on (— oo, oo). 

2. / (x) = g (x) + C, where C is an arbitrary constant. 

3. An antiderivative of / on / is a function F such that F' (x) — f (x) for all x in /, whereas the indefinite integral of / is a 
family of antiderivative s of the form F (x) + C on /, where F' — f and C is an arbitrary constant. 

4. See pages 355 and 356. 




4.1 Indefinite Integrals 



1. / (jc + 2) dx = ix 2 + 2x + C 



2. / (6x 2 - 2x + l) dx = 2x 3 - x 2 + x + C 

3. / (3 - 2x + -x 2 ) = ^x 3 - x 2 + 3x + C 




x 3 - 2x 2 + x + l) = ^x 4 - §x 3 + ^x 2 + x + c 

5. / (2;t 9 - 4x 6 + 4) dx = ±x 10 - ^x 7 + 4x + C 

6. / (2x 2 / 3 - 4x*/ 3 + 4) dx = fx 5 / 3 - 3x 4 / 3 + Ax + C 





J=J <fa = / (x 1 / 2 + 3*" 1 / 2 ) dx = 2 x 3 / 2 + C 

8. Jx 2 / 3 (* - 1) dx = / (x 5 /3 _ ^2/3) dx = 3 x 8/3 _ 3 x 5/3 + c 

9. / f l/3 (, _ 1)2 ^ = J (,7/3 _ 2? 4/3 + ,1/3) dt = ^,10/3 _ 6,7/3 + 3,4/3 + c 



10. 



11. 



1 r a , 1 

dx — Ix ax — + C 



x 



3 



2x 2 



/—=du— 1 3u 1//2 du = + C 
Vw .7 



12. 



x 2 + 1 



4 o„2 




-2 



) 



dx = / I 1 + x~ L \ dx = x - x~ l -f C = x hC 



1 



13. 



3x* - 2x z + 1 



-4 



dx = 




2 1 

3 - 2x~ 2 + x~ 4 ) dx = 3x + 2x _1 - ix~ 3 + C = 3x H T + 

/ 3 x 3x 3 



14. 



t 2 - 2 V7 + 1 



15. 



16. 



2 



x 2 - 2x + 3 



dt = 




1 - 2r -3 / 2 + t~ 2 ) dt = t + At~ x l 2 -t~ x +C = ? + 4=-" + C 



c 




^_ dx = y (x 3 / 2 - 2*V2 + 3X-V 2 ) dx = §x 5 /2 _ 4^3/2 + 6x i/2 + c 

7T 2 + 7T + l) dx = ^7T 2 + 7T + l) X + C 
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17. / (2x - 1) (x + 3) 2 c/x = / (2x 3 + 1 lx 2 + 12jc - 9) dx = \x A + ^-x 3 + 6x 2 - 9x + C 



18. / (2f + 3cosO</f = f 2 + 3sinf + C 

19. J* (3 sin* — 4cosx)<ix: = — 3 cos* — 4sinx + C 

20. / (csc0cot0-3sec 2 0)d0 = -csc0-3tan0 + C 

21. / (csc 2 x + dx = - cotx + §x 3/2 + C 

22. J sec u (tan w + sec u)du — J ^sec w tan u + sec 2 du = sec m + tan u + C 



23. 



cos* / COS* 

dx — I — ^ — dx — I cotx esc xdx — — esc x + C 



1 — cos 2 x 



sin2x 
24. / dx 



■ 



-S 



sin z x 
2 sin x cos x 



dx 



25. 



cos* ./ cos.v 

1 -2cot 2 x 



= / 2si 



2 sin* dx = — 2cosx + C 



26. 



cos 2 * 
cos 2x 



cos* — sin* 



dx = J (sec 2 x — 2 esc 2 = tan x + 2 cot x + C 

/* cos 2 x — sin 2 * /* (cos* + sinx) (cos* — sinx) 
dx = / dx = / <:/x = 



cos x — sin x 
= sin* — cos* + C 



cos* — sinx 



(cosx + sinx) dx 



27. 



28. 



29. 



1 



• 2 ? 
snr x cos z x 



dx — 



sin 2 x + cos 2 x 
sin 2 x cos 2 x 



dx — 




sec 2 x + esc 2 ^ <ix = 



= tan x — cotx + C 



J tan 2 xdx — j {sec 2 x — 1^ = tan * — x + C 
dx f 1 1 + sin* . 



fl±^i dx= f 

J COS Z X J 



1 — sin x J 1 — sin x 1 — sin x 

= j sec 2 xdx + J sec* tanx dx = tan* + secx + C 

30. J cot 2 xdx — j {esc 2 x — dx = — cotx — * + C 

31. a. / 0 - 3) dx = \x 2 - 3x + C 



sinx 
cos 2 * 



dx 



32. a. / ^3* 2 + x - l) dx = x 3 + \x 2 - x + C 



b. 



0 



-5 " 



-2 




b. 



0 



8 




33. a. J* (2x + sin*) dx — x 2 — cosx + C 



34 



. a. J* + se ° 2 *J = * + tan x + C 



b. 



0 




b. 



5- 



0 



-5 




-2 



-1 



0 



1 



-6 -4 -2 0 
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35. / (jc) = ff'(x)dx = f (2x + \)dx = x l + x + C. / (1) = 3 => 1 + 1 + C = 3 => C = 1. Thus, / (jc) = x z + x + 1. 

36. / (jc) = //' (jc)rfjc = / (3jc 2 - 6jc) dx = x 3 - 3x 2 + C. / (2) = 4 => 8 - 12 + C = 4 => C = 8. Thus, 



/ ( X ) = x 3 - 3x 2 + 8. 



37. /(jc) = Jf(x)dx = j-j=dx = Jx'^dx = 2x 1 / 2 + C. /(4) = 2 



4 + C = 2^C = -2. Thus, 



/ (jc) = 2 VI - 2. 



38 



. f(x) = f f (x)dx = J (l + jc~ 2 ) dx=x-i + C. /(1) = 2^1-1+C = 2^C = 2. Thus, / (jc) = jc - - + 2 



39. / (jc) = / f (x)dx = J (x + sin jc) dx = \x 2 - cos x + C. / (0) = 0 => 0 - 1 + C = 0 => C = 1. Thus, 
/ (x) = — cosx + 1. 

40. /(0 = // / (0^ = /(sec 2 r + 2cos^^ = tanr + 2sinr + C. /(f) = V2=> 1 + 2 + C = >/2 => 
Thus, / (0 = tan f + 2 sin f - 1. 



C = -1. 



41. /' (jc) = / f" (x)dx = f6dx = 6x + C\. f (1) = 2 => 6 + Ci = 2 Ci = -4, so /' (jc) = 6jc - 4. Then 
/(jc) = / /' (jc) Jjc = / (6jc - 4)Jjc = 3jc 2 - 4x + C 2 . / (1) = 4 => 3 - 4 + C 2 = 4 => C 2 = 5. Thus, 

/ (jc) = 3jc 2 - 4jc + 5. 

42. /' (jc) = / f" (x)dx = J (2jc + 1) dx = x 2 + x + C\. f (0) = 1 => 0 + Ci = 1, so /' (jc) = jc 2 + jc + 1. Then 
/ (jc) = / /' (jc) dx = J (x 2 + jc + ijdx = ^x 3 + ^jc 2 + jc + C 2 . / (0) = 5 => 0 + C 2 = 5 or C 2 = 5. Thus, 

/ (*) = 1 + ^x 2 + jc + 5. 

43. /' (jc) = / f" (jc) Jjc = / (6jc 2 + 6jc + 2^j dx = 2x 3 + 3jc 2 + 2jc + C\. f (-1) = 2 => -2 + 3 - 2 + C\ = 2 => Q = 3, 

so /' (jc) = 2jc 3 + 3jc 2 + 2jc + 3. Then / (jc) = / /' (jc) dx = J (2x 3 + 3jc 2 + 2jc + 3^ Jjc = ^jc 4 + jc 3 + jc 2 + 3jc + C 2 . 
/ (-1) = 1 1 - 1 + 1 - 3 + C 2 = \ => C 2 = 3. Thus, / (jc) = \x 4 + jc 3 + jc 2 + 3jc + 3. 

44. /' (jc) = / /" (x)dx = fx~ 3 dx = --L + Ci. /' (1) = £ => + d = ^ => Ci = 1, so / (jc) = + 1. 
Then/(jc) = Jf(x)dx = /(-^" 2 + l) Jjc = ^ + jc + C 2 . / (1) = 1 ^ ^ + 1 + C 2 = 1 => C 2 = Thus, 

45. /' (0 = If" (t)dt = fr 3 / 2 dt = -2t~ x l 2 H- C\. f (4) = 3 => -2 (4" 1 / 2 ) + Ci = 3 => Ci = 4, so 

f (0 = -2f" 1 / 2 + 4. Then f (t) = J f (t) dt = J {-2t- x l 2 +4}dt = -At 1 ' 2 + At + C 2 . / (4) 
_4 ^1/2^ + 4 ( 4 ) + C2 = 1 ^ C2 = _ 7 . Thus? y ( ? ) = _ 4/ l/2 + 4t _ 7 _ 



= 1 



46. /'(f) = ff"(t)dt = /(2sinf + 3cosf)^ = -2cosf + 3 sinf + Q. /(f) = 2 => -2 (0) + 3 (1) + C\ = 2 => 
Ci = — 1, so f (t) = -2cosf + 3 sin t — 1. 

/(?) = J f(t)dt = j (-2cosf + 3sinf- l)Jf = -2sinf - 3 cosf - f + C 2 . /(f) = 1 => 
-2(1) - 3 (0) - f + C 2 = 1 => C 2 = 3 + f . Thus, / (t) = -2sinf - 3cosf - 1 + 3 + f . 

47. We are given that /' (jc) = jc 2 - 2jc + 3 and / (1) = 2, so / (jc) = / /' (jc) dx = J (x 2 - 2x + 3) Jjc = ^jc 3 - jc 2 + 3jc + C 
/ (1) = 2 => j - 1 + 3 + C = 2 => C = - so the required function is / (jc) = jjc 3 - jc 2 + 3jc - \. 
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48. f (x) = J f" (jc) dx = J (36x 2 + 24x) dx = \2x 3 + 12.x 2 + C\. Since the graph of / has a horizontal tangent 

line at (0, 1), we have /' (0) = 0, so f (0) = 0 + C\ = 0 => C { = 0 and /' (x) = I2x 3 + I2x 2 . Then 

/ (*) = f f (x) dx = j (\2x 3 + 12* 2 ) dx = 3x 4 + Ax 3 + C 2 . The graph passes through (0, 1), so / (0) = 1. Thus, 

/ (0) = 0 + 0 + C 2 = 1 => C 2 = 1. Thus, the required function is / (x) = 3x 4 + 4x 3 + 1. 



49. 



6 x 




50 



-2 



Curve 1 represents the function and curve 2 represents its 
antiderivative. Observe that the slope of curve 2 is 0 at 
x = 1 — that is, the tangent line at (1, —1) is horizontal 
— and curve 1 has value 0 at x = 1 . 




l x 



-5.. 



Curve 1 is the graph of / and curve 2 is the graph of its 
antiderivative. The tangent lines to curve 1 at x — — 1 and 
x — 0 are horizontal, and so its slope is 0 at — 1 and 0, 
where curve 2 has value 0. 



s(t) 
53. v (?) 

s(t) 



v (?) = 



51. s (?) = Jv (t)dt = f (o? 2 - At + l) dt = 2t 3 - 2t 2 + ? + C. s (1) = -1 2 - 2 + 1 + C = -1 C = -2, so 
s (?) = 2t 3 - 2? 2 + ? - 2. 

52. s (?) = Jv (t)dt = J (2 sin? - 3 cos t)dt = -2cos? - 3 sin? + C. s (0) = -2 => -2 + 0 + C = -2 => C = 0, so 

—2 cos? — 3 sin?. 

fa(t)dt = j (6? - 4) d? = 3t 2 - At + C\. v (0) = 4 => 0 + Ci = 4 =^ Ci = 4, so u (0 = 3? 2 - At + 4. 
fv(t)dt = J (?>t 2 -At + A}dt = t 3 - 2t 2 +At + C 2 . s (0) = -2 => 0 + C 2 = -2 => C 2 = -2, so 

5 (/) = ? 3 - 2t 2 + 4? - 2. 

54. u (?) = fa (t) dt = /' (-6? 2 + 4? + 8) dt = -2t 3 + 2? 2 + St + C\. v (1) = 4 => -2 + 2 + 8 + C\ = A => C\ = -A, so 

-2t 3 +2t 2 + 8? -4. .9 (?) = J v (t)dt = J {-2t 3 + 2? 2 + 8? - 4) d? = -\t A + 2 ? 3 +4? 2 -4? + C 2 . s (1) = £ 

" 2 + § + 4 ~ 4 + C2 = C2 = 1 ' so 5 W = " h tA + i ?3 + 4/2 - 4r + 1 • 

55. v (t) = / fl! (?) dt — \ (sin t — 2cost)dt = - cos ? — 2 sin r + Ci . 0 (0) = 0^>-l+0 + Ci = 0 => Ci = 1, so 

v 0) = -cos? - 2sinr + l.s(t) = Jv (t)dt = f (-cost - 2shu + 1)^ = -sin? + 2cosJ + t + C 2 . 5 (0) = 3 => 
0 + 2 + O + C2 = 3=> C 2 = 1, sos (0 = - sin? + 2cos? + t + 1. 

56. v (t) = fa (t)dt = f 6sinr dt = -6cosr + C\. v (0) = -4 ^ -6 + Cj = -A^ C { = 2, so u (?) = -6cos? + 2. 

s (t) = f (-6 cos? + 2) J? = -6 sin? + 2t + C 2 . 5 (7r) = 7r ^> -6sin7r + 27T + C 2 = n ^> C 2 = -7r, so 
s (?) = -6 sin? + 2? - 7T. 

57. Suppose the track is placed along a coordinate line with the station at the origin. Then 

s (?) = /„ (?) dt = J (0.2? + 3) dt = 0. 1? 2 + 3? + C. The initial condition is s (0) = 0, and this implies that 0 + 0 + C = 0 
=> C = 0, so s (?) = 0. 1? 2 + 3?. 

58. Here a (?) = -32, so v (?) = / -32 J? = -32? + C\. But v (0) = 40 and this implies 0 + C\ = 40 => C\ = 40. So 

v (?) = -32? + 40. Its height is h (?) = Jv (?) dt = J (-32? + 40) dt — — 16? 2 + 40? + C 2 . Since h (0) = 3, we have 
0 + 0 + C 2 = 3 => C 2 = 3, so h (?) = - 16? 2 + 40? + 3. At the highest point, h' (?) = -32? + 40 = 0 => ? = |, and so its 



maximum height is h — 28 ft. 
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59. a. Let the positive direction h (?) be directed upward. Then a (?) = —32. So v (?) = J a (?) dt = f (—32) d? = —32? + Ci . 

o (0) = 0 => 0 + Ci = 0 => Ci = 0 => o (0 = -32*. /* (0 = Jv(t)dt = J (-32t)dt = -16? 2 + C 2 . h (0) = 400 => 
0 + C 2 = 400 => C 2 = 400, so h(t) = - I6t 2 + 400. 

b. It hits the ground when h (?) = 0; that is, when — 16? 2 + 400 = 0o/ = ±5. We reject the negative root. Thus, it strikes 
the ground 5 seconds after it is dropped. 

c. Its velocity when it strikes the ground is given by v (t) = — 32 (5) = —160, or 160 ft/s downward. 

60. Here v (0) = 16 ands (0) = 128. v (t) = fa (t)dt = f (-32) dt = -32t + C\. v (0) = 16=>0 + C] = 16 => C\ = 16, 
so v (t) = -32t + 16. s (t) = fv (t)dt = f (-32? + 16) dt = -I6t 2 + 16? + C 2 . s (0) = 128 => 0 + C 2 = 128 => 
C 2 = 128, so 5 (?) = - I6t 2 + 16? + 128. It strikes the ground when s (?) = 0, that is, when -16? 2 + 16? + 128 = 0 

or ? 2 - ? - 8 = 0. So ? = 1±A// j +32 . We reject the negative root, so ? = ^ (l + V33^j « 3.37. Its impact velocity is 
approximately o (3.37) ~ — 32 (3.37) + 16 or 91.8 ft/s downward. 

61. y (?) = f a(t)dt — f adt — at + C\. v (0) = vq => Ci = vq => v (?) = at + do- 

* (?) = J u (?) dt — f (at + i>o) d? = \at 2 + dq? + C 2 . * (0) = *o 0 + ^2 = *0 => ^2 = *0- Thus, 
x (?) = jat + uq* + *o- 

62. From the results of Exercise 61, we see that v = at + vq => t = (v — vq) / a - Substituting this value of ? into the equation 



19 , . / i \ v-vq[ i /»-oo\l V — VQV 
x = xq + VQt + jat , we obtain x — xq = ? ^dq + 2^ j = u 0 + 2 a I I — ' ~ 



2a 



d 2 — v^ — 2a(x — xq) or o 2 = Vq + 2a (x — xq). 



63. 0 (?) = -32, so v (?) = fa (t)dt = f (—32) dt = -32? + C\. v (0) = v 0 C\ = v 0 => 0 (?) = -32? + d 0 , 
5 (?) = Jd (?) dt = f (-32? + vq) dt = -16? 2 + v 0 t + C 2 , and 5 (0) = sq => C 2 = sq => 5 (?) = -16? 2 + o 0 ? + ^0- 



J 2 5 „ 

64. Let 5" denote the distance fallen. Then — y = g=> — = j g dt — gt + C\. But 



= 0=>Ci=0=> — = g?^ 

?=0 



dt 2 dt J dt 

s = f gt dt = + ^2- But ^ (0) = 0 => C 2 = 0 as well, so s = ^? 2 = 16? 2 . Thus, the time taken for the stone to 

travel s ft is t\ — = The time for the sound to reach Kaitlyn's ears is ? 2 = -j-j^g- Therefore, the total time is 

T "*~ THE ~ 4*22. Solving for s with the aid of a graphing calculator or CAS gives s « 255 ft. 

d 2 v d v 6? v 

65. = -3.72 => — = f (-3.12) dt = -3.72? + Q. o (0) = 4 => o = — = -3.72? + 4. 
dt z dt dt 

s = fv(t)dt = f (—3.72? + 4) dt = -1.86? 2 +4? + C 2 . s (0) = 0 => C 2 = 0 => s (?) = -1.86? 2 + 4?. At 
the maximum height, o (?) = 0 => —3.72? + 4 = 0 => ? = Therefore, the maximum height attained is 



Krk)— 1 - 86 ^) +4(3^)^2. 15 m. 



2 

On Earth, = -9.8 =^> v (?) = -9.8? + 4 and 5 (?) = -4.9? 2 + 4?. At the maximum height, v (?) = 0 => ? = The 
maximum height is s (93 J % 0.82 m. 

1 9 

66. Using the result of Exercise 61, we have x = xo + t>o r + ^0* , where is the initial position and 00 is me initial velocity 
of the car. Here xq = 0 and do = 66, soy = 66 + at and x = 66? + ^tf? 2 . When w = 88, we have 88 = 66 + at => ? = ^ 

At that instant, x = 440, and so 66? + ^? 2 = 440 => 66 \^fj + ^ {^j = 440 => ^ + £ = 20 => 20a = 11 => 
0 = 3.85 ft/s 2 . 
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67. Using the results of Exercise 61, we have x — xq + VQt + ^at L and v = vq + at, where xq is the initial position and vq the 
initial velocity. Here vq = 88 and d (9) = 0. We find 0 = 88 + 9a=>a = — ^ ft/s 2 . The stopping distance would be 

x = 0 + 88 (9) - \ ) (9 2 ) = 396 ft. 

68. Using the results of Exercise 61, we have v — vq -\- at and x — xq + VQt + ^af . Here a = 12 and u = 88 ft/s (60 mi/h), so 
88 = vq + I2t => D 0 = 88 - 12?. Also, at that instant, * = 242. Since xq = 0, we have 242 = (88 - 120 1 + \ (12) t 2 => 
3t 2 - 44t + 121 = 0 => t = ^- or 11. We reject the root 1 1 because the distance covered would exceed 242 ft. If t — -y , 

then y 0 = 88 - 12 (if) = 44 ft/s. Thus, the car was traveling at 44 ft/s or 30 mi/h. 

69. The time taken by runner A to reach the finish line is t\ — ^ = ^j- s - R unner B, with an initial speed of t>o = 20 ft/s, has 
to cover a distance of 220 ft in t\ seconds in order to reach the finish line at the same time as runner A. So, using the result 

of Exercise 61, 220 = 20 (jjy^ + \ a ("Tt) a % 0-924. Thus, runner B must have an acceleration greater than about 
0.924 ft/s 2 . 

70. At any time t with 0 < t < T, f (t) > g (t). This implies that car A is moving faster than car B. Therefore, car A will be 
ahead of car B at time T . 

71. Since f (t) > g (t) for 0 < t < 180, we see that money was being deposited into branch A at a rate faster than that at 
branch B. Therefore, branch A has a larger amount on deposit than branch B at the end of 180 days. 

72. We use the result of Exercise 6 1 . At the time of collision, the particle starting at A has traveled a distance of 

d\ = 10? + j ■ jt 2 and the particle starting at B has traveled a distance of a*2 = 5t + ^ • |? 2 . But d\ + ^2 = 100 an d so 

10? + |? 2 + 5? + \t 2 = 100 => §? 2 + 15* = 100 => ? % 5.4 s. Thus, ^ « 10 (5.4) + \ (5.4) 2 % 61.3 ft. 

73. /?(*) = / /?' (jc) dx = f (10,000 - 200x) = 10,000* - \00x 2 + C. /? (0) = 0 => C = 0, so R (x) = 10,000* - 100x 2 . 

74. C (jc) = / C (x) dx = f (0.000006.x: 2 - 0.04x + 1000) dx = 0.000002.x 3 - 0.02jc 2 + lOOOx + K. C (0) = 120,000 => 
K = 120,000, so C (x) = 0.000002.x 3 - 0.02x 2 + 1000.x + 120,000. 

75. a. / (jc) = Jr (x) dx = J (o.004641jc 2 - 0.3012.x + 4.9^ dx = 0.001547.x 3 - 0.1506.x 2 + 4.9x + C. 

/(30) = 0.14 yields 0.001547 (30 3 ) - 0.1506 (30 2 ) + 4.9 (30) + C = 0.14 => C = -53.09, so 

/ (x) = 0.001547.x 3 - 0.1506x 2 + 4.9* - 53.09. 
b. The risk of Down syndrome at delivery when the maternal age is 40 is given by 

/ (40) = 0.001547 (40 3 ) - 0.1506 (40 2 ) + 4.9 (40) - 53.09 % 0.958 or approximately 0.96 percent. When the 

maternal age is 45, the risk is / (45) « 3.416, or approximately 3.42 percent. 

76. a. Let S (t) denote the share of online advertisement at time t (in years). Then 

S(t) = jR (t) dt = J (-0.033? 2 + 0.3428? + 0.07) dt = -0.01 It 3 + 0. 1714? 2 + 0.07? + C. S (0) = 2.9 => C = 2.9, 

so S (?) = -0.01 1? 3 + 0.1714? 2 + 0.07? + 2.9. 
b. S (6) = -0.011 (6 3 ) + 0.1714 (6 2 ) + 0.07 (6) + 2.9 % 7.11%. 

77. A (?) = / A f (t)dt = J (3.2922? 2 - 0.366? 3 ) dt = 1.0974? 3 - 0.0915? 4 + C. A (0) = 34 => C = 34, so 
A (?) = 1.0974? 3 - 0.0915? 4 + 34. 
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78. a. S(t) = f R(t)dt= f (?>t 3 - 17.9445? 2 + 28.7222? + 26.632^ dt = 0.75r 4 - 5.98 15f 3 + 14.361k 2 + 26.632? + C. 

S (0) = 108 => 0 + C = 108 => C = 108, so 5 (0 = 0.75r 4 - 5.9815? 3 + 14.361 It 2 + 26.632r + 108. 
b. The total sales of organic milk in 2004 were 

S (5) = 0.75 (5 4 ) - 5.9815 (5 3 ) + 14.3611 (5 2 ) + 26.632 (5) + 108 = 321.25 or $321.25 million. 

79. h(t) = J^jdt = -±J (V20 - Tfit^jdt = -23 (V2fo - ^t 2 ^j + C. h (0) = 20 C = 20, so 

h(t) = (lV5t - ^Qt 2 ) +20. 

„ 1 / wx 2 wLx\ , f „ , 1 f ( wx 2 wLx\ , 1 / wx 3 wLx 2 \ _ 

80 - a - > =ei — -— r y =J ydx =jjj — -— r=^ — -— +c " 



/l /# tax 3 wLx 2 \ 1 / to* 4 wLx 3 \ 

y dx = EiJ {—- — + Ci ) dx = in{-^- — + c i x ) +c i y(0) = 0 ^ c i= 0 



wLx 



3 




+ dx j. y (L) = 0 => -|— - — ■ + Cl L j = 0 => Cl = 



10 L 3 

, so 



24£/ 



24£/ 



(* 3 -2Lx 2 + L 3 ). 



, „ . , ^ . - 1 iax J 10L* 2 *£>L 3 . n ^ 
b. Settmg / = 0 gives — _ + _ = 0 ^ * = - . 



(!)■»( 




V I — I = — I I = < 0 => the maximum value of y occurs at x = — . Thus, the maximum 

8 4 / &E I 7 2 



ion is y = 



w 

deflection 



24£7 





8 \ 4 / 384£7 



d r -, . 

81. True, because — — I / (x) + C I = / (x), which is the integrand. 

CtJv 

82. False. Let F (x) = 1 and G (x) = Then / (x) = F' (x) = 0 and g (x) = G' (x) = 1, but J* f (x) g (x) dx — J Odx = C, 
where C is an arbitrary constant. But F(i)G(i) + C = i + C/ / f (x) g (x) dx. 

83. False. Let F (x) = x, so that / (x) = F' (x) = 1. Then J xf (x) dx = J x (1) dx = \x 2 + C\ # F (x) + C = x 2 + C. 

84. True. By Rules 1 and 2 of Integration, 

/ [2f (x) - 3g (x)] dx = J2f(x)dx-j3g(x)dx = 2jf(x)dx-3jg(x)dx 

= 2F (x) + C\ - 3G (x) + C 2 (where F f = f and G f = g) 
= 2F (x)-3G(x) + C 

85. False. Let P (x) = 2x and Q (x) = 4x 3 . Then J R (x)dx = J ^ dx = x~ 2 dx = + C, but 

JP(x)dx _ J2xdx _x 2 -\-C\ 1 
SQ(x)dx = J4x 3 dx = x 4 + C 2 ^ ~2x~ + C ' 

86. True, because ^- [G (x) + C\x + C 2 ] = G r (x) + C\ = F (x) + C { and ^- [F (x) + Q] = / (jc). 
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1. See page 362. 



2. If we put u = x^ + 1, then du — 

J x 2 cos (x^ + 1^ dx = ^ J cos w 
the second integral. 



— 3x 2 



9 1 

=> x A dx — ^ du, so 
^ sin m + C = ^ sin (* 3 + 1) + C. However, the substitution does not work for 





1. u = 2x + 3 => du = 2dx => dx = \du, so / (2x + 3) 5 dx = \ J u 5 du = ^u 6 + C = ^ (2jc + 3) 6 + C 



2. w = x 3 H~ 2 => du — 3x L dx => x L dx — ^ du, so 
Jx 2 y/^T2dx = \juV 2 du = j u y 2 + C = ly/(x* + if + C. 

9 1 

3. w = x z + 1 => dw = 2x dx => x dx = ^ dw, so 



a v 2 



_ 1 



x ^ 1 f du 

Vx 2 + 1 2./ v« 



= ^ u-V 2 du = u x l 2 + C = Vx 2 + 1 + C 



4. u — 'bx ^ du — 5 dx ^ dx — ^ du, so J cos 5* dx = ^ J cos udu — ^ sin m + C = ^ sin 5x + C 



5. w = tanx => du = sec z x dx, so J tan J x sec z xdx = J w 3 dw = + C = | tan 4 x + C. 

6. u = cosx =^> dw = — sin x dx =^> sinx dx = — dw, so 

sin* f /* dw /" _ 9 , 1 _ 1 _ ^ 
— — dx — — j — = — u L du — — hC = h C = secx + C. 

cos z x ./ u l J u cosx 



1 



j v4 

7. For I — j 2x I x + 1 ) dx, let w = x + 1 => dw = 2x dx. Then 7 = J u r du — 



±u 5 + C = 



= 5 V * 2+1 ) 5 + C 



8. For I — j x 1 ^2x 3 — 1^ dx, let w = 2x 3 — 1 du = 6x 2 dx => x 2 dx = ^du. Then 

I = iju 4 du= 3^w 5 + C = ^ (2x 3 - l) 5 + C. 

9. For 7 = / (2x -4) 3 / 5 dx, let w = 2x - 4 => dw = 2dx => dx = \du. Then 
7=1/ a 3 / 5 da = ( 1 ) (f M 8 / 5 ) + C = (2x - 4) 8 / 5 + C. 



10. For / = f (1 — 3jc) " Jx, let w = 1 — 3x =^> du — —3dx=>dx — —^du. Then 
/ = -*Ju lA du = -\ • ^u 2A + C = (1 - 3x) 2 - 4 + C. 

11. For I — J3x (2x 2 + 3^ dx, let w = 2x 2 + 3 =^> du — Ax dx ^ x dx — ^du. Then 
I = lJu 5 du = l (|w 6 ) +C= | ^2x 2 + 3) 6 + C. 



_ £v2 



x 2 Jx = ^Jw. Then 



12. For I — j x 2 ^2x 3 — 1^ Jx, let w = 2x 3 — 1 ^> du — 6x A dx 
I =lf u - 4 du = l (-5M" 3 ) +C = (2;t 3 - l) +C. 

13. For 7 = / (jc 2 + * - 1^ (2x + 1) Jjc, let u = x 2 + x - 1 => du = (2x + 1) dx. Then 

% 2 + x-lj +c. 
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14. For I — j {x 2 — 1^ (x 3 — 3x^ dx, let u — x 3 — 3x => du — (3x 2 — 3^ dx => ^x 2 — 1^ = ^ dw. Then 



4 



/ = 1 J u 3 du = ( £ J (^w 4 ) + C = ^ (x 3 - 3*) + C. 

15. For I = J «J\ — 2x dx, let w = 1 — 2x => = —2dx => dx — — i?du. Then 

/ VI -2x = ~\S Vudu = -\ (§w 3 / 2 ) + C = -1^/(1 -2jc) 3 + C. 

16. For I — J 2x y/ \ — Ax 2 dx, let w = 1 — 4x 2 ^ du — —&xdx => xdx — — ^du. Then 
/ = 2 (-1) /„V3 dM = _ 1 (3 M 4/3) + c = --3.^(1 -4*2) 4 + C. 

17. For J s 3 ^s 4 — 1^ ^ ds, let u — s 4 — 1 => dw = 4s^ ds s 3 ds = ^du. Then 
7 =1/ M 3 / 2 J W = 1 (2^5/2) + c = ^ ^4 _ + C< 

18. For / = / x~ l / 3 y/x 2 / 3 -Idx, let u = x 2 / 3 - 1 => du = \x~ x l 3 dx => x~ x l 3 dx = \du. Then 
/ = 3 JuWdu = \ (§a 3 / 2 ) + C = j(x 2 P-\) 3 + C. 

19. For I — I rix, let u — 2x 2 + 3 => du = Ax dx => x dx — Idu. Then 

J (2x 2 + 3) 3 4 

\ [du I [ * 1 / 1 9 \ 1 
/ = - ^ = -l u - 3 du = -[ ~-u~ 2 + C = =■ + C. 

47 4\ 2 / 8(2* 2 + 3) 2 

^ rfjc, let 2i = x 3 + 2x => du = (3x 2 + 2x) dx = 3 (x 2 + i) dx. Then 

(x 3 + 2xf ^ ' V 3J 



I fdu 1 /* _ ? , 1 / 1 \ „ 1 
3j^=3j U ~ ^ = H""J +C = "3^T^ 



/4w 9 i 

——=du, let y = 4 — w z =^ = —2udu => udu — dv. Then 
y^ 2 2 

/ = 4 (-0 f ^2=- 2 fv~ 1/2 dv = -2 (iv 1 / 2 ) + C = -4v^? + C. 

22. For 1=1 = <iw, let v — \ + u => dv — —u z du. Then 

./ u z 



I = -JvWdv = -\v 3 l 2 + C = -§V(1 + a" 1 ) + C. 



a: 

23. For I — I , dx, let w = x — 1 => <iw = <ix and x — u + 1. Then 

— l 



f (u + 1) 



«V2 

2x 2 + 1 



= / (u}/ 2 + u- l / 2 }du= \u 3 l 2 + 2u x l 2 + C= §w 1 / 2 (w + 3) + C= \ {x + 2) Jx~=X + C 



24. For / = / ^ Jx, let u = 2x 3 + 3x + 1 ^> = (dx 2 + 3) = 3 (2x 2 + l) dx. Then 

J </2x 3 + 3x + 1 V / V 7 

I= l _j^_ = l/„-l/3 Jw = 1 ( 3 w 2/3) + c = l^/(2x 3 + 3x + l) 2 + C. 

; Jx, let w = 1 + x 2 => = 2x <ix ^> x dx — i du and x 2 = u — 1. Then 

yrr^ 2 2 

/-P 2 ) 1 />-l) 2 1 r M 2 -2 W + l f , r / V9 ^ 1/2 1/2 \ J 
/ = / v ; = - / du = - / du = A f (a 3 / 2 -2 M 1 / 2 + M - 1 / 2 ) 

7 yrr^ 2 27 M i/2 27 mi/2 2J v j 

= 1 (2^5/2 _ 4^3/2 + 2w l/2j + C = ^ (l + x 2 )^ - 2 (l + x 2 )^ + (l + x 2 ) 1/2 + C. 
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26. For I — j (2x + 3) *Jx — 1 dx, let u = x — 1 => du = <£x and X = m + 1. Then 
/ = / [2 (ii + 1) + 3] u 1 / 2 du = f (2m 3 / 2 + 5a 1 / 2 ) </u = |a 5 /2 + fu 3 / 2 + C 

= ^w 3 / 2 (6m + 25) + C = -^(6* + 19) ^jc - l) 3 + C. 

fx X i 

27. For / = / 2 cos — let w = — ^du — ^ dx ^ dx — 2du. Then 

7=4 f cos w = 4 sin w + C = 4 sin — h C. 

J 2 

28. For 7 = J * sinx 2 dx, \oi u — x 2 ^ du — 2x dx ^> x dx — ^ du. Then 
7 = j J sin w du = cos u -\- C — —j cos x 2 + C. 

29. For I = J x cosirx 2 dx, let u — nx 2 ^ du — 2nx dx => xdx = ^du. Then 
7 = ^ J cos udu — ^ sin w + C = ^ sin 7i\x 2 + C. 

30. For I = J x 2 sec 2 x 3 dx, let w = x 3 => = 3x 2 <£x => x 2 <ix: = |<iw. Then 
7 = ^ J sec 2 w = jtanw + C = ^ tan x 3 + C. 

31. For I = J sin 7i\x cos ixx dx, let w = cos7rx ^ du — —n sin 7rx dx => sin7rxJx = . Then 

7 = — ^ J udu — —^u 2 + C = — 2^ cos 2 7rx + C. If we let w = sin nx, then 7 = ^ sin 2 7rx + C. 

32. For 7 = J cot 3 x esc 2 x dx, let u — cot x => = — esc 2 x dx. Then I = — J u 3 du — — ^w 4 + C = — | cot 4 x + C 

33. For 7 = / tan 3x sec 3x dx, let w = 3x => du = 3 Then 7 = ^ J tan w sec u du = ^ sec m + C = ^ sec 3x + C. 

34. For 7 = / Vsin 0 cos 0 </0, let u = sin 0 => du = cosOdO. Then 7 = / Vwdw = ^w 3 / 2 + C = Wsin 3 0 + C. 



35. For 1=1 —~2 — du, ^ et v — u X => dv — —u 2 du. Then 7 = — J sin u dv = cos o + C = cos w 1 + C. 



sin jc 

36. For 1=1 t dx, let w = 1 + cosx ^ du — — sin* dx. Then 

(1 + cosx)^ 



7 = - / -\ = - fu~ 3 du = lu~ 2 + C = 1 77 + C. 

' u 3 J 1 2(l + cosx) 2 



/csc^ 3x ^ 9 1 

— ^ dx, let w = cot3x du = — csc z 3x • 3dx => csc z, 3xdx — —kdu. Then 
cot 3 3x 3 

^ _ 1 fdu _ i r u -3 du = l u -2 + c = L + c _ 1 tan 2 3jc + c 

3./ w 6 6cot 2 3x 6 



38. For / = / S ^ X dx, let w = — • x ^ 2 => du — }^x x l 2 dx — -—-=dx =^> c/x = 2^w. Then 

J s/ X L+J X \J X 

1 — 2 J sin u du = — 2 cos u + C = — 2 cos + C. 

/cos 2t 
■ : dt, let w = 2 + sin 2? => du = 2 cos 2t dt. Then 
V2 + sin 2? 

1 C d 

I = - / -^L = i \u~ x l 2 du = u x l 2 + C = V2Tsin27 + C. 

2y 2J 

40. For 7 = J csc 2 x (cot* — l) 3 Jx, let w = cotx — 1 => = — zso 2 xdx. Then 

7 = - / u 3 du = -\u A + C = -\ (cot jc - l) 4 + C. 

/secxtanx 
y Jx, let w = secx — \ ^ du — secx tanx <lx. Then 
(secx - l) z 

fdu I ^ 1 ^ 1 

/ = / = + C = + C = + C. 

J u z u secx — 1 1 — sec* 
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42. For / = J sec 2 (x + 1) VI + tan (x + 1) dx, let u — 1 + tan + 1) => = sec 2 (x + 1) dx. Then 
/ = / u l l 2 du = §w 3/2 + C = %y/[l + tan(* + l)] 3 + C. 

//* J COS 2 
sin 2 7rx = / dx = J j dx — ^ J cos 2nx dx, let u = 27rx in the second integral. Then 

/ = jx — j ■ ^ J cos udu — jx — sin u + C — ^x — ^ sin 2-7TX + C. 

44. For / = / = dx = / I — = 1 ~— ) dx = sec z x dx -\- — ^— dx, let w = cos* in the second integral. 

J COS Z X J \COS Z X COS Z X J J J COS Z X 

/j f du 1 1 
sec z xdx — — = tanx H h C = tanx H h C = tan* + sec* + C. 
J u z u cos* 

45. For / = J x^/x — 4dx, let u = x — 4 => dw = dx and x — u + 4. Then 

/ = / ( M + 4) V" = / (^ 3/2 + 4m 1 / 2 ) dx = §w 5 / 2 + fa 3 / 2 + C 

= ^w 3 / 2 (3w + 20) + C = ^ (3x + 8) y/(x - 4) 3 + C. 

46. For / = f x 2 (1 — x) 7 dx, let u = 1 — x => du — —dx and x — \ — u. Then 

/ = - / (1 - u) 2 u 1 du = - J (l - 2u + w 2 ) u 1 du = - J (u 9 - 2w 8 + w 7 ) du = -j$u m + \w> - \u % + C 

= —to < x — *) 10 + i (1 - ^) 9 " ^ (1 " *) 8 + C. 

5 /2 

47. For / = Jx 3 (x 2 + l) dx, let m = x 2 + 1 => = 2x dx and x 2 = u — I. Then 

/ = /x 2 (x 2 + l) V2 C*rfx) = ^ / (« - l)« 5 / 2 rf« = y {u 1 ' 1 - « 5 / 2 ) d« = \ (|« 9 / 2 - ^« 7 / 2 ) + C 

/ X + 1 

48. For / = / dx, let u = yfx — 1, so jx = u+ \^>x = u 2 + 2u + \ and = 2 (w + 1) du. Then 



(v^-i) 3/2 



/ .( M 2 + 2m + 2)(« + 1) /• m 3 + 3m 2 + 4m + 2 ./, /2 , /2 „ |/2 „ V2 x 

= 2 / jjf du = 2 du = 2j \u 3 ' 2 + 3m 1 / 2 + 4m -1 / 2 + 2«- 3 / 2 j 

= 2 ( 2 «V2 + 2w 3/2 + 8m 1/2 _ 4M -l/2j + c 

= |(VI-l) 5/2 + 4(^- 1) 3/2 + 16 (V* - 1) 1/2 - 8 (VI - I) -172 + C. 



49. For/ = / ^ ^ / = / ^ 1 / / — — dx = J */xT\dx - J Jxdx, let 

y + V-^ + 1 ^ ^ + + 1 Jx — Jx + \ j —i 



+ V* + 1 V V? + \/x + 1 — y/ x + 1 
w = x + 1 => du — dx in the first integral. Then 

/ = fuWdu - jx x l 2 dx = |« 3 / 2 - fx 3 / 2 + C = I (x + l) 3 / 2 - §x 3 / 2 + C. 

, Va 2 - x 2 1,1 1 

50. For 1=1 j dx, let x = - => dx = — T dt and t = — . Then 

* 4 f r 2 x 



_a 2 -(l/r 2 ) 



^-^■^ dt = - J ty/a 2 t 2 — 1 d/. Now let « = a 2 f 2 — 1 => rf« = 2a 2 tdt, so 



(1/0* 

' - -5? ^ "" 2J " " "i ('" J ' 2 ) + c " "j? (° V - ') ! ' 2 + c - -5?(? " 'f + c 
(« 2 - « 2 f 2 

— _A Z i r 

3a 2 x* + 
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51. fix) — J f (x)dx = j x\l \ + x 2 dx. Let u = 1 + x 2 => du = 2xdx. Then 

f(x) = \j u x l 2 du = \ (§w 3/2 ) + C = \{\ + Jt 2 ) 1 + C. /(0) = 1 => ^ + C = 1 => C = §, 



so 



/(*) = £ (i + x 2 ) 3/2 + §. 



52. /"(*) = / f' {x)dx — I — ^dx. Let w = 2* 2 + 1 => = 4xJx. Then 

•/ •/ (2x2 + l)V2 



/W = i/^ = ^"" 3/2rf " = H- 2 "" 1/2 ) +C = -^^ + C - /(2) = -5^-5 + C = -S^C=0, 



so / (x) = - 1 



2 v / 2;t 2 + 1 ' 



X 



53. x(t) = J v(t)dt = J ?v / 16-? 2 dt. Let u = 16 - ? 2 => du = -ltdt. Then 
(?) = -\J u x l 2 du = -\i?/ 2 + C = - j (l6-? 2 ) 3/2 + C. x(0) = 0^ -\ (l6 3 / 2 ) + C = 0^C = ^,so 

x(0 = -^(l6-? 2 ) 3/2 +^. 

54. Let P be the population at time ?. Then P (t) = [r (?) dt = 400 / ( 1 + 2 * ) dt = 400? + 400 / 2t dt. 

J J \ y/24 + t 2 ) J V24 + 1 2 

= 400? + 800m 1 / 2 + C = 400? + 800\/24 + ? 2 + C. 

u 1 

P (0) = 60,000 800V24+C = 60,000 => C = 60,000- 1600V6 P (?) = 400?+800 v / 24 + ? 2 + 60,000 -1600 VS. 
Five years from now, the population will be P (5) = 400 (5) + 800V24 + 25 + 60,000 - 1600^6 % 63,681. 

/r 5 45218 
g'(t)dt = / ■ TTndt. Let u = 1 + 1.09? => du = 1.09 J?. Then 
J (1 + 1.09?) 09 

1 /* 5.45218 ftl n , 

g (t) = —— — —_ J M % 50.02m 01 + C = 50.02 (1 + 1.09?) 01 + C. g (0) = 50.02 50.02 + C = 50.02 
1.09,/ w uy 

=> C = 0, so g (?) = 50.02 (1 + 1.09?) 01 . The life expectancy at birth of a female born in the year 2000 is 
g (100) = 50.02 (llO 0 - 1 ) % 80.04 years. 

f , f 225 - lOx f 225 fx 
56. (x) = / /?' (?) dt = / , = / T-pr dx-10 ^ dx. Let w = 225 - 5x => 

J J V225 - 5x J (225 -5x) 1/2 J (225 -5*) 1 / 2 

du — —5 dx ^> dx — — ^ du and x = 45 — ^u. Then 



225 /* 10 

R(x) = --hr2 + T 



^P- d » = ^j^T2-\j» md »=^ ( 2 " ,/2 ) - 1 (1" 3/2 ) + c 



= 2m 1 / 2 ^45 - ^uj + C = 2V225 - 5x ^— — ^ + — ^ + C = § (2x - 45) V225 - 5x + C. 



R (0) = (-45) V225 + C = 0 => C = 450, so /? (jc) = | (2x - 45) V225 - 5jc + 450. 

57. The required volume is V = J R(t)dt = 0.6 / sin ^ dt = -(0.6) cos ^ + C = cos ^ + C. When ? = 0, 
V = 0, and so 0 = + C and C = Therefore, V = ^ (l - cos ^). 

58. R = J 2 (5 - 4cos ^) J? = 10? - 8 sin ^ + C; (0) = 0 => C = 0. Thus, (?) = 10? - § sin ^. 

59. a (?) = /a (?) dt = J (-4cos2? - 3sin2?)d? = -2sin2? + |cos2? + C. v (0) = \ + C = | ^> C = 0, so 
u (?) = -2sin2? + I cos 2?. Now s (t) = fv (?) J? = / ^-2sin2? + |cos2?^ dt = cos 2? + | sin2? + C. 

s (0) = 1 + C = 0=> C = -l,soj(f) = cos 2?+ |sin2? - 1. 



2 



Section 4.3 Area 291 



60. From F = rriQ 



d_ 
dt 



v 



_yi-(« 2 /c 2 ). 



, we find 



d_ 
dt 



v 



But v (0) = 0, so k = 0. Therefore, 



v 



yi-(v 2 /c 2 )j 

Ft 



F 

m 0 



v 



F Ft 
— dt = h k. 



v 



Jl - (v 2 /c 2 ) J OT 0 "0 

F 2 t 2 



2.2 



ft 



yi - (v 2 /c 2 ) m o i - (« 2 /c 2 ) 



m 



m 2 c 2 v 2 = c 2 F 2 t 2 - F 2 t 2 v 2 => v 2 {m 2 c 2 + F 2 t 2 



) = cW => v = 



0 

cF? 



c 2 _ v 2 



m 



0 



m 2 c 2 + F 2 f 2 



cFt 



. Now 



yjm^c 2 + F 2 * 2 



df. Let w = ra^c 2 + F 2 J 2 ^ du = 2F 2 tdt => t dt = -— ^. Then 



2F 2 



cF /* 



5 = 



1 /2 

^w 1 / 2 ^ + D — — {rn^c 2 + F 2 t 2 ^j + D, where D is the constant of integration. 



2F 2 ./ u 1 / 2 2F 



s (0) = 0 => — m 0 c + Z) = 0 

F 



c 2 m 0 
D = , so s 



F 



(0 = j (m§ 



c 2 + F 2,2y/ 2 _^0 



. Finally, 



lim o (?) = lim 



cFt 



— lim 



cF 



cF 



t^oo t^oo I 2 C 2 f2 t 2 /— 2^2 



f 2 



= — = c, so its velocity approaches the speed of light. 
F 



+ F 2 



61. True. Let u = x z . Then du — 2x dx ^ x dx — ^ du, so J xf \x z j dx = ^ f f (u) du. 

62. False. Let / (x) = x 2 , a = 2, and b = 1. Then f (ax + b) = f (2x + 1) = (2* + l) 2 , so 
f f(ax + b)dx = J (2x + l) 2 dx = \ (2x + l) 3 + C\. But 

/ f(u)du = J u 2 du = ^u 3 + C 2 = \ (2x + l) 3 + C 2 # \ {2x + l) 3 + C\. 



1. a. 




b. 




c. 



y 

6 
5 
4 
3 
2 
1 



0 




y = * + l 






x 



a. cj = 1, C2 = 2, C3 = 3, C4 = 4 

* * ZLl / ( c *) A * = [/ (0 + / (2) + / (3) + / (4)] (1) = (2 + 3 + 4 + 5) (1) = 14 

b. c\ —2,C2 — 3, C3 = 4, C4 = 5 

* * ZLl / fe) A * = [/ ( 2 ) + / (3) + / (4) + / (5)] (1) = (3 + 4 + 5 + 6) (1) = 18 

c. c\ = 1.5, C2 — 2.5, C3 = 3.5, C4 = 4.5 

^ * ZLl / fe) Ax = [/ (1-5) + / (2.5) + / (3.5) + / (4.5)] (1) = (2.5 + 3.5 + 4.5 + 5.5) (1) = 16 
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5—14 4 /4\ 4k 
2. Here a — 1, b = 5, and Ax = = -, so xq = 1, xi = 1 H — , *2 = 1 + 2 ( - ) , . . . , x k — 1 H , . . . , x n — 5 

4 n 7k-l\ n (n-\\ W 

a. c\ = 1, c 2 = 1 + -, . . . , c k = 1 + 4 I ) , . . . , c n = 1 + 4 I I 

n \ n ) \ n ) 



= lim / fot) A* = lim E*-i / (l + i^LJl) (1) = Hm 1 ( 

= 4 lim -fzZ-i2+-ZZ-i(*-l)l=4 lim 1 (in + 1 • = 4 lim [2 + 2(1 -1)1 



= 4(4) = 16 

4 2(4) 4k 4(n-l) 

b. c\ = 1 + - , c 2 = 1 H , . . . , c# = H , . . . , Cn = H 

« n n n 



1 + — + 1 



= lim / (c*) Ax = lim / ( 1 + ~ ) ( " ) = lim " 53-1 ( 

= 4 lim -[ZZ-12+-Z*-1*1=4 lim 1 ( 2 n + - • " ( * + 1} ) = 4 lim [2 + 2 (l + 1)1 = 16 



2 4-3 2(2fc-l) 2(2n-l) 
c. ci = 1 + -, c 2 = 1 + — — , . . . , C£ = H , . . . , c w = 



n^oo n \_^ K ~ l \ n ) n /c_1 J n^oo ft [ ft 2 

= 4 lim [2 - - + 2 (l + - ) 1 = 16 

ra^oo |_ n \ n)\ 

Using elementary geometry, the area of the region S is A = ^ (2 + 6) (4) = 16. 



+ 1 




1. a. 



2. a. 



1-- 



0 



y = x 



1 




b. 



1-0 1 1 

a — 0, b = 1, and n = 5, so Ax = — - — = -. c\ = 0, c 2 = -, C3 

3 A 4 

C4 = — , and C5 = — . 

zLi / (<*) A * = [/ (°) + / (5) + / (i) + / (I) + / 




= (o + i 



..2,3,4 
* + 5 + 5 + 5 



K») 



2 
5 



b. 



a = l,b = 4, and « = 6, so Ax = — - — = -. = -, c 2 = -, C3 

6 2 4 4 



11 13 

c 4 = -r» c 5 = —r 



15 



c 6 = 



zti/(<*) A * = [/(!)+ /(?) 



4 +••• + 



-( 



5.7,9, n, 13, 15 

4" h 4" h 4" h 4" h 4" h 4 



/(*)](» 

)(»- 
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4-0 4 4 8 

a — 0, b = 4, and n = 5, so Ax = — - — = -. ci = -, C2 = -, 

12 16 A 

C3 = — , C4 = — , and C5 = 4. 

ZLl / (<*) Ax = [/($) + / (f) +■■■ + / (4)] (|) 

= [(2-f + 3) + (2.| + 3) + (2.^ + 3) 

+ ( 2 .^ + 3 ) + (2.4 + 3)] (I) 

_ 156 

- ~T~ 

1 12 3 

a = 0,b — 1, and n = 5, so Ax = — . C) = 0, C2 = -, £3 = C4 = -, 

and C5 = — . 

EL, / (<*) Ax = [/ (0) + /(!) + /(§)+/ (3) + / (4)] ( 1 ) 

= [(3 - 2 • 0) + (3 - 2 • i) + (3 - 2 • I) 

+ (3-2.3) + ( 3 -2. 

_ 11 

- T 

. . 3-11 5 7 9 

<2 = 1, b = 3, and « = 4, so Ax = — - — — —. c\ = -, C2 = -, £3 = — , 

-f £j T" '""!' ~T 

. 11 

and C4 = — . 



ZLi / (<*) Ax = [/ (I) + /(?) + /(!) + / (t)] (2) 

= [(8-2.|) + (8-2.}) + (8-2.|) + (8-2.^)](i)=8 



1 1 2 

a — 0,b — 1, and w = 5, so Ax = -. cj = -, C2 = -, £3 

*./ *J *./ 



3 4 

t, C4 = 



5' 



and t'5 = 1. 



ZLl / A * = [/ (5) + / (I) 



+ ••• + 




+ 





11 

25 
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8. a. 




2-0 1 1 

b. a — 0, b — 2, and n — 8, so Ax = — - — = -. c\ — 0, C2 = -, ci, 

8 4 4 

3 5 3 7 

c 4 = -, c 5 = 1, c 6 = -, c 7 = -, c 8 = -. 

Ztl / fat) ^ = [f (0) + / ( I) + • • • + / (})] (I) 



2 * 



= 4 



-0 2 ] + [4-(i) 
[4-l2] + 



+ 



= f| = 5.8125 




+ 



2 



-0) 



2 



+ 



-(!) 



2 



+ 



-0) 



2 



+ 



4- 




2 



1 

r 



9. a. 




3-1 2 

b. a — \,b — 3, and n = 5, so Ax = — - — = - = 0.4. c\ = 1.4, q = 1.8, 
C3 = 2.2, C4 = 2.6, and C5 = 3. 

SLl / fafc) A * = [/ (1.4) + / (1.8) + ■•• + / (3)] (0.4) 



= {[(16 - 1.4) 2 ] + [l6 - (1.8) 2 ] + [l6 - (2.2) : 

[l6-(2.6) 2 ] + [l6-3 2 ]J(0.4) 

= 21.68 



+ 



10. a. yk 




4-0 1 1 

b. a = 0, b = 4, and n — 8, so Ax = — - — — -. c\ = 0, C2 = -, £3 

8 2 2 



= 1, 



3 5 7 

c 4 = 2' c 5 = 2, c 6 = -, c 7 = 3, c 8 = -. 



ZLi/fe) A * = [/(°) + /(i) 



+ ••• + 




4.77 



11. a. 



1- 



0 




y = l/x 



2-1 1 

b. a = \,b = 2, and « = 10, so Ax — — — — 0.1. ci = 1, co = 1.1, 

10 10 

C3 = 1.2, C4 — 1.3, C5 = 1.4, C6 = 1.5, C7 = 1.6, eg = 1.7, C9 — 1.8, 
cio = 1-9. 

Till f ( c k) &x = [f (1) + / (1.1) H h / (1.9)] (0.1) 

^O + A + o + o + ra + o + o + o + rs + o) (°-D 

0.72 



1 
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12. a. 




b. 



a — 0, b — y, and n — 4, so Ax = y . cj = y^, c 2 = C3 = and 



5tt 



XL 1 / (<*) Ax = [/ (£) + / (^) + / ) + / (^)l (?) 



y = cos,v 



= [cos ($ ) + COS (%) 



+ cos + cos 



($)] (f ) 



1.006 



13. Z*=i 1 = 1 + 1 + • • • + 1 = 10 

10 terms 

14. ZL 1 2* = 2 (1) + 2 (2) + • • • + 2 (5) = 30 

15. ZLl (2* - 1) = 1 + (4 - 1) + (6 - 1) + (8 - 1) + (10 - 1) 

16. Zf =1 * (* + 1) = 1 (2) + 2 (3) + 3 (4) + 4 (5) + 5 (6) = 70 

I 7 - ZLl k 2 = l 2 + 2 2 + 3 2 + 4 2 + 5 2 = 55 
10 v 5 1 1 1 1 _i_ 1 1 1 1 1 137 



= 25 



19. ZLl 1 + ^2 + ^/3 + 75^6.15 

20. ZLl^ sin T = sin f + 2sin7r + 3sin ^ L+4sin27r = ~ 2 

21. 2 + 4 + 6 + 8 + • • • + 60 = 2 (1) + 2 (2) + 2 (3) + 2 (4) + • • • 

22. 2-l+2-2 + 2- 3 + -- - + 2-10 = Zl=i 2k 



+ 2(30) = ZEl 2 * 



23. 
24. 

25. 
26. 



+ 23 = [2(1) + 1] + [2 (2) + 1] + [2(3) + 1] + [2 (4) + 1] + • • • + [2(11) + 1] = Z|Li (2* + 1) 

, 8_ v 8 ^ 



1+2,3,4, 
5 + 5 + 5 + 5 + 



h m + ,] + [ 2 ft) + ,] + h (i U ■] + r a « ) ♦ .] + [2 ( } ) + ,1 . zl, ( 5 




2 



- 1 




+ 





+ 



(J) 2 - 



1 




+ 




2 



- 1 



5) - IziLi 




2 



- 1 




(l)+-H-[2(|) 3 -l](0 = lH= 1 [2(|) 3 -l 



28. 




5 + 1 




+ 



+ 1 



n) — k z^=i 



29. Isin(l + l) + Isin(l + l) + Isin(l + l) + ... + Isin(l + ^)=iZLl^(l + l) 



30. 



31. 



32. 



I S ec2(i + l) + I S ec2(l + 2) + Isec2(l + l) + ... + Isec2(l + ^) = IXLl-c 2 (l + |) 
ZE, (2* + 1) = 2 Z£i * + Zi° 1 1 = 2 [^] + 10 = 120 

zLi (3 - * 2 ) = 3 zL, 1 - zL, * 2 = 3 (8) - 8(8+1) f 8+1) 



= -180 



33. Zlii * (* " 2) = Z^i * Z " 2 Zi=i * = 



10 



10 



10(10+ 1) (2- 10+1) 2(10) (11) 



= 275 



34. Zf = iK^-^) =Z^^ 3 -Zf =1 ^ 2 = 



40 (40 + 1)1 2 40 (40 + 1) (2 • 40 + 1) 



6 



= 650,260 



35. Z^i k (2k + l) z = 4Z^! k* + 4Z^i * Z + Z* 



10 



10 ,.2.^^410(11) 



-i2 



L 2 



4 (10) (ID (21) 10(11) = 13 ^ 695 
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36. ZLl i P* + 1) = 4 [ZLl 2^ + ZLl i] 



1 



72 



ft 



ft 



2ft (ft + 1) 



+ ft 



ft + 2 



ft 



37. £ (2k + 1) 

Ar= 1 



2 _ 



ft 



Z (4/: 2 + 4k + l) 
fc=l v y 

4ft 3 + 12ft 2 + lift 



4Z^ 2 + 4XH Z 1 
£=1 £=1 fc=l 



n 



n 



4ft (ft + 1) (2ft + 1) 4ft (ft + 1) 
6 + ^— + n 



n l / 

38. Z " ( 

k=\ n \ 



1 + 




n 

Z - 

k= 



1 / 21 

- 1 + - 
j ft \ ft 



2* £ 2 



+ 



ft 



H 



2 « 



= - Z i + - z^ + 



k=\ 



n k=\ 



1 n \ 

nZ k=\ ) 



1 f 2 ft (ft + 1) 1 ft (ft + 1) (2ft + 1) 
= - ft H h • 



ft 



ft 



ft 



6 



14ft 2 + 9ft + 1 
6^ 




ft— >oo ^2 



40. lim ii(2H 1) 

n ~^°°k=l n 



2 _ 



lim -4- 

ft— >00 ftJ 

lim - 

n—>oo 3 



ft ft ft 

4Z* 2 + 4Z*+ Z 1 



£=1 



/r= 1 k=i 



— lim -4" 

ft— >00 /| J 



4ft (ft + 1) (2ft + 1) 4ft (ft + 1) 
: 1 h n 



[H)H) + 2 G + ^) + i] = 



4 

3 



41. lim J (-+2)( 3 -) 



lim 

n—>OG 



lim 

n—>oo 




| ft ft 

w *=1 *= 




ft (ft + 1) 



Hm {^[l-2- + 2n 



ft— >QO 





; 1+- +6 = 



15 



42. lim Z 

W ->°°*=1 



1+2 





lim 

n—>oo 




ft Oft 

zi+4^* 2 



= lim Uiy + l.^'JL 

n->oo\_\n/ ft ft z 



+ 1) (2ft + 1) 

6 



= lim 2+ - 1 + - 

ft^oo I 3 \ n 



i / \ ft 




^ 4 10 
= 2+ - = — 

3 3 



lim 

ft— >00 



lim 

ft— >00 



1 

- -ft + 
ft 



4 ft (ft + 1) 4 ft (ft + 1) (2ft + 1) 



ft 



2 



+ 



ft 



13 

T 



44. lim Z ( 1 + 



ft— >oo 



2fc- 
2ft 



; ) G ■ 



lim — 

ft— >oo ^ 



£ 2ft + 2&- 

A:=l 



1 



2ft 



= lim — T 

ft^oc 2ft 2 



lim 

ft— >oo 



2ft - 1 1 
•ft + - 



ft (ft + 1) 



2ft 2 



ft 



(2ft - 1) Z 1 + 2 Z * 
lim i _ _L + I ( i + _ 

ft->oo 2ft 2 \ ft 



3 
2 



2-0 2 2 (jfc - 1) 

45. a — 0, b — 2, Ax = — -, and C£ = , so 

ft ft ft 



A = lim Z / (ck) Ax = J im „ Z ( 2c k + 1) Ajc = lim Z I 4 ^ ~ + M " = \ 



ft— >00 



£=1 



ft^OO 



£=1 



ft— >oo 



£=1 



ft 



ft 



(ft-4)Z 1 + 4 Z* 
fc=l *=1 



lim 

ft— >oo 



2 (ft - 4) 



ft 



„ + i.^±i)i = lim r 2 ( 1 -i) +4 (i + i)i=6 

» 2 ft-^oo [ \ n/ \ ft/ J 
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46. a = 1, b = 3, Ax = - — - = -, and c k = \ {x k _\ + x k ) = i ^1 + (k - 1) ^-^ + 1 + k ^~ 



2k- 1 
= 1 H , so 



n 



A= lim £/(<*) Ax = lim X(3c*-1)A*= lim Z 3(1 + 



£=1 



k=\ 



ft— >oo 



IK 



= Hm 2 -)t \2 + 3(2k - l) 
n ^°°\nJ k=\L n 

n-^oo l\n J \ n) n l 



lim n[(2-^Z 

->°°W V n J k=\ 

[»H) 



6 " 

i + - z* 



= lim 

ft— >oo 



+ 6 1 + 




= 4 + 6= 10 



47. <2 = 



1 , - 1 

0, 0 = 1, Ax = — , and c k — , so 

n n 



n n n (k — 1\ 2 / 1\ 
A = lim T / (q) Ax = lim Y c? Ax = lim Y ( I I - ) 

^ooifii ^°°*=1 * """"fell » / W 



1 n o 

Urn -rj;(t- l) 2 

ft->oo W J ^ 



= lim 



1 



ft— >oo ^3 



« ft « 

£*2_ 2 £*+ £ 1 



= lim 



1 n (n + 1) (2ft + 1) 2ft (ft + 1) 



ft— >oo ^3 



2/7 3 



+ 




= lim n( 1+ i)( 2+ i)_(i + _L) + ^i = 

ft-^oo [6 \ ft/\ «/ \« ft z / n z _ 



1 it 
48. a = 0,b — 1, Ax = -, and = -, so 

n n 



ft 



ft 



A = 



lim X / ( c k) Ax = lim Z c /> A * = lim Z ( - 

n_>00 £=i w ^°°jfe=i ft-^ oo y w 

1 ft (ft + 1) (2ft + 1) 



lim 

ft— >00 ^2 



= n m !(, + !)( 

ft-^oo 6 \ ft/ \ 




I ft 
lim V k 2 



1 

3 



„ , , A 1 - (-2) 3 , 3 — 1) 
49. a = -2, b = 1, Ax = — - = -, and c k = -2 + — -, so 

n n 2n 

A = / <*> A * = j& £ ( 4 - c 9 A * = j& £ ( 4 - [~ 2 + 



3 ilk - 1) 

2ft 



-i2 




i. ft 

lim - y 



4-4 + 



6 (2fc - 1) 9 (2* - 1) 



2 



ft 



4n 2 



= lim - X 



ft^oo n \ n n n 



12k 6 9^ 2 9k 9 

■ + ^7 - 



4n 2 



lim — 

n—>oo n 



Yin (n + 1) 6n 9n (n + 1) (2n + 1) 9n (w + 1) 9n 



2n 



n 



6n 2 



2n 2 



An 2 



lim 18 (n + ^ 18 2?W (W + ^ + ^ (W + ^ 27 

ft^oo [ // n 6n 3 2/7 3 4/7 2 

= lim 18 (i + I)-H_V 1 + I)( 2+ I) + ^(I + ^_ 

ft-^oo [ y « 2\ «/\ w/ 2 \n n 2 J 

1 - (-2) 3 3/c 
50. a — —2, /3 = 1, Ax = — -, and c k = — 2 H , so 

n n n 



27 
4^2 



= 18-9 = 9 



A = 



« ft / v ft / 3/t\ / 3A:\ 

lim y/(c/v)Ax= lim T (ct - c 2 ) Ax = lim V ( -2 + — ) - ( -2 + — ) 



2 




ft 



lim Z ~ 



-6 + 



15 A: 9k 



2 



= lim 

ft^OO 



lim I • n + 



ft /7 

45 n (n + 1) 27 n (n + 1) (2n + 1) 



« k=\ n L k=i k=i 



ft— >oo 



n n 
45 



ft 



lim -18 + 

«^oo I 2 



9 

2 



ft 
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51. a — 



2 2k 

— 1, b — 1, Ax = -, and q- = — 1 H , so 

ft n 



A = lim Ax = lim £ (c2 + 2c* + 2) 



1 + 



4^ 2 



ft 



2 



= lim 



2 n g n , 

-Z1 + -Z* 

" fc=l ^ A:= 1 



lim 



2 8 ft (ft + 1) (2n + 1) 
- • n H — T • 



n 



n 



6 



= lim 

n—>oo 



2 + 



8 _ 14 

+ 3 ~ T 



52. a — 



1-0 k 

0, b = 1, Ax = , and c# = -, so 

ft ft 



A = 



n n , v ft 

lim Z/( C *)A* = lim Z ( 2c * A * = lim Z 




lim 

n—>oo 



ft 



2 ft (ft + 1) 
"2 0 



ft 



1 ft 2 (ft + 1) 



= lim 

ft— >oo 



KHH) 



— = lim 

ft ft— > (X) 



_ 1 _ 
~ 4 ~ 



2 n 
« A:= 1 
3 

4 



1 « 

4*Z* 3 



2 — 0 2 2& 2k 2k 

53. a. Here Ax — = - and x* = 0 + &Ax — — . We take q. = 0 H = — (the right endpoint) and / (x) 

ft ft ft ft ft 

« "/2A:\ 4 /2\ w 16& 4 /2\ 32 " 

ThenA = lim £/(<*) A* = lim Z — (-) = lim X — 3- I - ) = lim — £ £ 4 . 

b. Using a CAS, we find 

32 ft 32 «(l+«)(l + 2ft)(-l+3ft + 3ft 2 ) 16 (ft + 1) (2ft + 1) (3ft 2 + 3ft - l) 

~T Z k = 3 = 



= x 4 



30 



15ft 4 



c. A = lim 

ft— >oo 



16 (ft + 1) (2ft + 1) (3ft 2 + 3ft - l) 



16 



15ft 4 



lim ( 1 + I)( 2+ I)( 3+ !_1) = 

15 ft->oo y «/\ w/ \ n n l ) 



32 



2 — 0 2 2& 2k 

54. a. Here Ax = — - and x* — 0 + & Ax = — . We take c\ — — (the right endpoint) and / (x) 

ft ft ft ft 



= x 5 . Then 



* = J™ S /fat) Ax = Jim £ 0^ 0) = Jim £ ^ /2 



ft— >OQ 



£=1 



ft— >oo 



W_>00 &=1 n 
2ft 2 




64 n 64 " 2 ( n + ( 2 ^ 2 + 2 " _ 0 
b. Using a CAS, we find —r Z ^ 5 — ~a ' 

ft G fc=1 



ft 



12 



c. A = lim 



64 



ft 2 (ft + l) 2 (2ft 2 + 2ft - l) 



64 



ft— >oo n 



6 



12 



lim Z 



//— > >c ^6 



n lim ( 1 + I) 2 ( 2+ >_J_) = 

12 ft^oo y n) \ ft ft 2 / 



32 



5 — 2 3 3A: 3A: 

55. a. Here Ax = — -, x* = 2 + k Ax = 2 H , and c* = 2 H (the right endpoint). Then 

ft ft ft ft 



ft 



ft 



A = lim Z / faO a * = lim z 



n—>oo 



k=\ 



ft— >oo 



( 2+ t) 4+2 ( 2+ ?) 



2 



+ 12 + 



3k 



ft 




/3\ w 

b. Using a CAS, we find I - I Z 

W*=l 



+ 2 2 + 



3^ 



ft 



+ 12 + 



3^ 




3 (2357ft 4 + 3270ft 3 + 1200ft 2 - 27) 



10ft 4 



3 (2357ft 4 + 3270ft 3 + 1200ft 2 - 27) 3 / 327 o 1200 
c. A = lim — ^ , = — lim ( 2357 + + 



ft— >oo 



10ft 4 



10 ft— >oo \ 



ft 



200 27 \ _ 
ft 2 ft 4 / 



7071 
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7T 



-y — 0 7T nk izk 

56. a. Here Ax — — — — ,x k = 0 + k Ax — — , and c k — — (the right endpoint). Thus, 

n 2n In 2n 



n 



A — lim V f (ck) Ax — lim T 
n ^°° k=\ n ^°° kt 

b. The sum cannot be expressed in closed form. 



I h ( 



Tck 

Hi 




c. Using a CAS, we find A = lim 



L © * ( 



nk 



= 1. 



57. a. The area of the shaded triangle is 

^ (base) (height) = ^ (r cos ^) (r sin so the area of each 

isosceles triangle is 2 • jr 2 cos ^ sin ^ = ^r 2 sin Therefore, 

A„ = ±r 2 nsin^. 

b. A = lim A n = lim ±r 2 "sin^ = \r 2 lim n ( sin ^ 

«— >oo «— >oo z n z «— >oo \ Z7r / " 



sin 



2tt 



= ±r 2 (2tt) lim " = Trr 2 



/7 




58. a. Refer to the figure in Exercise 57. The length of each side of the isosceles triangle is 2r sin jr, so the perimeter of the 
polygon is C n — 2nr sin ^. 



sin^ 



b. C = lim C n — lim 2nr sin — — 2r lim n (5) sin 5 = 27rr lim — =-^- = 27ir 



//— > OC — 
ft 



59. The required area A is approximated by the sum of the areas of the rectangles with a = 0, 
/? = 100, Ax — 20 and evaluation point c# chosen as the midpoint of [jt£_i, We find 

A = [/ (10) + / (30) + / (50) + / (70) + / (90)] (20) = (80 + 100 + 1 10 + 100 + 80) (20) = 9400 ft 2 . 

60. Refer to the figure in the text. The height is 

// = / 0 45 d (0 ^ / (0) • 3 + / (^ 

= 5 (3) + 10 (3) + 16 (4) + 18 (6) + 20 (8) + 18 (8) + 14 (6) + 17 (5) + 14 (2) = 718 ft 

61. XLl + h) = (ai + h) + (a 2 + b 2 ) + • • • + (a* + b k ) + • • • + (a n + b n ) 

— (a\ + ci2 H h % H h%) + (^i+^H V bk H h M = Zfc=l ^ + Z/Ll 

62 - 23=1 ( a * - h) = (fll ~ h) + (a 2 - b 2 ) + h (a* - + h («n - b n ) 

= (a\ + a 2 H h fljt H h fl w ) - (b\ + Z> 2 H h ^ H + M = S^=l a it ~ X/Li ^ 

63. False. Since in every subinterval x^] there are infinitely many rational numbers and infinitely many irrational 
numbers, we can pick to be irrational. Then X^=i / ( c k) Ax = X^=i 0 • Ax = 0. 

64. True. £Ll (c^ -<»*) = ZLl c «/t " SUl J ^ =c^ n k=x a k -d ££ = l **• 

65. False. Let — — k and n — 2. Then ^X^=i (S 2 =i ^fej — ( a l + a 2) (^1 + bl) — (1 + 2) (1 + 2) = 9, but 
Z?=i = a l b l + a 2^2 = 1-1 + 2-2 = 5. 

2 2 

66. False. Let a* = k 2 , b k = k, and n = 2. Then (^ - b k ) 2 = (a\ - b { ) 2 + (a 2 - ^2) 2 = ( l2 ~ 1 j + (2 2 - 2 ) = 4, 



but ZLl 4 " ZLl % = 4 + 4 " (*i + ^2) 



2\ _ i2 



= l z + 



4 2 - + 2 2 ) = 12. 
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| 4.4 Concept 

1. See pages 387 and 388. 

2. See pages 387 and 390-392. 

3. a. The displacement of the object at t — c is A\ ; at t = d, it is A\ — A 2 ; at t — e, it is A\ — A2 + A3; and at f = b, it is 

Ai — A2 + A3 — A4. 

At ? = c, the displacement is f£ v (t) dt. 

Ait = d, the displacement is f£ v (t) dt = f£ v (t) dt + v (t) dt. 

At t = e, the displacement is f* v (t) dt = f£ v (t) dt + v (t) dt + f^v (t) dt. 

At t = b, the displacement is f% v (t) dt = f£ v (t) dt + v (t) dt + f%v (t) dt + fj? v (t) dt. 

b. The distance covered by the object over the time interval [a, d] is A\ + A2 = f£v (t) dt — f£ v (t) dt, and over [a, b] it 
is Ai + A 2 + A 3 + A 4 = \ c a v (t) dt - Jj? v (0 dt + /J 0 (0 </f - /j 7 0 (t) dt. 




1. Here a = 0, b = 8, and = 4, so Ax = 



fc-a 8-0 



= 2, xq = 0, xj = 2, x 2 = 4, X3 = 6, and x 4 = 8. 



n 4 

a. c\ — 0, C2 = 2, C3 = 4, and c 4 = 6. Therefore, the Riemann sum is 

ZLl / (<*) A* = [/ (ci) + / (c 2 ) + / (c 3 ) + / (c 4 )] Ax = [/ (0) + / (2) + / (4) + / (6)] Ax 

= [4 + 3 + 2 + (-2)] (2)= 14. 

b. c\ = 2, c 2 = 4, c 3 = 6, and c 4 = 8. The Riemann sum is YX=\ f ( c k) Ax = [3 + 2 + (-2) + (-1)] (2) = 4. 

c. Here c\ — 1, c 2 = 3, C3 = 5, and c 4 = 7, so the Riemann sum is Xfc=i / ( c &) Ax = [5 + 1 + 0 + (—3)] (2) = 6. 

4 - (-2) 

2. Here a — —2, b — 4, and /? = 6, so Ax = = 1, xq = —2, x\ = — 1, x 2 = 0, X3 = 1, x 4 = 2, X5 = 3, and x$ 

6 

a. ci = —2, c 2 = — 1, C3 = 0, c 4 = 1, C5 = 2, and — 3. Therefore, 

ZLl/fe) Ax = [/(c 1 ) + /(q) + ... + /(c 6 )] Ax = [f (-2) + /(-!) + ... + / (3)] Ax 



= 4 



b. ci = 

c. ci = 

zL 



= (-2 + 0.5 + 1.25 + 2 + 0.5 - 1) (1) = 1.25. 

— 1, c 2 = 0, C3 = 1, c 4 = 2, C5 = 3, and — 4, so 

! / (c*) Ax = (0.5 + 1.25 + 2 + 0.5 - 1 - 2) (1) = 1.25. 

— 1.5, c 2 — —0.5, C3 = 0.5, c 4 = 1.5, C5 = 2.5, and — 3.5, so 
x f (c k ) Ax = (-0.5 + 1 + 1.5 + 1.5 - 0.5 - 1.5) (1) = 1.5. 



3. a. 




b. 



a — 0, b = 2, and n = 4, so 



Ax 



2-0 



o 1 

2» and x 4 = 2. Then = ^, c 2 = ^ 



2> ^2 = 1» 



2, *0 = 0' -^1 = 

5 ~- = | , and the 



3 /v, - 5 r , 
— Z' c 3 — z» c 4 



^3 =- 2 

Riemann sum is 

zt, / («) a. -[/(})+/ (I) +/(!) + /(?)] (0 



+ [2 (!)- 3] + [>(J) -.]}(« 

= -2. 
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4. a. 




b. a — 



x 2 = 



— 1, b = 2, and n — 6, so Ax = — ^ = ^ , = — 1 , x j = — ^, 
0, X3 = ^, X4 = 1, JC5 = ^, and X(y — 2. Then ci = — 1, c% = — j, 
0, C4 = ^ , C5 = 1, C6 = ^ , and the Riemann 



c 3 = 



zLi / fao A * = [/("!)+/ (-2) + 



sum is 




{[-2 (-1) + 1] + [-2 (-^) + l] + [-2 (0) + 1] 

+ [-2 (1) + l + [-2 (1) + 1] + [-2 (§) + l]j (1) 



3 
2- 



5. a. 



3-0 




b. a = 0, b = 3, and « = 6, so Ax — = j,xq = 0, x\ — i?, *2 — 1» 
X3 = ^x\ — 2, x$ = and ^5 = 3. Then c\ — ^, c 2 = 1, C3 = ^, 
C4 = 2, C5 = 5, C6 = 3, and the Riemann sum is 

Zf=l / fat) ^ = [f (j) + / a) + • • • + / (3)] (2) 



= p-i) + (vr-i) + (yf-i) 

(v2-i)+(yi-i)+(v3- 



+ 



0.83. 



1 




6. a. 




5tt 



b. « = 0, b = ^p, and ft = 5, so Ax = 



(5tt/4)-0 tt v 



5 = ip*u = = 



3tt 



*2 = f > *3 = T' x 4 = and x 5 = Then cj = ^, c 2 = f , 
C3 = 2|L, C4 = 7T, C5 = and the Riemann sum is 

ZLl f(Ck)Ax =[/(f) + /(f) + /(^)+/(7T)+/(^ 




7T 

T 



) 



(2sin^ + 2sinf + 2sin^ +2sin7r + 2sin^) (^) 



2.68. 



2-0 2 2 3 2k 

1. a — 0 and = 2, so Ax = = -, iq = 0, xi = — , x 2 = — , . . ., x^ = — , . . ., x n — 2. Let us pick to be the right 

n n n n n 

2k 

endpoint of [jc£_i, jc^J, so that c# = — . Then, denoting the integrand by / (x) — x, we have 



2 n n /2k\ /2\ n 2k 2 4 n 

xdx — lim V f (ci) Ax — lim V / ( — ) ( — I = lim V — ■ — = lim V 

0 n^oo k=i ■ k=} \nj\nj n -^ 00 k=\ n n n ~^°° n k=\ 




n—>oo n 2 
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2-(-l) 3 3 /3\ /3\ 

8. a — — 1 and b — 2, so Ax = = xq = — 1, x\ = — 1 H — , X2 — — 1 + 21 — I, = — 1 + ( — ),.. ., 

n n n \n J \n J 

3k 

x n = 2. Let us pick c# to be the right endpoint of , so that = — 1 H . Then, denoting the integrand by 

/ (x) = x 2 , we have 

f 2 x 2 dx= lim £/(c*)A* = lim £(-l + ^) 2 (2) = Mm - £ (l - - + 

(3 * 18 » 27 * A [3 18 n(n + l) , 27 g (n + 1) (2n + 1) 

= lip " I 1 9 Z * + ~T Z * I = h P - ' n 9 o + -T 7 

*->°o\n £1 n 2 jt=i « 3 *=i / w_>0 ° L^ 2 n 2 2 n 3 6 

= lim [3 - 9 f 1 + + 9 -(\ + - V 2 + -)] =3-9 + 9 = 3. 

3 - (-1) 4 4 

9. a — —\ and £ = 3, so Ax = = -, = —1, jq = — 1 H — , x^ — — 1 + 2 

n n n 

4k 

x n = 3. Let us pick c# to be the right endpoint of , so that = — 1 H . Then, denoting the integrand by 

/ (x) = x — 2, we have 

^ n w / 4fc \ /4\ 4 n / 4fc\ 

/2 1 (jc-2)dx= lim X /(0t)A*= lim X + — -2)(-) = Mm - Z ( -3 + — ) 



(1\ 

I I , . . . , Xfc — 




( 12 * 16 " \ 
= lim ( Z 1 + -T Z k ) = lim 




n 



n 2 2 «->oo 



= -12 + 8 = -4. 




2k 

x n = 1. Let us pick to be the right endpoint of , Xk], so that = — 1 H . Then, denoting the integrand by 



n 



f{x) = 2x+ 1, 



i n n r / 2&\ "I /2\ 2 w / 4&\ 

J_\ (2x + = lim Z / fo) Ax = lim Z U ( -1 + — + 1 ( - ) = lim - £ ( -1 + — ) 

/ 2 n 8 * \ [2 8 n(n+l) 
= hm Z 1 + -T ZM= hm n + -=■ • 

rc^oo \ n k={ n z k=i J n^oo \_ n n l 2 

= lim [-2 + 4(1 + - )1 = -2 + 4 = 2. 




pick Ck to be the right endpoint of Xk\ so that c\ = 1 H — . Then, denoting the integrand by / (x) = 3 — 2x 2 , we 

have 

fi(3-2x 2 )dx= lim X/(c*)Ax= lim £[3-2(1 + -) (-) = lim i £ ( 3 - 2 - — - ^ ) 



-j&HHHHH 1 *:)]- 1 - 1 -!-! 
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l-(-2) 3 3 /3\ /3\ 

12. a — —2 and b = 1, so Ax = = -, xq = —2, x\ = — 2 H — , *2 = — 2 + 2 ( — ), . . ., x^ = — 2 + ( -),..., 

W W 



ft 



n 



n 



3k 



x n = 1. Let us pick q- to be the right endpoint of i , so that c# = — 2 + — . Then, denoting the integrand by 
/ (x) = + 2x, we have 

J_l 2 (x 3 + 2x) = lim Z/fe)Ax= lim £ (-2+—) + 2 f-2 + — ) (-) 



= lim — 



»*=i\ 



36k 54k 2 21k 3 6k 
-8 + _ + ^_-4 + 



ft 



ft 



ft 




36 » 126 » 162 » 2 81 

= J 1 ??. I -— Z 1 + — Z * - -r Z * + -4 Z 




t . , 36 126 w(w+l) 162 ft (ft + 1) (2ft + 1) 81 ft 2 (ft + l) 2 
— lim I • n H • r- • 1 7 • 



ft 



ft 



ft 



ft 



lim 



-36 + 63 



K)- 



27 1 + - 



n) ( 2+ n) + 



81 



1 + - 




-36 + 63- 54+^ = -^ 



13. lim XLl ( 4c * — 3) A* = jZl (4* - 3) dx 



n—>oo 



14. lim XLl 2c * (* ~ c k) 2 Ax = Jo 2x 0 ~ JC ) Z J * 



15. lim V Ax 

^°°*=1 c 2 + 1 



2x 



1 x 2 + 1 



dx 



16. lim Zjfe= l c fc cos c k Ax = J^ 2 xcosxdx 



17. a. /ri / Wrfjc = -\ (1 + 3)3 = -6 
b. /i x / (jc)Jx = - (f + 6 + l) = 



c. / 4 / (x) dx = 

d. /? 4 / (*) dx = 



£ (6 - 4) 4 + £ (4 + 2) (9 - 6) = 4 + 9 = 1 3 

: J-4 f ( x ) dx + j\f (x) dx + J 4 9 / (x) dx 



19 



= — 6 — 4f + 13 = — 



4- 



H 1 h 



-4 -2 0 





H 1 1 i 1 1 1 1 \ 



10 x 



18. a. J\ f{x)dx = -\ (2) (2) + \ (2) (2) + (1) (2) = 2 
b. Jj 5 f (x) dx = (4) (2) + \tx (2 2 ) = 8 + 2tt 



c. / 5 8 /W^ = (l)(2)+^(2)(2) = 4 

d. jl 4 f (x)dx = /1 4 / (x)dx + /f / (x)dx + jf / (x)dx 

= 2 + (8 + 2tt) + 4 = 14 + 2tt = 2 (7 + tt) 
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19. JZ 2 3 dx = 3 [4 - (-2)] = 18 



y \ 


y = 3 




3 




> 




2 0 




\ x 



21. / 0 3 (-3x + 6) dx = \ (2) (6) - \ (1) (3) = 



9 



8 



4 

2 




2 -1 0 
-2 

-4- 


1 2\ 


\ 4 * 



23. \x - 1| rfjc = \ (2) (2) + £ (1) (1) = 



5 
1 




25. J 0 3 (-,/9^) </* = -^r (3 2 ) = 




20. J 3 2 (2x + 1) dx = -\ (|) (3) + \ (J) 7 = 10 



y = 2jc + 1 




22. /5iW^ = i(l)(l) + i(2)(2) = 



5 
2 




2 x 



24. J 2 2 V4-X 2 dx = ^tt (2 2 ) = 2tt 




26. J 0 2 V-x 2 + 2x dx = \tt (l 2 ) = 



7T 

T 




2 x 



2 



27. a. ftif(x)dx = f£f(x)dx + f£f(x)dx = 3 
b. J 2 / (x) rfoc = - jf / (*) dx = - (-1) = 1 



=3-1=2 



•2 



c. Jo 2/ (jc) = 2 £ f (x) dx = 2(3) = 6 

d. /| [/ (jc) - 4] dx = jf / (*) dx - J2 4dx = -1 - 4 (5 - 2) = -13 
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28. a. J3 1 2f (x) dx = -2 ft f (x) dx = -2 (4) = -8 

b. ft f (x)dx = -ftf (x)dx = - [ft f (x)dx + ft f (x)dx\ = - (4 + 2) = -6 

c. J3 1 \-2f (x)] dx = - ft [-2f (x)] dx =2ftf (x) dx = 2 (4) = 8 

d. ft 3f (x) dx = 3 ft f (x) dx = 3 • 0 = 0 



29. a. ft { [f (x) + g (x)] dx = ft 1 f (x) dx + fl lg b)dx = 5+ (-2) = 3 
b. ^ 1 [g(x)-/(x)]Jx=^ 1 g(x)^x-^ 1 /(x)^x = -2-5 = -7 



c ft { [3/ (x) - 2g (x)] dx = 3 ft ! / (x) dx - 2/f ! j (x) dx = 3 (5) - 2 (-2) = 19 

30. a. ft f (x) dx = - Jo 2 / (x) dx = -2 

b. ft 2 [f (x) + 3] dx = ft 2 f (x) dx + J° 2 3 dx = [ft 2 f (x) - ft f (x) dx] + 6 

c. / 2 ° 3/ (x) dx - Jq 2 2f (x) dx = -3 J 0 2 / (x) dx + 2 J° 2 / (x) dx = -3 (2) + 2 (3 

31. ft $x 2 + x + 1 dx = 0 

32. jf / (x) dx = - ft f (x) dx = - (-10) = 10 



=3-2+6=7 



- 2) = -4 



33. cos 2x fix = Jq^ 4 cos 2x dx + j^l^ cos 2x dx + fy^/^ cos 2x dx 

— 2 cos 2x dx + ft^jl^ cos 2x dx = 0 



37T/4 




34. The integral J? \J a 2 — t 2 dt gives the area of the region under the 

graph of the semicircle y — \l a 2 — x 2 on the interval [0, x]. But this 
is equal to the sum of the areas of sector OPQ and triangle OPR. 

Because sin 6 — % => 0 = sin -1 J, we see that the area of 

Li t 1 

sector OP 2 is ^a 2 0 = sin -1 ~. Also, the area of triangle 



JC 2 + /=fl 2 



OP/? is ^xj = ^xy a 2 — x 2 , so 

Jq y/a 2 — t 2 dt — Ijx^/a 2 — x 2 + ^a 2 sin -1 | for 0 < x < a. 




X 



35. / (x) = — = > 0 for x in [0, 1], so by Property 4 of the definite integral, Jq 

x l + 1 



x 2 + 1 



dx > 0. 



36. Since x 2 < +JH for 0 < x < 1, Property 5 of the definite integral implies that ft x 2 dx < ft ^fx dx. 

37. Since cosx < 1 on [0, ^-], we see that sin 2 x cosx dx < sin 2 x dx. Therefore, by Property 5 of the definite integral, 



sin 2 x cos x dx < 1 H sin 2 x dx . 



*7 4 o;«2 



0 



0 



38. Since 0 < cosx < 1 on [0, f ] andx 2 + 1 > 1 on [0, f ], we see that cosx < x + 1 on [0, y]. Therefore, by Property 5 
of the definite integral, cosx dx < (x 2 + \^ dx. 

39. The integrand / (x) = yf\ + 2x 3 is increasing on [1,2], and so V3 < / (x) < \f\l on [1, 2]. Therefore, by Property 6 of 
the definite integral, >/3 (2 - 1) < ft Vl + 2x 3 dx < VT7 (2 - 1) => V3 < ft Vl + 2x 3 dx < VT7. 



40. / (x) = - is decreasing on [1, 3], so - < - < 1 on [1, 3] and 4 (3 - 1) < f, 3 (1/x) dx < 1 (3 - 1) 

x 3 x 3 1 

\ < ft(l/x)dx < 2. 
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41. 



Let / (x) = x 2 — 2x + 2. Then /' (x) = 2* — 2 = 2 (x — 1) = 0 => x = 1, so 1 is a critical number of 
/. / (-1) = 5, / (1) = 1, and / (2) = 2, so 1 < / (x) < 5 and by Property 6 of the definite integral, 

1 [2 - (-1)] < jl { (x 2 - 2x + 2^ dx < 5 [2 - (-1)] 3 < jl x (x 2 - 2x + 2) dx < 15. 



x 2 , 5 (x 2 + 2) (2x) - (x 2 + 5) (2x) 

42. Let / (x) = -f^. Then /' (x) = V 7 V y 



6x 



x^ + 2 



{x 2 + 2) 



(x 2 + 2) 



< Oif x is in (0,2). Thus, 



, 2 2 + 5 3 5 
/ is decreasing on [0, 2], and so — ~ = - < / (x) < -. Therefore, by Property 6 of the definite integral, 

2 ~\~ 2 2 2 

3 p2 x 2 1 c c /*2 y2 _i_ c 

- (2 - 0) < / 0 dx < - (2 - 0) 3 < / dx < 5. 

43. / (x) = sin* is increasing on Therefore, sin ^ < sinx < sin ^ => ^ - smx - By Property 6 of the definite 

1 /7T 7T\ ^ f 7r/4 ^ ^ Jv ^ ^2 ^7T _ _ 



integral, 2 (f - f ) < sin x dx < -y 



- In/6 



7x74 sinx dx < 



44. 



2 



y (x) = x sin x is increasing on 3f ], so ^ sin ^ < x sinx < y sin y ~~ " 

4 21 (f - f ) ^ KH****dx < f (f - f ) = 



^ < * sinx < y . 



Therefore, 



V27T 2 



< /^/{f x sin x dx < ^- . 



45. a. 



0 



-2 




-1 



0 



1 



b. / (-jc) = (-x) yji-xf + 1 = -xy/x 4 + 1 = -/ (x). This shows that 

the graph of / is symmetric with respect to the origin. Therefore, the area 
of the region above the x-axis is the same as its area below the x-axis. 

c. x\/x 4 + 1 dx — J^j xVx 4 + 1 dx + Jq 1 x\/x 4 + Idx 

= -A + A = 0, 

where A denotes the area of the region associated with each of the 
integrals on the right. 



46. a. 



1 -- 



0 



-1 -- 
0 





1 1 1 


1 \ 









b. 




Let 7T < x < 2-7T. Then x = t + 7r where 0 < ? < 7r. Now 

sin 3 * = sin 3 (t + 7r) = — sin 3 showing that the graph of / (x) = sin 3 x 
on [7T, 2-7t] is obtained from the graph of / on [0, 7r] by translating it to 
the right it units and reflecting it about the x-axis. 



c. Jq n sin 3 x dx — sin 3 x dx + J^ 71 " sin 3 x dx 

= A - A = 0, 

where A denotes the area of the region associated with each of the 
integrals on the right. 



2tt . 3 





1 1 1 


i 1 1 









6 



47. Let g (x) = — / (x). Then g is continuous and g (x) > 0 on [a, fc]. By Property 4 of the definite integral, 
0<fig (x) dx = ll [-/ (x)] = - /* / (x) dx => Jj 7 / (x) Jx < 0. 

48. — | / (x)| < / (x) < |/ (x)\ for all x in [a, b], so by Property 5 of the definite integral, 



- /* 1/ wi dx = /; [- 1/ ( X )\] dx < /; / (x) ^ < /; 1/ mi rfx /; / « ^ < /; 1/ wi ^. 

49. The result of Exercise 48 implies that x sin2x dx < f% \x sin2x| dx = jj 7 |x| |sin2x| dx. But |sin2x| < 1 for all x, 
and so f%x sin 2x dx < \x\dx = J^x dx [since & > <2 > 0] = ^ ^/? 2 — a 2 ^ upon using the result of Example 3. 



b 
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50. Without loss of generality, we may assume that / (x) > 0 on [a,b]. Since 
/ is concave upward on [a,b], the graph of / lies below the chord 
connecting A and B . Therefore, 

area of 
trapezoid abB A 

(b-a)f (a) < /* / (*) dx<\(b-a) [f (a) + / (*)] . 



area of 


< 


area under 


< 


rectangle abCA 




the graph of / 






b x 



51. a. 



1.0 



0.5 " 



0.0 




b. Since x > 0, we see that / (x) > 0. Next, observe that x > 0 

x 



y/l + x 5 > 1, and so / (x) = 



< x — g (x). Therefore, 



+ x 



0 < / (x) < g (x), as was to be shown. 



c. 



Using the result of part b and Property 5, we have 

1 x dx r 1 



0.0 0.2 0.4 0.6 0.8 1.0 



0= Co 

Jo 



dx < 



, < / x dx — A ( 

o yi+^5 - Jo 2V 



1 



1 



. See 



Example 3. 



52. a. 




b. 



0.0 



0.5 



1.0 



1.5 



Put h (x) = x — s'mx for x e [0, Since h (0) = 0 and 

h! (x) = 1 - cosx > 0 on (0, y), we see that h (x) > 0 => 

x — sin x > 0 => x = g (x) > / (x) = sin*. Since sinx > 0 for 

x g [0, y], the desired inequalities are valid. 

c. Using the result of part b and Property 5, we have 
0 = Jn/6 0dx ^ Jn/6 sinxdx - Sn/6 xdx 



I 

2 



(?) 2 "(?) 2 ] = 



* ] 1 = m* 2 



upon using the result of Example 3. 

53. Since x 4 + x > x 4 for all x e [2, 4], we have yl x^ + x > Vx 4 = x 2 for all x e [2, 4]. Using Property 5, we have 
J2 V* 4 + x dx > §2 x ^ dx = 1 (4 3 - 2 3 ) = 

54. From the result of Exercise 52b, we see that sin* < x for x e [0, y ], so x s'mx < x • x = x 2 for x e [0, y]. Using 



56 



Property 5, /J 1 ^ 4 * sin* dx < J^ 4 x 2 dx = 3- [(ip) 3 — 0 3 J = 

55. a. Here a = 0, Z? = 1, and / (x) = vT+ x 2 . Since / is increasing, the minimum value of / is m = / (0) = 1 
and the maximum value of / is M = / (1) = \fl. Therefore, 1(1—0) < Jq 7l +x 2 < (1 - 0) => 

1 < /J Vl +X 2 ^JC < V5. 



x(l+;t 2 ) 



r w = 



I (l + x 2 ) (2jc) = 

-('+*r" 



Vi + x 



2 



> 0 on (0, 1), and so / is increasing on [0, 1]. 



-3/2 



+ *(-:l)( 1 +* 2 ) ' ( 2jc ) = 



1 



(1+* 2 ) 



jj2 > 0 on (0, 1), and so 



/ is concave upward on (0, 1). Using the result of Exercise 50, (1 — 0) (1) < Jq 1 y/l + x 2 dx < ^(1— 0)^1 + 

1 < Jo y/l + x*dx < 
The estimate in part b is better because j (l + V2) % 1.207 is less than % 1.414. 



308 Chapter 4 Integration 



56. We divide [a, b] into n subintervals with Ax = 



b — a 



n 



, so xq = a, x\ — a + Ax, X2 = a + 2Ax, . . ., x# = a + k Ax, . . ., 



r -. k (b — a) 
x n = Let us choose the evaluation point to be the right endpoint of |x£_i , x^J. Thus c& = a + kAx — a-\ and 



x dx — 



a 



n 



n b — a 
lim Z / to) Ax = lim X 



^= 1 



ft 



<3 + 



(b-a)k 



-i2 



n 



lim V 

w->oo k={ n 



9 2a(b — a) 1 (b — a) 2 , 9 
a 2 + — + 7^—k l 



n 



n 



= (b- 



a) lim — 

n—>oo n 



n 



k=\ 



n 



k=\ 



n 



k=\ 



(b — a) lim 

ft— >oo 



(b — a) lim 

ft— >oo 



a 2 ft 2a (b-a) ft (ft + 1) (b - a) 2 n (n + 1) {In + 1) 



+ 



ft 



<3 2 + a (Z? — a) ^ 



1 + - + 



+ 



(b-a) 



ft 



6 



2 



H)H) 



= (b - a) 



a 2 + a(b-a) + 



(b-a) 



b — a 



(3a 2 + 3ab - 3a 2 + b 2 - lab + a 2 } 



b — a 



(a 2 + ab + b 2 ^ = 



b 5 -a 



57. Observe that the integrand 2jx — x > 0 if and only if 0 < x < 4, so Jq (2^/x — x) dx is largest if b = 4 



58. a. 




-1 



0 



1 



b. Since / (t) > 0 on (-1, 0) and / (t) < 0 on (0, 2), we see 
that F is increasing on (—1, 0) and decreasing on (0, 2). 



59. Suppose / is integrable. Then for any partition of [0, 1] and any choice of evaluation points, the limit of the corresponding 
Riemann sum of / must exist. In particular, we can choose a uniform partition of [0, 1] with n subintervals. In this 



1-0 1 r, 1 

case Ax = = -, xq = 0, x\ = -, X2 = 

ft ft ft 



2 | - |, . . ., x* = k ( — |, . . ., x^ = 1. Since there are infinitely 
\ft/ \ft/ 



many rational and infinitely many irrational numbers in the interval (xfc_i, x^), we can pick c\ to be rational. Then 
fa f W — lim Z?=l / to) Ax = lim X&=1 1 Ax = lim 1 = 1. On the other hand, if we pick c# to be 



ft— >oo 
b 



n—>OG 



irrational, then f a f (x) dx = lim X&=1 / to) Ax = lim Xfc=l 0 Ax = lim 0 = 0^ 1. We conclude that / is not 
integrable. 



ft^OG 



ft— >QO 



60. Proof of Property 4: If a — xq < x\ < X2 < ■ • ■ < x^ < • • • < x n — b are any partition points of the uniform partition 

b-a _ . . . r n . ^ 

n ' ft— >co 



with Ax = 



and cjt is any evaluation point in [xj-_i , x^], then j% f (x) dx — lim Xj?=i / to) Ax. Since each 



term of the sum is nonnegative, each Riemann sum is nonnegative and the limit must be nonnegative. 

Proof of Property 5: Put h (x) = (/ — g) (x) = / (x) — g (x). Then h (x) > 0 on [a,b]. Using Property 4, we have 

b , / x , . r, . Cbv r / x . ,. xl cb r / x . . cb . /. x . m . cb r /. x . cb 



H h(x)dx>0^ Sa [f « " 8 (*)] dx = la f ( x ) dx ~ la g(x)dx>0^ % f (x) dx > % g (x) dx. 

Proof of Property 6: Using Property 5,J^mdx< f% f (x) dx < f% M dx => m(b - a) < /j 7 / (x) dx < M(b-a). 
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61. True. By the Sum Rule, f% [/ (x) + eg (x)] dx — f^f (x) dx + jj 7 eg (x) dx — f^f (x) dx + c f£g (x) dx, where we 
have used the Constant Multiple Rule. 

62. False. Take / (x) = g (x) = x. Then Jq 1 / (x) g (x) dx = Jq 1 x 2 = ^ (see Example 8 in Section 4.3), but 

[jo / [io s = [Jo* rf *] [jo*<**] = 2 • 2 = I ^ f 

63. False. Take a — 0, Z? = 1, and / (x) = 1. Then f% f (x) dx = Jq 1 xdx — ^, but x f% f (x) dx — x Jq 1 dx = x ^ if. 

64. False. Take a = — 1, b = 2, and / (x) = x on [— 1, 2]. Then / is not 
positive on [—1, 2]. Indeed, / y — | j = — ^ < 0, but 

jj 7 / (x) dx = f 2 ±xdx = x dx + Jq x dx = — ^ + 2 = | > 0. 




65. True. If / is decreasing on [a, then the absolute maximum value of / on [a, b] is M — f (a) and the absolute minimum 
value of / on [a, b] ism — f (b). Therefore, m < f (x) < M and Property 6 of the definite integral implies that 

(b-a)f(b)<fZf(x)dx < (b-a)f(a). 

66. True. We write f% f (x) dx — f£f (x) dx + f£ f (x) dx + f% f (x) dx. Since / is nonnegative, we have f£ f (x) dx > 0 
and // / (x) dx > 0, so f% f (x) dx < f% f (x) dx. 




1. See page 405. 

2. See page 406. 

3. See pages 408 and 409. 



4. See page 415. 

a. It measures the total amount of water flowing through the pipe between times t\ and t2- 

b. It measures the net change in the velocity of the car between times t\ and ?2- 

5. f% v (t) dt measures the net change in the position of the particle between times t\ and t2, whereas f% \v(t)\ dt measures 
the total distance traveled by the particle between times t\ and ?2- 



d 



1. a. F' (x) = — K t l dt = 

dx - 



^ +2 At — x 2 



b. $t 2 dt= = £* 3 - 3 



8 



c. —f{x) — — fix 3 — I) = x 2 . The result is the same as that obtained in part a. 

dx dx V- 3 °/ 

2. a. G' ix) = — fn ^3t + 1 dt = V3x + 1 

dx u 

b. J* ^TTldt = J* (3f + l) 1 / 2 dt = \ • § • (3f + l) 3 / 2 ; = §(3x + l) 3 / 2 - 2 
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c. ^—G (x) = ^- [~| (3x + l) 3 / 2 - |1 = I • \ • (3x + 1) 1/2 • 3 = V3x + 1. The result is the same as that obtained in 
part a. 



3. F' (x) = — - /? </? = V3x + 5 

ax u 

4. G' (*) = 4~ f\ t^Jt 2 + 1 dt = Xy/x 2 + 1 

^ f* 1 1 

5. g' (x) = — I — dt = 



6. ti (x) = 



dx J 2 t 2 +\ 
d 



x 2 +\ 



dxj x +Jt + 1 



dt = — 



d 



x 



t 



dxj?, yjt + 1 



dt — — 



x 



V*TT 



7. ¥' (x) = — f J 1 " sin It dt — — — f* sin It dt — — sin 2* 

JX dx J7V 

8. G' (x) = /Q%sinr = (x 2 sinx 2 ) (x 2 ) = 2x 3 sinx 2 



9. g' (x) = 



d 



x sin t 



dx J2 
d -2 



sin^x d , 
2 d 



sin^./x 



*Jx 1 



sin a x 





x 



2+fx 



2x 



10. h' (x) = — Jq sin? 2 d? = sin (x 2 ) • — (x 2 ) = 2x sinx 4 



11. F' (x) = 



d f cosx t 2 



dx J 1 t + 1 



dt = 



cos^x 



dx 
2 - d 



12. G' (x) = 



d sin? 



dt — — 



cos + 1 dx 

d ,*V2„ ; „, 2 



(cosx) = — 



sinx cos^ x 
cos x + 1 



dx J 5 



dxj^ t 
13. f* 3 4dx = 4x\ 2 _ 3 = 8- (-12) = 20 



sin?^- , sinx d 
dt = - 



^/x dx 



(- i/2 ) - - 



sinx 
2x 



14. J° 2 (2x -3)dx = x 2 -3x = 0 - (4 + 6) = -10 

2 



0 



15. ji, (i* - 4) * = _ 4f |^ = (1 _ 4) - (- 1 +4) = - f 

2 

16. J 0 2 (2 - 4u + w 2 ) du=2u- 2u 2 + ^ w 3 1 = (4 - 8 + f ) - 0 = -| 

17. J_l 2 (3? + 2) 2 d? = /i 2 (9f 2 + 12? + 4}dt = 3t 3 + 6? 2 + 4? | 1 = (3 + 6 + 4) - (-24 + 24 - 8) = 21 



2 3 Z* 2 3 

18. / — dx = 3 I x _3 dx= — ^— ^ 

4 

19 



_ _3 3 _ 9 
! ~ 8 + 2 ~ 8 



. ^ -Ldx = x~ x l 2 dx = 2</x\\ =4-2 = 2 



_ „ 2 3x 4 -2x 2 + l J 1 ^ 2 
20. / = ^/x = - 

1 2x 2 2 



l -J^ (3x 2 - 2 + x" 2 ) = 1 ^x 3 - 2x - j = 2 [( 8 ~ 4 ~ 2) - (1 - 2 - 1)] = 



21. l 9 ^J-dx= f (xV 2 -x-V 2> )dx= |jc 3 / 2 - 2x 1 /2|^ = |Vx(jc-3)|^ = §[V5(9-3)-V?(4-3)] = 



4 V^" 
0 




11 

T 



32 
T 



22. J { (?V 2 - |5/2) dt = 2,3/2 _ 2,7/2|0 = Q _ (2 _ 2) = _^ 

23. jf V + 1) - 2) dJC = ^ (x 5 / 2 - x 3 / 2 - 2* 1 / 2 ) dx = 2 xV 2 - 2 x 5 / 2 - *x 3 / 2 

= 0- ( 2 • 8V2- § • 4V2- 2V2) = ^jf 

24. f* /2 (sinx + 1) dx = - cosx + *| J" /2 = (- cos f + f ) - (- cos 0 + 0) = f + 1 



0 

2 



Section 4.5 The Fundamental Theorem of Calculus 311 



25. 



f^szchdt = =tanf -tan? = 1 - f = ^ 



26. f 



27. 



28. 



29. 



7T/6 

7T/4 
7T/6 

7T 



CSC 



7T/6 

OcoiOdO= - esc = - esc ^ + esc f = 2 - V5 



JJJ 1 " sin 2x cos x dx — Jj 1 " (2 sin x cos x) cos x dx — 2 JJ 1 " cos 2 x sin x dx = — ^ cos 3 x 
/(flcos^l^ = /J 1 " 72 



7T 

0 



1) = 



4 

3 



cosx dx — cosx dx = [sinx]J^ 2 — [sinx]^^ = (1 — 0) — (0 — 1) = 2 



7T/3 



Jx 



tt/4 sin 2 x cos 2 x 



sin 2 x + cos 2 x 
tt/4 sin 2 x cos 2 x 



dx = J^y4 (esc 2 x + sec 2 x^ dx — — cotx + tanx|^^ 



= ("^r + a/3) + (-1 + 1)= ^ 
30. JJ 7 \/sin x — sin 3 x dx = ^jsinx (\ — sin 2 x^ = Jj 1 ^ V sin x cos 2 x dx = JJ 7 Vsinx |cos x \ dx 



= Jq /2 (sin x) */ 2 cosx dx - f£ /2 (sin x) x l 2 cosx dx = [§ (sinx) 3 / 2 ]^ 7 - (sinx) 3 / 2 ] 

- 2 2 r n - 4 



7T 

7T/2 



31. j\ f (x) dx = f® { (-x + 1) dx + Jo (2x 2 + l) dx = [-jx 2 + x f { + [h 3 + x ]l 



= [o-(4-0] + (i +1 -°)=T 



7T/2 



32. J^ 2 / (x) dx = (x 2 + lj dx + J^" cosx dx = 



[^ 3 +x]^ + [sinx]J /2 = [0- (-^-tt)] + 1 = ^ + 7T+1 



1 



33. Let u = 3 — 2x, so dw = —2dx dx — —j du, x = 0 => w = 3, and x = 1 => w = 1. Then 



3 



121 



${3-2xf dx = -\$u A du = \fiu A du = (i) (l" 5 ) ! = TO ( 35 - 0 = 5 ' 
34. Let w = r + 1, so da — dt, t — 0 => w = 1, and r = 2 => w = 3. Then 



Jo (f + l) 0 2 d? = Jj 3 w uz dw = ^u 
35. Let w = t 2 — 1, so du — 2tdt, t — 1 



_ f3„0.2^„ _ 1 „1.2 



!-A( jU -0- 



J?8f(f 2 -l) A=4/ 0 3 « 



3 
0 



w = 0, and t = 2 
_ 6561 



w = 3. Then 



- 5 38 



1 



36. Let u — 2x — \, so du — 2 dx ^ dx — ^ dw, x = 1 => w = 1, and x = 5 => w = 9. Then 



9 



/f V2x^Tdx = \ flu 1 ' 2 du = \ ( 2 M 3 / 2 ) [ = \ {fi 2 - l) = f . 

37. Let y — 5 — w, so dv — —du, u — 1 => u = 4, and w = 4 => y — 1. Then 

du = _ J2 0 l/3 d0 = J4 „l/3 Ju = 3 0 4/3 1* = 3 ^3ft _ ^ 

38. Let u — 2x — 1, so du = Ax dx => 



xdx — ^ du, x = 1 => « = 1, and x = 2 ^> w = 7. Then 



2 x , I c q du 

dx = ih 



1 V2x 2 - 1 



1/2 



i // u~^/ 2 du = = \ (V7 - l). 



39. Let w = + 1, so = kx 172 = — — dx 

z 2v^ 



dx 

■s/x 



1 



y dx — 2 

1 Vl(v^+i) 

40. Let u — 2x, so ^/m = 2dx 



3 



= 2/ u 2 du — 



2 w 



u 



dx — j du, x — 

7T 



7T 

T 



= 2du, x — \ => u — 2, and x = 4 ^> u = 3. Thus, 



- 3 + 1 - 3- 



m = and x = y => w = 7r. Then 

= _1(_1_ 0 )= 1. 



/^y4 s i n 2xdx — ^ J^y 2 sin w = — ^ cos w 



7T/2 
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41. Let u — jx, so du — ^dx => dx — 2du, x = y => u = ^, and x — it ^ u — y . Then 

cos (l*) = 2 f™j% cos udu — 2 sin = 2 (sin y — sin y) = 2 — V2- 

42. Let u — cosO, so du = — sinOdO => s'mOdO = —du, 9 = 0 => w = 1, and 0 = y => m = 0. Then 



f^ /2 V^o7dsmede = - $u x i 2 du = ^u 1 ' 2 du = \u 



3/2 



'_2 



43. Let w = 7r?, so du = 7r dt => dt = ^ du, t = —^^>u = — ^, and t — ^- => w = ^. Then 
i /4 sec ^ tan nt dt = ^ /4 sec w tan w = ^ sec w | ^ 4 ~ 7r — ^) = ^* 



44. Let w = esc 0, so du — — esc 0 cot 0 dO, 0 — ^- => u = 2, and 0 = y => w = 1. Then 
/^76 cs ° 2 Q c °t0 dO = — J2 udu — J 2 udu — ju 2 ^ — j (4 — 1) = |. 

1 1 1 2 7T 

45. Let u — —, so du = - => — - = —du, x — — =5 u = 7r, and x — — ^ u — —. Then 

* Jt Z Jt Z 7T 7T 2 

2 /* sin(l/*) /^/ 2 . w/2 ^ 

dx = — sm u du = cos uln = cos y — cos7r = 0 — (— 1) = 1. 

1/7T * .7-7T 

( — sin ( — jc) jc 2 sinjc 

46. Denote the integrand by / (x). Then / (— x) = — — — L = — / (x), showing that / is an odd 

yi+(-^) 2 vi+* 2 

7T 2 • 

1 x smx 



function. Thus, by Theorem 7, / , dx = 0. 

v 



-7T J\ +X 2 



Am r 3 xdx r 3 x Vx~TT-V5x~TT i r 3 x (V*TT - V5x+T) 

47. / , ; — / , ; , ; ilx — I — dx 

Jo V^TT+ V5x + 1 Jo V^TT + V57TT V^TT - V57TT Jo (* + i)-(5* + i) 

= -\ Jq VxTTdx + \ Jq V5x + 1 dx 
To evaluate J *Jx + 1 dx, let u = x + 1, so du — dx, x = 0 =^> u = 1, and x = 3 => w = 4. Then 

-| J 0 3 y/x + 1 jc = -| $u l l 2 du = -\ (§ m3/2 )| 1 = -5 ( 8 ~ !) = ~\- To evaluate the other 
integral, let u — 5x -\- \, so du — 'b dx ^> dx — ^ du, x — 0 => u = 1, and x = 3 => w = 16. 

Thus, I J 0 3 V5x + 1 dx = ^jl 6 u { l 2 du = ^ ^ 2 M 3 / 2 ^|| 6 = ^ (64-1) = ^. We conclude that 



3 7 21 _ 14 

0 v^TT + 6 + 10 ~ 15 



48. Denoting the integrand by / (x), we find that / (— x) = ^ = ~ = —f(x), showing that / is odd. So by 

1 + (-xr 1 + * 



*/ A tan 3 x 

7T/4 1 +X 2 



_, _ f IcllI -V 

Theorem 7, / rfx = 0. 

.7 — 



x 5 

49. a. Observe that 1 + x 4 > 1 for x e [0, 1], so V 1 + jc 4 > 1 => 0 < - < x 5 . Then 



_ 1 

0-5- 



r 1 r 1 x 5 dx r l c , A 1 

0 = / Odx < / - < / x 5 dx = ix 6 

f 1 dx 

b. Using a CAS, we find / % 0.14342. 

7o ^1+^4 

50. a. Observe that 4 - 3x + x 2 > 4 - 3x for jc e [0, 1], so J A - 3x + x 2 > V4 - 3x =^> 0 < 1 — < 1 



y 4 _ 3x + x 2 V4^3^' 



/ 1 A - rl 

ThenO 




0dx< [ / dx [ (_l) 2 V4^3l 1 =- 2 (l-2)= 2 

" io V4-3X + X 2 " Jo V ^ 0 1 5 
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b. Using a CAS, we find 



dx 



0 V4 - 3x + x 2 



0.60346. 



51. A = jl { (x 2 -2x + 2)dx= \x 3 - x 2 + 2jc| = (f - 4 + 4) - (- \ - 1 - 2) = 6 



52. A = Jq 1 (x 3 + x^dx — ^x~* + ^x 



4 , I„2 
4 A f 2 



1 

0 



_ I , I _ 3 

/I I O — /I 



53. A = 



2 dx f 2 _ 7 f 1 
— — = / x L dx — 



- , =4-C-D = i 

1 x* J\ x 1 2 2 

3 2 ^ 

54. A = Jq (2 + V* + 1) ^ — Jo + Jo Vx+ldx. Let w = x + 1 in the second integral, so du = dx, x = 0 => w = 1, 

andx = 3=>w = 4. Then A = 2x| 3 + J 1 4 w 1 / 2 dw = 6 + §w 3 / 2 |^ = 6 + § (8 - 1) = ^. 



55. A — J^ sec 2 xdx — tanxlj" = tan ^ — tanO = 1 



56. A = |sinx|dx = — s i n *^* + Jq 1 " sinxdx = [cosx]^^ — [cosx]q" = (1 — 0) — (—1 — 1) = 3 



57. a. 



0 



-2- 



-4- 




-1 



0 



1 



58. a. 



1 -- 



0 



-1 -- 



-2 





\ 




1 1 


\ 


















-1 



0 



1 



b. The x -intercepts are 0 and approximately 1 . 165 

c. The area of the required region is 



1.165 



(-2x 4 + x 2 + 2x) dx 
= (-^ + I,3 + , 2 )"- 165 



1.026 



1 n 

59. lim -=■ V k 4 = 

n—> 00 fx j j / / — > x 



lim I V f *Y = f 1 



b. The x -intercepts are approximately —0.550 and 
1.251. 



c. 



The area of the required region is 

A « J^o 550 ( _ * 2 + x + cosx) dx 

(1 3 1 ? \ 1 1.251 

— 4* + 4* + sinx ) 
3 2 / 1-0.550 



1.39517 



— I = fn X 4 dx = |x 5 



1 

0 



1 

5 



1 « /JA 1 / 3 1 
60. lim iy - = tix 1 / 3 dx = 



4x 4 / 3 



1 
0 



3 
4 



61. lim 

n—>CG 



J2 dx — 



4 

2 



= l( 4 3 - 2 3) = f 



7T 



n 



62. lim — V 



' COS (^T") = cosx dx — sinx^ 2 = sin y — sinO = 1 



63. / av - 2 -(-l) J-l ( 2 * 2 ~ 3 *) dx — ^ (^x 3 - i* 2 )!^ - \ [(t ~ 6 ) ~ (-§ ~ §)] - 2 

64- /av = ^/o 4 (1+^)^=1 (* + h V2 )i = i( 4+ T) = I 

1 /2 

65. / av — Jq xs] x 2 +Adx — j Jq x (x 2 + 4^ dx. Let u — x 2 -\- A, so du — 2x dx ^> x dx — j du, x = 0 => w = 4, 



andx = 2 => 21 = 8. Then / av = £ • £ / 4 8 w 1 / 2 ^ = | • |m 3/2 = \ (% 3/1 - 8^ = \ {l^/l- l). 
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66. / av = 



1 



x dx 



3-o;o yi^T 

1 1 Z* 10 du 



0 1 

. Let u — x -\- 1, so du — 2.x dx => x dx — ^ du, x = 0 => u = 1, and x = 3 => w = 10. Then 



67. 



68 



69, 



f _ . r du _ i ^i/2\i iq _ vto-i 

/av ~ 3 2 7a ^T72- M 2w Jli 

I TF 

/av = ^rr(j /J 1 " sin x dx = -^cosx| o = (cos 7T - COS 0) = Jr. 



7T\ 2V3 

7T 



Av = (7r /2)-(ir/3) J?/3 csc2 xdx = "I cot * ^ = " I ( cot f " cot f ) = 
a- t^o Jo (* 2 + 2 *) dx = [\x 3 + x 2 ) | ' = 



4 
3- 



We want c such that f (c) — x + 2x 

=> 3c 2 + 6c - 4 = 0. Then 

-6± V36 + 48 -3±V21 0 . 
c = ■ = ■ . Since c 



4 

3 



must be in [0, 1], we have c = 



V5T-3 



b. 



y a 



3 •■ 



y = x- + 2x 




71. a. jf VT+3 dx = ± • § (x + 3) 3 / 2 



6 



1 



= 2,(27-8)=3§ 



38 



and / (c) = Vc + 3 = 15 
225 (c + 3) = 1444 = 



. 769 

6 _ 225' 



b. 



3- 




1 2 3 4 5 6 



70. a. Jo 2 Jc3 dx = 2 l?^ 4 ) | () = 2 - So we set 

/ (c) = c 3 = 2 ^ c = 



b. 




72. 



a. 7r/3 _ ( 1 _ 7r/3 ) J-^/3 cosxdx = 2¥ ( sin *) 



7T/3 
-7T/3 



3^3 
2tt 



and / (c) = 



cosc=^ 



± cos-^ 



b. 




73. a. The displacement is S = J Q 3 y (0 dt = Jq (2t 2 + t - 6^ dt = \t 3 + \t 2 - 6t 

b. The distance covered is 

d = Jq \v (01 dt = J 0 3/2 [- (it 2 + t - 6) J </f + / 3 3 /2 (2r 2 + ; - 6^dt 



o 



= 4.5 ft. 



= [-¥ - ¥ + <C + [§' 3 + ¥ - = t + t = 15 - 75 ft - 



3/2 



74. The average value of a (t) on [ti , ^] is 



1 



^2 - t\ h\ 



t2 1 

a (t) dt — 



t 2 - 1\ h t 2 - n 



— a 



Section 4.5 The Fundamental Theorem of Calculus 315 



75. v — j~T) [ k v (x)dx = - tjl&dx = & [ H xWdx = & \h 3 ' 2 ] H = ?^ ■ h^ 2 = 2 Jlgh 
n u /n h. a h 7n h L- 3 JO 3 h 3 



h 



m , _ i f h , x , 1 Z^/ 20V^ A, 1/ 20V^ x 3 \ 20V^ P/ 
76. o = y o (x) ax = — / | dq ^ — x |ax = — | vqx ^ — • — || = dq — it/s 



A Jo \ u h 2 hV"~ h 2 3 



0 



77. © = rz^JqV (r) dr = ^ Jq 2 1000 (0.2 2 - r 2 ) = 5000 (o.04r - |r 3 ) | ' = 5000 [o.008 - \ (0.008)] = cm/s 



78. r = ^ Jo 12 r (0 dt = £ / Q 12 - ft 2 + 2°°f + 56) = £ - ^f 3 + l™? 2 + 56f) | * = ^ « 82.67% 

79. A = 7^ J 0 7 A (0 = lj J 0 7 [o.03r 3 (? - 7) 4 + 62.7] d? 

= If J 0 7 [o.03? 3 (? 4 - 28? 3 + 294? 2 - 1372; + 240 1) + 62.7] dt 
= lj J 7 (o.03/ 7 - 0.84? 6 + 8.82r 5 - 41.16f 4 + 72.03r 3 + 62.7) dt 

= \ (o.00375r 8 - 0.12^ 7 + I Alt 6 - 8.232r 5 + 18.0075? 4 + 62.7?) | * 150.937 pollutant standard index 



24 
0 



80. H = ^ J 0 24 [4.8 sin (£ (t - 10)) + 7.6] dt = ^ [-^f 2 cos (£ (f - 10)) + 7.6?] 

= ^ [-0.8 cos n -f + 7.6 (24) - (-0.8 cos Sp)] = 7.6 ft 

81. ~p[ = Jo [ 800 ° + 1000 sin ik\ dt = \ [% 000t - 1000 (#) cos 5f]g 

= £ [(8000 • 6 - 1000 • ^ cos f ) - (-1000 • ^)] « 8373 wolves 

p£ = 1 J 0 6 [40,000 + 12,000 cos ^\dt = \ [40,000? + 12,000 (|t) sin §f ]|| 
= \ [(40,000 • 6 + 12,000 • ^ sin f ) - 0] * 50,804 caribou 

82. The daily average number of hours of daylight over the year is 

T = m=u /o 65 [ 2 - 8 sin {m « ~ 79 >) + 12 ] * = 35? [" 2 - 8 (if) cos (ro « ~ 79 )) + 

= m I" 2 - 8 (if) cos (l£ • + 12 (365) + 2.8 (>f ) cos (2^)] = 12 h 
The daily average number of hours of daylight over the summer months is 

r = i^m Jm [ 2 - 8 sin {&(f- 79 >) + 12 ] dt = m [~ 2 - 8 • W ' cos (ro » " 79 )) + 12r ] 
= 9T [~ 2 - 8 ' If • cos • 183 ) + 12 • 262 + 2 - 8 ' If ' cos (I55 ' 92 ) ~ 12 ' 171 ] % 13 - 8 h 



262 
171 



83. The average amount of carbon dioxide in the atmosphere between 1958 and 2007 is given by 

A = 3^ jf 0 (0.010716? 2 + 0.8212? + 313.4) dt = ^ (0.003572? 3 + 0.4106? 2 + 313.4?) % 343.45 or 
343.45 ppmv per year. 
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84. a. The gasoline consumption in 2017 is given by A (10) = 0.014 (lO 2 ) + 1.93 (10) + 140 = 160.7 billion gallons per year 
b. The average consumption per year between 2007 and 2017 is given by 



A = ^ /J 0 (o.OUt 2 + 1.93/ + 140) dt = ^ (^f^t 3 + ^t 2 + 140f)l « 150.12 or 
150. 1 billion gallons per year per year. 



10 
0 



85. The amount of smoke left after 5 minutes is 

■5 



100 - J£ R (t) dt = 100 - Jo 5 (o.00032f 4 - 0.01872/ 3 + 0.3948/ 2 - 3.83? + 17.63) dt 

= 100 - (0.000064? 5 - 0.00468? 4 + 0.1316r 3 - 1.915* 2 + 17.63?) |* = 46, or 46 percent. 
The amount of smoke left after 10 minutes is 

100 - /J 0 R (t) dt = 100 - (0.000064; 5 - 0.00468/ 4 + 0.1316? 3 - 1.915* 2 + 17.63/) | *° = 24, or 24 percent. 



86. a. Vav = 



1 



b. Vav = 



(tt/lo) -0.7o 

j c 2iz/uj 



UJ Vq 

Vq sin ujt dt = • — cos ujt 



7T UJ 



(2tt/uj)-OJo 



Vq sin ujtdt — — 



UJ 



v 0 



27T UJ 



— (COS 7T — COS 0) — 

0 77 

2-k/uj 



7T 



COSUJt 



0 



— (cos 27T — cos 0) = 0. Over a complete 

2-7T 



cycle, the voltage is positive half the time and negative half the time. 



87. The area of the garden is A = xy, but 2x + 2y = a => y = 

A = / (x) = jx (a — 2x), 0 < x < a/2. Then 
1 

W2)-0J 0 2 

2 2j 3M^ 



a — 2x 



A = 



a l 2 x 1 f a / 2 / 9 \ 

— (a — 2x) dx — — \ I ax — 2x A I dx 



a Jo 




ax 



0 



i^_^V^ft 2 

a \ 8 12 y 24 



88. [ V3 + 2cosfrff + J 0 >! sin * = 



J . dx 

(0) = 0 => V3 + 2cosx— - + siny = 0 



Jy 



</y 



57 



siny 



V3 + 2cosx 



89. F' (jc) = 



d f x sin t sin x . . „ x cos x — sin x 
— / dt — = 0 => x = «7r are critical numbers for n = 1,2,.... F (x) = = , and 

dx Jo t x x l 



since F /; (2mr) = 1 > 0 and F r/ ((2n — 1) 7r) = — 1 <0, the Second Derivative Test implies that F has relative maxima at 
(2n — 1) 7T and relative minima at 2n7r, n = 1, 2, 



90. We use Part 1 of the Fundamental Theorem of Calculus to write ^ Jq / (f) dt = J* f (t) dt 
fW = -£f*f(t)dt=>f(x) = -f(x)=>2f(x) = 0=>f(x) = 0foiBnxe (0, 1). 
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91. a. If 0 < x < 1, then / (x) = 1 - x, so F (x) = $ f (t) dt = $ (1 - t) dt 



1 2 * 

= t — lt z \ = x 

2 lo 



— Ax 2 . If 1 < x < 3, then 



/ (x) = x - 1 andF(x) = f£ f(t)dt = $ (l-t)dt + /j* (r - \)dt = \ + (|t 2 -f)|* = \x 2 -x + 1. Thus, 



F(x) = 



1 2 
x — 2 



if 0 < x < 1 
ix 2 - x + 1 if 1 < x < 3 



b. 




c. 




Since 

lim F (x) 
1~ 



= Jim (x - * x 2 ) = \ 
= \im + Ux 2 -x + \) 



/ is differentiable in (0, 1) and (1, 3), and F is 
differentiable in (0, 3). 



lim F (x), 
*->!+ 



we see that F is continuous on [0, 3]. 

92. Let F (x) = J£ y/5 + t 2 dt. Then 

p, (2) = Um F(2 + /Q-F(2) = Um /^V5T?^-/ 0 2 V5T?^ _ J™ ^5+?A 



h 



h 



= lim 



h 



Next, using FTCl, 



we find F' (x) = ^ £ ^ 5 + * 2 dt = ^ 5 + * 2 



F' (2) = V5 + 2 2 = 3, so we have lim - f 9 2+/z ^5 + t 2 dt = 3. 



93. 



!/ 2 - 2x 5 + 3x 3 + 2x 2 + x - 2 



-1/2 



x 2 - 1 



/ 1 / 2 i 7 -2x 5 +3i 3 + i , / ,1 / 2 2x 
dx = I x ax + / — 

-1/2 * z - 1 7-1/2 X 2 

1/2 . _ . f 1/2 , 

— /I v-l 

1/2 _ 



-2 



- 1 



dx 



= 0 + 2f_ l/2 dx = *fo dx = 4x^=2 



94 L 



1 2x 5 + x 4 - 3x 3 + 2x 2 + 8x + 1 



x 2 + l 



dx — 



1 



-1 



2x^ - 3x 3 + 8x 



1 ,A 



2 



x 2 + 1 



dx + 



x^ + 2x z + 1 
-1 x 2 +l 



dx 



2 



= 0 + 



1 (x 2 +l) rl 
V 7 dx = 2l (x 2 + l 



-1 x z +l 




)dx = 2^ 



x 



3 



+ x I = - 



0 



8 
3 



95. The integrand / (x) = (cosx + 1) tan 3 x satisfies / (— x) = [cos (— x) + 1] [tan (— x)] 3 = — (cosx + 1) tan 3 x = — / (x), 
and so / is odd. Thus, /^y 4 (cosx + 1) tan 3 x dx = 0. 



96. The integrand / (x) = \] x 2 + 1 secx satisfies / (— x) = y (— x) 2 + 1 sec (— x) = y/x 2 + 1 secx = / (x), and so / is 
even. Therefore, s] x 2 + 1 sec x dx = 2 Jq 1 \/^ 2 + 1 secx dx. 



97. a. Let x = 7r — w, so dx = —du, x = 0 => w = 7r, and x = 7r => w = 0. Then 



Jo xf (sin x) dx = — (ix — u) f (sin (7r — u)) du — J^(u — 7r) / (sin 7r cos w — cos 7r sin w) du — (u — 7r) / (sin dw 

= JJ 1 " (n — u) f (sinw) dw = JJ^tt/ (sinx) dx — Jq xf (sinx) dx 



Thus, 2 Jj 1 ^ x/ (sinx) dx — tt f (sinx) dx => JJ 7 xf (sinx) dx = ^ /rj 7 / (sinx) dx. 
b. Jj^xsinxdx = y J^sinxdx = y (— cosx)|J" = 7r 
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98. a. If / is even, then / (x) cosnx is even and / (x) sinnx is odd, so by Theorem 7, 
J- n f CO cos nxdx — 2 f (x) cos nx dx and f (x) sin nx dx = 0. 
b. If / is odd, then / (x) sinnx is even and / (x) cosnx is odd, so by Theorem 7, 
J- n f (x) sin nx dx = 2 JJ 7 / (x) sin rax and f (x) cos nx dx = 0. 



99 



/•7r sin 

■y 0 ~~ 



in (n + 



sin jx 



dx 



= 2 l 

JO 



7r sin 



in (n + ±) 



x 



0 2sin^x 



dx 



= 2 Jj^ ^ + cos x + cos 2x + • 



+ cos nx^j dx 



— 2 + sinx + I sin2x + h i sinrcx^ |^ = 2 • y = 7r 



100. a. Let u — a — x, so du = — dx, x = 0 => w = a, and x — a => u — 0. Then 

/ 0 a / (a - x) dx = - ft f («) rf M = J" / («) J M = Jo" / (x) rfx. The 
graphs of / (x) and f (u) show a geometric interpretation of the result. 



c. 



n sin 2kx 



0 sinx 



dx — 



n sin 2& (tt - x) 



0 



sin 2kx 

2 L — dx 

JU sinx 



sin (-7T — x) 
711 sin 2kx 



dx — — 



n sin 2kx 



0 sinx 



, so 



0 



-2 - = 



-5 



Qin r 



dx — 0. 




0 



0 



-5 



0 



y = m 





o 



-5 " 




-5 



d. /(* + ?) = 



sin 2/: (x + y) 
sin (x + y) 
sin 2kx 



0 



0 



-5 




-5 



0 



sin (2kx + kit) sm2kx , n . _ sin 2k (x - y ) sin (2&x - &tt) 

and / [x — y J — 



cos* 



cosx 



sin (x - f ) 



— cos* 



COS* 



Therefore, f (x + y) = — / — y)> an d / is antisymmetric with respect to x — y . The area of the region under the 
graph of / from x — 0 to x — y is the same as the area of the region above the graph of / from x — y to x — 7r. 
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101. a. The distance covered by the car during the time interval from t — a to t — b is D = f% v (t)dt. But by assumption, the 

average velocity is ^ [v (b) + v (a)] and so the distance covered is D = ^ [u (/?) + u (a)] (b — a). Therefore, 

/* v (0 ^ = \ [v (b) + v (a)] (b - a). 
b. Fix a and differentiate Equation 1 with respect to b to obtain 

£ Xf v (t)dt = v (b) = £ { \ [v (b) + v (a)] (b - a)] = \»' (b) {b-a) + \[v (b) + v (a)] (1) => 
0 , Q,) = v(b lt D a (a) . 

If we instead fix b and differentiate (1) with respect to a, we get 

£ /* o (f)rff = -o (a) = £ [I [o (ft) + v (a)] (b - a)] = \x>' (a) (b - a) - \ [v (b) + v (a)] (1) => 
t J ( n \ — v(b) + o(a) 

Thus, v' (a) = w' (/?). Since a and £ are arbitrary, we conclude that v f is constant. Therefore, there exists a number c 
such that v' (t) = c, and so v (t) = J cdt = ct + d, where d is a constant. 

102. Let w = x + h, so = <ix, x — a ^ u = a + h, and # = b u = b + h. Thus, 
/* / (x + ft) rfx = j£* / («) rfu = Xf+f / (x) <fe. 

103. Let w = c*, so du — cdx ^ dx — \du, x — a => u — ca, and x — b => u — cb. Thus, 
c /* f (cx) dx = c j£ f («) rf« = / (x) dx. 

104. Trae. / ((~*) 2 ) = / (* 2 ) => / (* 2 ) is an even function. Thus, f° a f (x 2 ) dx = 2 f£ f (x 2 ) dx. 

105. True. Since / is even, we have / ((-,)3) = / (-,3) = / (,3) f (,3) is an even function Thus , 
$ a _ a f (x^) dx = 2 % f (x*) dx . 

106. True. Since / is odd, we have / ^(— x) 3 ^ = / (— x 3 ^ = — / ^x 3 ^ => / (x 3 ^ is an odd function. Thus, 

f-a f (* 3 ) dx = 0. 

107. True. If / is even and g is odd, then fg 2 is even. Thus, / (jc) [g (x)] 2 ^jc = 2 J Q a / (jc) [g (x)] 2 dx. 




1. In the trapezoidal rule, we are in effect approximating the function / (x) on the interval [xo, x\ J by a linear function 
through the two points (xq, f (xq)) and (x\, f (x\)). If / is a linear function, then there is no error because the 
approximation is exact. When we use Simpson's rule, we are in effect approximating the function / (x) on the interval 
[xo> x 2] that passes through (xo, f (xo)), (x\ 9 f (x\)), and fa, f fe)) by a quadratic function whose graph (a parabola) 
contains these three points. If the graph of / (x) is a parabola, then the approximation is exact. 

2. In the trapezoidal rule, each region under the graph of / (or over the graph of /) is approximated by the area of a trapezoid 
whose base consists of two consecutive points in the partition. Therefore, n can be odd or even. In Simpson's rule, the area 
of each subregion is approximated by part of a parabola passing through those points. Therefore, there are two subintervals 
involved in the approximations. This implies that n must be even. 

3. If we use the trapezoidal rule and / is a linear function, then f" (x) — 0. Therefore, M — 0, and consequently the 
maximum error is 0. If we use Simpson's rule, then (x) = 0. In this case, M — 0, and so the maximum error is 0. 
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Ax — j, xq = 0, x\ 



= 



Jo x 2 dx 



1. a. a = 0, 6 = 2, and « = 4 . _.. „ v 

^ [/ (0) + 2/ (I) + 2/ (1) + 2/ (|) + / (2)] = I 

b. / 0 2 x 2 dx « ^ [/ (0) + 4/ ( 1 ) + 2/ (1) + 4/ (|) + / (2)] 



1, JC3 = j, and X4 = 2. Thus, 

0 + 2(i) 2 + 2(l) 2 + 2(§) 2 + 2 2 



1 

5 



0 + 4(f) + 2(1) 2 +4(|) +2 



8 



2.67 



2 7 



2. a. a = 1, Z? = 3, and n — 6 



j? (* 2 - 0 



</x « 



1 



-l] + 2 




- 1 



+ 2 



J?(* 2 -l) 



1 



-l]+4 




2 



- 1 



+ 2 



3. 



In this case, Simpson's rule gives the exact value: 
a. a = 1, = 2, and w = 6 => Ax = = ^, j 



- 1 v 3 l - 

" 3* |o" 


8 

" 3' 










= ?,X2 = 


§, x 3 = 2, 


X4 = 


j, X5 = |, and X6 = 3. Thus, 




+ 2 [2 2 - 


'] 








+ 2 


(i) 2 - ■] 


+ 2 




+(*»-.)! 


% 6.704. 


[(»)'-•; 


+ 4 [2 2 - 


■■] 








+ 2 


W-\ 


+ 4 




+ (S»-l)] 


« 6.667 


l) dx = ^ 


. 3_ I 3 - 

ll 


20 
" 3 ' 









a. a = 1, & 

J 2 * 3 dx 



1/6 
2 



— 1, X\ 



7 r, - 4 




4 3 5 

3> x 3 — 2' *4 — x 5 

n -) 3 +23 



11 



and ^6 = 2. Thus, 



3.7708. 



b. ft x 3 dx*y£ 



l 3 +4(|) 3 + 2(f) 3 + 4(|) 3 + 2(|) 3 + 4(^) 3 + 2 



3 



15 
T 



2 

Once again, Simpson's rule gives the exact value: J 2 x 3 dx = £* 4 | = 5 ^2 4 — l) = 
4. a. a = 1, = 2, and n = 4 => Ax = ■=^- L , xq — 1, xj = =p X2 = j, X3 = ^, and X4 = 2. Thus, 



1 



dx 



b. 



l x z 
1 x : 



1 2 

+ ~ + 



dx 



1/4 

2 Ll 2 (5/4) 
1/4 



2 1 

+ ~ + 



1 

T2 



+ 



+ 



(3/2) 2 (7/4) 2 
2 4 



2 2 
1 



0.5090. 



+ 0 + 

(7/4) 2 2 2 



0.5004 



(5/4) 2 ' (3/2) 2 

Simpson's rule gets very close: J 2 (l/x 2 J dx = (— l/x)| 2 = — j + 1 = j 
5. a. a = 0, b = 2, and n = 6 => Ax = = ^, xq = 0, x\ — ^, X2 = |, X3 = 1, X4 = |, X5 = |, and X6 = 2. Thus, 



Jq x\/2x 2 + 1 dx 



1/3 
2 



0 + 2 • 1^2 (I) 2 +1 + 2 • 1^/2 (f ) 2 + 1 + 2 • 1 V / 2(1) 2 + 1 



+ 2- 4 J2 (f ) 2 + 1+2-172 (§) 2 +1+2^2 (2)2 + 1 



4.3766 



b. J 0 2 x v / 2x 2 + Idx * 1/3 



0 + 4-^2(1) +1 + 2 . 2 J2( 2 ) +l + 4-l v /2(l) 2 + l 




+ 1+4 



* 3 



2(f) 2 + 1 +2^2(2)2+ 1 



4.3328 



$xy/2x 2 + \dx = \ ■ |(2x 2 + I) 3 / 2 2 = £ (27 - 1) = ^ 
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6. a. a 



8 => Ax 



0, b — 4, and n 



7 

1, . . ., *7 = and xg = 4. Thus, 



J 0 4 V* « ^ (o + 2^/1 + 



2VT + 



5.2650. 
5.3046 



Jo — 3 x3//2 1 0 — T 



7. a. a = 0, = 7r, and n = 4 => Ax = ^, xq = 0, x\ — ^, X2 = y> x 3 — » an d *4 
Jj 1 " sin x dx ^ ( sul 0 + 2 sin ^ + 2 sin y + 2 sin ^ 

b. sin xdx ^ 



= 7T. Thus, 



^ +sin7r) % 1.8961. 
— (sinO + 4sin f + 2sin f + 4sin ^ + sinTr) % 2.0046 



sin xdx — — cos x |q" = — (— 1) — (— 1) = 2 



8. a. <3 = 0, b = y, and n = 6 => Ax = j^, xq = 0, xi = y^, X2 = ^, X3 = ^, X4 — y , X5 = ^j, and X£ = y . Thus, 



Jj 1 "^ 2 cos 2x dx 



^2 [ C os0 + 2cos (2- -g) + 2cos (2- +2cos (2 ■ f) 



+ 2cos (2 • f ) + 2cos (^2 • ^ + cos (2 • f )] = 0. 



b. cos2x dx 



^ [cos0 + 4cos (2- ^) + 2cos (2- ^) +4cos (2- f) 



+ 2cos (2 • f ) + 4cos (2 • ) + cos (2 ■ f )] = 0 



Indeed, cos 2x dx = ^ sin 2x 



7T/2 

0 



= 0. 



9. <3 = 0, b = 1, and n = 7 => Ax = 7, xq = 0, x^ — 7, X2 = 7, *3 = 7, . . ., X7 = 1. Thus, 



/„ 



1 



dx 



1/7 



0 2x + 1 



1 



2-0+1 



+ 



+ 



2.1 + 1 2-^ + 1 



+ ••• + 



+ 



1 



+ 1 2-1 + 1 



0.5523 



10. a = 1, b = 3, and n = 5=>Ax = ^ = 0.4, xq = 1, x\ = 1.4, X2 — 1.8, X3 = 2.2, X4 — 2.6, and X5 — 3. Thus, 
fiy/x 2 + ldx « ^ pi 2 + 1 + 2y(1.4) 2 + 1 + 27(1.8)2 + 1 + 2y(2.2) 2 + 1 + 27(2.6) 2 + 1 + V3 2 + lj 



4.5080. 



1 125 
11. a = 0, & = 2, and n = 6 => Ax = 4, xq = 0, x^ = 4, X2 = JC5 = 4, X6 = 2. Thus, 



2 



dx 



0^ 



1/3 



0 Vx 3 + 1 2 



1 



Vo 3 + i 



+ 



+ ••• + 



+ 



1 



(!) 



+ 1 



723TT 



1.4001 



12. a = 0, & = 1, and n = 6 => Ax = ^, xq = 0, xi = ^, X2 = 3-, . . ., X5 = |, X6 = 1. Thus, 

[22 2 n 

cos0 + 2cos(£) + 2cos(^ H h2cos(|) + cos l 2 y 



0.9006. 



13. a — 1, /? = 2, and n = 5 => Ax = ^, xq = 1, xi = 1.2, X2 = 1.4, X3 — 1.6, X4 = 1.8, and X5 — 2. Thus, 
fijZsmxdx « ^ (VTsinl + 27T2 sin 1.2 + - - - + 2^0 sin 1 . 8 + >/2 sin 2) « 1.1643. 



0.6 



14. a = 0, b — 0.6, and n = 6 ^> Ax = ^ = 0.1, xq = 0, xi = 0.1, X2 = 0.2, . . ., X6 = 0.6. Thus, 



Jq '^ x tanx <ix ~ -y 



0.1 



[0 tan 0 + 2 (0. 1) tan 0.1+2 (0.2) tan 0.2 + - - - + 2 (0.5) tan 0.5 + 0.6 tan 0.6] % 0.079 1 . 
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15. a — 0, b = 2, and n — 6 => Ax = t, *o = 0, jcj = t, *2 — 4» • • •» x 6 = 2. Thus, 



1/3 



V / 0TT + 4j / (i) +1 + 2J(§) +l + --- + 4j(f) + 1 + V2 3 + 1 



3.2411 



16. a = 0, b = 1, and n = 4 => Ax = I, xq = 0, x\ — I, X2 = i, *3 = x, and X4 = 1. Thus, 



dx 



0 * 2 + l 



1/4 



1 



0 2 + l 



+ 



+ 



+ 



+ 



1 




12 + 1 



0.7854. 



1 9 1 19 

17. a = —1, b = 1, and n = 6 => Ax = ^, xq = —1, x\ — — |, X2 = —3, X3 = 0, X4 = ^, X5 = |, and X£ = 1. Thus, 



(-l) 2 + l + 4J / (-|) +1+2J(-^) +1+4^02+1 



18. a = 0, b = 2, and n = 

L 



1/2 



Ax 

2 



l + i 



VT+T 



1.7054. 



19. a 



0, b = y» an( i « 



= 6 => Ax = y^-, X() 



1 1 3 

: ^, xo = 0, xi = ^ *2 — 1' *3 — f» an ^ *4 = 2. Thus. 
0, — "j2, ^2 = "5"' • * ^5 = "12"' ^6 = "2" " Thus, 

1 + sin 2 § + 



2.2955 



/J^Vl + sh^xdx % ^ ^VT + 4 J 1 + sin 2 £ + 2^1 + sin 2 f + 



• • • + 4, 



l + sin 2 f 



1.9101. 



20. a = I, b = 2, and n = 6 => Ax = ^, xq = 1, x\ — \, x^ — \, . . ., X5 = x$ = 2. Thus, 



sinx , 1/6 
dx « — — 

x 3 

_ v 3 _ 




• 7 -4 -11 

sin sin t sin -z- 

+ 4 • + 2 • — + • • • + 4 • — tA + ^— I « 0.6593. 



sin 2 



7 
6 



4 
3 



11 



21. a. / (x) = x- 3 => /' (x) = 3x 2 => f" (x) = 6x. Since f" is increasing on [-1, 2], we can take M = f" (2) = 12. Also, 

12 [2- (-1)] 3 3 
12 -6 2 ~4' 

b. /"' (x) = 76^ (x) = 0, so |£ 6 | = 0. 



a = — 1, & = 2, and « = 6. Thus, \Ef\ < 



22. a. / (x) = 



j 2 

/' (x) = — (x + l) -2 => f' f (x) — — . Since f" is decreasing on [0, 1], we can take 



x+ 1 



(x + l) 3 



M = f" (0) = 2. Also, a = 0, b = 1, andn = 8. Thus, |£ 8 | < 



2(1-0) 
12 - 8 2 



3 



1 



384 



0.002604. 



b. / w (x) = -6 (x + I)" 4 => /») (x) = 



24 



(x + l) 5 



. Since is decreasing on [0, 1], we can take M = 24. Thus, 



1^81 < 



24 (1 - 0) 



1 



0.000033. 



180 • 8 4 30,720 

23. a. / (*) = V3c => /' (x) = Ax" 1 / 2 ^ f" (x) = -ix" 3 / 2 ^ f" (x) = |x" 5 / 2 . Since f (x) > 0 on [1, 4], \ f"\ is 



decreasing, so take M — \ f" (1)| = |. Also, a = 1, b = 4, and « = 8. Thus, \E$\ < 
b. /( 4 > (x) = -j|x" 7 / 2 . Since /( 4 ) (x) is decreasing on [1,4], we take M = / (4 > (1) 

ii(4-D 5 



|(4-1) 



12 -8 2 



1024 



0.00879. 



= ||. Thus, 



1^81 < 



81 



180 - 8 4 262,144 



0.0003090. 
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24. a. / (x) = 



1 



= (x+ l)" 1 / 2 => f (x) = -Ux+ I)" 3 / 2 => /" (x) = I (x + I)" 5 / 2 . Since \f» (x)\ = f" (x) 



y/x+ 1 

is decreasing on [0, 2], we may take M — \ f' f (0)| = |. Also, a = 0, b — 2, and n — 6. Thus, 



1^61 < 



(2-0) 



1 



0.0138889. 



12 • 6 2 72 

b. /"' (x) = (x + 1) _7/5 => / (4) (x) = (x + I) -9 / 2 . Since /( 4 ) (jc) is decreasing, we take 



105 



M = 



/(4) ( o) ^i^.Thus,l^ 6 |< ^ 0 , Q) 
' 16 180 -6 4 



7 



7776 



0.0009002. 



25. 



a. / (x) = x sin* => f (x) = sinx + x cosx => f" (x) = 2cosx — x sinx => / (x) = —3 sinx — x cosx. Since 
/"' (x) < 0 on [0, f ], /" (x) is decreasing. We take M = \ f" (0)| = 2. Also, a = 0, = f , and w = 6. Thus, 



1^61 < 



2(f"0) 3 7T 



0.01794. 



12 • 6 2 1728 

b. (x) = x sinx — 4 cosx => /( 5 ) (x) = 5 sinx + x cosx. Since /( 5 ) (x) > 0 on [0, y], (x) is increasing on 

5 



4(tt _q\5 

[0, f ], so we take M = (0) = 4. Thus, \E 6 \ < V J ' 



7T 



1,866,240 



0.0001640. 



26. a. / (x) = cosx 2 => f' (x) = — 2x sinx 2 => 

f" (x) = -2 sinx 2 - 4x 2 cosx 2 . \ f" (x)| < 2 



sinx 



+ 4x 



cosx 



< 6 on [0, 1], so we may take M — 6. Also, 



6(l-0) 3 1 

a = 0, b = 1, and n = 6. Thus, |£ 6 | < — ^— = — » 0.01389. 



12 • 6 2 72 

b. /"'(x) = -12xcosx 2 + 8x 3 sinx 2 => /( 4 ) (x) = 16x 4 cosx 2 + 48x 2 sinx 2 - 12cosx 2 . Since 



(x) 



< 16x 4 + 48x 2 + 12 < 76 on [0, 1], we may take M = 76. Then \E 6 \ < 



76(l-0) 5 19 



180 • 6 4 58,320 



0.0003258. 



112 

27. /(*) = -=> /' (x) = => /" (x) = -r-. By looking at the graph of f" using a CAS, we find that \f" (x)| < 2 on 

x x z x J 



[1, 2]. So take M — 2. Then |E W | < 



2 (2 - l) 3 



\2n 2 



< 0.001 => n 2 > 



1 



6(0.001) 



n > 12.91, so we pick n = 13. 



28. = =>/'(*) = - 2x 



x 



2 + l 



(l+x 2 ) 



2 (3x 2 - l) 

/" (*) = — - By looking at the graph of f" using a CAS, we find 



that /" (x) < 2 on [0, 2]. So take M — 2. Then |E W | < 



(l+x 2 ) J 

2 (2 - 0) 3 
12w 2 



< 0.001 => n > 36.5, so we pick n = 37. 



29. / (x) = x 1 / 2 => // (^) = 1 j-1/2 => /// (^) = - 



1 



. By looking at the graph of /" using a CAS, we find that 



4x3/ 2 



- (4 — l) 3 

f" (x)\ < \ on [1,4]. So take M = \. Then \E n \ < ± — < 0.001 => n > 23.72, so wepickrc = 24. 



30. / (x) = Vx 2 + 1 ^ / r (x) = x (x 2 + l) 



-1/2 



r w = 



1 



(x 2 + 1) 



«tt. By looking at the graph of using a CAS, we 

J/Z 



\ (2 — 0) 3 

find that f" (x)| < 1 on [0, 2]. So take M = 1. Then < — ^- < 0.001 => n > 25.82, so we pick n = 26. 

12n 2 

31. / (x) = x cosx => /' (x) = cosx — x sinx => f" (x) = —2 sinx — x cosx. By looking at the graph of f" using a CAS, we 

2 3 (— — 0)^ 

find that \f" (x)| < 2.3 on [0, f]. So take M = 2.3. Then \E n \ < _ 0 7 < 0.001 => n > 27.26, so we pick 



\2n 2 



n = 28. 
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32. / (x) = cos* 2 => /' (x) = — 2x sinx 2 /" (x) = —2 sinx 2 — 4x 2 cosx 2 . By looking at the graph of /" using a CAS, 

3 845 (1 — 0) 3 

we find that \f" (x)\ < 3.845 on [0, 1]. So take M = 3.845. Then \E n \ < - — ^ — — < 0.001 => ft > 17.9, so we pick 



12ft 2 



ft = 18. 



33. / (x) = 2x 3 / 2 => f (x) = 3x^ 2 => f" (x) = \x- x l 2 => /"' (x) = -|x" 3 / 2 



— tx 5 / 2 . By looking at the 



graph of using a CAS, we find that (x) < § on [1, 4]. So take M = |. Then < 
ft > 6.243, so we pick n = 8. (n must be even for Simpson's Rule.) 



3 

< ^- — < 0.001 



180n 4 



34. f(x) = - 

x 



f (x) = -x~ 2 f" (x) = 2x" 3 /"' (x) = -6x~ 4 (x) = 24x" 5 . By looking at the graph 



of /( 4 ) using a CAS, we find that /( 4 ) (x) 



24(3 - l) 5 

< 24 on [1, 3]. So take M = 24. Then \E n \ < — - ^— < 0.001 



180ft 4 



n > 8.0821, so we pick n — 10. (ft must be even for Simpson's Rule.) 



35. / (x) = 



1 



x 2 + 4 



/'(*) = " 



2x 



(x 2 + 4) 



2 



/" to = 



(3x 2 - 4) 



(* 2 + 4) 



3 



/"' w = - 



L (x 2 - 4x) 

(* 2 +4) 4 



24 (5jc 4 - 40x 2 + 16) 

(x) = — ^ = By looking at the graph of using a CAS, we find that (x) < | on [0, 2]. So 

(x 2 + 4) :) 

takeM = |. Then \E n \ < 



| (2 - 0) 5 
180ft 4 



< 0.001 => n > 2.86, so we pick n =4. (n must be even for Simpson's Rule.) 



36. / (x) = (x+ l) 1 / 2 =* f (x) = \ (x + l)-!/2 => /" (x) = - 1 (x + I)" 3 / 2 => /"' (x) = f (x + I)" 5 / 2 ^ 

/( 4 ) ( x ) = - 1| (x + 1)~ 7/2 . By looking at the graph of using a CAS, we find that (x) < {§ on [0, 3]. So take 

5 



M= {§. Then|£„| < 



H( 3 -°) 

180ft 4 



< 0.001 ft > 5.965, so we pick n = 6. 



37. / (x) = x sin* => /' (X) = sinx + x cosx => /" (x) = 2 cosx — x sinx (x) = — 3 sinx — x cosx => 

/( 4 ) (*) = — 4 cosx + x sinx. By looking at the graph of using a CAS, we find that to < 4 on [0, y]. So take 

4(5 -0) 5 

M = 4. Then|£„| < — ^ — j^- < 0.001 ^> n > 3.8181, so we pick n = 4. 

180ft 4 



38. / (x) = sinx 2 ^> f (x) = 2x cosx 2 ^> / /r (x) = 2 cosx 2 - 4x 2 sinx 2 ^> 

/ w (x) = — 12x sinx 2 — 8x 3 cosx 2 => (x) = 16x 4 sinx 2 — 48x 2 cosx 2 — 12 sinx 3 . By looking at the graph of 



using a CAS, we find that 
we pick ft = 4. 



/ (4) M 



< 29 on [0, 1]. So take M = 29. Then \E„ 



29 (i _ 0) 5 
< — -r— < 0.001 => ft > 3.563, so 



180ft 4 



39. The average velocity is given by o av = 



16 



1 



16-07o 



16 j 

v (t) dt = 



16 



80r 



3 



16,/o ? 3 + 100 



dt — 5 



16 r 3 



0 t 3 + 100 



dt . a — ^),b — 16, 



and ft = 8 => At = ^ = 2, to = 0, ^ = 2, ? 2 = 4, . . ., ?g = 16. Thus 



Oav = 5 



16 f 3 



5-2/ , 2 3 

- dt** —— 10 + 4- -5 

0 r 3 + 100 3 \ 2 3 + 100 



+ 2 



+ 4 



4 3 + 100 6 3 + 100 



+ ••• + 4 



14 



+ 



16 



14 3 + 100 16 3 + 100 



52.82 ft/s 
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40. The average level is given by 



1 



n-oyo 



n l 

A (t)dt = 



ll 



11 



136 



= 28 + 



136 



ll 



1 



11 Jo 1 + 0.25 (f - 4.5) 



0 _ 1 + 0.25 0 - 4.5) 



dt 



+ 28 



dt = 



136 



11 



1 



dt + 



28 



11 



11 Jo 1 + 0.25 (f - 4.5) 2 11 Jo 



ldt 



To approximate the integral, use a = 0, b = 11, and n = 1 1 



av 



28 + 



136 1 



1 



+ 



11 2 _ l + 0.25 (0 - 4.5) 2 1 + 0.25 (1 - 4.5) 2 



At = 1. Thus 



+ ••• + 



+ 



1 



1 + 0.25 (10 - 4.5) 2 1 + 0.25 (1 1 - 4.5) 2 _ 



87.87 PSI 



41. 



1 f 9 

The average petroleum reserves from 1981 through 1990 were A = - — - / S(t)dt 



1 f 9 6l3.lt 2 + 1449.1 



9-OJo 



9 Jo t 2 + 6.3 

the Trapezoidal rule with a = 0, b = 9, and n — 9 so that A? = = 1, we have to = 0, ?i = 1, . . ., £9 = 9. Thus, 



dt. Using 



9-0 



A = y Jo S (t) dt y ' (0) + 25 (1) + • • • + 2S (8) + 5(9)] 

= "To (130.02 + 2 • 282.58 + 2 • 379.02 + 2 • 455.71 + 2 • 505.30 + 2 • 536.47 



1 1 



T8 



+ 2 • 556.56 + 2 • 569.99 + 2 • 579.32 + 586.01) % 474.77 



Thus, the average reserves were approximately 474.77 million barrels. 

42. The distance covered is d = Jq 1 w (?)dr. Taking a = 0, Z? = 1, n = 6, and Af = ^, we have 

d % 1 . 1 [14.2 + 4 (24.3) + 2 (40.2) + 4 (45) + 2 (38.5) + 4 (27.6) + 12.8] % 31.78 mi. 

43. The required rate of flow is 

R — (area of a cross-section of the river) x (rate of flow) = 4 (area of a cross-section) = 4 J 0 y (x) <£x. Approximating 
the integral using the Trapezoidal rule, 

R » 4 • I [0.8 + 2 (2.6) + 2 (5.8) + 2 (6.2) + 2 (8.2) + 2 (10. 1) + 2 (10.8) + 2 (9.8) 

+ 2 (7.6) + 2 (6.4) + 2 (5.2) + 2 (3.9) + 2 (2.4) + 1.4] = 1922.4. 

Thus, the rate is about 1922.4 ft 3 /s. 
60D 480 



44. /? = 



J 0 24 C (0 « % - £ [0 + 4 (0) + 2 (2.8) + 4 (6. 1) + 2 (9.7) + 4 (7.6) + 2 (4.8) + 4 (3.7) 

+ 2 (1.9) + 4 (0.8) + 2 (0.3) + 4 (0. 1) + 0] % 74.8 

and R = ^ % 6.42, or about 6.42 L/min. 



•24 



24 



Jo C (0 dt Jf C (0 dt 



, where is measured in L/min. Now 



24 1 



45. False. Let / (x) = x^, a = — 1, b = 1, and n — 2. Then Ax — 1 \ l> — 1 and 



- M-l) - 

2~ 



/ 00 dx = f\ x 3 dx % \ [f (-1) + If (0) + / (1)] = \ [(-l) 3 + 2 (0) + 1 3 J = 0 by the Trapezoidal rule. The 



exact value of the integral is 0 because / (x) — x 3 is odd on (—1, 1). 

46. True. Since / is concave upward, the chord joining any two adjacent points 
1 , / and (jt£, / (jc^)) lies above the graph of / (see the figure). 

Therefore, the area under each chord on , x^] cannot be less than the area of 
the region under the graph of / on [jc^_ 1 , Therefore, each term in A is greater 
than $*k-\ f ( x ) anc ^ tne resu ll f°ll° ws from summing terms. 




a 



X k-\ X k h 
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1. a. F' = f 

2. a. c J f (x) dx 



b. F(x) + C 

b. J f (x) dx ± J g (x) dx 



3. a. unknown 



b. function 



4. g f (x) dx; f (u) du 

5. a. tff(x)dx 



6. a. 



1 



b — a 



i: / (x) dx 



7. a. / (x) 



8. 2 1 0 " f(x)dx;0 

1 + 



b — a 



J f (x) dx 



b. minus 



b. height; area 



b. F (b) — F (a); antiderivative 



c. r f ( X ) dx 



9. / (c) = 

10. a. ^ [/ (*o) + 2/ (*i) + 2/ (x 2 ) + • • • + 2f (x n _ { ) + / (*„)]; 



M (b — a) 
12« 2 



3 



Ax 



b. — [/(*o) + 4/(*i) + 2/(* 2 ) + 



M (b — a) 5 

+ 2/ (x„_ 2 ) + 4/ (* w _i) + / (*„)]; even; — 18Q ^ 4 




1. / (2x 3 - 4x 2 + 3x + 4\dx = \x A - |jc 3 + \x 2 + Ax + C 



x 5 - 3x + 2 




x 2 — 3x 



dx = 



x 3 3 1 
+ ~+C 



3 ■ x x 2 



2 + 2x" 3 ) 

3. / (x 5 / 3 _ 2x 2 / 5 ) dx = fx 8 / 3 - fx 1 / 5 + C 

JV/3 ( 2 x 2 -3x + l\dx = f (2x 7 / 3 - 3x 4 / 3 + *V3) </x = 3 x 10 / 3 - f* 7 / 3 + 3 x 4 / 3 + C 



4. 



5. 




2 / 3 - 4r + 3 1 dx = lx 5 / 3 + 3x + |x" 3 + C 



x 



x 2 — X + V* 



6. 




dx — 



x — X + X 



1/2 



1/3 



dx = [ (* 5 /3 - x 2 / 3 + *V6) dx = |x 8 / 3 - §* 5 /3 + ^7/6 



7. / (1 + 20 3 ^ = I (1 + 2f) 4 + C 



8. 



(1+x) 2 J [x 2 + 2x + 1 J 

— dx — I r-^ C/X = 




X 



X 



1/2 




x 3/2 + 2x \/2 +x -i/2\ dx = 2 x 5/2 + 4^3/2 + 2^+ C 



9. / (3* - 4) 8 dr = ^ (3t - 4) 9 + C 

10. / IfhTTldu = f(2u + I) 1 / 3 dw = | (2w + I) 4 / 3 + C 

11. / (x + x -1 ) dx = J (x 2 + 2 + x" 2 )dx = ^x 3 + 2x- 1/x + C 

1/2 / ,\ . , / , \ 3/2 



12. 




x 4 +ldx = f (x 4 +l 




dx = 



1 ^4 + jV + c 
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13. Let u — 3* 2 + 2*. Then du = (6* -\-2)dx — 2 (3x + 1) dx, so 



/ 



3* + 1 



14. 7T 



(3x 2 + 2*) 

2 



jdx = - 



\ (du _ \ ( 
2J u^~2\ 



u 



-2 



-2 



+ C = - 



1 



4 (3x 2 + 2*) 



+ C. 



* + 1 



^jdx = tt 2 * + §* 3 / 2 + x + C 



15 



Let u — cos f . Then du — — sin £ dr, so J cos 4 t sint dt — — J u 4 du = — ^w 5 + C = — ^ cos 5 f + C. 



16. Let w = tan*. Then du = sec 2 x dx, so 



sec 2 * 



J* = 



17. Let ii = 1 — sin 0. Then du — — cos 0 d0, so 



Vtan* ./ w 1 / 2 

COS0 



= 2m 1 / 2 + C = 2 Vtan* + C. 



dO = - 



= -2m 1 / 2 + C = -2V1 -sin0 + C. 



18, 



19 



cos 3 0 + 1 



VI -sin0~~ 7 w 1 / 2 

0 </0 = / (cos0 + sec 2 0)</0 = sin0 + tan0 + C 
cos z 0 J V / 

Let w = * 2 . Then = 2x dx so J* esc* 2 cot* 2 dx = ^ f esc u cot udu = — ^ esc w + C = — ^ esc* 2 + C. 



20. Let w = 3*. Then du = 3 dx, so J sec 3* tan 3* dx = ^ J sec m tan w = ^ sec w + C = ^ sec 3* + C. 



21 



22, 



23, 



24, 



Jq (3* + 5) dx = |* 2 + 5* 
J_l v^8* J* = 0 because / (*) = v / 8* is odd: / (— *) = \f— 8* = —^8* = —/(*). 

/ 2 (i-^)^=-i+i[=Hn)-(- 1+ 9=^ 

Let w = f 3 + 1. Then du = 3t 2 dt, t = 0 ^ u = 1, and f = 2 => w = 9. Thus, 

Jo 2 t 2 VF+Tdt = \ J? ></ M = i^ 3/2 9 



2 
0 



= 16 



__ 52 



25. Let u — 1 + 2*, so du — 2 dx, x — 0 => w = 1, and * = 4 => m = 9. Then 



1 



1 Z* 9 1 f _ |9 
dx — - I —=du — v w li — 



26, 



0 VI + 2* 2J1 V" 

Let w = * 2 + 2, so = 2* J*, * = 0 => m = 2, and * — V5 w = 4. Then 



, dx = [ -4tt = V^l? = 2 — V2. 

0 7^2 + 2 2 A V 12 



27. /J (* + 1) (2* + 3) 2 dx — J (4x 3 + 16* 2 + 21* + 9) d* = * 4 + -^* 3 + ^* 2 + 9* 



1 _ 155 



1 



28. Let u — «Jx + 1, so du — dx, x — 1 => u — 2, and * = 4 => m = 3. Then 



2V* 



— dx — 21 u J du — — 

l V* J2 3 



665 



29. Let w = cos 2*, so du — —2 sin 2* J*, * = 0 



u — 1 , and * = y => w = Then 



/„ 



sin 2* 1 f^/ 2 du 

dx 



V2/2 



30, 



0 cos 2 2* 

Let u = 2 + 7 cos 0, so du = -1 sin 0 dO, 0 = 0 ^> u = 9, and 0 = ^ => w = 2. Then 

2 

/J r/2 sin0V2 + 7cos0</0 = - 1 J 9 2 w 1 / 2 = -^ M 3 / 2 | 9 = £ (27-2^. 



31 



1 a rn/4 
(esc 0 + cot 0) (1 - cos 0) J0 = / 

Jtz/6 




+ 



COS 0 

sin0 



^ (1 - cos 0) dO = ft'* sin 0 J0 = - cos 0|^ = ^ 
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32. Let u — — , so du — ^ dx, x 

x x l 



= 1 => u = 7r, and x — 2 ^ u — 



9 • 7T 

z sin — 



x 



1 x 



dx — 

7T 



1 f 7 *'/ 2 



7T 



33. /av — ^ So ^ dx — g x 



2 
0 



= 2 



7T ^ 

-. Then 

2 



sin udu = 



1 

— cos w 

7T 



7T/2 



7T 



1 

77 



34. 



f - 1 r 3 1 

/av_ 3-1 Jl VITT 



dx. Let w = x + 1, so du = dx, x = 1 => w = 2, and x = 3 => u — 4. Then 



/av = J J2 ^ M — -v/" I2 — 2 — "V^ 2 - 



35./av = ^/ 0 4 ^ 2 ^=M^ 2 



_ 16 

o""5" 



r^n/o 1 "^ 2 sin 2 x cosx dx. Let m = sinx, so du — cosx dx, x = 0 => u = 0, and x = ^ u = 1. Then 



36. /av - (7r /2)-0.J0 



0 



2 



37. a = 0, b = 1, and n = 5, so Ax = ^, xq = 0, x\ — ^, X2 — §» *3 — 5? *4 — 5' an d *5 — 1- 




I + x 2 dx 



1 

TO 



/ (°) + V (5) + 2 / (I) + V (!) + 2 f (I) + / d)] 
/T7^ + 2^1 + (I)' + ijl + (§) 2 + 2^1 + (i) 2 + 2^1 + + 



1.1502 



38. a = 1, Z? = 2, and n — 4, so Ax = ^ = 0.25, xq = 1, *i = 1.25, X2 = 1.5, X3 — 1.75, and X4 — 2. 



1 1 + x 



dx « ^[/(1) + 4/ (1.25) + 2/ (1.5) + 4/ (1.75) + / (2)] 



1 

T2 



VT | 47T25 | 2VT5 | 47L75 | V2 



l + l 2 1 + (1.25) 2 1 + (1.5) 2 1 + (1.75) 2 1 + 2 2 



0.3820 



39. / (x) = 



1 



/(4) W= l*L (l + x) -9/2 



= (1 + x )-l/2 => /' W = _ 1 (1 + x )"3/2 ^ = 3 (1+ x) -5/2 ^ /W (x) = _15 (1 + ^-7/2 



a. We take M = max \f" (x)\ = f" (0) = { , a = 0, b = 2, and n = 8, so |£ 8 | < 

0<x<2' 



(2-0) 
12- 8 2 



1 



128 



0.0078. 



b. We take M — max 

0<x<2 



/ (4) (-) 



105 n _ m 5 

= /< 4 )(0) = ^so| £8 |,3^L = 



7 



24,576 



0.000285. 



40. /(jc) = lnjc 



a. We take M — 



max 

1<jc<3 



b. We take M 



f (x) = l/x => f" (x) = -l/x 2 => f" (x) = 2/x 3 => /W (*) = -6/x 4 
r (x)| = \f" (1)| = 1, so |£ 10 | < « 0.0067. 

= max_ |/( 4 ) (x)| = |/(4) (1)| = 6, so |£ 10 | < ^4 * 0.00011. 



Kjc<3 



41. / (jc) = J f (x)dx = J (x { / 2 + sinx) dx = §jc 3 / 2 - cos* + C. / (0) = 2 => | (0) - 1 + C = 2 => C = 3, so 
f{x) = Ix^l 1 -cosx + 3. 
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d^ s d^ s ds 

42. a = — = -32 => v = f — dt = -32? + Ci. o (0) = 64 => Ci = 64, so u = — = -32? + 64 => 
dt 2 J dt 2 dt 

ds 

s = / —dt = f (-32? + 64) dt = - I6t 2 + 64? + C 2 . s (0) = 0 => C2 = 0 => 5 = -16? 2 + 64?. At the highest point, 



0 = 0, so -32? + 64 = 0 => ? = 2. The maximum height is s (2) = -16? 2 + 64? 



= 64 ft. 

2 



d 2 s 

43. a. Denote the position by s (?), measured from the ground, a — -p^ — —32 => 0 = j adt — —32? + Q, and d (0) = 0 => 

C { = 0. Thens(?) = fv(t)dt = J (-32?) J? = -16? 2 + C 2 , but 5 (0) = 128 => C 2 = 128. So s (?) = -16? 2 + 128. 

b. It strikes the ground when s (?) = 0 => - 16? 2 + 128 = 0 => ? = 2^/2 s. 

c. v (2V2) = -32 (2V2) = -64V2 ft/s 

44. a = -g => 0 = / (-g)dt = -gt + Ci. y (0) = 0 => C\ = 0 => v = -gt. s (?) = f^-dt = J (-gt)dt = -jgt 2 + C 2 . 

s (0) = /? => C 2 = /?, so s (?) = — ^g? 2 + h. The stone strikes the ground when s (?) = 0, so — jgt 2 + h = 0 and 
? = y/2h/g. Therefore, 0 (^/2h/g) = —g-JIKJg — —^/2gh, and so the speed is V2g/* ft/s. 

45. The acceleration of the car is 22 "^" 44 = — ft/s 2 . Using the equation 0 = oq + at with y = 0, oq — 44, and a — — ^- gives 
0 = 44 - -^-? => ? = 16. Using x = x 0 + v 0 t + ^«? 2 , the distance covered is x (16) = 0 + 44 • 16 - \ • ^ • 16 2 = 352 ft. 

46. The average median price is given by 

/ av = ji^ J 0 5 / (?) dt — ^ J 0 5 (? 3 - 7? 2 + 17? + 310) d? = \ (\t A - ^? 3 + -^? 2 + 310?) |* * 325.42, or about 
$325,420. 

47. The estimated average is N av = 5^5 Jo 5 (°- 2?4 + 4r + 84 ) ^ = 5 (°- 04 ' 5 + 2 ' 2 + 84 ') |* = 1 19 > representing 
119,000 vehicles. 

M ^ 1 „ r „ . 2tt? , £ 0 ^ 2tt? t 

48. £ av = - — ^ Jo £0 sin — dt = - — ■ — cos 



T-Q J v v T T 2n T 



= 0 

0 

12 



49. Oav = Jo 1 ' (-ik t3 ~ I* 2 + + 60 ) dt =T2 ("OT^ " + ¥' 2 + 6 °0 | 0 = 85% 

50. C (jc) = / C (x) dx = J (0.000006a: 2 - 0.04* + 120) dx = 0.000002* 3 - 0.02x 2 + 120.x + k, but k = C (0) = 70,000, 

so C (x) = 0.000002* 3 - 0.02* 2 + 120x + 70,000. 

51. P (x) = J P' (x) dx = J (-0.000006x 2 - 0.04jc + 200) dx = -0.000002* 3 - 0.02.x 2 + 200* + C, but 

C = P (0) = -80,000, so P (x) = -0.000002x: 3 - 0.02* 2 + 200x: - 80,000. 

1 - cos ^ 



52. R 



= 78.5 (%) 



1 f 12 / 7T?\ 1 f 12 ( 

=—ol ( 6o+ 37 ^12)^=12/0 ( 6o+3? 2 

1 f n (\51 37cos^\ j 1 /157 37 6 . tt?\| 12 

53. a. N(t)= j N'(t)dt = j 5 ' 4145 dt = 5.4145 / (1 + 0.91?)" 1 / 2 dt. Let u = 1 + 0.91?^ du = 0.91 dt. Then 

J J vl+0.91f J 

N(t) = ^4145j M -l/2 du = 2(5.4145) ^1/2 + c= 1 1.9 (1 + 0.91?) 1 / 2 + C. Af (0) = 11.9, so 11.9 + C = 11.9 => 

C = 0. So./V(?) = 11. 9 VI + 0.91?. 
b. At the beginning of 20 1 1 , the number of people watching TV on mobile phones will be 
N (4) = 11.9^1+0.91(4) « 25.633 or approximately 25.6 million people. 
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54. Let u = It 2 + 1, so du = Atdt, t = 0 u = 1, and ? = 2 => w = 9. Then 



Jo 2 f V^ 2 + 1 dt = \ f { u { l 2 du = z llV2 \ 9 { = Z < 27 " ! ) 



13 
T 



4.3 (million dollars). 



55. y av = ? l n / 0 4 5 | F (l-cos^ 



5tt 



56. = 



1 



365 



365 Jo 



62- 18 cos 




62 • 365 - 



9-365 



2tt (t - 23) 
365 
. 2tt-342 



sin 



7T 



365 



2 


ttAI 4 


3 


— — sin ^- i = 

77 2 / 10 


1()7T 


1 




365 




62?- 18- 


365 




2tt 


9-365 


. 2tt-23 




sin 


)- 


7T 


365 





•4 = 



5tt 



L/s 



sin 



2tt (t - 23) 



365 



n365 



- 0 



62° F 



let u = 



2tt (t - 23) 
365 



57. a. T av = 3^ J 0 30 y dt « ^ - | (70 + 2 • 72 + 2 • 70 + 2 • 69 + 2 • 66 + 2 - 64 + 2 • 64 + 2 - 62 + 2 - 57 + 2 • 58 + 55) 



64.45 °F 



b. r av « • § (70 + 4 • 72 + 2 • 70 + 4 • 69 + 2 • 66 + 4 • 64 + 2 • 64 + 4 • 62 + 2 ■ 57 + 4 • 58 + 55) « 64.63°F 



.3 



58. F' (x) = £ /; 2 sin tdt = ^ [jf sin * A - Jo" 2 sin = £ Jo" 3 sin ' * " £ if sin ' 



0 .xxi* jQ ,m t „*j — ^ JO 

Letting w = in the first integral and v = * 2 in the second, and applying the Chain Rule, we have 
¥' (x) = (£ $ wntdij Jq sintdt) |§ = sinw|§ - sino^f = 3x 2 sin* 3 - 2x sin* 2 . 



59. 



d 
dx 




1. If 0 < a < b, then — = 1 and so 



x 



x 



x 



dx — dx — x\^ — b — a. 



a 



b 



If a < b < 0, then — = — 1 and so 



x 



dx — — 1 dx — —x\q — a — b. 



x 



a 



x 



b 



If a < 0 < b, 



x 



a 



x 



** = la -T- dx + So -Z- dx = " fa d* + Jo ^ = l~*f a + 



= a + b 



x 



x 



Thus, 



x 



a 



x 



dx — \b\ — \a\. 



2. If x > 0, then there exists a positive integer n such that n < x < n + 1 . Then 

= 0+1 + 2H \-(n-\) + (x -n)n= — — + (x - n) n 



ra (M ~ 1) 

2 



+ m (x - ixj) 



y t 
1 • 



3 
2 
1 



0 



o- 



1 2 3 



n + l x 



3. J 0 107r VI -cos2x rfjc = J 0 107r ^1- (cos 2 x- sin 2 xj dx = J 0 107r ^2 sin 2 x dx = V2/ 0 ] 



{07T \smx\dx 



= 10V5 J^sinx^/x = — 10V2cosx = 20V5 



0 
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4. The integrand / (x) = y/l — x 2 describes the semicircle of radius 1 centered at the 

origin. / = f^^ 2 y/l — x 2 dx is equal to the area B of the unshaded region. But 

V2/2 

A + B + C is the area of the sector subtended by an angle of ^ . Now 



V A 



A 



1 



-I VI Vl _ I r> n A r - I 7T_I x/3 I_7T_V3 

— 2 ' 2 ' 2 _ 4 dnu c _ 2 * 6 2 ' 2 * 2 _ 12 8' 



2 _ 4 
V3 _ 1 



so 



4 +i_h 12 8 _ 2 " 4 _ 8 



^ 7T _ 1 _ 7T 



IT 



T2 + ~F ~ 



V3 _ tt+3x/3-6 
35 



0.0974. 













■ — ^^^^^^ 






























0 


n/2 ^3 1 J 




2 


2 





5. / = 



1 3x 6 - 2x 5 + 4x 3 - 3x 2 + 5x 



-1 x 2 + l 7_i x z + l J_i jc z +1 

integral on the right-hand side is an odd function, and so the integral has value 0. Thus, 

1 3x 6 -3x 2 3x2 I* 2 + 0 I* 2 ~ 0 
— ~ = / 0 dx = 

-1 X 2 +\ J-\ x 2 +\ 



. 1 3x 6 - 3x 2 , -2x 5 + 4x 3 + 5* 

ax — I — ax + 



dx. The integrand of the second 



1 



/ = 



3x 



2 



-1 



dx 



2 /J (3x4 _ 3x 2) rfx = 2 (3,5 _^3)|1 =2 (3_ 1 ) = _|. 



6. a. In the integral f^f(a + b — x) dx, let u — a + Z? — x, so dw = — dx, x — a ^ u — b, and x = Z? => w = a. Thus, 
f_ / (a + b — x) dx = — f£ f (u) du — f^f (u) du — ff / (x) dx, completing the proof. 



The graph of / on [a, b] is a reflection of that of / (a + b — x) on the same interval 

in the line x — ^ (a + b). If P (xj , / Oq)), then the number Xj — a -\- b — x\ has 

the property that f (a + b — x'^j = f (a + b — {a + b — x\)) = f (x\). The result 
follows by interpreting the integrals as areas. 



v A 



0 




y=f(x) 



y = f(a + b-x 



x 



b. Let a = 0 and b — it. Then Jq / (sinx) cos x dx — Jq f (sin (n — x)) cos (n — x) dx = — J 0 / (sinx) cos x dx => 
2 JJ 1 ^ / (sinx) cos* dx = 0 => JJ 7 / (sinx) cosx dx = 0. 

7. Let us make the substitution u = t — x in the integral on the left-hand side. Then dw = dx,x = 0=>w = f, and x = t => 
w = 0. Thus, Jq f (x) g (t — x) dx = — J r ^ / {t — u) g (u) du — Jq g (u) f (t — u) du — Jq g (x) f (t — x) dx. Since u is a 



8. 



dummy variable, this proves the result. 

- hfiftf «* = £ [/*%>/ + / C AW / «*] = «* - w* (i) 

In the first integral on the right-hand side of (1), let u — h (x) and use the Chain Rule to obtain 

£ / (o dt = I J c u f (0 A = & / c " / (0 dt ■ % = / («) fa = / (h ( X )) h> (x). 

In the second integral on the right-hand side of (1), let v = g (x) and use the Chain Rule to obtain 

37 J? W / (0 * = / (o) § = / (*)) g' (x). 

Therefore, ^jjg/ (0 dt = f (h (x)) h> (x) - f (g (x)) g' (x). 

b. Here g (x) = — and /z (x) = so ^ r (x) = ~ and /2 r (x) — — — . Also, / (t) — sin? 2 , so 



x 



2JI 



F' ix) = 



d 



dx 



sin t 2 dt — sin 



l/x 




— sin I I — 



((0 2 )(4) 



sinx 



2^/x 



+ 



sin(l/;t 2 ) 



x 
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9. Consider the function F (x) = [f (x) - tg (x)] 2 > 0 for all x. Then jj 7 F (x) dx = f% [f (x) - tg (x)f dx > 0 

or jj 7 [/ (x)] 2 dx — It f^f (x) g (x) dx + t 2 [g (x)] 2 dx > 0. The expression on 

the left is a quadratic in Since the quadratic is nonnegative, its discriminant must be 

2 

nonpositive; that is, 4 [ f„ f (x) g (x) dx] - 4 f% [g (x)] 2 dx f% [f (x)] 2 dx < 0. Therefore, 
la f to 8 to dx I < y/tf [f (x)f dx ft [g ix)f dx 



10. a. 



/ 0 Vl+JC 3 djc| = $Vl+x3dx < yjfo (1 + x 3 ) dx /J l 2 dx = J(x + ^x 4 ) = ^ » 1.12 



b. By the Mean Value Theorem for Integrals, there exists a number c in [0, 1] such that Jq \/l + x 3 dx = Vl + c 3 . 

But 1 < Vl + c 3 < y/2, so 1 < Jq 1 y/T+x^dx < a/2 « 1.41, so the estimate obtained using Schwarz's inequality is 
better. 

11 d r* 2 f2 " 5f + 4 ^ x 4 -5x 2 +4 /o 2x (x 2 - 4) (x 2 - l) 2x (x + 2) (x - 2) (x + 1) (x - 1) 

11. r ( X ) = |n x Clt = - A \LX ) — - A = - A 

w dx J0 t 2 + 1 x 4 + 1 ; + 1 x 4 + 1 

We see that F has critical numbers 0, ±1, and ±2. From the 0 + + 0 0 + + 0 0 + + sign of F 

sign diagram, we see that F has relative minima at 0 and ±2, 

and relative maxima at ± 1 . -2-1012 

12. Since / is continuous on [a,b], it is integrable on that interval. Let us partition [a, b] into n subintervals, each of 
length Ax = (b — a) /n. The partition points are xq = a, x\ — a + Ax, x^ — a + 2Ax, . . ., x# = a + kAx, . . ., 
x n = b. If we pick the evaluation point Ck to be the right endpoint of the subinterval [x£_i, xjj, then by definition, 

/ f (x) dx = lim ^ f (cb) Ax — lim ^ f (a + &Ax) Ax = lim ^ f \ a + — - — — | f - — - | => 

_ / k(b-a)\ 1 

lim — 



13. a. If a = /?, then the result is immediate. So suppose that a ^ b, and let x = (Z? — a) ? + a, so = {b — d)dt,x — a 

t — 0, and x = => f = 1. Then f (x) dx — (b — a) Jq 1 / ((b — a)t + a) 

b. In the integral J_ 4 cos O + 4) 2 rfjc, let x = [-4 - (-3)] r + (-3) = - (r + 3). Then 
JJ7 3 cos (x + 4) 2 ^ = — Jq 1 cos (1 —t) 2 dt. 

In the integral 3 J 2 ^ cos ^9 (x - ^jj dx,\etx = - t + ^ = ^ (t + 1). 
Then 3 f 2 ^ cos ^9 ^ - §) 2 ^ rfjc = /J cos (r - l) 2 = Jq cos (1 - ?) 2 dt, so 

/r 3 4 cos (x + 4) 2 dx + 3 J 2 ^ 3 cos ^9 ^ - §) 2 ^ rfjc = - Jq 1 cos (1 - t) 2 dt + /J cos (1 - 0 2 = 0. 

14. a. In the integral / (x) dx, let w = x — p, so du = dx, x = /? ^ w = 0, and x — a-\-p^u — a. Then 

;; +/? / w dx = / ( U ) du = $ / (x) dx. 

b. Adding f£ f (x)dx to both sides of the equation in part a gives 

Xf / (x) dx + j a +P f (x) dx = fP f (x) dx + jo fl / (x) dx o £+P f (x) dx = fP f (x) dx. 

15. a. Let g (x) = / (* 2 )- Then g (— x) — f ((—x) 2 ^ = / ^x 2 ^ = ^ (x), showing that g is even. By Theorem 7 of 

Section 4.5, J* fl / (x 2 ) Jx = 2 / Q fl / (x 2 ) Jx. 
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b. Since the function g (x) = s'mx is odd, the function / y*j smx is °dd. Therefore, by Theorem 7, 
J- a f y x j smx d x — 0. 



16. a. 




b. 



l 



3 x 



-10 





10 x 



-1 

It appears that S (x) gives the area under the graph of / (x) from x = 0 to x ~ 1.4. It gives the difference of areas for 
x ^ 1.4. Also, / seems to be the derivative of S. (Look at the values of x where S has relative extrema.) So these graphs 
give a visual confirmation of the Fundamental Theorem of Calculus, Part 1 . 

17. Differentiating both sides of the equation with respect to x gives ^ /* / (f ) dt = ^ f (t)dt = - ^ fgf (t) dt => 
/ (x) = — / (x) 2/ (x) = 0 => / (x) = 0. Since this holds for all x in [a, b], the result follows. 

18. Differentiating both sides of the equation with respect to x gives 4- [/ (x)] 2 = 2^- / (t) dt => 2/ (x) f' (x) = 2/ (x) 
for all x in (0, b), so / (x) [/' (x) - l] = 0 for all x in (0, b). Thus, /' (jc) = 1 => / (x) = x + C. But 



[/ (0)] 2 = 2$ f(t)dt = 0=> f (0) = 0. Therefore / (x) = x. 



o 



5.1 Concept Questions 



1. a. A = H |/ (x) - g dx, A = l e c |/ (y) - g (y)\ dy 

b. A = /* [/ (x) - g (x)] dx + \ c h [g (x) - f (x)] dx, A = g [g (y) - f (y)] dy + /j [/ (y) - g (y)] dy 

2. a. After 3 seconds, car A is ahead of car B by Jq [f (t) — g (f )] dt ft. After 7 seconds, car A is ahead of car B by 

/ 0 7 [/ (t) - g 0)] dt ft. After 10 seconds, car A is ahead of car B by J 0 10 [/ (t) - g (t)] dt ft. 

b. Car A is always ahead of car B after the start of the motion. We can see this by observing that the area of the region 
enclosed between the graphs of / and g for 0 < t < 1 is greater than that for 7 < t < 10. 

c. The greatest distance between the two cars is J 0 [/ (t) — g (/)] dt ft. 



5.1 Areas Between Curves 



2 

1. A = jf 2 [(x + 1) - (-x 2 - l)] dx = fl 2 (x 2 + x + 2^dx = 2 Jq (x 2 + 2^)dx=2 ^x 3 + 2x) | = ^ 



2. A = J 2 [(a- + 2) - (x 3 - 4)] dx = J 2 (-x 3 +x + 6}dx= -\x A + ^x 2 + 6x 



0 



= 10 



3. A = Jq [(-x 2 + 4x) - (x - 2V^)] rfJC = J 0 4 (-x 2 + 3x + 2a 1 / 2 ) dx = -±x 3 + §x 2 + | x 3 / 2 



40 



0 



4. A = J* (x 2 - x 1 / 3 ) dx + /J (x 1 / 3 - x 2 ) dx 



3 
5 



5. A = /J [v V 3 - ( 2 , 2 - l)] dy = /J (-2y 2 + y V3 + X ) ^ = _2 y3 + 3,4/3 + y 



0 



13 
T2 



6. A = 2 /J [(/ - 2v 2 + 2) - (- v 2 / 3 )] </v = 2 /J (/ - 2y 2 + v 2 / 3 + 2) rfv = 2 ( 1 - 2 y 3 + 3 y W + 2y) | J = § 



7. The shortfall is [f (t) - g (f )] dt billion barrels. 



8. The additional revenue that company B will have over company A, measured in dollars, is 

rr.M r 1. rTi 



Jr, [g (!) - f (0] dt - J 0 7 1 [/ (0 - g (0] </* . 



335 
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9. A = f\ [(x 2 + 3) - (x + 1)] dx 



10. A=£ 1 Ux 3 + i\-(x-l)] 



dx 



^x 2 — x + 2^ dx — ^x 3 — jx 2 + 2x 



1 

-1 



14 

3 



fll (x 3 - x + 2^ dx = ^x 4 - ^x 2 + 2x 





y 1 


i 






. 4- 




y 




2- 








1 0 




1 — 5 

2 





xt 
2 








1 j 

2 / 


1 0 

-4 





-1 



= 4 



11. Solve -x 2 + 4 = 3x + 4 <=> x 2 + 3x = 0, giving (-3, -5) and (0, 4) as 
the points of intersection. Thus, 



A = 



jl 3 [(-* 2 + 4) - (3* + 4)] dx = j% (-x 2 - 3x) dx 



_ 1 r 3 _ 3 r 2 

1 ^ -A- ^ "* 



0 

-3 



9 
2 




12. 



Solve x 2 — Ax — — x + 4 <^> x 2 — 3x — 4 = (x — 4) (x + 1) = 0, giving 
(—1,5) and (4, 0) as the points of intersection. Thus, 

A = j _ i 

4 
— J 



fl { [(-* + 4) - (x 2 - 4x)] dx = j\ (-x 2 + 3x + 4) dx 



= _U3 + 3 x 2 +4x r = 125 



3 



2 




13. Solve x 2 - 4x + 3 = -x 2 + 2x + 3 <^> 2x 2 - 6x = 2x (x - 3) = 0, 
giving (0, 3) and (3, 0) as the points of intersection. Thus, 

A = Jo 3 [(-x 2 + 2x + 3) - (x 2 - 4x + 3) J dx 



Jq (-2x 2 + 6x) dx = -|x 3 + 3x 



2! 3 = 
0 



9 








-2 /1 0 
/ ~ 2 






4 






/ -4 











14. Solve (x - 2) 2 = 4 - x 2 <^> x 2 - 4x + 4 = 4 - x 2 <^ 

2x 2 — 4x = 2x (x — 2) = 0, giving (0, 4) and (2, 0) as the points of 
intersection. Thus, 

J 0 2 [(4 - x 2 ) - (x - 2) 2 j dx = Jq (-2x 2 + 4*) dx 



A = 



3 lo 3 
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15. Solve x = x 3 <=> x 3 — x = x (x 2 — l) = 0, giving (—1, —1), (0, 0), and 



(1, 1) as the points of intersection. By symmetry, 



A — 2 



Jo { x -x 3 ) dx — 2 y^x 2 - ^ 4 )| Q - \- 




16. Solve x 2 = x 4 <=> x 4 - x 2 = x 2 (x - 1) (x + 1) = 0, giving (-1, 1), 
(0, 0), and (1, 1) as the points of intersection. By symmetry, 



1 




1 X 



17. Solve ^/x = x 2 a = x 4 <^=> x (x 3 — l) = 0, giving (0, 0) and (1, 1) as 



the points of intersection. Thus, 

A = /J Ui - x 2 ) dx = 2 x 3 ' 2 - 'a 3 



1 

0 



1 




18. Solve x 3 - 6x 2 + 9x = x 2 - 3x ^=> a 3 - lx 2 + 12a = 0 <=> 

x (x 2 - 7x + 12\ = x (x - 4) (x - 3) = 0, giving (0, 0), (3, 0), and 
(4, 4) as the points of intersection. Thus, 

A = j 3 [(x 3 - 6x 2 + 9x) - (x 2 - 3a)] dx 

+ J 3 4 [(.v 2 - 3a) - (a 3 - 6x 2 + 9jc)1 

= J 0 3 (x 3 - lx 2 + 12*) dx + J 3 4 ^ — x 3 + 7a 2 - 12a) </a 



(1,4_7 X 3 +6X 2)|3 + (_1 



-6a 2 ) 



4 
3 



- 45 , _7_ _ 71 
_ 4 + 12 _ 6 




19. A = 



J/ - M* + l)] dx = f 4 U X + A 1 / 2 - l) dx 



_ 1 r 2 , 2 r 3/2 r | 4 _ 65 



2 ■ 
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20. 



Solve 2^/x — x — —^/x <=> 3^x = x o 9x = x 2 <^=> x (x — 9) 
giving (0, 0) and (9, —3) as the points of intersection. Thus, 

A = J 0 9 [(V* - x) - (-V^)] dx = Jo 9 (3^/2 _ x \ dx 



= 0, 



= 2x V2 _ l x 2 



0 



27 
9 



21. ^ = /l 3 (^_^)^ = i,3 + i|j = ( 9+ .)_(l +1 ) =8 



22. Solve 2x = x^/x + 1 <=>jt = 0or4 = ;t + l, giving (0, 0) and (3, 6) as 
the points of intersection. Thus, 



A — Jq (2x — x^/x + 1) rfjc = — Jq jcV* + 1 ^JC. Substitute 



3 



3 



0 



u = x + 1, so — du. Then 



23. 



A = 9 _ J* (M _ 1} u m du = g _ (2 u 5/2 _ 2 u 3/2^ |< = 19 

Solve jc 2 + 5 = -x 2 + 6x + 5 <^=> 2x 2 - 6x = 0 <^=> 2x (x - 3) = 0, giving 
(0, 5) and (3, 14) as the points of intersection. Thus, 

Jo 3 [(-x 2 + 6x + 5) - (x 2 + 5)] dx = J 0 3 (-2* 2 + 6jc) 



A = 



= -§x 3 + 3x 2 



0 



= 9 



24.^ = 2/ 0 2 x(4-^) 1/2 ^ =2 (_l)(2)( 4 _ 



2 x3/2 



2 



0 



16 

3 



25. A = 



0 \/\6- x 2 



dx. Let w = \6 — x 2 => du — —2x dx. Then 



7 
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28. Solve y 2 = 2y + 3 <^> y 2 - 2y - 3 = (y - 3) (y + 1) = 0, giving (1, 
and (9, 3) as the points of intersection. Thus, 

A = /ij [(2y + 3) - y 2 ] dy = jf j (-y 2 + 2y + 3) dy 
= -^y 3 + y 2 + 3y|^ = ^ 



-1) 







3 




2 




1 




0 




-1 




4, 





s 



x 



29. Solve -x 3 + ^: = x 4 -l^x 4 + x 3 -x-l=0<=> 
x 3 (x + 1) - (x + 1) = 0 <=> (at + 1) (x 3 - l) = 0 <=> 

0 + 1) 0 - 1) (x 2 + jc + l) = 0 <=> x = ±1. Thus, (-1, 0) and (1, 0) 
are the points of intersection, so 

A = f\ [(-x 3 + *) - (x 4 - l)] dx = f\ (-x 4 - x 3 + x + l) dx 




1 ,.5 1 ,A 



1 „2 



8 



-1 



30. A = /J [(1 — jc) — (1 — VI) 2 ] rfjc 

= Jq 1 [l — x — (l — 2*Jx + x)] dx — Jq — 2x) dx 



2 fr 3/2 -Hli 



1 

1 
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31. Solve = x 2 — 2 to find the points of intersection of the two curves. 
Since the graphs of both functions are symmetric with respect to the 

y-axis, it suffices to find the positive solution of x = x 2 — 2 <=> 

;t 2 — x — 2 = (x — 2) (x + 1) = 0, giving 2 as the only root (we reject — 1, 
because x > 0). By symmetry, the points of intersection are (—2, 2) and 
(2, 2). 



A = 



2 Jo 2 \\x\ - (x 2 - 2\\ dx = 2 / 0 2 (-x 2 + x + 2^ 



20 



2(4-* 3 + ^ 2 + 2*)| o = 



32. A = 



2 JJj \dx — tz 



because / (x) = %=x — sinx is odd. 



33. A — f^jft (sin 2x — cos x) = ^— ^ cos 2jc — sin x^ 
= (i ~ l ) ~ (~2 * 2 ~ i) = 5 



7T/2 
7T/6 



34. A = /J 1 ^ 6 (cos2x — sinx)dx + J^J^ (sin* — cos2x)dx 

+ fsnjft (cos 2x — sinx) dx 

(\ • \ l 71 "/^ / 1 • \|5*7r/6 

= I ^ sin 2x + cos x J + I — cos x — ^ sin 2x I 

0 /I . ^ \|37T/2 

+ I ^ sin 2x + cos x 1 



57T/6 



= 3V3 - 1 



35. A — 2 (2 — sec 2 x^ dx = 2 (2x — tanx)| = 7r — 2 
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36. A — 2 ^sec 2 x — cos x \ dx — 2 (tan* — sinx)]^ 3 = \fl> 



37. A = §q (2 sin x + sin 2x) dx = ^—2 cos x — j cos 2x^ 



7T 



0 



= 4 



7T 

3 



4 



3 



? ■ 



XT 
1 



77 

3 




38. Let x be a function of y . Then we have 



A = Jq 1 "^ 2 (sin y + cos 2y) dy = (— cos y + ^ sin 2y^ | 



7T/2 



= 1. 



39. A = tf(^-^y)dy = ti^ydy = ^y 



2 



- 2 a ,3/2 



2 
0 



= 2 . 2 3/2 = 4V2 



40. By symmetry, A = 4 Jq 1 ^jc 2 (l — x 2 ) dx. Because x > 0, this is equal to 
4 Jq 1 xyj 1 — x 2 dx. Let « = 1 — x 2 , so du — —2x dx, x = 0=5 u = 1, and 

x — 1 => u — 0. Thus, A = 4 Ji° k 1/2 dw = -2 (§w 3/2 ) ^ = 



4 
3* 



4 79 ■ 1 

41. The equation of L\ is y = — ^x + that of L 2 is y = jx, and that of L3 



is y = 6x. 



A = Jo ( 6 * - l x ) dx + fi [(- 



4 r , 22 



11 v 2 
- T 






6 
4 
2 



L 



x 



4 



342 Chapter 5 Applications of the Definite Integral 



17 9 

42. The equations of the lines are L\ : y — — + j, L2: y = ^x — 2, and 
L3: 37 = — 3x — 2. 



A = 



/-2[(-^+5)-(-^- 2 )]^ 

+/ 0 6 [(-w)-( 

J- 0 2(t-+t)^ + /o(-^+t)^ 



2 r 



- 2)] 



1U2 



)i°+(- 



%*+%x)\ =22 



6 
0 



VA 





V 3 












\ — ^ 




Li 






1 


\ 2 

— 1 V — 






— — 1 




-4 


-2 \ 


0 


1 — 


4 


— 1 > 

6 .v 



43. a. A = J 0 2 [(2* + 4) - jc 3 J = J 0 2 (2* + 4 - x 3 ) dx 



x 2 + 4x-ix 4 | =8 

4 I o 



b. A=f* y Vldy + f*[//l-(±y-2)]dy 
= tfy 1 / 3 dy + J*(yW-& + 2)dy 



= b 4/3 



8 



= 8 




44. a. A = J 2 (V* —l)dx + f£ (^fx - -jx^j dx 



- (2 v 3/2 



— ^x 



-*)|;+ (1*3/2 _ 1,2) 
b. A = fi(2y-y2)dy=(y2-^)\ 2 i 



4 

2 



2 
3 



2 
3 




45. A gives the additional revenue that the company would realize if it used a different advertising agency: 
b 



A = f£[g(x)-f(x)]dx. 



46. a. Jl [g (t) - f (0] dt - fj l [f (0 - g (f)] = A 2 - A! 

b. The number A2 — A\ gives the distance by which car 2 is ahead of car 1 after T seconds. 



47. a. 



0 




b. The ;e -coordinates of the points of intersection are —1.25 and 1.25. By 
symmetry, we must have A = 2 Jq [(^ — ~~ ^ x % 7. 48. 



-2 



0 
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48. a. 



10- 



0 




b. The x -coordinates of the points of intersection are —1, 1.38, and 3.62. 
A = /if® [(,3 _ 3x 2 + X J _ ^2 _ 4)] Jx 

+/i 3 :3 6 8 2 [(- 2 -4)-(^ 3 -3, 2 + i)]^ 

= f!i* (x 3 - 4x 2 + 5) dx + jfjf (-* 3 + 4x 2 -5)dx* 14.24 



-2 



0 



49. a. 



0 



-5 



-10 




0 



b. The * -coordinates of the points of intersection are 0 and 2.25 



A = £ 25 [(xl-4x 2 )-(xl-9x)]dx 
= J 2 ' 25 (-4x 2 + 9*) dx % 7.59 



50. a. 



4- 



2" 



0 




-2 



0 



b. The * -coordinates of the points of intersection are ±1.41 
A = 2/ 0 M1 [(4 - x 2 ) - (* 4 - 2x 2 + 2)] </* 



1.41 / 4,2 



% 5.28 



51. a. 



1.0 



0.5 -- 



0.0 



b. The x -coordinates of the points of intersection are 0 and 0.88 




A = J^ 88 (sin* -x 2 } dx % 0.14 



-0.5 0.0 0.5 1.0 



52. a. 



1 



0 




b. The * -coordinates of the points of intersection are ±0.74. 



A — 2 Jo 0 74 (cos x -x)dx* 0.80 



-1 



0 



1 
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53. The turbocharged model is moving faster than the model with the standard engine by 



10 



J 0 10 [(4 + 1.2* + 0.03r 2 ) - (4 + 0.80] dt = / 0 10 (b.03r 2 + 0.4f) dt = (o.Olt 3 + 0.2f 2 ) | = 30 ft/s. 

54. The distance dragster A is ahead of dragster B is given by d = Jq (va — t> B ) dt. Using Simpson's Rule with a = 0, b = 8, 
/i = 8, and At = 1, we find 

« 3 {&U (0) - v B (0)] + 4 [t> A (1) - v B (1)] + 2 [o A (2) - y fi (2)] + • • • + 4 [v A (7) - v B (7)] + [o A (8) - v B (8)]} 

= £ [0 + 4 (22 - 20) + 2 (46 - 44) + 4 (70 - 66) + 2 (94 - 88) 

+ 4(118- 112) + 2 (142- 138) + 4 (166- 160) + (190- 182)] 



55. 



= 104 = 34 2 ft 

Let / (x) denote the width of the reservoir at x, where x is the distance from left to right. Then xq = 0, x\ — 206, 
x 2 = 2 (206), . . ., jcjfc = k (206), . . ., x 10 = 10 (206) = 2060. Thus, 

A=f™fMdx~** 

206 



f [f (*o) + 4/ (x { ) + 2f (x 2 ) + • • • + 4/ (x 9 ) + / (x 10 )] 



= [0 + 4 (1030) + 2 (1349) + 4 (1498) + 2 (1817) + 4 (1910) 



+ 2 (1985) + 4 (2304) + 2 (2585) + 4 (2323) + 1592] « 3,661,581 ft 2 



56. We use Simpson's Rule with a = 0, Z? = 120, n = 20, and Ax = 6. The area of the section is 



A w S [°- 8 + 4 (1.2) + 2 (3) + 4 (4. 1) + 2 (5.8) + 4 (6.6) + 2 (6.8) + 4 (7) + 2 (7.2) + 4 (7.4) 



+ 2 (7.8) + 4 (7.6) + 2 (7.4) + 4 (7) + 2 (6.6) + 4 (6) + 2 (5. 1) + 4 (4.3) + 2 (3.2) + 4 (2.2) + 1.1] 



642.6 ft 2 



Therefore, the rate of flow is 4.2 (642.6) or approximately 2699 fr/s 



57. a. 



300 



200 



100- 



0 




b. 



A = fi™>[R'(x)-C'(x)]dx 



= /2000 (-0.000006X 2 + 0.032x + 80) dx 



5000 



= f-0.000002x 3 + 0.016x 2 + 80x) I = 342,000 

V / 1 2000 

The sale of the 2000th through 5000th sets in a week will bring in a 

profit of $342,000 for the company. 



0 2000 4000 6000 8000 10000 



58. 



^ 1 ^ 

A = 2 Jj vV — x 2 dx = 2 J] X\fx~--\dx since x > 0. Let w = x 
so = c/x, x = w + 1, x = 1 => w = 0, and jc = 2 => w = 1. Thus, 



-1, 



A = 2 Jq 1 (w + 1) = 2/^ (k^ + k 1 / 2 ) 

= 2(^/2+2^3/2) J » 



32 
15 



2 
1 




> 


-1 0 

-1 

-2 
-3 


1\ 


2 x 



59. The slope of / (x) = ^x at (1, 1) is /' (1) = j*~ l/2 



— j. Thus, an 



equation of the tangent line is v — 1 = ^(x — l)ory = ^x + ^ 9 and 
* = Jo [(h* + l) " ^} * = (i- 2 + ** - fx 3 / 2 ) [ = 
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61. / (jc) = x 4 - 2x 3 => f (x) = 4x 3 - 6x 2 = 2x 2 (2x - 3). /' (x) = 0 
x = 0 or the critical numbers of /. 

sign off 0 0+ + + 



0 



3 
2 



X 



From the sign diagram for we see that / has a relative and absolute 
minimum at | . The required area is 

2 

A = — / 3 2 /2 (x 4 - 2* 3 ) dx = (4* 5 + \x 4 ) I = 0.5875. 




62. Let the jc -coordinate of the point of tangency be a. Then the slope of the 
tangent line is y f _ = —2x — 2\ x=a — —2a — 2. Therefore, an 
equation of the tangent line is y — f (a) = {—2a — 2) (x — a) or 

y — ^—a 2 — 2a + 3^ + (—2a — 2) (x — a) — —2ax — 2x + a 2 + 3. The 
area of the region is 



A = 



Jq U-2ax - 2x + a 2 + 3) - (-x 2 - 2x + 3^1 

Jo (* 2 — 2flX fl2 ) ^ x — ~ ax ^ + a 2 x^ = ^a 3 



8 



1 .3 



We require that A = | =^ jgt = * 
(2, -5). 



a = 2, so the point of tangency is 



v = 
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b. We want $ (a - y 2 ) dy = $ (4 - y 2 ) dy 



2 
b 



(*y-&)\ 0 =(*y-&) 

4 b - lb 3 = (s - §) - (4b - ^Z? 3 ) => b 3 - \2b + 8 = 0. 

Using a graphing utility, we find that the desired root of this 
equation is b « 0.69. 




0 



64. We require that 



4^2 

3-v/c 



= 4V2- 





_L . ^3/2 

-v/c 3 



0 



y 3/2 _ _L . ^3/2 

«fc 3 



c = - 



4 
9 



65. a. A (m) = /J [g (*) - / (*)] </* = /J (x 1 /™ - **) </* = (-^-j 



x 



(l/m)+ 



1 _ _J_ Jc w+A| 1 

m + 1 /| 0 



m 



1 



m — 1 



m + 1 m+1 m+1 



b. lim A (m) = 0 and 

m— > 1 



C. 



i-I 

m 



lim A (m) = lim ^- = 1. As m — > 1, 

1 + - 

m 

the functions / and g approach y = x , so that the 
area of the region enclosed by their graphs is 0. 
Asm — > 00, the region enclosed by the graphs 
approaches the interior of the square 
[0, 1] x [0, 1]. 





66. a. 



1 



0 




-1 



0 



1 



The points of intersection are approximately (±0.682, 0.682) 



b. Using symmetry and a calculator or computer, we calculate 

0.682 

A = 2 / ( — -x)dx*A 0.732. 



67. a. 



1 



0 



-1 




-1 



0 



1 



To plot the curve, we first calculate y 2 — 4x 3 + 4x 4 = 0 <^> 



y = ±^4 (x 3 - x 4 ) = ±2x 3 l 2 «JT=x~. 
b. Using symmetry and a calculator or computer, we calculate 



A = 2j\xy 2 JT=x~dx = 4 /J x 3 l 2 JT=x~dx % 0. 



78540. 
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68. a. 



0.5 



0.0 



-0.5 




To plot the curve, we first calculate 4y 2 — 4xy 2 — x 2 — x^ — 0 <=> 
y =±£jc(1+jc) 1 / 2 (1 -jc) -1 / 2 . 

b. Using symmetry and a calculator or computer, we calculate 
A = 2/°! (-\x) (1 + x)V2 (1 - x )-l/2 ^ 

= + *) 1/2 (1 - -*)~ 1/2 ^ « 0.21460 



-1 



0 



1 



69. False. Let / (x) — 1, g (x) = x, a = 0, and b — 2. Then A = jj 7 (1 — x) dx = ^jc — ^-x 2 ) | = ^, 

Jo [/ to ~ S to] 2 = Jo 0 - *) 2 dx = Jo ( l ~ 2x + ^ 2 ) dx = ( x ~ xl + I* 3 ) | Q = 7 ^ a2 - 

70. False. Let / (x) = 2 — x, g (x) = ^/x, a = 0, and b — 2. Then 

/« [/ to - * to] = Jo (2 - x - * 1/2 ) Ac = (2x - \x 2 - §x 3 / 2 ) |^ = 2- 
for 1 < x < 2. 



= A, so A 2 = |. But 



4^2 



0.1144 > 0, but / (x) <g(x) 



71 



True. The distance covered by car A over the 20 s period is d& = Jo u l (0 an( * tne distance covered by car B over 
the same time period is d$ — Jq 02 (0 dJ. Since car A is 30 ft behind car B at t — 20, we have d$ — d& — 30 

d# = </ A + 30 <^> J 0 20 d 2 (0 <fr = Jo 20 v 1 (0 ^ + 30 - 



72. True. The net change in the velocity of car B over [t\ , £2] i s J/ 2 ^1 (0 , whereas the net change in the velocity of car B 



over the same time period is f! 2 a 2 (t) dt. Therefore, the difference in the velocities of the two cars, measured in ft/s, is 



ft a 2 (f ) dt - f\ 2 a x (t) dt = f] 2 [a 2 (t) - a { (t)] dt. 




1. a. See pages 454 and 455 

2. V = f% A(x)dx 



b. See page 456 




5.2 Volumes: Disks, Washers, and Cross-Sections 



2 
0 



2tt 

3 



1. V = 7rfiy 2 dx=7rfi(^x) dx = f ft x 2 dx = f (£* 3 ) 

2. V = 7r y 2 = 7r (V 1 — x ) 2 dx = 7V J_*.3 (1 — x)dx = 77 — jJC^ I = 8-7T 

3. V =7t/^, y 2 rfx = tt/ 2 1 [(x- l) 2 + 2] rfx = 7r/ 2 1 (x 4 -4x 3 + 10x 2 - 12x + 9>)rfx 



= tt (>x 5 - x 4 + 4° x 3 - 6x 2 + 9x) |_ = 1531 

4. V = nf£x 2 dy = tt/ 4 (V4^) 2 <*y = tt/ 4 (4 - y) = tt (4y - ^y 2 )[ = 8tt 

5. V = 7r /J 7 '' 4 x 2 dy = 7r /J"^ 4 tan 2 y dy = n J^ 4 ^sec 2 y — l^j dy = tt (tan y — 

6. V = n /J T(x 2 ) 2 - (x 3 ) 2 ! dx — 7r /J (x 4 - x 6 ) dx = tt (±x 5 - jx 7 ) | J = 



\ i7T/4 



= *(i-f) 



2tt 

35 
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7. V = tt/o 1 [(,V3) 2 _ (yVlfA dy = (,2/3 _ y ) dy 



-(^ 5/3 -Hlo 



7T 

TO 



8. V = tt£ 2 



(j^x 2 + 2) 2 - (x 2 ^ 2 dx = 2tt Jq (-|x 4 + 2x 2 + 4)dx = 2n(-^x 5 + |jc 3 + 4x)|^ 



256-tt 
15 



9. V =ttJi 



(2) 2 - (y 2 - 4y + 5) = 7T J" 3 (-y 4 + 8y 3 - 26y 2 + 40y - 21 j dy 



3 

77 (-?y 5 + 2 ^ 4 - t^ 3 + 2 °y 2 - 2l y) \ { 



647T 



10. V^tt/ 4 



(y 1 * 2 ) 2 - (h 2 ) 2 ] *y = -fo (y - ^y = - (b 2 - 



24-tt 



0 



11. V = ttJq -x 3 ) 2 - (i -xf dx = 7T /() (jc 6 — 3jc 3 -x 2 + $x)dx = tt^jc 7 - |x 4 - ^jc 3 + §* 2 )| 



12.V=?rti (l - ,V - (1 - ,1/3) 



29tt 
"60" 



2 



= 7T /J (y 2 - 3y - y 2 / 3 + 3yV 3 ) dy = 7T (* y 3 - 3 y 2 - 3 y 5 / 3 + 



9 
3 



13. V = 7r y 2 dx = 7T Jq (x 2 \ dx = 7r Jq x 4 dx 



= 7T ^ 



2 
0 



327T 




14. V =7rJo y 2 <fo 



= 7T 



Ji) ( x3 ) ^ x — ^ Jo x ^ dx 



= 7T ^ 



7T 

7 




2 

15. V = 7T J 0 2 y 2 dx = 7T J 0 2 (-x 2 + 2x) dx 



= 7T 



= 7T 



J 2 (x 4 - 4x 3 + 4x 2 j rfx 

(l*5_,4 + 4 x3 y* 



16-7T 
~T5~ 



16. V = 7T J2 y 2 dx = n £ (vGT^T)* dx 



= 7T (X — 1) dx = 7T ^X 2 — X^ 



5 
2 



15-7T 
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2 

17. V =7rjf x 2 dy = 7rfl(l/y) 2 dy = 7vtfy- 2 dy 18. V = ir $ x 2 dy = ir $ (y 3 / 2> ) dy = <k y 3 dy 
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23. V = 7T \% x 2 dx = 2tt J 0 2 




T~l 2 

-y 2 \ dy 



2n (fr - fr) 



2 
0 



128-tt 

~15~ 




24. V = 7r /J 1 "^ 2 J 2 dx = 7r /J 7 ^ 2 ^Vsinx^ dx 

r 7T/2 . j .7T/2 
= 7T Jq Sin A' dx = — 7T COS X | q = 7T 



X = 7T/2 




-3 • 



25. V = 



77 Jo 



J 1 "^ y 2 dx = 7r /J 1 "^ 2 cos 2 x 
= y /J 1 "^ 2 (1 + cos 2x) dx 



= Y (x + ^ sin 2x^ 



7T/2 

0 



7T^ 

T 



r = 7T/2 




26. V= 7 r/ 0 1 [,2_(^ 2 

=7r (^ 3 -Hlo 



dx — IX 



2tt 



Jo' (* 2 " * 4 ) 



15 




27. We solve x = . N /x t0 obtain (0, 0) and (1, 1) as the points of intersection 
of the two graphs. 

2 



— (i^-Hli- 



= 7T 



dx 



3tt 
10 



28. We solve x 2 = 2 — x 2 2x 2 = 2 <=>x = ±1, so the points of 



intersection are (— 1 , 1 ) and ( 1 , 1 ) . 
V= 7 r/l 1 [(2-,f-(,f" 



dx — 



2n /J (-4* 2 + 4) dx 



= 2n(-^x 3 +4x)\'_ = 167r 



)i: 



3 



29. To find the points of intersection of the two curves, we solve 1 — x 2 = 
<=> 2x 2 + 3x - 2 = (2x - 1) (x + 2) = 0, giving x = \. (Note that 



3 r 
2 



x — 



V = 



—2 is impossible.) 

1/2 3 



7T /q 7 " \x dx + 7T // /2 (l - X 2 ) 



_ 3tt 2 
- 



1/2 
0 



+ 7T 



(*-hl 



19tt 
15" 
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30. From the results of Exercise 29, we see that the curves intersect at the 
points with x -coordinate ^. The corresponding y-coordinates are 



y = ±J\ ■ A = and so 



V3/2 



-V3/2 



^Sf ,2 {-h A -y 2 + ^)dy 

2^(-^-iv3 + ,)|f 2 



dy 



_ 10 n 




31. a. 



0 




-1 



0 



1 



32. a. 



1 -- 



0 




-1 



0 



1 



b. The points of intersection are (0, 0) and 
approximately (1.18, 1.14), so 

2 /, a2' 



V = *fo 



. Using a 



calculator or computer, we find V ^ 1.08. 



b. The points of intersection are (0, 0) and 
approximately (0.95, 0.79), so 

V = n J* 95 [sin 2 (x 2 ) - * 10 ] dx. Using a 

calculator or computer, we find V & 0.26. 



33. V=*J 0 



2 



(2-0) 2 -( 



2 + x 



2 



7T J 0 2 (-jc 4 + 4x 3 - 8x 2 + 8x) dx 



^5 + x 4 _ 8^3 



+ 4x 2 ) 



2 
0 



64-tt 
15 




r 2 

34. V = 7T /J (2 - x 2 ) - (2 - x) 

= 7T /J (x 4 - 5x 2 + 4jc) dx 
(1,5 _ 5,3 + 2,2) 1 1 



2 



dx 



= 7T ^ 



8tt 
15 




35. V = 7T J 2 2 (5 - 0) 2 - [(5 + x 2 - 4) J 



27r Jo 



25 



- * 2 + 0 



dx 



2tt / 0 2 (-x 4 - 2x 2 + 24) dx 
2w (^x 5 - §* 3 + 24*) P 



■ dx 



10887T 
15 



j=5 



•2 



6 



2 



0 
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36. To find the points of intersection of the two graphs, we solve 
2 - \x 2 + 2, giving (-2, 4) and (2, 4). 

2 r , ~ i2 



X = 



V =7 r/ 2 2 ( 5 -*2) -[5-^-2] 

(* - if - ( & - 3) 2 



27r/o 2 



2tt/ 0 2 (|x 4 - 7x 2 + 16) 



37. V = tt jf 



(-l-2) 2 -[-l-(y 2 -4y + 5 

9 - (y 2 - 4y + 6) dy 
tt J 3 (-y 4 + 8y 3 - 28y 2 + 48y - 27) dy 
7r (-5V 5 + 2y 4 - ^y 3 + 24y 2 - 27y) 1 1 




dy 



1047T 



38. We solve y = x and y = 8x simultaneously, obtaining x = 8x 



<=> 



x (x 3 - 8) = 0, so (0, 0) and (2, 4) are the points of intersection. Thus, 



( 2 -I/) 2 -(2-Vy) 



2 



dy 



«&{^-b 2 -y+*y yi )dy 

-(^ 5 -^ 3 -^ 2 + f^ 3/2 )|o = 



887T 

15 



39. 7r Jq^ 2 sin 2 x dx 



X=7T/2 




40. ir$y 2 / 3 dy 



dx 



42- tt /J 



(-1) 



2 
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43. x 1 / 2 + y 1 / 2 = a x l 2 <^> y x l 2 = a x l 2 - x 1 / 2 , x > 0, y > 0. 

2 



y= (a^-x 1 / 2 ) and 

V = 7T fgy 2 dx = 7T $ ( fl V2 _ x l/2j 4 Jx 

= 7T (a 2 + 6ax + x 2 - 4fl 1 /2 JC 3/2 _ 4,3/2 x l/2\ ^ 
= 7T (a 2 x + 3ax 2 + Ix 3 - f aV2^5/2 _ 8,3/2,3/2) |* 




^a 3 



15 



a 



A" 



44. a. 9x 2 + 25y 2 = 225 



V 



7T /£ 5 y 2 dx 



2tt 



,2 



25 



^(225 -9x 2 ). 
2S Jo 5 (225 
(225x-3x 3X ' 5 



9x 2 ) dx 



01 =60tt 

/lo 




b. 9x 2 + 25y 2 = 225 



=> x 2 = 



(225 - 25/). 

V = 7T 3 ^ ^ = ^ Jo ( 225 - 25 ^ 2 ) ^ 

= ^ (225y - ^y 3 )| 3 = IOOtt 




45. V = 7T J 0 2 j 2 dx = 7r J 0 2 J (2x 3 - x 4 ) dx 



n (l r 4_ l r 5\| 2 

T^* 5 x )\ 0 



2tt 











1 




1 




0 




1 




-1 









46. V = 7T /^ fl y 2 dx = 2tt y 2 dx, but x 2 / 3 + y 2 / 3 = a 2 / 3 

3 



<=> y 2 / 3 = a 2 / 3 - x 2 / 3 



V = 



<=> v~ = 

3 



(a 2 / 3 - x 2 / 3 ) . Thus, 



27r/ 0 "(a 2 / 3 -x 2 / 3 y dx 

2tt J« (a 2 - 3a 4 / 3 x 2 / 3 + 3a 2 / 3 x 4 / 3 - x 2 ) dx 
2tt (a 2 x - |a 4 / 3 x 5 /3 + ^2/3,7/3 _ 1,3) |* 



_ 32?r _3 



47. V = 7T /J (V^) 2 dx + 7T Jj 2 (x 2 - 2x + 2) dx 

= 7T /J x dx + tt J 2 (x 4 - 4x 3 + 8x 2 - 8x + 4) dx 
1 + 7T (±x 5 - x 4 + fx 3 - 4x 2 + 4x) | 2 = 



_ 7T 2 

— "2" 



7l7T 
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48. An equation of the line passing through (0, r) and (h, 0) is 
y = — ~* + r = r ^— ^ + 1^. Thus, 



V = 7T / y 2 dx = Trr 2 ^ (l - ^ 

ft / 2 

1- -JC + 

0 



— ^ dx 



7 




h 




dx 



— 7vr 



2 



h 



0 



h 



x 



49. An equation of the line passing through (r, h) and (R, 0) is 

h , R-r 
y — (x — R) <=> x — R — v. 



R-r 

rh rh 

Thus, V = 7r / r^ = 7r 

JO JO 
R-r 

Let u — R y, so aw = 




h 



R-H—Hy] d y. 



h 



R-r 

h 



h 



dy, y — 0 => u — R, and y = h 



ii — r . Thus, 



V =ir 



R-r 



7T 



/ h \ { r 9 tt/i 
I I / u du = 

\ R-r)J R 

h (R - r) (r 2 + rfl + r 2 ) 
3(*-r) 



* ? 7T/2 

u du — 



u 



R-r 3 



R 




3(R-r)\ ) 



7rh 
~3~ 



R 1 + rR + r 



) 



50. V = 7T JI r x 2 = 2tt JJ x 2 dy = 2tt / Q r (r 2 - y 2 ) dy 



= 2tt (r 2 y - ^y 3 ) 



0 



= §7rr 3 




51. 



The cap of the sphere is obtained by revolving the region R about the 
y-axis (see the figure). 

r 

r—h 

TTh 2 



V = tt x 2 dy = tt (r 2 - y 2 ) dy = tt (r 2 y - * y 3 ) 



7T 



jp_ 1 r 3\ _ U (r _ ft) _ l( r _fc)3]| 



(3r - A) 




52. V = 7T J^gj x 2 rfj = 2tt / 0 V2 (if - ky 2 ) dy 



2n ft' 2 (r 2 - 2kRy 2 + A: 2 /) dy 



27r ( fl 2 y - — y 3 + i 



/i/2 



0 



= 2tt 




2k R //A 3 




9l &fl/z 3 A: 

= 7T | tf 2 /? — + 



53. V = Jq (2y / x) 2 dx = 4 Jq x dx = ^ x ^\q ~ ^ 
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54. Here A (x) = \^y 2 — j7r(A-x 2 ^j, so 

V = f 2 2 A (x) dx = 2 / 0 2 A (x) dx = 2 j 2 ^tt ^4 - x 2 ) dx = tt / q 2 (4 - x 2 ) dx = tt (4* - ^x 3 ) 

55. Here A (x) = ^ (base) (height) = \ • ^fc 2 . But b = x + 2 - x 2 , so 



2 
0 



167T 

~1~ 



V = J 2 { ^ + 2 - x 2 ) = ^ j 2 { (x 4 - 2x 3 - 3x 2 + Ax + 4) 
_ V3 / 1 v 5 



f (^ 5 -^ 4 -^ + 2x 2 H-4x)|_ i = ^ 



56. A (x) = \tt (2y) 2 = Try 2 , so V = JJ 4 A (jc) dx = tt J q 4 y 2 dx = tt / q 4 (4 -x)dx = 





\ h V3 




\ 4 






b/2 


(Ax - \x 


/lo 



57. a. 



1 -- 



0 



-1 -- 



-2 



H h 




H 1- 



H H 




H 1- 



-3 -2-10 1 



b. Since the hyperellipse is almost rectangular in shape, we see that the 
resulting solid looks approximately cylindrical, with radius 1 and 

height 4. Thus, V % tt (l 2 ) (4) % 12.6. 

c. By symmetry, 

2 r2r /v .4-|l/2 

V = 2tt ' « 2 



V <ix = 27T 

0 JO 



1 



-(f) 4 



% 10.9832 



58. A (jc) = 2 • 2y = Ay = Ay/ A - x 2 , 



so 



V = J 2 2 A (x) dx — 2 Jq A (x) dx = 8 Jq \J A — x 2 dx. We can interpret 
Jq -s/4 — x 2 dx geometrically as giving the area of a quarter-circle of 
radius 2, so V = 8 • \ix (2 2 ) = 8tt. 



59. a. 



1 -- 



0 



-1 -- 





b. 



Base 

Solving 2y 2 - x 3 - x 2 = 0 for y gives y = ±4= (1 + *) 1/2 - The 



V2 



required volume is 



V =n f® 1 y 2 dx = ir \x 2 (l+x)dx = f f® t (x 2 + x 3 ) dx 

- n(l Y 3 , l. r 4\|° 



7T 

24 



-1 



0 



1 



19 i9 - 
60. The area of the isosceles right triangle shown is = ±b L . Thus, 

A (x) = I (2y) 2 = j 2 and 

V = J 2 2 A (x)dx = 2$ y 2 dx = 2/ 0 2 (4 - x 2 ) dx 



= 2(Ax-^)\ 2 Q = f 





Base 
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61. The base here is 2x (see the figure) and so the area of the 
cross-section is ^ • ^ (2*) 2 = +J3x 2 . Therefore, 
A (y) = V3x 2 = V3 (4- y) and 
V =f*A(y)dy = V3fo(4-y)dy 



V3(43;-ij 2 )[ = 8V3 




19 

62. The area of a cross-section is ^7ry . An equation of the line passing 
through (0, 3) and (8, 0) is y = — # (x — 8), so the area of the 

19 1 [ 3 "1 ^ 

cross-section is A (x) — j7ry~ = ^7T — w (x — 8) . Thus, 
V = Jo 8 A(*)^ = ^/ 0 8 ( X _8) 2 



9-7T 1 



8 
0 







3- 




0 




-3- 





2v 



= 12tt 



63. Represent the circular boundary of the base by the 

9 9 9 

equation x + y — a ,x > 0. Then the area of a 
cross-section is A (y) = jx 2 = ^ (a 2 — y 2 ^. Thus, 



64. The area of a typical cross-section is x , so 



V = 



8j^ = 8jj(r 2 -z 2 )^ 
8 (r 2 , - 1 z 3 ) 



16„3 
- 3 r 



V =£ a A(y)dy = 2fSA(y)dy 
= f«(a*- y 2 )dy = (ah-h*) 



a 



0 



= fa 3 





X 





65. a. The volumes of the solids are V\ — Jq (j) dy and V2 = Jq ^2 00 ^J* but 7?i (y) = 00 f° r a ^ ? 6 [0, ft], so 

V\ = V 2 . 
b. V = 7vr 2 h 

66. The capacity of the fuel tank is 

V =f*A(x)dx^ 1 [/(0) + 4/(l) + 2/ (2) + 4/ (3) + 2/ (4) + 4/ (5) + 2/ (6) + 4f (7) + / (8)] 

= \ [0 + 4 (0.3041) + 2 (0.6206) + 4 (0.8937) + 2 (0.8937) + 4 (0.8937) + 2 (0.6206) + 4 (0.3041) + 0] = 4.6174 m 3 

67. V = / 0 12 A (x) dx ^ [0 + 4 (3.82) + 2 (4.78) + 4 (3.24) + 2 (2.64) + 4 (1.80) + 0] = 33.52 ft 3 

68. a. The volume of the solid is V = Jq A (x) dx. 

Since A is a polynomial of degree less than or 
equal to 3, Simpson's Rule is exact. Therefore, 

with n — 2 and Ax — jh, 



h 



[A (0)+4a(|)+A(*)] 
\ [A (0) + 4A (I) + A (*)] 





/? = 2/ 
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b. In Exercise 50, the solid is bounded by 0 < x < 2r = h. The cross-section is a circle with equation 
(x — r) 2 + y 2 = r 2 or y 2 = r 2 — (x — r) 2 . Thus, by part a with A (x) — Try 2 — tt |V 2 — (x — r) 2 J, 

7=|[A(0) + 4A (I) + A (/z)] = ^ [A (0) + 4A (r) + A (2r)] = § (o + 4tit 2 + o) = ^Trr 3 , as above. 



5.3 Concept Questions 



1. a. 




c. Using the disk method, we find 

2 



b. 









■ 

/ 

/ 

/ ' 

t 




K" 


J 


f 




s 

/ 


' 2 



V = 7T 



/o 4 (y^Y d y + ,j! (yWY - 



4 
0 





+ 7T 



( 



) 



n8 



-4 



2Q8-7T 



Applying the shell method gives 

V = 2tt Jo 2 x [(2x + 4) - x 3 ] dx = 2tt / q 2 (-x 4 + 2x 2 + 4x) dx = 2tt (-^ 
The shell method is easier. 



5* 5 + P 



+ 2x 2 ) 



0 



2Q8tt 
15 



2. a. Applying the disk method gives V = 7r Jq 1 ^ 2 J[/? (j)] 2 — [r (y)] 2 J dy, where and r are found by solving 



y = Xyl 1 — x 3 for x — which is impossible. 



1 /2 ! 

b. V = 27T XV dx = 27T Jq 1 X • X ^1 — X 3 ^ dx = 27T Jq 1 x 2 ^1 — x 3 ^ dx = 2-7T (— j\ (j^j ^1 — x 3 ^ 



1/2 



3/2 



0 



4tt 
"9" 
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1. V = 2tt Jq xy dx = 2tt Jq jX z dx = y 



2 U2 ^ _ tt 3 



2 
0 



8tt 

3 



2. V = 27r/ 0 2 xydx = 27r/ 0 2 x (4-x 2 ) 



1/2 



<fe=2ir(4)(|) ( 4 "* 2 ) 



3/2 



3. V = 2tt Jq 1 x (x - x 2 ) dx = 2tt Jq 1 (x 2 - x 3 ) dx = 2tt (^x 3 - ^x 4 ) | 1 



0 



7T 

"6 



16-7T 

3 



2 

4. V = 2tt / 0 2 y (4 - y 1 ) dy = 2tt $ - y 3 ) dy = 2n (ly 2 - \y A ) | q = 8tt 

5. V = 27T J 0 4 y (y 1/2 _ 1 rf, = 2n J* (,3/2 _ 1 ,3\ ^ = 2?r (2 y 5/2 _ 



4 
0 



48tt 



7 



6. V = 2tt J 0 2 (3 - x) \(jx 2 + 2 ) - x 2 ] dx = 2tt Jq ^x 3 - \x 2 - 2x + 6^ dx = 2tt (^x 4 - ^x 3 - x 2 + 6x) | = 12tt 
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7. V = 2-7T Jq xy dx — 2iz Jq x y x j dx 
— 2iz Jq x 3 dx — 2iz {\ x ^ | — §7r 




2 jc 



8. V 




l x 



9. V = 



2-7T Jj^ xy dx = 2tz Jq x (~ * 2 + 2x^ 
J 0 2 (-x 3 + 2x 2 ) dx = 2tt M 



dx 



= 2tt 

_ 8tt 
- "3 



r 4 -I- 2 r 3 
^X -f- ^X 



) 



0 




10. V = 



V — 2tc Jj xy dx = 2-7T J*j X\fx — \dx. Let u = x — 1, 
so da = dx, x = 1 => w = 0, and x = 5 => w = 4. Then 

V = 2ttJ 0 4 (w + l)u l l 2 du =2tt/o (w 3/2 + " 1/2 ) Jw 
= 2 W (§«5/2 + 2 M 3/2)| 4 5^E 



C3 



-1 o 



-l 




1 2 3 4.5 



11. V = 2-7T Jj xy dx = 2iz Jj 1 = 2-7T 



12. V = 2tt J 0 4 yx dy = 2tt J 0 4 y (-y 2 + 4yj dy 




) 



0 



1287T 
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13. V = 2-7T Jq yx dy = 2ir Jq y^/9 — y 2 dy 

3/2 3 



14. V = 2tt / 0 ° y 073) dy = 2tt / q 6 * y 2 dy 
= 27r(^ 3 )| 6 = 487r 



= 18tt 



0 



0 



3 



0 



3 




15. V = 




17. We solve Vl - * 2 = -x + 1 =^> 1 - x 2 = x 2 - 2x + 1 

2x 2 - 2x = 2x (x - 1) = 0 <^> (0, 1) and (1, 0) are the points of 



intersection. 



V=27r/ 0 1 *[7 



l-x 2 - 



= 2tt 



H) (§)(•- 



(— x + 1)J = 2-7T Jq (xy/ 1 — x 2 + x 2 — x^ dx 



\3/2 



+ - ^ 



- 0 



7T 

T 
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9 ^ 

19. To find the points of intersection of the two curves, we solve 1 — x L — jx 

<^> 2x L + 3x — 2 = (2x — 1) (x + 2) = 0, giving x = ^ or —2. we reject 
the latter root since * must be nonnegative. Thus, the curves intersect at 

(j,-^)and(^,^),and 



V3/2 



0 



y(l-/) 1/2 -Iy 



= 2tt 



(-i) (i) o - >T - y% 



19-7T 




20. To find the points of intersection of the two curves, we solve 
\fx — 1 = x — 1 => jc — \ — x 1 — 2x + \$$ 



i 



o 



x 2 — 3x + 2 = (x — 2) (x — 1) = 0. The points of intersection are (1, 0) 
and (2, 1), and 

V = 2tt Jj 2 * f VT^T - (x - 1)] 

= 2irtfx(x- l) 1 / 2 Jx + 27r/ 1 2 (-x 2 +^ Jx. 
To evaluate the first integral, let u — x — 1, so du — dx, x = 1 => w = 0, and x — 2 

I 2 I 1 

V = 27t/q (w+ l)M 1 / 2 rfw+ 2tt (-j* 3 + 7^)^ = 27r (i w5/2 + i w3/2 )| 0 + 2?r ( 




w = 1. Thus, 

1 3 1 2\ 1 2 
3* + 1 X )\ { = 



15 



21. a. 



1 -- 



0 




0 



1 



b. The points of intersection are (0, 0) and about 
(1.22, 1.22). 

c. V « 2tt /J" 22 jc [* - (x 5 - x 2 )] 



= 2tt 



/ 0 122 (x 2 -x 6 + x 3 ) 



Using a calculator or computer, we find 
V « 3.67. 



22. a. 



1 



0 




-0.5 



0.0 



0.5 



1.0 



b. The points of intersection are (0, 0) and about 
(0.88,0.77). 

c. V % 2tt J^ 88 x (sinx - x 2 ) dx. Using a 
calculator or computer, we find V ^ 0.378. 
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23. Solving *Jx = x — 2=>x=x 2 — 4x + 4<=> 

x 2 — 5x + 4 = (x — 4) (x — 1) = 0 gives x = 1 or 4. We reject jc = 1 

because it does not satisfy y/x — x — 2. Thus, the point of intersection is 
(4, 2). Using the method of cylindrical shells, we have 



V = 



2 * Jo 2 y [(y + 2) - y 2 ] ^ = 2tt j 2 (- v 

(_1/ + 1,3 + ); 2)|2 l^r 



3 + y 2 + 2vj dy 



= 2tt 




24. Solving (jc - l) z = jc + 1 <=> x L - 2x + 1 = x + 1 <^> yA 

x — 3x = x (x — 3) = 0 gives x = 0 or 3, so the points of intersection are \ 4 

(0, 1) and (3,4). We use the method of disks (washers) to obtain \ 

V = 7T J* [(X + l) 2 - (* - l) 4 ] <fr = 7T [ 1 (X + l) 3 -\{X- 1) 5 ] Q \ 

_ 727T X 

- ~3~ 0 



25. 



We solve x 2 = 2x - 1 <=> x 2 - 2x + 1 = (x - l) 2 = 0, giving (1, 1) as 
the point of intersection of the curves. Using the method of disks 
(washers), we obtain 



V =7T 



= 7T 



dy — 7r 



r4 

J [k(y + i) 2 -y]dy 



9tt 

4 




26. We solve V 1 - x 2 = -x + 1 =^> 1 - x 2 = x 2 - 2x + 1 

2x 2 — 2x = 2x (x — 1) = 0, giving x = 0 or 1, so the points of intersection 
of the curves are (0, 1) and (1,0). Using the method of disks, we find 

V = 7T Jq (Vl -x 2 ) - (-x + l) 2 clx = 7T /J (-2x 2 + 2x) dx 



— 7T 



(- 



)i: 



77 

T 




27. We solve 2x 2 = x + 1 <=> 2x 2 - jc - 1 = 0 => (2jc + 1) (x - 1) = 0, 
giving x = — £ or 1, so the points of intersection are ^— ^, ^ ) an d 0-» 2). 



Using the method of shells, we have 



V=2nJ^ 2 y 



dy 



2 "fo /2 (-fy 3/2 -y 2 + y)dy 

27r (_V2 v 5/2_l J 3 + l^ 



1/2 
0 



7T 

15 
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28. We solve y/9 - x 2 = %y/9 - x 2 => 9 - x 2 = ^9 - jc 2 ) <=> 5x 2 = 45 

x = ±3, so the points of intersection are (±3,0). We use the method of 
cylindrical shells to find 



V = 



2tt Jo 3 x (79 - x 2 - § V9 - x 2 } dx = ?f J 0 3 x (9 - x 2 ) 1/2 

H) (»(»-* 



2?r 

3 



2 N3/2 



= 67T 




29. V = 2tt J 0 2 (4 - x) x dx 



2tt J 0 2 (4x - x 2 ) dx 
(2x 2 - 1 jc 3 ) 



= 2tt 



2 
0 



32-tt 




30. V = 2tt / 0 2 (3 - x) (x 2 + l) dx 



= 2tt 



Jo I"* 3 + 3x2 ~ x + 3 ) ^ 



= 2tt 



,« 4 + * 3 



2 

- ^x 2 + 3x)| q = 16tt 




31. V = 2tt J 2 2 [x - (-2)] ^4 - x 2 ) dx 

J 2 2 (-x 3 - 2x 2 + Ax + 8) dx 



= 2tt 



= 47T 



Jo (" 2 * 2 + 8 ) dx 



= 4 7r(- 2 x 3 + 8x)| 2 = 1287r 



3 




-2 ■ 



32. V = 27r/ 2 (2-v)(4-/)dy 



= 2tt 



/o 2 (? 3 " 



2v 2 - 



4v + 8 j dy 



40-7T 



- 2y 2 + 8y) 



2 
0 
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33. To find the points of intersection of the graphs of y — «Jx — 1 and 3; 
y — x — 1, we solve s/x — I = x — 1 => x — I = x 2 — 2x + \ ^ 
x 2 - 3x + 2 = (x - 2) (x - 1) = 0, giving (1, 0) and (2, 1). Thus, 

V = 2ir J 2 (3 - x) [Vx^T - (x - 1)] dx 

= 2tt Jj 2 [3^/x - 1 - x^x - 1J Jjc + 2tt J 2 (x 2 - 4x + 3^dx ~0 

To evaluate the first integral, let u = x — 1, so = rfj:, jc = 1 => w = 0, 
and x = 2 => w = 1 . Then 

V = 2tt Jq 1 [3m 1 / 2 - (« + 1) w 1/2 ] rf« + 2tt Jj 2 (x 2 - 4* + 3) dx 
= 2tt /J (lu l / 2 - a 3 / 2 ) </u + 2tt J 2 (x 2 - Ax + 3) = 2tt (fa 3 / 2 - f « 5/2 ) | * + 2tt (l* 3 - 2* 2 + 3x) |* = ^ 
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39. An equation of the line passing through (0, r) and (h 9 0) is y = r — 



r 

—x 

h 



x — h y, so 

r 



V = 




-a 



-ylydy 



dy — 2n 



(h 2 
\2 y - 



h 3 ^ r 
3r / , 0 



\-nhr 2 



40. By symmetry, V = 2 • 2ir Jq xy dy, but y = \J r 2 — jc 2 , so 



V = 



47r Jq x ^r 2 — x 2 ^ ^ 

47r H)0)(' 2 -* 2 ) 



\ 3/2 



0 



4 3 

= ^7rr J 



2 



41. By symmetry, V = 2 • 27r Jq dx, but y = bJ 1 = — y/a 2 — x 2 , 



a 2 c/ 



so 



v = 



a b / 9 9 \l/2 

47T / —x\a—x\ dx 

0 a V / 

4tt/7 / 1\ /2\ / o o\3/2 fl 



"I G (" 2 " ' 2 ) 



0 



^7ra 2 b 



42. The volume of the solid is obtained by revolving the region shown about 
the v-axis. Making use of symmetry, we find 



V = 2 • 2-7T dx — 47T J^J xy/r^-x 2 dx 



(r 2 - a 2 ) 



3/2 



43. Using symmetry, we obtain 

V = 2 ■ 2tt /f fl (b - x) y dx = 4tt f° a (b - x) (a 2 - x 2 ) dx 

= 4nb \ a _ a (a 2 - x 2 ) 1/2 dx - 4tt * (a 2 - x 2 ) 1/2 J* 
Interpreting the integral geometrically, we find the first integral to be equal 
to Aizb ^ira 2 j. The second integral is 0 because the integrand is odd. 

Thus, V = 2ir 2 a 2 b. 
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44. Using a calculator or computer, we find the x -coordinate of the point of 
intersection to be 0.89. Thus, 

27r Jq '^ x (cosx 2 — sinx 2 ^ dx + lit f™$g x ^sinx 2 — cosx 2 ^ dx 

7T/2 



V 



- 



= 7r { sinx 2 + cos* 2 



) 



0.89 
0 



+ 7T 



- 



2 • 2 
cos* — sinx 



/lo. 



89 



6.24 



0 



1 





1 1 1 


1 1 












1 1 




5 



45. The region occupied by the liquid is found by revolving the region shown 
about the v-axis. We find 



2 

V — 2tc I xy dx — 2tt 

o 




= 2tt 



\ 8 g 



2 



x 



4 1 



0 



2 + 



47T 



2 2 



2g 



dx 



(2g + " 2 ) 



ft 



8 



Observe that when x = 2, y = 3, and this implies that 3 = 2 + 



46. a. V = 2tt / ' 



= 2tt 



xy dx = 27T Jq 

6 \l#&7* 



* ^/z — &x 4 ^ dx 



u 2 (4) 



fax 2 - ^kx 6 ^j I = ^nh^JT/I 



b. 



2tt 1 



d / 2nh 3 / 2 \dh 
Jh\ 3k 1 / 2 Jdi 



V/2^ = 7r \ h _ d _h_ 

k 1 / 2 2 dt V k dt 



so — 7T 



, a constant. 



2g 




1 4tt (2g + 4) 

-. Thus, V = — ^~ 

4 g 



= 1 Ott ft 3 . 




y/k dt dt 7r 

c. Because the rate of flow is constant, we can tell time by looking at the level of water in the container. 

47. V = -2tt Jo 2000 xy dx = 2tt / 0 2000 (-xy) dx. Using Simpson's Rule with n = 10 and Ax = 2^2 = 200, we have 

V % 2tt • 3^ (0 + 4 • 200 • 46 + 2 • 400 • 45 + 4 • 600 • 41 + 2 • 800 • 40 + 4 • 1000 • 36 

+ 2 • 1200 • 29 + 4 • 1400 • 25 + 2 • 1600 • 19 + 4 • 1800 • 8 + 0) % 296,231,243 ft 3 

48. V = 2-7T Jq^ 40 xy dx. Using Simpson's Rule with n — 6 and Ax = = 40, we find 

V % 2tt • ^ (0 + 4 • 40 • 146 + 2 • 80 • 104 + 4 • 120 • 88 + 2 • 160 • 44 + 4 • 200 • 20 + 0) w 9,409,698 ft 3 . 
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1. a. (l)L = fiJl + [f'(x)] 2 dx 



b. y = x 2 / 3 - 1 



y = §^-1/3 



(2)L = f c d Jl + [g'(y)fdy 



1 + (yf = 1 + ^ = 9 ^ 2/3 9/ t 4 => L = 

v 7 9x 2 / 3 9x 2 / 3 jo 



5V5 (9x 2 / 3 + 4^ 



1/2 



3xV3 



dx. Let 



u = 9x 2 / 3 + 4, so dw = 6x -1 / 3 dx, x = 0 => u = 4, and x = 5^5 = 5 3 / 2 => M = 9- 5 + 4 = 49. Then 
L = ^$fu X l 1 du = ^.y = x 2 / 3 (y + I) 3 / 2 =>*' = § (y + l) 1 / 2 => 1 + (xf = ^j-^ 



L=/_ 4 i ^^^=i^-i(9, + 13) 3 / 2 
The second integral is easier to evaluate. 



4 

-1 



335 
27 • 



2. a. S = 2tt £ / (*) V 1 + [/' to] J * = 27r L ? V 1 + (?') ^ 
b. 5 = 2tt g (y) 7l + [^(y)] 2 ^ = 2tt /? Xy / 1 + (xf dy 




1. y = x 3 / 2 + 1 



y = \x x ' 2 



1 + (/) 2 = i + I 



X 



4 



L = ^/ 1 + |x dx = 



2. y = x 2 l 3 => x = y 3 / 2 



3/2 1 4 

9- §(1 + 3*) | t = T7 (soVTo - 13VT3) 



57 



3/2 



4/3 



0 



56 
27 



3. y = x 2 / 3 + 1 => x 2 / 3 = y-l=>x = (y- l) 3 / 2 



dx 

dy 



= 1 + I (y - 1) 



L = /fVi + |(y-i)^ = M[ 1 + |(y - 1)] 3/2 | = 77 (10VT0- 1) 



r 1 

4. X = — + 



dx y 



1 



6 2y dy 



/-1 

2y 2 



1 + 



(I) 



2 2y 2 

4y 4 4y 4 



= 1 + 



— 2y 



1 



y 8 + 2y* + 1 
4y 4 



4 



4y 4 



2 



L = 



1 + 



2 



2, A 



dy = 



y*+ 1 



1 2y 



17 
12 



5. An equation of the line is y = fx. y' = § => 1 + (y'f = 1 + ^ = ^, so L = Jq ^1 + (y') 2 dx = Jq ^ dx = ^Th. 
Using the distance formula, we get L = J (3 - 0) 2 + (8 - 0) 2 = V73. 



6. An equation of the line is y = 2x. y' = 2 => 1 + (/) = 1 + 4 = 5, so L = /_! V 1 + (/) dx = 1-1 ^ dx = 4 ^ 
Using the distance formula, we get L = ^(3 + l) 2 + (6 + 2) 2 = 4^5. 

7. y = -2x + 3 => / = -2 => 1 + {y'f = 1 + 4 = 5 => L = fl { V5 dx = V5x = 3^5 



8. y = 2 x 3 / 2 - 1 => y = x 1 / 2 => 1 + (yf = 1 +x => L = fijl+Zdx = 2 (1 +*) 3/2 |* = i° (2VTO- V5) 
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9. y = 2 (x - l) 3 / 2 => y = 3 (jc - 1) 1/2 => 1 + (/) 2 = 1 + 9 (* - 1) = 9x - 8 
L = /f V 9a - 8 dx = I • § (9x - 8) 3 / 2 |^ = ^ (37^37 - l) 



y 



1 



10. x = ±- + n 9 

4 8j 2 



2 



1 _ 4/ - 1 



2 « . / V-l \ 

V 4 ^ 3 / 



1 + (y) 2 = 1 + 



4y 3 

\6yt> + \6y n -%y<> + \ _ ( 4 / + *) 



16j 6 



16/ 



L = / Jl + (*') 2 «> = f 2 ^-t^dy=- ^ 



,3 ■ .,-3 



4y + j 



123 
"32" 



. y = I (x 2 + 1J => / = 2x (x 2 + lj => 1 + (/) 2 = 1 + 4x 2 (x 2 + l) = (2x 2 + l) 
L = J, 4 ^\ + (y) 2 dx = /j 4 (2x 2 + l) dx = (fx 3 + *)|* = 



45 



12. y = (2 - X 2 / 3 ) 372 => y = § (2 - x 2 / 3 ) ' /2 (-§x-V3) = _ 



1/2 



(2 - X 2 / 3 ) 



1/2 



/_ V 7 /_ 2v -* ; v 1 " ; _ x i/3 

L = ftjl + (yfdx = Jlftx-Wdx = ^Ix 2 /3|' = 3^1 ( 2 2 /3 - l) 



1 + (yf = 1 + 



2 - x 2 / 3 2 



2/3 



2/3 



13. (y + 3) 2 = 4 (a + 2) 3 => y = 2 (x + 2) 3 / 2 - 3 => y = 3 (a + 2) 1 / 2 => 1 + (y) 2 = 1 + 9 (jc + 2) = 9a + 19 

37 a/37 - A 



14. j = 



x 5 1 
— + 



4a 



y = x 2 - 



1 



4a 4 -1 



l + (yf = l + 



16a 8 - 8a 4 + 1 ( 4 ^ 4 + 0 



2 



4a- 2 4a 2 v ; 16a 4 

l /- 3 4a 4 + 1 1 Z* 3 / 2 _ 2 x l/4A 3 

dx = - I I 4a z 4- a L \dx — — 



L = fiy/l + {yfdx = ±J ^L^ldx = jJ (4a 2 + a" 2 )Ja 





16a 4 

53 
~6~ 



15. j = a 2 => y = 2a => 1 + (y) 2 = 1 + 4a 2 => L = $\ J\ + (yfdx = f* t jl+4x 2 dx 



16. y = a 3 - 1 => y = 3a 2 => 1 + (y) 2 = 1 + 9a 4 => L = /J Jl + (y) 2 Ja = /J v / 1 + 9a 4 ^a 



17. 3; = 



1 



2a 



A 2 +l 



(A 2 + 1) 



1 + {yf = 1 + 



4a 



2 



(* 2 + 1) 



=> L = 



2 



-1 



\ 



1 + 



4a 2 



(* 2 + 1) 



dx 



18. j = cos a => y = — sin a =5 1 + (y) 2 = 1 + sin 2 a => L = Jj 1 " V 1 + sin 2 a ^a 

19. y = tan a => = sec 2 a => 1 + (yf — 1 + sec 4 a =^> L = /J 1 "^ 4 V 1 + sec 4 a Ja 

20. a = sec y => x f — sec y tan y => 1 + (a') 2 = 1 + sec 2 y tan 2 y => L = f® n /4 \l 1 + sec 2 y tan 2 y 



21. a. 



1 -- 



0 




b. y r = /' (a) = ^ (2a 3 - a 4 ) = 6a 2 - 4a 3 = 2a 2 (3 - 2a) => 

1 + (yf = 1 + 4a 4 (3 - 2a) 2 , so L = Jq 7i+4a 4 (3-2a) 2 Ja 

c. Using a calculator or computer, we find L ^ 4.2008. 



0 



1 
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22. a. 



1 -- 



0 




0 



x 



(l - 2x 2 ) 



x — 



x A +x 2 



! + (/)=! + - 

2x 2 - 5x 4 + 4x 6 



(l -4x 2 + 4x 4 ^) 



x 2 — x 4 



— X 4 



1 



x2-x 4 

I* 1 V2x 2 - 5x 4 + 4x 6 , 

so L = / , <2X. 

y 0 Vx 2 - jc 4 

c. Using a calculator or computer, we find L ^ 1.5243. 



23. a. 



0.0 



-0.5 



-1.0 




= 1-^/2 = 1- 



1 

TJ2 



x 



1/2-1 



1/2 



2 4 

soL = ^ t /l + 



c. Using a calculator or computer, we find L % 4.8086. 



0 



24. a. 



0.6" 
0.4 
0.2 -h 



0.0 



b. y' = f'{x) = 



d 




x 



2 



dx\ \ + x 



4 



(l + x 4 ) (2x) - x 2 (4.x 3 ) 2x (l - x 4 ) 



(1+. 4 ) 
4 



2 



i + (yf = 1 + 



4* 2 (l-* 4 ) (l+x 4 ) +4x 2 (l-x 4 ) 



(l+x4) 

2 



(l+*4) 



(1+- 4 ) 



, SO 



0 



1 





l +x 4)4 +4;c 2( 1 _ x 4) 



(l + * 4 ) 



c. Using a calculator or computer, we find L « 1 . 1440. 



^2 3 /2 

25. To find the coordinates of P, we solve x 2 ! 3 + y 2 ! 3 = a 2 / 3 , giving x = y — — — ^a. Next, y = {a 2 ! 3 — x 2 ^ 

y> = § («V3 _, 2 /3)'/ 2 (_ ix -V3) = - ( a2/3 " i ; 2/3 ) 1/2 , so , + (/) 2 = 1 + = (^) 2/3 . FinaUy, 



1 / ^ 

L = 8 f^ a/4 {^j dx = 8a 1 / 3 Jj2a /4 x- {/3 dx = 8a 1 / 3 (§* 2/3 ) = 6a. Note that we cannot write 

(X 2/3 

1 + (y') 2 dx because the integrand is not defined at 0. 
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26. An equation of the top half of a circle of radius 1 centered at the origin is 



y 



x 



=>/ = - 



can be 



interpreted as the arc length of this semicircle from the point (0, 0) to the 

point "^)> wn i°h * s a quarter of its total length. Because the entire 
circle has circumference 2ir, we have 

^2/ 2 dx 

0 




1 x 



/„ 



27. v = x 3 + 1 => y' = 3x 



1 — n„2 



1 + (y) 2 = y/\ + 9x 2 . Here x = 1 and Ax = 1.2 - 1 = 0.2, so 



28. y = VI + 1 => y' = 



l + (y'f Ax = (VT+9) (0.2) 

1 



- -5- 



0.6325. 



1 



As % <is = 



2yx 

yi+(/) 2 A*= 



1 + = 1 + _. Herex 

Ax 



= 4 and Ax = 4.3 - 4 = 0.3, so 



= Jl + ^.0.3 = 



_ 3VT7 



4(7 



0.3092 



29. y = ix + 2 



y = 



1^1, (,J\ 2 _ 5 _ Ar , _ V5 



1 + (y')^ = J => ds = ^-dx, SO 



S = 27r/ 0 2 yds = 27r/ 0 2 (±x + 2) ^ dx = V5tt J q 2 (±x + 2) = 75 tt (± 



4x 2 + 2x)| = 



) =5V57r. 
no 



30. y = +Jx => y' = 



1 



2->/F 



1 + (yf = 1 + 



1 

47 



a /1 ^ 1 w VTT4I 

= JH dx = — — ax, so 

4x 2yx 



S — 2tt Q y ds — 2n f% 




x ^ 1 + * x dx = 7z J 4 9 vTT4x"^x = 7r • I ■ §(i + 4x) 3 / 2 9 = £ (37^/37- nVn). 



31. y = x 3 => / = 3x 2 => 1 + (y') 2 = 1 + 9x 4 => ds = yj\ + (y') 2 ^x = Vl + 9x 4 dx, so 

1 /2 

S = 2-7T Jq 1 y ds — 2tt Jq 1 x 3 (l + 9x 4 ^ dx. Let w = 1 + 9x 4 , so du — 36x 3 dx, x — 0 => w = 1, and x = 1 => u — 10 
Then 5 = % j/% 1 / 2 du= $ ( 2 a 3 / 2 ) | j° = § (lO^TO - l) . 



32. y = x 1 / 3 => x = y 3 



x' = 3y 2 => 1 + (x') 2 = 1 + 9y 4 => ds = yf\ + 9y 4 dy. Also, x = 1 => y = 1 and x = 8 



2 

y = 2, so 5 = 2tt jf x ds = 2tt J 2 yVl+9y 4 dy = • § (l + 9y 4 ) 3/2 = ^ (l45Vl45 - lO^To). 



33. y = 4 - x 2 => x = V 4 - y 



1 



x = — 



274=7 



«fa= /l + 



1 



4(4- y) 



dy. x = 0 y = 4 and x = 2 => y = 0, so 



S = 2tt / 0 4 x ^ = 2tt J 0 4 J^JT^T^dy = 7r J 0 4 VTT^rfy = tt (-|) | (17 - 4y) 3 / 2 ^ = f (l7Vl7 - l) 



34. x = 



ds = 



y i 1 
~6~ + 27 

/ + 



x' = I 



1 



2y 



/-l 

2y 2 



1 + x ' 2 = 1 + A J- = A / 

V ' 4y 4 4y 4 



2 



2y 



1 1 / 




SO 



S = 2tt f, 2 x ds = 7T [ ( — + 

J1 A V 6 2y 



0 + 





^ =7F| 36 + T 




477T 

16" 



370 Chapter 5 Applications of the Definite Integral 

35. 2x + 3y = 6 => x = 6 ~ 3> jc' = -§ => 1 + (x ; ) 2 = 1 + | = ^ => = ^ dy, so 



1 . , 1 4x 6 - 1 



36. y = — + — ^ => / = x 3 - 



4 8x2 ' 4x 3 4x 3 

2 / , x 2 



, / a2 , ( 4 ^ 6 " 0 16^ 6 + 16x 12 - 8* 6 + 1 ( 4 * 6 + l) f 4* 6 + 1 f 

1 + V = 1 + = 7 = 7—- =^> «5 = t dX, SO 

v ; 16x 6 16x 6 16x 6 4x 3 




?) + 4^3 ) dx = 27F ^ + ^* + 3Z*" 5 ) 



2 _ 16,91 17T 

— 1024 



2 / ,x2 



1 T , *-2* 3 1-2* 2 i i (l-2^ 2 ) (3-2x 2 ) 

37. ? = — F v* 2 - x 4 => y = . = . => 1 + (y) = 1 + — 4- = — 4- 

2V2 2V2v / ^ 2 ^ 2 V2y/Y^ 1 ^ 8(l-* 2 ) 8(l-* 2 ) 

3-2x 2 
<:/.v = -^=^= ax, so 

2W1 -* 2 



1 1 — v 

y (3 - y) 2 = (3 - y) = y 1 / 2 - ^ 2 (since 0 < y < 3). x' = - y — = => 

4y 4y 2yy z v / 

5 = 2tt / 0 3 x ds = ^ /o 3 (y / 2 - \ y w) (y/ 2 + y- 1 / 2 ) rfy = w / () 3 (- 1 y + h + 1) ^ = - (- * y + * , 2 + y ) 

= 3tt 

39. y = - => y = --j => 1 + (y) = 1+ -4 = — — ^ds = ~^—dx, so 

S — IttI yds — 2tz I — % dx = 2n f — J~ dx. 

1 Jl * x 1 Ji x 3 



3 
0 



40. y — sinx => y' — cos* =^> 1 + (y) 2 = 1 + cos 2 x ^ ds — + cos 2 xdx, 
S — 2tt /J 1 "^ 2 y ds = 2it sinx\/ 1 + cos 2 x Jx. 



so 



41. Using the result of Exercise 21, we see that the required surface area is 



S = 2tt Jo 2 y = 2tt J 2 (^2x 3 - x 4 ^j yj\ + 4x 4 (3 - 2.x) 2 dx % 21.4018. 



42. Using the result of Exercise 22, we see that the required surface area is 

1 Vx 2 - x 4 V2x 2 - 5x 4 + 4x 6 



= 2tt [ l yds = 2tt / 1 ^ 2 x ^^f_± xA + 4x6 dx = l7T fl V2x 2 - 5x 4 + 4x 6 « 2.7905 

Jo Jo yi 2 ^ 4 ° 
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43. y = 



h r , r i / a 

-x => x — -y => x ' — - => 1 + \x'\ 

r h h 



r 2 _h 2 + r 2 
l + h 2 ~~ ~ 



ds — 



sjh 2 + r 2 
h 
h 



dy, so 



h 



r 



S = 2n / xds = 27vl —y 

0 JO h 

h 



Jh 2 



+ r 



h 



dy = 



2irrjh 2 + r 2 
h 2 



h 



0 



ydy 



lirr^h 2 



h 2 



— M 



— izryj h 2 + r 2 



0 




44. y = s]r 2 - x 2 



x 



=>/ = - 



y/ r 2 — X 2 



i + (/) 2 = i + 



X 



r 2 — x 2 r 2 — x 2 



ds — 



S — 2-7T JH r yds — liT j'_ r V 'r 2 — x 2 
= 2nr j r _ r dx = 4irr 2 



y/ r 2 — X 2 



dx 



dx, so 




45. V = y/4-X 2 



X 



y = - 



^4-x 2 



i + (yf = i + 



X 



4-x 2 4-x 2 



ds = 



dx, so 



74-x 2 



= 4-7TX I q = 47T. 



-2 -1 0 



1 2 



46. j = Vr 2 - x 2 



X 



y' = - 



\lr 2 — x 2 



i + (/) 2 = i + 



x 



r 2 — x 2 r 2 — x 2 



ds — 



dx, so 



S = 27r y dx = 2tt y/~r 2 ~—~x 2 • 



y/r 2 — x 2 



dx = 27rrx\a 



— 2izr (b — a) 



0 




v = \fr 2 -x 2 



a b 



47. y = § (l - \xf 2 -2{\-\x) 



1/2 4. 4 

+ 5 



/ = -H 1 -H 1/2+ H 1 -H 



-1/2 



X 



(i - J,) 



1/2 



i + (yf = i + 



16 (l - \x) 



(4-x) 2 , 4-x f 4-x 

=> <2.V = = tfX = 



16 — 8jc 



V16-8jc 



2^2 V2 - x 



dx 



L = 



1 



2 



4-x 



L = — 



2V2J0 V2-x 
1 / , °4-2 + M 



dx . Let u — 2 — x, so du = —dx, x = 0 => w = 2, and x — 2 => u = 0. Then 



2V2J2 HV2 




2V2A) 



K 1 / 2 )^ = — !^( 
' 2V2\ 



4^/2 + 



2 M 3 / 2 




8 

- % 2.67 mi 
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48. y = V3x - 



x 



400 



y 



= V3- 



x 



200 



i + (y) 2 = i + 3-^- + 



V3* 



x 



2 



x 



100 40,000 



. Observe that y = 0 <^=> V3x - — — = 0 



400 



2 



<=> x = 0 or 400 V3, so L = / 0 



we find L % 956.21 ft. 

49. / = /' (x) = (4.3403 x KT 10 * 3 - 1.5625 x 10" 5 x 2 + 3000) = 1.30209 x 10"V - 3.125 x \0~ 5 x, so 

L = f 24m y]\ + (1.30209 x 10" 9 * 2 - 3.125 x 10~ 5 jc) 2 Jjc « 24,223.5 ft. 

50. The required area is given by 100L, where L is the arc length of the cross-section. To find L, note that y' — — 0.0004* 3 

=> 1 + (y') 2 = 1 + (o.0004x 3 ) = 1 + 0.00000016* 6 . Now observe that y = 0 when jc « 17.7828. Therefore, 
L % 2 Jo 17 7828 Vl + 0.000000 16.x 6 % 44.639, so the area is approximately 4464 ft 2 . 



400V3 _ ;n/3x ^ j x> Using the integration feature of a calculator or computer, 



100 40,000 



51. y f = ft cos ^ => 1 + (/) 2 = 1 + you cos 2 ^, so W = / 0 30 V 1 + JOU cos2 W Jx w 30 - 73 in " 

52. First, suppose f (x) > L for all x in [<2, ft] and put g (x) = f (x) — L. Then g (x) is a smooth nonnegative function on 

[a, ft]. We have g f (x) = f (x). Using (10), we find S = 2tt jj 7 [/ (x) - L] J I + [/' (x)] 2 dx. If f (x) < L for all * in 
[a, ft], and we put ft (x) — L — f (x), then ft is a smooth nonnegative function on [a, ft]. We find ft' (x) = — /' (x). 

Using (10) again, we find S = 2tt [L - / (*)] ^1 + [/' (x)] 2 rfx = -2tt /* [/ (x) - L] J I + [/' (x)f dx. 

Combining the two results, we have S = 2-7T \f (x) — L \ -J 1 + [/' (-^)] 2 dx. 

53. An equation of the line passing through (0, rj) and (h, r?) is 



y = ; x + r b so / = ; => 1 + (/) + l — ^ — J • 



ft 



ft 



Now I 2 = h 2 + (r 2 - n) 2 , so 1 + {y'f = 1 + — - — = — . Thus, 



h 2 



h 2 




= 2»Jo( 



h 



x + r\ 



\e ( r 2 - n \ 

)h dX = — [2\-ir) 



-yh 



x L + r\x 



. 0 



2tt£ 
~h~ 



2tt^ (ri + r 2 ) ft 



ft 



2 



5*.D = L-S = J* J 1 + (y>) 2 dx - J*dx = jo \y/ * + iff ~ 1 



1 ,/i + (y) 2 + i i 



. Now 



(/) 



, so 



A 2 



< 



(/) 



< 



(/) 



whence - / ^ ^ — < 

2Jo U , /,.a2 JO 



(y') 2 rfjc 



l 



e 



< - 



i + y 



i + yi + (y) 



27o 



+ v /i + (y) z v i+ (>0 i+vi + (y) 

2 

(/) Jx. The desired result follows. 




1. a. W = Fd = 3 (10 - 0) = 30 ft-lb 

b. W = Fd = -3 (10 - 0) = -30 ft-lb 

c. W = Fd = 5 (0 — 0) = 0 ft-lb. The distance moved by the object in the direction of the force is 0. 
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2. a. Yes. See Example lb. 

b. No. Consider the force F (x) = sinx lb applied to an object moving along the number line from x = 0 to x = 27T. The 
work done is W = Jq 71 " F (x) dx = Jq 77 sin* = — cosxIq 71 " =0, yet the force F is not 0. 




1. w = F d = 50 • 4 = 200 ft-lb 

2. The magnitude of the force required is F = mg = 4 (9.8) = 39.2 N, so the work done is W = Fd = (39.2) (1.5) = 58.8 J. 

3. We may assume that the particle is moving in the positive direction along the x-axis. Since the force acts in opposition to 
the direction of motion, we have F = — 5 lb, so the work done by the force is W = Fd = (—5) (100) = —500 ft-lb. 

4. W — Fd — 400 (2) = 800 ft-lb 

5. W = f* 2 (2x-l)dx= (jc 2 -*)|* = 6 ft-lb 



6. W = 



6 4 f 6 _ 7 4 
— dx — 4 x dx = 



1 x 



1 



X 



1 

3 



= 12 ft . lb 

3 



7. W = Jq (x 2 + 2jc) dx = (±x 3 + x 2 ) I = 18 J 

8. W = /? (~3x 2 +x) dx = (-x 3 + lx 2 )|' = [- (3 3 ) + \ (3 2 )] - [-1 3 + \ (l 2 )] = -22 J 

9. W = f. Sin 7TX = COS 7TX = — ^ J 

Jl 7T I j 7T 



10. By Hooke's Law, 8 = A:-^^>^ = 48 lb/ft. Thus, the work done is W = / Q 1/4 48x dx = 24x 

2000 



1/4 
0 



= 1.5 ft-lb. 



11. By Hooke's Law, 20 = k • 0.03 => k = N/m. The spring is to be stretched from 0.03 m to 0.035 m. The work done is 
^ = /0°0 1 6 1 ^^=^(HC = ^ J - 



12. 3 = Jo 0 05 kx dx => 3 = 



kx 



0.05 



k (0.05) 2 

3 = - = 2400 N/m. The required work is 



0 



W = / 0 0 0 ° 2 4 2400x dx = \200x 



0.04 
0.02 



= 1.44 J. 



13. It takes a force of 14 lb to compress the spring by ^ — = ^ ft. By Hooke's law, 14 = k ■ ^ <=> k = 84 lb/ft. Thus, the 



work done is W = / 0 1//12 (84x) = 42x 



1/12 
0 



7 
24 



0.2917 ft-lb. 



14. The weight per unit length of the chain is (9.8) = 58.8 N/m, so an element of length Ay weighs 58.8 A y N. The work 
required to lift this element to a height of y ft is AW = 58.8y A y J, so the work done in pulling one end of the chain up 2 m 

is W = Jq 58. 8v dy = 1 17.6 J. 

15. The weight of a representative piece is 5 Ay lb and it is moved approximately (12 — y) ft. Thus, 



12 

W = / 0 12 5 (12 - y) dy = 5 (l2y - \y 2 ) | = 360 ft-lb. 



16. The weight of a representative piece is 5 Ay lb and it is moved approximately (16 — y) ft. Thus, 

W = / 3 7 5 (16 - y) dy = 5 (l6y - ±y 2 ) | = 22 0 ft-lb. 

17. The work done on the girder is W\ = 200 • 60 = 12,000 ft-lb. The work done on the chain is 

W 2 = Jq° 2 (60 - y) dy = 2 (60y - \y 2 ^ = 3600 ft-lb. Therefore, the work done is W = W x + W 2 = 15,600 ft-lb. 
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3 

18. W = J 0 3 (62.4) (4) (2) (3 -y)dy = 499.2 J 0 3 (3 -y)dy= 499.2 \3y - ^y 2 ) | = 2246.4 ft-lb 

19. W = Jq (62.4) (tt) (4 2 ) (6 - y) dy = 998.4tt J 0 6 (6 -y)dy= 998.4tt (6y - ^y 2 ) |* = 17,971. 2tt « 56,458 ft-lb 

20. Let j denote the distance of the bucket from the bottom of the well. The time it takes for the bucket to reach this height is 

t = %y s. The weight of the bucket and its contents at height y is 4 + (40 - 0.2t) = 44 - 0.2 f ^yj = 44 - O.ly. The work 

done is W = Jq° (44 - O.ly) dy = (44y - 0.05y 2 ) | 3 = 1275 ft-lb. 

21. Let y denote the distance of the bucket from the bottom of the well. The work done in pulling the bucket (with 40 lb 
of water) up 20 ft is W\ — Fd — (44) (20) = 880 ft-lb. The work done in pulling the bucket the rest of the way (see 

Exercise 16) is W 2 = f$ [44 - 0.1 (y - 20)] dy = J$ (46 - O.ly) dy = (46y - 0.05y 2 ) | 4 ° = 860 ft-lb. Therefore, the 
total work required is W = W\ + W 2 = 1740 ft-lb. 



22. The weight of each layer of water of thickness Ay ft is approximately 
62.4 ^5 2 ^ Ay lb. Each layer is moved up a distance of approximately 



(8 - y) ft. Thus, 



W = J 0 6 62.4tt (25) (8 -y)dy= 62.4 (25) tt (Sy - iy 2 ) 



6 
0 



147,027 ft-lb. 



-5 



y a 

8<[ 



0 



B - pipe 



i 
f 



Av 



5 x 



23. An equation of the line passing through (0, 0) and (2, 5) is y =2*^ 
x = 1*y . The weight of a layer of water with thickness Ay is 

approximately 1000 (9.8) n (^y^j Ay = 1568-7ry 2 Ay N. Each layer is 



moved up a distance of approximately (5 — y) m. Thus, 
W = 1568tt Jo 3 y 2 (5 - y) dy = 1568tt (f y 3 - ^y 4 ) 



3 
0 



y t 


.(2,5 


\ 5 












1 j i 


V" ¥ 


-2 -1 0 


1 1 >- 

1 2 x 



0^ 



121,919 J 



24. Refer to Exercise 23. Here, the layer of water moves a distance of approximately y m, so the work done is 

2 

W = 1568tt Jq y 2 -ydy= 1568tt (ly 4 j \ . ^ 19,704 J. 



() 



25. 



9 9 

Refer to the figure. An equation of the circle is x + y — 9, so 

x = y/9 — y 2 . The weight of a layer of gasoline with thickness Ay ft is 

approximately 2x ■ 12 • 42 Ay = 1008\/9 — y 2 Ay lb. Each layer is moved 
up approximately (9 — y) ft, so the work done is 

1/2 



W = J 3 3 1008 (9 - y 2 ) (9-y)dy 



= 1008 



/ 3 3 9 (9 -y 2 ) 1/2 .y- / 3 3 y(9-y 2 ) 



1/2 



dy 



9 




The second integral is equal to 0 because the integrand is an odd function, so W = 1008 (9) J 3 3 y/9-y 2 dy. Observe that 
the integral gives half of the area of a circle of radius 3, so W = 1008 (9) (3 2 ) % 128,252 ft-lb. 
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26. The height of the triangle is V3 ft. An equation of the line passing through 

(0, 0) and (l, V3^ is y — «/3x <^> x = ^-y. The weight of a layer of 
water with thickness Ay is approximately 

62.4 (2x) (8) Ay = 62.4 (8) h-^\y Ay = A y i b . Each layer 

is moved up approximately ft, SO 

w = jV3 y ^ + j _ ^ dy = 99MV3 J ^+1 y 2 _ 1 „3l ^ _ 



0 



(1,n/3) 




nV3 

sr =499 



•2(V3 + l) 



1364 ft-lb. 



9 9 

27. The semicircle is part of the circle with equation x + y — 4, so 

x — y/4 — y 2 . The weight of a layer of water with thickness Ay is 

approximately 62.4 (2x) (8) Ay = 998.4^4 - y 2 Ay lb. Each layer is 
moved up approximately (1 — y) ft, so 

W = 998.4 f® 2 V4-y 2 (1 - y) dy. Using a calculator or computer, we 
find that W % 5799 ft-lb. 

28. x 2 + y 2 = 25 => x = y/25 — y 2 . The weight of a layer of water with 

thickness Ay is approximately 62.47i\x 2 Ay = 62.47T ^25 — y 2 ^ Ay lb. 

Each layer of water is moved up approximately (0 — y) = — y ft. We find 
that 

0 

30,631 ft-lb 



W = 62.4tt/° 5 (25 - y 2 ) (-y)dy = 62 An (-f y 2 + *y 4 )|° 



y 1 
If 




-21 0 


\ — 

X J 




(-V, V) 




1 > 




29. PV 1A = 100,000 P = 100,000 V" u . Therefore, W = 
or about 1405 ft-lb. 

30. pv L2 = £=> p = &v- L2 , so w = /^°^y- 1 - 2 ^y = - 



C 0 100,000V" 1 - 4 JV= io^o v -0.4 



400 
100 



16,865 in-lb, 



-0.2 



0.2 



4V 0 



V 0 



= 5A: 



1 



1 



0.2 
L r 0 



(4V 0 ) 



0.2 



1.21 



V, 



0.2 



0 



31. The work done is 



l.637xl0 7 Gmim 2 



6.37xl0 6 r 2 



dr = 



(6.67 x 10 -11 ) (5.97 x 10 24 ) (5 x 10 5 ) 



1.637xl0 7 



« 1.91 x 10 13 J. 



37xl0 6 



32. W = 



2 



r 



2 



2 



R+h 



-2 



dr=- 



mgR 



2 



R 



R+h 



R 



mgRh 
R + h 



20,000 

33. The mass of the landing module is slugs. The acceleration due to gravity on the moon is 



8 



g m = ^g. Using the result of Exercise 32 with m = 



20,000 

8 



, g m — ^g, R = 1100, and h = 20, we find 



W = 



20,000 I linn 0fi 
mg m /?/i — ^— ■ • 1100 • 20 



1100 + 20 



65,476 mile-lb % 3.46 x 10 8 ft-lb. 



34. W = f*Fdx = ^ f'x- 2 dx= Sm. 

Ja 47T£ 0 Ja 47T£ 0 



(■4)C 



4l#2 



47T£ 



0 



{a b) 
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35. W = J a b Fd X = dQ. JK ( x 2 + R 2\-^ 2 dx dQ 

Ja 47T£n Ja \ / 



47T£() 
1 



Aire 



0 



G) <-» ( 



,2 + ^-'/ 2 



qQ 



10 



36. Using Simpson's Rule with n = 10, so that Ax = -j^ = 1, we find 

W * J 0 10 F (x) dx « ± [0 + 4 (0.69) + 2 (1.61) + 4 (2.28) + 2 (2.88) + 4 (3.20) 

+ 2 (3.58) + 4 (3.95) + 2 (4.20) + 4 (4.38) + 4.64] % 29.06 ft-lb. 



rx2 

37. W= / Fdx 

J X\ 



mo — \dx— I mv dv 

dx 



0 2 
01 



1 2 

2 mo 



° 2 12 12 



38. The work done by the spring is W = J^' 05 fct = Jj^' 05 400.x = 200x 2 |^ = 0.5 J. Next, we use the result of 
Exercise 37 with W = 0.5 and v\ = 0 to obtain 0.5 = \ (4) (v^j - \ (4) (o 2 ) => d 2 = ^ <=> u 2 = 2 m/s. 



2 2" t,y l 



0.05 



5.6 Concept Questions 



1. Pascal's law states that the pressure exerted by a fluid at any point in a liquid is the same in all directions. 



2. a. Refer to the figure. The force is F — S L h (y) L (y) dy, where h (y) is 
the depth of the fluid at y . 

b. The force is the pressure multiplied by the area of the plate, that is, 
F = Sh J? L (y) dy. 




water level 



5.6 Fluid Pressure and Force 



1. a. The force is F = 62.4 (3) (1) = 187.2 lb. 

b. On the longer side of the aquarium, L (y) = 3 and h (y) = 1 — y, so the 
force exerted by the water is 

F = Sj c d h (y) L (y) dy = 62.4 /J (1 - y) (3) dy 



62.4 (3) (y - \y 2 ) f = 93.6 lb 



c. The force on the shorter side is 

F = S J? * GO L GO dy = 62 A J* (1 - y) (1) dy = 31.2 lb. 



^1 






- 1 










V 












0 


3 .V 



Figure for longer wall 



2. a. F = ShA = 62.4 (8) (40) (15) = 299,520 lb. 

b. L GO = 15 and h (y) = 8 — y, so 

F = Sj c d h (y) L (y) dy = 62.4 /„ 8 (8 - y) (15) dy 

= 62.4 (15) (Sy - ^y 2 j | q = 29,952 lb 
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3. L 00 = 2x = 2 (§y) = £y and A (y) =5-y, 



so 



F = 



<5 f c d h (y) L (y) dy = 62 A Jq (5 - y) y) dy 

624 (I) {?y 2 -?y 3 )\l = 1040 lb 



4. An equation of the line passing through (1,0) and (2, 3) is y = 3jc — 3 or 
x = ^ + 3), so L (y) — 2x — | (y + 3) and /i (y) = 3 — y. Thus, 



F = 



S J c d h GO L (y) </y = 62.4 J 0 3 (3 - y) (|) (y + 3) Jy 

3 

41.6 / 0 3 ^9 - y 2 ) dy = 41.6 (9y - ^y 3 ) | = 748.8 lb 



5. An equation of the line passing through (5, 0) and (3, 5) is 

y = -j (x - 5) or* = ^ (25 - 2y), so L (y) = 2x = | (25 - 2y) and 
/z (y) = 5 — y. Thus, 

F = d g h (y) L (y) Jy = 62.4 / Q 5 § (5 - y) (25 - 2y) dy 

= 24.96 / 0 5 (2y 2 - 35y + 125) dy = 24.96 (§y 3 - ^y 2 + 125y) 
= 6760 lb 

6. x 2 + y 2 = 9 => x = y/9 - y 2 , so L (y) = 2* = 2^9 - y 2 and 
/1 (y) = 5 — y. Thus, 

F = (5 ff * (y) L (y) dy = 62.4 J* (-y) 2^9 - y 2 dy 



5 
0 



= 62.4(2) (>)(§)( 9 -yf /2 



0 



-3 



= 1123.2 lb 



2 



7. y = x z -4=>;t = Vy + 4, so L (y) = 2x = 2^/y + 4 and /z (y) 

Thus, F = 5f d h (y) L (y) dy = 62.4 /° 4 (-y) 2V7T4 dy. Let 
u — y -\- 4-, so du — dy. Then 

4 
0 

= 1064.96 lb 



= -y- 



F = 



-124.8 / 0 4 (k - 4) w 1 / 2 ^ = -124.8 (§w 5 / 2 - fw 3 / 2 ) 



8. v = 



= 4\/4-y 2 , so L (y) = 2x = 3^4 - y 2 and 



y = — fV9 — x L => ^ — j 
h (y) = — y. Thus, 

F = Sjf h (y) L (y) dy = 62.4 J° 2 (-y) 3^4 - y 2 



-187.2/_° 2 y (4 - y 2 ) ' /2 rfy = -187.2 (- *) (§) (4 - y 2 ) 



3/2 



0 



-2 




3 


(2,3) 1 


A 1 \ 

Av K 




t \ 


f 1 i 


1 H 

-2 0 


1 2 



5 



Aj 



t 



-5 



0 



T 



x 



-3 




Av 





y \ 




\ 2 




p > 


1 \ 


0 


/ -v x 






— 7 T 




-4 





A)' 



-3 


3JU 


1 V 0 




—2 




y= -|V9- 


2 / 



= 499.2 lb 
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9. If a horizontal strip lies on or above y = — 3, then L (y) = 6 and 

h (y) = —y. Next, observe that an equation of the line passing through the 

points (0, —5) and (3, —3) is y = %x — 5 => x — | (y + 5). So if y lies 
between —5 and —3, then L (y) = 2x = 3 (y + 5) and /i (y) = — y. Thus, 

F = 62.4 JT 5 3 (-y) (3) (y + 5) dy + 62.4 J° 3 6 (-y) Jy 
= - 187.2 JT 5 3 (j 2 + 5y) dy - 31 4 A J° 3 y </y 



-187.2^; 



v 3 + f? 2 



)|_5 ~ 374,4 fa 2 ) \°- 3 = 3057 6 lb 



-3 



Ay 



Ay, 



0 



-3 



-5 



31 



X 



1 



(3, -3) 



72 



y. 



10. An equation of the line passing through (1,-1) and (2, 0) is y = 
or x = y + 2. If a horizontal strip lies between y = —2 and y = 
L (y) = 2 and /i (y) = — y. If a strip lies between y = — 1 and y : 
L (y) = 2x = 2 (y + 2) and h (y) = — y. Therefore, 

F = -124.8 /T2 ? dy - 124.8 y (y + 2) dy 
= -62.4y 2 |~*- 124.8 (jy 3 + ) ;2 )|° i = 270.4 lb 



-2 + x 
- 1 , then 
= 0, then 



-2 



7\ 

Ay,::: ft 



Av 



i. 



J2 



t 



o 



i- 



-2 



2 1 



A" 



•a,-i) 



t — y 

...1 



11. L (y) = 1 and h (y) = — y, so 

-2 , x , ™ . r-2 



^ = JT 4 (-y) ^ = ~ 62 - 4 J-4 y d y 

= -62.4 (ly 2 ) 1-2 



= 374.4 lb 



-4 



o 
-i| 

-2- 
-3- 
-4- 



A' 




12. Refer to the figure. Equations of the lines are as follows: 

£y. y = x — 3 => x = y + 3. £2'. y — —x — 1 => x = — y — 1. 
^3: y = x — 5 => x = y + 5. t\\ y — —x + 1 => x = — y + 1. 
If -2 < y < -1, then L (y) = (-y + 1) - (y + 3) = -2 (y + 1) and 

(y) = -y> 

If _3 < y < _2, then L (y) = (y + 5) - (-y - 1) = 2 (y + 3) and 
h (y) = — y. Thus, 



y* 


i 


0 


T i I 

1 2 3 




-1- 






-2- 






-3- 








(2, -3) 





A" 



F = 



124.8 JZ2 (y 2 + y)dy- 124.8 JT 3 2 (v 2 + 3y) dy = 124.8 (^y 3 + ^y 2 ) |_ - 124.8 (^y 3 + \y 2 \ 



-2 
-3 



= 249.6 lb. 



o 1 1 

13. An equation of ^ is y = — ^x -\- ^ov x — 3 ( A — 2 )0> so 
L (y) = x - 1 = \ - \y - 1 = - f (y + 1). Thus, 
F = 6f?L 60 A (y) dy = -62.4 J^ 1 § (y + 1) (- 30 dy 

k8 f-1 / J , „\ ^, _ 124.8 A „3 , l.,2M _1 



124^ J_-l ^2 + y ) Jy = 1^8 (l y3 + 1 ^ |J = 56L6 lb 



0 
-14- 

-2-- 

-3 

-41 




(3,-4) 
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= 2x-9 



14. An equation of £\ is y = —x ox x — —y. An equation of £2 i s y — %x 

or x = \ (9 + y). Thus, L (y) = £ (9 + y) - (-y) = \ (3 + y) and 
h (y) = -y, so 

F = 62 A fzj |(3 + y) (-y) dy = -62.4 ( § ) J^ 1 (3y + y 2 ) dy 
= -1^(1^ + ^)1:1 = 31215 




(3,-3) 



15. An equation of £ is 3; = V3* or x = ^y, so L (y) — 2x — ^j^y and 
h (y) = 1 — y. Thus, 

F = 62.4 /J 2^ (y - y 2 ) dy = ( ' / - ' y3) |^ « 120 lb . 







\ 1 












-1 0 


1 1 — ' 

1 J 



16. An equation of f is y — 3x — 3 or x = ^ (y + 3), so 
L (y) = 2x = § (y + 3) and /i (y) = 2 - y. Thus, 

124.8 f2 / ..2 .. , A j. . 124 



F = 



* Jo (-J 2 " y + 6) dy = ^ (- ^ - \? + 6y) 



2 

0 



305.1 lb 



2- 



1 



-2 -1 0 




(2,3) 



17. x 2 + y 2 = 4 => x = V4 - y 2 - Thus, L (y) = 2x = 2^4 - y 2 and 
h (y) = 10-3;. So 

F = 124.8 J 2 2 (10 - y) y/4 - y 2 dy 

1/2 



= 1248 J 2 2 V4 - y 2 dy - 124.8 | 2 2 W4- y 2 ) 



dy 



Interpreting the first integral geometrically and observing that the 
integrand of the second is odd, we find 



F = 



1248 (I) 7T (2 2 ) + 0 = 2496tt « 7841 lb. 




18. x 2 + y 2 = 4 => x = x/4-y 2 . Here L (y) = 2x = 2^4 - y 2 and 
h (y) = -y, so 

F = 6f* L (y) /z (y) dy = 50 /° 2 2^4 - y 2 (-y) dy 

= -100/_° 2 y (4 - yf 2 dy = -100 (- J) (§) (4 - ^ 
=800 lb 



0 



-2 



-2 



0 



x 



y 



= -V4 
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19. y = -\x 2 + 4 => x = \«J^=y 

a. Here L (y) = 2x = 3^/4 — y and /z (y) — 10 — y, so 

F = 62.4 Jq 3V4-^y (10 — y)dy — 187.2 J 0 4 (10 - y) ^ft^ydy 
= 187.2 [lO Jo 4 (4 - j) 1 / 2 ^ - J 0 4 yV^y dy] w 8387 lb 

b. Here /z (y) = 20 — y, so 

F = 187.2 Jq (20 - y/A^ydy = 18,370.56 lb. The gate is 
designed to withstand a force of about 2 (18,370.56) « 36,741 lb. 



20. J = y/9-X 2 => X 

a. F = 62.4 / 0 3 (10 - y) 2^9 - y 2 dy 

= 124.8 Jo 3 lOy/^y 2 dy - 124.8 J 0 3 y y/9 - y 2 dy 

= 124.8 (10) (J) 7T (3 2 ) - [l24.8 (-±) (§) (9 - y 2 ) 



3 



3/2' 



-\3 



- 0 



-3 



0 



7699 1 



3 * 



b. F = 62.4 / 0 J (20 - y) 2^9 - y 2 dy = 124.8 J 0 3 20^/9 - y 2 dy - 124.8 J 0 3 y^JW^y 2 dy * 16,520 lb. Thus, the force 
exerted on the gate under flood conditions is about 2 (16,520) = 33,040 lb. 



21. The force exerted by the oil on the upper half of the end of the tank is 



F X = 50 J 3 /2 (3 - y) (2) dy = 100 J 3 ) 2 (3 - y) dy 

3 



3 



= 100 



3/2 



= 112.5 lb 




The force on the lower half of the end of the tank (0 < y < ^) is due to the 
pressure of the column of oil and that of the water column with height 

2 — y. Thus, the force is 

F 2 = J 0 3/2 (l50 + 124.8 • \ - 124.8;y) dy = J Q 3/2 (337.2 - 124.8};) dy = 365.4 lb. The total force exerted by the mixture 
on each end of the tank is F\ + F 2 = 477.9 lb. 



22. See the diagram in the solution to Exercise 23. The force on the side of the pool at the deep end is 

F = 62.4 (25) Jq (9 - y) dy = 1560 ^9y - 7^) |^ = 63,180 lb. The force on the side of the pool at the shallow end is 

F = 62.4 (25) Jq 4 (4 - y) dy = 1560 (4y - ^J 2 ) |jj = 12,480 lb. The force on each of the other two sides is 

F = 62.4 (60) J 5 9 (9 - y) dy + 62.4 Jq x (9 - y) dy = 29,952 + 62.4 J Q 5 (I2y) (9 - y) dy 
= 29,952 + 53,040 = 82,992 lb 



Section 5.7 Moments and Centers of Mass 



381 



23. Let At denote an element of arc length along the bottom of the pool. Then 
the area of a thin strip along the pool with width AE and length 25' is 

A A = 25 Ai = 25 yj '(Ax) 2 + (Ay) 2 = 25^ (Ax/ Ay) 2 + 1 • Ay. 
The force exerted by the water on this strip is 

AF — 8h A A — 62 A (9 - y) (25) y/l + (Ax/ Ay) 2 Ay. Therefore, the 
force exerted by the water on the bottom of the pool is 



y l 

9 



5- 



(60, 5) 



9-y 





0 



y = Tn x ot X = I2y 



60 x 



F = 62 A Jq (9 - y) (25) + (dx/dy) 2 dy. But x = I2y, so dx = 12 dy and yj \ + (dx/dy) 2 = >/l45. Finally, 

F = 62 A (25) Vl45 Jo (9 -y)dy= 62 A (25) VT45 {9y - \y 2 ^j | . « 610,509 lb. 

24. We use a coordinate system in which the water level coincides with the x-axis and the v-axis points up. Then 

2 2 

h (y) = -y and F = 62 A J_5 h (y) L (y) dy = 62.4 JT 5 (-y) L (y) dy. Using Simpson's Rule with n = 6, we obtain 

-2 - (-5) 



F ^ 62.4 • 



36 



[0 + 4 (2.5) (2.9) + 2 (3) (3.4) + 4 (3.5) (3) + 2 (4) (2.2) + 4 (4.5) (1.7) + 5 (0)] = 1451.84 lb. 



5.7 Concept Questions 



1. a. See page 503. 
b. See page 504. 

2. See page 506. 

3. See page 507. 

4. See page 509. 



5.7 Moments and Centers of Mass 

, - (2)(-3) + (4)(-l) + (6)(4) 7 

1. x — = - m 

2+4+6 6 

. _ (3) (-4) + (l)(-l) + (5)(l) + (6) (3) 2 

2. x — = - m 

3+1+5+6 3 

% - _ (4) (-5) + (3) (-3) + (2) (-2) + (4) (2) + (8) (4) _ 1 

4+3+2+4+8 3 

A - (6) (-4) + (4) (-2) + (5) (0) + (8) (3) + (4) (6) 16 

4. x = = — m 

6 + 4 + 5 + 8 + 4 27 

5. m = 4 + 3 + 5 = 12, M x = (4) (-2) + (3) (2) + (5) (4) = 18, M y = (4) (-3) + (3) (-1) + (5) (2) = -5, 

3 



_ My 5 A _ M x 

x = = cm, and y = 

m 12 m 



= — cm, so the center of mass is ^— , | j. 



6.m = 2 + 4+ l = 7,M, = (2) (2) + (4) (1) + (1) (- 1) = 7, M y = (2) (-2) + (4) (2) + (1) (3) = 7, x = 



My 

m 



1 



— - = 1 cm, 
7 



M x 1 

and y — = - = 1 cm, so the center of mass is (1, 1). 

m 1 

7. m = 3 + 4 + 6 + 5 = 18, M x = (3) (-2) + (4) (3) + (6) (3) + (5) (-2) = 14, 

My = (3) (-3) + (4) (-2) + (6) (2) + (5) (4) = 15, x = — = - cm, and y = — = - cm, so the center of mass is 

m 6 m 9 



(hi)- 
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8. m = 4+1+2+5 = 12, M x = (4) (3) + (l) (4) + (2) (4) + (5) (—3) = 9, M y = (4) (— 2) + (l) (— 1) + (2) (l) + (5) (4) 



x = * = H cm , and y = * = \ cm, so the center of mass is ({§, | ) . 



12 



777 



9. A = £ (3) (2) = 3, 



9* -r x 



) 



0 



= 1, 



and 



y = \ So z [/ w] 2 ^ = Uol (-§* + 2) 2 ^ 



*H)ft)B*+ 2 ) 



3 



0 



2 
3 



so the centroid 



id is(l,§). 




y = -^x + 2 



10. A = J 2 x 2 = i* 3 



2 



7 
3 



x = Jj- J 2 jc/ (x) dx = y J 2 jc ^Jt 2 ^ = y (i^ 4 ) I j = 2§' anc * 
= J4 II X 4 dx = "R (5 x5 ) | ! = 



93 
70 



so the centroid 



id is (|§, 




11. A = 



2 
0 



32 
3 



A = J 2 2 ^4 - x 2 ) = 2/ 0 2 (4 - x 2 ) dx = 2 Ux - ±x 3 ) 

x= ±.fl 2 xf(x)dx = 2fQX (4-^ 2 ) dx = ^/ 2 2 Ux -x 3 ) dx = 0 
because the integrand is an odd function, and 

y = \ 1-2 \ [f w] 2 dx = l /_ 2 2 (4 - * 2 ) 2 



= 2 



(m) Jo 2 ( 16 " 8x2 + * 4 ) dx = Ji { 16x ~ h 3 + 5* 5 ) 



2 
0 



8 
5 



so the centroid 



id is ^0, |j. 



Note that we could have concluded that x = 0 by symmetry. 




12. A = J*x 1 / 2 dx = §* 3 / 2 



14 



3c = 1 xf (,) ^ = £ /4 ,3/2 dx = £ (2,5/2) |^ = §§ , and 

y = Z J' 2 [/ «] 2 <** = H Jl 4 Z* ^ = & (H \\ = 55' 50 the 
centroid is (§§, §§)- 
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13. By symmetry, we have 



A — 2 



^) 1/2 ,^2(4)(§)(i-^) 



\3/2 



0 



— 2 and 



x = 0. 



y = j,jlA[f(x)] 2 dx = y^x 2 (i-x 2 )dx 

so the centroid is ^0, ^ j . Note that the centroid lies outside the region 




14. A = J 0 3 x 3 dx = \x 



1 „4 



0 



81 



* = 1 Jo x f to dx = j\ Jo * 4 dx= |r (±x 5 ) | 0 = t> and 
y=j/oi[/ to] 2 dx = ltix«dx=l (^) \l = » so the 
centroid is ^42, 




2 
0 



4 
1 



15. A = J 0 2 \2x - x 2 } dx = (x 2 - ^x 3 ^j 

2 

* = z /o */ to ^ = i Jo 2 * ( 2 * - * 2 ) = i (i* 3 - ?* 4 ) L = 1 . 



and 



y = X Jo 2 [/ to] 2 <** = | Jo (2^ -^ 2 ) 2 rfx 

= 3 j2 ^4 _ 4x 3 + 4x 2^ Jx = 3 ( 1 ,5 _ ^4 + 4^) 



2 
0 



2 
5 



so the centroid 



id is (l, §). 




16. A = y (the area of a semicircle of radius 1), x = 0 by symmetry, and 

y = i/i 1 i[/(x)f^ = |/i 1 i(i-^ 2 )^ 



_2_ 

7T 



dx= i 



(-hi: 



3tt 



so the centroid is ^0, 3^:^. 




17. A = / 0 8 x 2 / 3 dx = |x 5 / 3 



8 
0 



96 



* = j Jo */ W dx = m Jo * 5/3 (i* 8/3 ) I! = 5 ' and 



y = ^Joi[fMf dx=5j»xWdx 



8 



8 



_5_ /3 r 7/3\ 0 _ 10 
192 \1 X )\o 



~T 



so the centroid 



id is ^5, If). 




1 2 3 4 5 6 7 8 
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18. A = J 0 8 (4 - x 2 / 3 ) dx = (4* - §x 5 /3) J* = « f 



*=zJ5x[f(x)-8W]dx = i i J§x(4-x 2 / 3 )dx 



5 

64 



J 0 8 (4,-xV3)^ = ^( 2x 2_3 x 8/3)| 8 _5 



0 



and 



y = i Jo 8 i {[' ( ^] 2 " [« ( *>] 2 1 ^ = io 8 k - (* 2 / 3 ) 



2' 



dx 



5 



A Jo 8 (16 - ,4/3) dx= ^ (16, -3,7/3) J 8 = 



20 
T 



so the centroid 



id is (|, *>). 



19. /4 = /J [/ (x) - g (x)] dx = /J (*'/2 _ x 2) dx 



_ /2 3/2 _ l r 3\|' _ 1 



7 = \ Jo x [f to - 8 to] <** = 3 Jo * (* 1/2 - * 2 ) ^ 



3/ 0 1 (,3/2_ x 3)^ =3 (2 x5 /2_l,4)|' 



9 
20 



and 



y = 



2 



dx 



- \ Jo 1 (* ~ x4 ) dx - I (l^ 2 ~ 5* 5 ) | 0 
so the centroid is 



9 

20 



20. A = /J [/ (x) - g (x)] dx = /J (x - x 3 ) dx = ( * x 2 - I x 4 ) | * 



* = A 



kfox[f(x)-g(x)]dx=4^x(x-x 3 ) dx 



4f 0 1 ^-x^dx=4(^-^)\ 1 



8 

T5 



and 



y = i /o 1 2 ([/ to] 2 " [* U) ] 2 ) d * = 2 ti [ x2 ~ (* 3 ) 

= 2/ 0 1 (,2_,6)^ =2 (l x 3_l,7)|^ 



2 



dx 



8 

2T 



so the centroid is 



1 

7 
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22. A = fix~ 3 dx= - 



1 



2x 2 



3 
8' 



x = |/ 2 x/(x)dx = § J 2 x (l/x 3 ^jdx 



= f/i 2 -- 2 

and 



dx = f (-l/x)| 2 = j 




= - [ x~ 6 dx = 
so the centroid 



if_ Ml 2 

3 V 5Wll 



31 
120 



23. A = /ij [/ (x) - g (x)] dx = fl { [(6 - x 2 ) - (3 - 2x)j dx 
= /fj (-x 2 + 2x + 3) dx = (-^x 3 + x 2 + 3x)| 3 = ^ 

* = Z J-l * [/ to " * to] ^ = ^ /ii x (-x 2 + 2x + 3) dx 



- 3 (- 1 



HI 3 ., 



= 1 and 




y = -r 



J /-I 2 {[/ tof " [* tof) = & J-l [(6 " * 2 )' " (3 " 2,) 2 
(^x 5 - ^x 3 + 6x 2 + Tlx} | 3 i = ^, so the centroid is (l, ±f). 



dx = 



64 J- 



Ji,(- 4 - 



16x 2 + 12x + 27 j dx 



3 

64 
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24. To find the points of intersection of the two graphs, we solve 

x 2 - 2x - 1 = -x 2 + 3 <^> 2x 2 - 2x - 4 = 2 (x - 2) (x + 1) = 0 ^ 
x = —1 or 2, so the points are (—1,2) and (2, —1). 

A = J 2 , [(-x 2 + 3^ - (x 2 -2x- l)] dx 
= fl { {-2x 2 + 2x+A}dx = 9 

x = I f 2 { x [f (x) - g (x)] dx = ± jf 1 x (-2x 2 + 2* + 4) 



± J 2 { (-2.x 3 + 2x 2 + 4jc) = £ 



and 




J = 



X J-1 2 {[/ «] 2 " [8 ^f] dx = TE I-l \[- x2 + 3 ) 2 " ( xl ~ 2x ~ l f] dx =l I-l ( 2x3 ~ 4x2 " 2* + 4) dx 



_ 1 
- 1 

so the centroid 



id 



25. A = ^ (base) (height) = ^ • 4 • 2 = 4, x = 0 by symmetry, and 
I J-2 2 ([/ «]* - b (-)] 2 ( = 1 1-2 [2 2 - (W) 2 ] 



y = t 



k 1-2 (4 " * 2 ) & 

id is ^0, fj. 




8 J- 
) dx = 



i (4* - i* 3 ) 



2 
0 



4 

3 



so the centroid 




1 



1 



26. A = 4 • 2 • 2 + • 2 2 = 7T + 2, 



4 



x = \ f-2 x f to 



1 

7T + 2 



f® 2 x (x + 2) dx + J 0 2 Jt ^4 - x 2 ) 1/2 dx 



3(7T+2) 



and 



y = A J- 



kf-2${[fW] 2 -[gW] 2 }dx 



= Kthj [f-2 (* + 2 ) 2 ^ + Jo ( 4 " * 2 ) dx] 



4 



7T+2 



so the centroid 



id is y 



4 4 

3(7T+2) 1 7T+2 



)• 




2 x 



27. A = 2 • 2 + ^tt • l 2 = 4 + 3£ = ^E, J = 0 by symmetry, and 

7 = 1 /-l 2 {[/ «] 2 " [« (-)] 2 ) = S^F S-l [0 " * 2 ) " 4 ] ^ 

= 8T^F /-l (~ x2 ~ 3 ) dX = ~3(8+7r) 



so the centroid 



id is ^0, - 



20 

3TS+7T) 



)• 
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28. A = ^- 2- 2+^tt = 2+ ^ = 4^ZL, x = 0 by symmetry, and 
y = ^f~ll{[f(x)] 2 -[8(x)f}<ix 



l 

4+77 




1 



r\2 

- x 2 ) - (-2x - 2) 



2 



dx 



+ (vT^2) 2 -(2*-2) 



2 



1 

4+77 



J°l (~5x 2 - 8x - 3) rfjt + /J (-5* 2 + 8x - 3) dx] 



so the centroid 



id is (0, - 



4 

3(4+77) 



)■ 



-1 



3; = -2.1- - 2 




-2 



= x 1 - A" 



1 X 



y=2x-2 



29. We may take p = 1 . 



Region 


1 


2 


3 


Mass 




3 




Centroid 




(§>£) 


($•■) 



X — 



(4) (2) + (3) (!) + (2) (!) 37 , 

— — = — and 

4 + 3 + 2 18 



y = 



(4) (2) + (3) ft) + (2) (1) 23 

— „ ' = — , so the centroid 

4 + 3 + 2 18 



idiS % 



23 
78 



yk 

4 
3 j 
2 
1 



(1) 



(2) 



0 



(3) 



1 2 3 4 5 



> 

x 



30. We may take p = 1 . 



Region 


1 


2 


3 


4 


Mass 






3 




Centroid 


M 




(!>§) 


N) 



(6) (1) + (2) (3) + (3) (I) + (2) (3) 



63 




and 



2' 



so 



the centroid is 



yk 



0 



(1) 

• 


•(4) 






(3) 




(2). 



■4 1 1 1 > 



1 2 3 4 5 



X 



31. We may take p = 1, 



Region 


1 


2 


Mass 


4 


7T 


Centroid 


(-1,0) 


(1,0) 



_ (4) (-1) + (ir) (1) 7T-4 




X = 



4 + 77 



7T + 4 



and y = 0 by symmetry, so the centroid 



id is ^ 



77 - 4 

77 + 4 



0 
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32. We may take p — 1 . 



Region 


1 


2 


3 


Mass 


7T 


4 


7T 


Centroid 


(-1,0) 


(1,0) 


(3,0) 




_ (7T) (-1) + (4)(1) + (7T) (3) 

jc = = 1 and y = 0 by symmetry, so the 

7T + 4 + 7T 

centroid is (1,0). Note that x~ = 1 follows immediately by symmetry. 



33. Refer to Exercise 31. We take the mass of the square region to be 4 and the mass of the circular region to be 27T. Then 

_ (4) (-l) + ( 27r )(l) tt-2 t n /' 7r - 2 n 
x = = and y = 0, so the centroid is I , 0 

4 + 27T 7T + 2 7 V7T + 2 



34. Refer to Exercise 32. We take the mass of the circular region to be 37T and the mass of the square region to be 4. Then 
_ (3tt) (-1) + (4)(1) + (3tt) (3) 

x = = 1 and y = 0, so the centroid is (1, 0). 

377 + 4 + 3-7T 



x y b i i 

35. — I — = 1 => y = x + b. Also, A = i (base) (height) = iaZ?, so 

aba L z 



i r 2 

x = — xf (x) dx = — - 
A Jo ab 



I? (- 



b 

—x + b\dx 

a 



a 



ab \ 3a 



b n b a 
X s + -x z 11 



0 



ab V \3/ V « 



a 

1 3 



dx 



so the centroid 



Idis (f' I)- 




36. ^V2 + y l/2 =a l/2 



so 



A = 



JJ ( a + x - laW/ 2 ) dx = [ax + \x 2 - 2a 1 / 2 (§* 3/2 )]^ 



1„2 



Thus, 



x = j Jq jc/ (x) dx — JqX (a + x — 2a 1//2 x 1//2 ^ 



£ [l ajc 2 + 1*3 _ ^1/2 (2*5/2)1 



0 



a_ 

5 



and by symmetry, y = so the centroid is 





\ / 1/2 l/2\2 

\ v = (a — x 1 ) 


0 


a 





V 
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h 

37. An equation of the line passing through (0, 0) and (b, h) is y = — x and an 

b 

equation of the line passing through (a, 0) and (/?, h) is 
h 



y 

h 



y = 



b — a 



(x — a). The area of the region is 



A = ^ (base) (height) = ^ah. 



(b, h) 



(b h\ 



0 



1 



0 



x ( —x I + 



hx 




i a + h h\ 
\ 2 '21 



a, 0) x 



a 



a — b 



(x — a) dx 



y = 



ah 
1 

A 



h A\'\ h 



x ax 



2 



3b 



o 



a — b \ 3 



a 



ah 



b 2 h h(a 2 + ab-2b 2 } 
~3~ + 6 



a + b 
3 



6 



1 /z 



0 y fl 2(b-a) 2 



(x — a) 2 dx 



2 1 



6t/z 2 



2 x 3 



fc 2 3 



+ 



h 



(x — a) 



0 



(b-a) 



2 



a 



/z 
3 



h /ix —/i (2x — a) 

The equations of the medians are £\ : y = (x — a), 1 2'- y — r> and £3: y = - 



2b — a 



a + b 



a — 2b 



a + b h 

Substituting x — and y = — into each of the equations, you can verify that each is satisfied. This proves the result. 

^5 



38. A = /J pi -x 2 - (1 - jc)1 dx = Jq j\-x 2 dx + JjJ (-1 + jc) dx. 



Using a geometric interpretation, the first integral on the right is ^ , so 

7T-2 



A = 



4 + 



21 _ I 

4 2 



4 



1 fl 



- J Jo 



dx 



^/o *(l-* 2 ) 



2\ l/2 2 



dx 



4 



7T-2 



(4) (I) (1 - x 2 ) 3/2 - 1^ 2 + ^ 3 

£ (^Vl - a- 2 ) 2 - 5 (1 - *) 2 dx = ^3 /J [(l - x 2 ) - (1 - x) 2 ] dx = ^ Jq (-2x 2 + 2jc) dx 
^— ^x^ + jJf^ I = 3(7^-^) • This also follows by symmetry. 



-.1 



2 



-0 



3(tt-2) 



- 1 fl 




4 

¥=2 



Thus, the centroid is ^ 2 (7^—1) ' ^(n-l) )' 



39. The area of the region is A = 7r ^3 2 ^ = 97T and its centroid is located at 



(4, 0). So r — A and the Theorem of Pappus gives 
V = 2nrA = 2tt (4) (9tt) = 72tt 2 . 
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40. The cone is obtained by revolving the region shown about the y-axis. The 
area of the region is A = \rh. Using the result of Exercise 37, or by direct 

computation, we see that the centroid of the region is \ j/n, so using 
the Theorem of Pappus, V = 2tt C% r j {^h r ^ — ^f 2 h. 




41. The area of the region is 



A = Jq [4 - (4 - x 2 )] dx = Jq x 2 dx = ^x 3 



0 



= I and 



x — 



7T So x — — x2 )] ^ X ~ \ $0 x ^ ^ x ~ i* Taking t 



^ and 



A — |, the Theorem of Pappus gives V = In \ 



= 8tt 



y a 




16 



42. The area of the region is A = $ (* - 2) 1/2 dx = § (x - 2) 3 / 2 

andx = | J 2 6 x(x -2) 1 / 2 dx = J 2 6 x (x - 2) 1 / 2 dx = ^ (let 

u — x — 2). Using the Theorem of Pappus with r = 4p and A = -y , we 



have V = 2. (f) (f ) 



7047T 
-T3 - - 




43. By symmetry, x = 0. To find y, we proceed as follows. The area of the 
region is ^nR . The solid obtained by revolving the region about the 

x-axis is a sphere with volume ^nR 3 . Using the Theorem of Pappus with 



4R 



r — y, we have 27ry ( knR 2 ) — inR 3 => y = — . Thus, the centroid is 



0, 



4R 
3^ 




44. The area of the region shown is A = jah. Suppose this region is revolved 
about the x-axis. Then the resulting solid is made up of two cones with 

volumes V\ — ^nh 2 b and V2 = \^b 2 ( a ~ b). Thus, the volume of the 
solid is V = V { + V 2 = \^h 2 b + \izh 2 (a - b) = \ith 2 a. Using the 

Theorem of Pappus with r — y , we have 27ry y^ah j — ^izh 2 a => 

y = k h - 
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45. y — sja 2 — x 2 



x 



=>/ = - 



\1 a 2 — X 2 



i + (yf = 1 + 



X 



a 



2 



a 2 — x 2 a 2 — x 2 



. Thus, 



dx = 2a 2 



a 






— -s. y — \ja xr 
1 > 


-a 0 


a x 



M x = ! a _ a y^M/fdx 

_ ra ( a 2_ r 2\ 1 ' 2 a 
- J -4° X ) {a 2 _ x 2f2 

and My — f® a XyJ 1 + (y') 2 dx = §°_ a x • a (a 2 — x 2 ^j dx = 0 because the integrand is odd. This also follows by 

_ . . . /. 2a 

symmetry. Finally, L = it a, and so y = 



-1/2 



2a 2 2a 

— — , and the centroid 

it a 7T 



id is ^0, 



46. x 2 / 3 + v 2 / 3 = a 2 / 3 



- ( fl 2/3 _ x 2/3 \ 3 / 2 



y — \ a 



y = 3/ a 2/3_ JC 2/3\ 1 / 2 (.2^-1/3) = _ 



(a 2 ' 3 -**/* ) V2 



1/3 



^3+^/3=^2/3 



i + (y) 2 = i + 



a 2/3_ JC 2/3 /a , 2 /3 

,2/3 = (t) -Therefore, 




A" 



3/2 



3.2 



L = fll^-l/B ^ = aV3 ( 3 * 2 / 3 ) [ = §*, = J yy/l + (y) 2 dx = jf* ^3 (a 2 / 3 - x 2 / 3 ) J* = fa* (let 



Ja 2 



w = fl 2//3 — x 2 / 3 .) By symmetry, My — ^a 2 , so x — y = — = and the centroid is (j$a, 



47. A = Jq sin 7rx dx — — ^ cos 7rx 



0 



_2 

7T 



# = Jq jc sin 7rx dx = y Jo * sm ^ ^ x — \- (This also follows from 

symmetry.) y = \ Jq \ [f (x)] 2 dx = % Jq sin 2 irx dx % 0.3927, so the 
centroid is (0.5, 0.3927). 



— „ 1 



The exact value of x is by symmetry. To find the exact value of y, use 
the trigonometric identity sin z nx = ^ (1 — cos 27rx) to write 

y = ^ |q j (1 - cos 27rx) = ^ — ^ sin 27ta^ | — ^ , so the 




centroid is \ \, 
1 1 



48. A = 



-ll + x 



2 



dx % 1.5708, x = 



1 



1 



x 



symmetry) and y = 



is (0,0.409). 



1 



1.5708y_i 1 +x 2 
1 1 1 



dx = 0 (by 



1.5708 7_! 2 ( 1+x 2) 



dx « 0.409, so the centroid 
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Chapter 5 


Review 






| Concept Review 



1. a. l h a [f (x) - g (x)] dx b. \ b a \f(x)-g (x)\ dx 2. a. 7T \ h a [f (x)f dx b. tt J c d [g (y)f dy 

3 - * la [ [f ~ [8 (*)? ) dx 4 - Sa A M dx 

5. a. 2ntfxf(x)dx b. 2ntfyf(y)dy 6. a. /* yj\ + {y') 2 dx b. J? J 1 + (x>) 2 dy 

7 - /« \A + [/' Wf «; Ji + (y') 2 dx; (dx) 2 + (rfy) 2 

8. a. 2n / (*) + [f (x)] 2 dx b. 2tt // g (y) Jl + [g~' (y)f dy 

9. \l F (x) dx 10. 6 J c d h (y) L (y) dy 

11. a. /* pf (x) dx b. j J b p [f (x)] 2 dx; J b px f (x) dx c. M y /m; M x /m 

12 - \ fa x [f to " 8 to] <to 4a So ([/ to]* " [8 (x)] 2 } dx; S b a [f (x) - g (x)] dx 
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5. To find the points of intersection, we solve 

2x 2 + 2x - 3 = 3x 2 + 2x - 4 => x 2 = 1 => x = ±1, so 
the points are (—1, —3) and (1, 1). 

A = J\ ^{ix 2 + 2x - 3) - (3x 2 + 2x- dx 



I ^(- x 2 + l ) dx= ( r ^ +x \f_ i 



4 

3 




-1, -3) 



6. 



We solve y = x 3 and x = y- 3 simultaneously to find the 
points of intersection: y = ^y 3 ^ = y 9 => 

y (y^ — 1^ = 0=>y = ±lorO giving the points 
(-1, -1), (0, 0), and (1, 1). By symmetry, 



_ .,3 



A = 



= 1. 




1. y — V* — 1 => x — y + 1, so 



A = 



j* + l) d y = ( 1 / + y \ 



2 
0 



14 




6 x 



8. 



We solve (x + l) 3 = * + 1 <^> x (x 2 + 3x + 2^ = 0 <^=> 

x (x + 2) (x + 1) = 0, giving x = —2, —1, or 0. So the 
points of intersection are (—2,-1), (—1,0), and (0, 1). 

A = IZ\ [(* + l) 3 - (x + 1)] </* 

+ [(* + 1) - (x + l) 3 ] dx 

= [ J (x + l) 4 - | (x + l) 2 ] 



-1 

-2 



+ [l( JC + l)2_l (3C + 1) 4j 1 




9. A = J 2 [l - (y - l) 2 ] Jy = [y - * (y - I) 3 ] 



0 



4 
1 



10. A = /J y dy + J, 2 (y - JY=7) dy 



= \y 2 



4 

3 
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11. A = 




13. A = /J 1 ^ 2 [cosx — (— sinx)] dx 
= (cosx + sin*) dx 
= (sinx — cosx)\q^ — 2 



X=7T/2 




14. A = ^sec^ x — sin %j dx 

— (tan* + cosx) | = 2 













k 2 




* = tt/4 


X = -7r/4 

1 








-1 


-1 


0 


— 1 *■ 

1 x 



15. VI+ v ^=l=>y=(l- v / I) 2 =l - 2^1 + x => 16. 0> - x) 2 = ;t 3 => y = Jt ± x 3 / 2 => 
* = /o [d - x) - (1 - 2^ + x)] dx A = /J [{x + * 3 / 2 ) - (x - x 3 / 2 )] dx 

= /„» (-2x + 2^dx= (-* 2 + = 1 = 2/J x^dx = ^ = * 



Chapter 5 Review 395 



7 



17. V = 7T /fj y 2 dx = 7T Jij (VTTT) 

3 

= 7T /2j (JC + 1) dX = 7T ^X 2 + x) | ^ = 8?T 




18. V = 7T /J y 2 dx = 7T Jq (x - x 2 ) dx 

— 7T Jq ^X 4 — 2x 3 + X 2 ^ dx 



= 7T 



~ ? xA + ^ 3 )| 0 



7T 

30 
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23. V = 2tt xy dx 



24. V = 2tt /J [x - (-2)] [(l - x 2 ) - (-x + 1)] dx 



= 27T X COS X 2 £?X 

0 



— 7T smx 



— TV 



= 2tt Jq 1 (x + 2) (-x 2 + x) dx 
= 2-7T Jq 1 ^— x 3 — x 2 + 2x^ dx 




= M-\* A -h 



4x 3 + x 2 



5tt 

~6~ 




25. The vertex of the parabola y — x 2 — 6x + 1 1 is (3, 2). An equation of the 
line passing through (1,0) and (3, 2) is y = x — 1, so 

A = / 3 4 [(x - 1) - (x 2 - 6x + ll)] dx = J3 4 (-x 2 + 7x - 12) 



r 3 -I- 7 r 2 



- 12x) 



4 
3 



1 




26. 2a z = 4y 2 <=> a z = 2y z , so the area of a cross-section is 



2 



2^ 2 — 2 



L ^2y 2 ) = y 2 . Thus, A (x) = 4 — x 2 , so 



y = J 2 2 A (x)(ix = jf 2 (4 - x 2 ) dx = 2/ 0 2 (4 - x 2 ) dx 



= 2 



(4* - ^x 3 ) 



2 
0 



32 
T 




_ V3 



27. The height of an equilateral triangle with side a is h = ^f-a, so its area is 



A = ^-a 2 . Thus, 



" = SS° £ * = jfi Jo 50 - 2 ^ = jfi (i- 3 ) | 0 " - 722 



50 




<2 



28, 



2 

/' (jc) = d- (x 2 + x 3 ) = 2x + 3x 2 => 1 + [/' (x)] 2 = 1+ (lx + 3x 2 ) = 9x 4 + 12x 3 + 4x 2 + 1, so 
L = l b a yj\ + [f (x)fdx = /J ^9x 4 + 12x 3 +4x 2 + \dx. 



(9-x 2 / 3 ) 172 



29. y = (9 - x wy => y = § (9 - x 2 / 3 ) 7 (-f*- 1 / 3 ) = - 

1 + (/) 2 = 1 + = a*" 2 / 3 , so L = Jf y/l + {?) 2 dx = 3 J 27 x-V3 ^ = 9,2/3 



27 



= 36. 



30, 



3/2 



-0- 



= v3/2 



/'( X ) = d-^4W^ldt = v^V^T^ 1 + (yf = l + (x 

L = \ b a Jl + (?) 2 dx = // 6 Vx^dx = // 6 x 3 / 4 dx = *xV 4 \ | 6 = I* (128 - 1) = 



x J/ , so 



508 
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31. y = \x 2 x = V27 => V = —= => 1 + {x'f = 1 + 



1 2y + 1 



V2y 



2y 2y 



so 



S — 27r Jq ^ 2 xds — 2ir Jq 1 ^ +/2y 



3/2 



V27TT 

V2y 



2tt J 0 3 / 2 (2y + 1)V2 Jy = 27r / 1 \ g\ (2y + 1} 3/: 



3/2 
0 



14-7T 




2 x 



y = 4- x (2x^-x) 



32. v' = 



1 1-^/2 
- 1 = - 



1/2 



1/2 



1 + (yf = 1 + 



(l-x 1 / 2 ) 

1 + J - 



X 



+ \-2x l l 2 + x 1 + 2JC-2X 1 / 2 



x 



X 



X 



, so using a calculator or computer, we calculate 



x (l+2x-2x { /A 
S = 2nf a b yds = 2n J 2 (2x^ - x) A _^ 



1/2 



« 12.7102. 



33. f (x) = 



d 



dx 
b 



-\=2x-^r = 



1 2x 3 - 1 r . .2 /2x 3 - 



2 



2 



1 + [/' (*)] = 1 + 



x 




7 



x 4 + 4x 6 - 4x 3 + 1 



5 = 



2tt^ / (x) J 1 + [f (x)] 2 dx = 2tt^ ( 



+ - 



1\ y/4x 6 + JC 4 — 4jc 3 + 1 



dx 



- 2" /,' 



( 



X 3 + 1 




+ x 4 - 4x 3 + 1 



3 



dx 



34. IV = J 2 F (x) dx — fi(x + cos ttx) dx — y%x 2 + ^ sin 7rxj | = | erg 

35. By Hooke's Law, 6 = (g) => * = 48 lb/ft. Thus, W = / Q 1/6 48x dx = 24x 2 



1/6 9 

= I ft-lb, 

0 3 



36. The work done on the elevator is W\ = 1200 • 20 = 24,000 ft-lb, and the work done on the chain is 

20 / 1 ?\ 1 2 ^ 

W2 = Jo 10 (20 — y) dy = 10 I 20y — 5^ )L — 2000 ft-lb. Therefore, the work done in raising the elevator is 

W { + W 2 = 26,000 ft-lb. 



0 



37. An equation of the line passing through (0, 0) and (10, 15) is y = jx => 
x = ^y. The weight of a layer of water with thickness Ay is 

approximately 62.4 (7r) (x 2 ^ Ay = 62.4-7T (j$y^ Ay. The layer is moved 



up a distance of (15 — y) ft, so 



W = 



62.47r/ 0 15 (15 -y)(^y 2 ) </y 



249 .6tt 



J^ 5 (l5y 2 -y3)^ 



249.6-tt 
9 



(5)- 3 - ^y 4 ) 



15 
0 



367,566 ft-lb 



38. x 2 + y 2 = r 2 =>x = ^r 2 — y 2 . The force exerted by the liquid on a 
horizontal strip of width 2x is 

5 (-y) A A = -50y (2x) Ay = -50y (2) y/r 2 - y 2 Ay, so 



A = 



-100/_° r y (r 2 - y 2 ) V ' </y = -100 (-*) ( 2 ) (r 2 - y 2 ) 



3/2 



0 



— r 



= ±fr 3 ft-lb. 




-10 



Ay 



15 



(10,15) 



\7 

n ' ** 

0 10 x 



y 1 


k 


-/•\ 0 

* \ 


i — 

/ — ^ 
/ * 


— r 
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39. The force on the side at the deep end is 

F = 62.4 • 20 /J (7 - ;y) dy = 1248 (ly 

force on the side at the shallow end is 

F = 62.4 • 20 / 0 3 (3 - y) dy = 1248 (?>y 

on each of the other two sides is 

7 



-b 2 ) 



7 
0 



= 30,576 lb. The 



0 



= 5616 lb. The force 



F = 62.4-50/4 {1 -y)dy + 62.4 £x(l -y)dy 

= 14,040 + 62.4 / 0 4 ^y (7 - y) dy = 14,040 + 27,040 = 41,080 lb. 



40. A = 



x — 



£ - l x ) dx = 2,3/2 -y\l=l, 

i(l- 5/2 -^ 3 )lo = l'- d 



v - 3 r 4 1 

y - 3 JO 2 



3 
8 



so the centroid 



(v^) 2 - (jx) 

id is (f,l). 



7 



dx — 



4 
0 



41. A = — / 0 2 (x 2 - 2jc) = + Jt 2 ) 



0 



4 r 



= 1 by symmetry, 



and 

- 3 1 r2 



0 



- (x 2 - 2x\ 



2 



dx 



= lti(-x* + A X *-^)dx=l(-\ 
so the centroid is (l , — | j . 



x 5 +x 4 



4^1- 
^ j| 0 " 



2 
5 



42. A — jTT ^3 2 ) = x = 0 by symmetry, and 



"7T 

_2_ 
9tt 



so the centroid 



(•-he-* 

idis(o, i). 



Chapter 5 Challenge Problems 399 



43. To find the points of intersection, we solve 2x 2 — 4x = 2x — x 2 <=> 

3x 2 — 6x = 0 <=> 3x (x — 2) = 0 <£=> x — 0 or 2, so the points are (0, 0) 
and (2,0). 

A = Jq Ulx - x 2 ) - (lx 2 - 4x)j dx = Jq (-3x 2 + 6x) dx 



= (-x 3 + 3x 2 ) 



2M =4 

0 



x = 1 by symmetry, and 



v - 1 1 f 2 
? - 4 ' 2 Jo 



(2jc --^ 2 ) 2 - (2x 2 -4x\ 



dx 



= i J 0 2 (-3x 4 + 12x 3 - 12x 2 ) dx = £ (-^ 5 + 3x 4 - 4x 3 ) 
so the centroid is ^1 , — | J . 



2 
0 



2 
5 





1. j = x 2 — 2x + 2 => y' — 2x — 2, so the slope of the tangent line to the parabola at (a, b) is m — 2a — 2 = 2 (a — 1). An 
equation of the tangent line at (a, b) is y — b = 2 (a — 1) (x — a) or y = 2 (a — 1) x — 2a (a — 1) + The area of the 



region is 



A = Jq {(x 2 - 2x + 2) - [2 (a - l)x - 2a (a - 1) + £]} 
= Jq |^x 2 — 2ax + 2 + 2a (a — 1) — Z?J dx 

= j^x 3 - <ax 2 + [2 + 2a (a - 1) - Z?x]J |* = \c? - 2a 2 + 2a- 



ab 



We require that A = 9. The point (a, Z?) lies on the parabola, so it must satisfy b — a 2 — 2a + 2. Thus, we have the 
simultaneous equations 

^■tf 3 — 2a 2 + 2<2 — ab = 9 
Z? = a 2 - 2<a + 2 

Substituting the second equation into the first leads to 3 — 2a 2 + 2a — a (a 2 — 2a-\-2^ - 
b = 5. 



9 <^> I<3 3 = 9 <^> a = 3 and 



9^919 

2. To find the points of intersection of the two curves, we solve y — fy+l<=>^y — 1 ^> y = ±2, so the points are 



(4, -2) and (4, 2). The required area is A = J 2 2 (|y 2 + 1 - y 2 ) dy = 2 Jq (-^y 2 + l) dy = 2 (- ^y 3 + y) 



7 



8 



+ _vll 0 = 5. 



3. The area of R is A — 



- 1 ) 



\ 1/2 



dx — 



^— ^ ^1 — x 2 ^ ^ = ^. The area of the region bounded by 



f (x) = x\l 1 — x 2 and g (x) = cx 2 is Aj = Jq (xyj 1 — x 2 — cx 2 ^ dx, where a is the x-coordinate of the point of 

H) (§) (1 -* 2 ) 372 - K 



intersection of the graphs of / and g . Now A j = 
We require that A\ = ^A=^-^ = ^,so 



_1 (!_ fl 2) 3/2 + 1 _ l cfl 3 



4(1 -o») 



3/2 



4- 1 - l ra 3 1 



<=> 



2^1-fl 2 ) 3/2 + 2ca 3 = 1 



(1) 
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But we also have ca 2 = ay/ \~—cfi by our definition of a. This is equivalent to ca — — a 2 because a ^ 0. Substituting 

this into (1) gives 2c^a^ + 2ca^ = 1 <=> — — - (2). But because ca — V 1 — a 2 , we have c 2 a 2 = 1 — a 2 

2c (c z + 1) 

a — , so Equation 2 implies that - — ^ = — —J <=> y/l + c 2 = 2c => 1 + c 2 = 4c 2 <=> c = =b^. 

yrr^ 2 (i+c 2 ) 3/2 2c(c 2 +i) ^ 

We reject the negative root, so c — ^ and y = ^-x 2 - 



4. Place the parabola on a coordinate system as shown. If its equation is 
y = f (x) = Ax 2 + Bx + C, then the conditions / (0) = -/z, 

f (~2^ ~ 0 an d / ^— ^ = 0 l ea d to the equations 

a 2 a a 2 a 

C = -h,A B + C = 0, A • — + -B + C = 0 J. The 

4 2 4 2 

4/z 

solution is C = — h , B = 0, A = — so an equation of the parabola is 

a 2 

Ah 9 r a fl] . 

y = —~x — h. The average value of y over the interval — — , — is 
a 1 L 2 2J 



_ 1 f a / 2 /Ah 
yaw — — , i ~, 

0 /-a/2 \0 2 




= — 

a Jo 



2 f a / 2 /Ah 



2 



x 




2/ Ah x : 
dx = "I "2 



depth of the trough is 



2ft 



— ftjc 



a/2 



0 



VA 



fc/2 x 




= JA. Therefore, the average 



5. The arc length of the graph from x — 0 to x — b is L — Jq yj \ + [/' (jc)] 2 dx. But we are given that this is equal to 
b + for all b > 0; that is, y^l + [/' (x)] 2 = /? + \$ • Differentiating both sides of the equation with respect to b 
gives yj\ + [/' (b)] 2 = 1 + 2b 2 => 1 + [/' (Z?)] 2 = 1 + Ab 2 + 4Z? 4 => [/' (/?)] 2 = Ab 2 (l + Z? 2 ) => /' (b) = 2by/l + b 2 9 

since/? > 0. Thus, / (b) = f f (b)db = 2jb(\+b 2 ^ /2 db = 2-\-\ (l + b 2 ^' 2 + C = \ (\ + b 2 ^ 2 + C. 

3 /2 

Using the condition / (0) = § gives / (0) = § + C = | <=> C = 0, so / (x) = \ (l + x 2 ) . 



6. To find the area of the parabolic cross- section, suppose a parabola has 
base a and height A as shown. Then it has equation v = ku 2 + h. Since it 



2 



passes through ^— , 0^ , we have 0 = k ^— ^ + h <=> & = ^ , so 



Ah 

a 



Ah 3 

v — h t-m . The area of the cross-section is thus 



a/2 r^/2 

A = 2 / vdu = 2 

0 JO 



/ 4/i 7 \ 
I /z ^-w I 

V ^ / 



= 2/z I u — 



An 



3 



3a 2 



n/2 



0 



= |<3/l 
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Using this result, we see that the area of the cross-section with base 2y is 

A (x) = \ (2y) h = \hyjR 2 -x 2 (since x 2 + y 2 = R 2 ). 
Therefore, the volume of the solid is 



V = f* R A (x) dx = 2 J* A (x) dx = ^- /* V R 2 - x 2 dx = 8/! 
= ^7zR 2 h 

since f£ ^ R 2 — x 2 dx is equal to one-quarter the area of a circle with 
radius R. 




7. / (x) = x 3 - 6x 2 f (x) = 3x 2 - \2x f" (x) = 6x - 12. Setting f (x) = 0 gives x = 0 or 4. Since 

f" (4) = 12 > 0, we see that / has a relative minimum at (4, —32). Also, / has an inflection point at (2, —16) obtained by 

setting f" (x) = 0 and examining the sign diagram for So the area of the specified region is A = — f£ (x 3 — 6x 2 ^ dx 
(since / (x) < 0 on [2, 4]). Continuing, A = J 2 4 (6x 2 - x 3 ) dx = (2x 3 - \x 4 ) | 4 = 52. 



8. Assume the straight edge of the semicircle is parallel to the x-axis. There 
are two cases, as shown. 

4a 

In the first case, the y -coordinate of the centroid of the region is b + 



3tt 



(see Exercise 43 in Section 5.7). Since the area of the region is ^ira 2 , the 
Theorem of Pappus gives 



V = 2nrA = 




b + 




2^ = i b + 



4a 



In the second case, r — b — — , so 



3tt 



V = 2tit A = 2tt 




4a 
3^ 



2 2 




4a 
3^ 





















b 






\ , 






-a 0 


a )J 



-VI 



f 

b 




-a 0 



a 



x 



x 



9. 



x 



y 



2 



a 



2 



b 2 



= 1 <=> 



x 



a 



7 



2 



= 1 + 2L. <^> x = ±-y/b 2 + y 2 . To find the 



x -coordinates of the points of intersection of the hyperbola and the line 
bx — 2ay = 0, we solve the system 



x 



V 



2 



2 



£ 2 



= 1 



bx — 2av = 0 
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2ay 



We find x — . Substituting this value of x into the first equation gives 

b 

y = So using the method of cylindrical shells, we have 



(2ay/b) 2 y 2 Ay y 

a 2 b 2 h 2 b 2 



2 -z! = 1 



V = 2-2tt 



y/3b/3 



0 



G) (I) (" + ' 2 ) 3 ' 2 - 1 o > 



V3b/3 



0 



= 47T 



,2x3/2 



3Z? 



3 



2 
3 




V3b 



3 



2 



= 477 



3& 



47ra/? 2 (2^3 - 3) 



8V3& 3 2V3«/? 2 a/? 2 



9 



27 



10. Assume the ball is obtained by revolving the region inside the circle 

x 2 + y 2 = 7? 2 about the x-axis. The amount of work required to stop the 
rotating ball is equal to the kinetic energy of the ball. To calculate the 
kinetic energy, divide the ball into concentric cylinders of thickness Ay. 
The volume of a typical cylinder is 

A V = 2tt (2x) y Ay = 4nyy/R 2 - y 2 Ay. The density of the ball is 




S = 



M 



4^3 4nR 3 



3M , p , . 3M 

. Therefore, the mass of a cylinder is Am = 



4ttR 3 




- y 2 Ay) = -^yy/R 2 ~ y 2 Ay. 



The velocity of points on the cylinder is ujy, so the energy of a cylinder is 

1 ? 3M I — ^ y ^ ^ 

AAT = i (Am) (u>;y) = - — r-yv 7? z — y z (Ay) ury . Thus, the kinetic energy of the ball is 

2 



3Mu 2 rR 
K = — 



K = 



2 /?3 
2R 3 



[ y 3 y/R 2 - y 2 dy. Let u = R 2 - y z , so du = -2y dy,y = 0 => u 
JO 

0 



_ d2 



(4) £ (* 2 " -) "'^ = (** 2 " 3/2 " 5" 5/2 ) 



/? , and y — R => w = 0. Then 



MR 2 lj 2 



R 2 



q A (w) dw. By the 



Chain Rule and the Fundamental Theorem of Calculus, Part I, 



dV dV dx 



dt 



dx dt _dxJo 



d 



A (u) du 



dx , dx 
= A(x) 



dt 



dt 



dV dx 
But wc arc given that — — = —kA (x), where k is a positive constant of proportionality. Thus. A (x) — = —kA (x) <^> 

dt ' dt 



dx 
dt 



— — k. Thus, the rate at which the depth of the water decreases is a constant. 



12. The area of S is 2-7T y— J = n w. The area of R is given by J 




- I cos 6 



dO = l -A Jq /2 cos OdO = 2^ sin6>|^ /2 = 2i, 



so P = 



area of R 



21 



area of S nw 



6.1 Concept Questions 



1. See page 518. Its domain is (0, oo) and its range is (—00, 00). 

2. See page 519. 

3. No. The function / has domain (—00, 0) U (0, 00), whereas the domain of g is (0, 00). 



yJi 


i 


y\ 






y = Xwx 1 y< 




y = 2\nx 




if- ► 

A x 


0 


T~ 5 

A 



X 



4. /(-*)= In l-x + Jl + ( 



-x) 2 ) 




= ln(Vl+jt 2 -jt) = ln 



= In 



1 



Vl + x 2 + x 
so / is an odd function. 




= In I V 1 + x 2 + x ) = 



-1 



- In (x + y/l +X 1 ) = 



— X y/ 1 + X 2 + X 
y/l +X 2 + X 



) = -f w, 



I 6.1 The Natural Logarithmic Function 

1. a. In6 = ln(2 ■ 3) = ln2 + ln3« 0.6931 + 1.0986 = 1.7917 
b. In \ = In 3 - In 2 « 1.0986 - 0.6931 = 0.4055 

2. a. ln-2| = In (l 2 • 5 • 3 -1 / 2 ) = 2 In 2 + In 5 - £ In 3^2 (0.6931) + 1.6094 - \ (1.0986) = 2.4463 

b. In (A£) 1/3 = \ [In (3 • 5) - ln2] = \ (In 3 + ln5 - In 2) « \ (1.0986 + 1.6094 - 0.6931) « 0.6716 

3. a. In 30 = In (2 ■ 3 • 5) = In 2 + In 3 + In 5 w 0.693 1 + 1 .0986 + 1 .6094 = 3.401 1 
b. In 7.5 = lni£ = In 3 + In 5 - In 2 « 1.0986+ 1.6094-0.6931 = 2.0149 

4. a. In ^ = ln5~ 3 = -3 In 5 « -3(1.6094) = -4.8282 

b. In ! = In (5 • 3 -2 ) = In 5 - 2 In 3 « 1.6094- 2(1.0986) = -0.5878 

5. In ^5 = ln^2-3 1 / 2 -5- 1 ) = In 2 + \ In 3 - In 5 

6. In — = In fxyz - M = lnx + In 3; — lnz 

1/3 .,2/3 



7. In X J 2 = m(;c 1 /V /3 *~ 1/2 ) = ^lnx+ f lny- ^lnz 

8. In (*V* 2 + = In ^t 2 (x 2 + l)*^ = 21nx + \ In (x 2 + l) 



403 
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(x + 1 \ ^ 1 x + 1 
r) = o ln r = 4ln(*+ l)-4ln(*- 1) 
x — 1/ 3 x — 1 J J 

10. ln^V* l cos *l (* + 1)~ 1/3 ) = j In* + ln|cos*| - ^ln(* + 1) 

11. In4 + ln6-lnl2 = ln^ = In 2 



12. In (x 2 - l) - 21n (x + 1) = In (* 2 - l) - In (* + l) 2 = In 



x 2 - 1 



= ln 



* - 1 



(x + l) 2 * + 1 



13. 3 In 2 - \ In (* + !) = ln2 3 + In (x + 1)" 1/2 = In 



8 



14. A [2 In (x + 1) + In* - In (* - 1)] = i In - = In 

z 2 (jc — 1) 



x (x + 1) 

JC- 1 



15. 



-l 



?! 

2 • 
1 



0 
1 \ 



y = 2\nx 




16 



3 
2 
1 

• 




■ 

-1 


-1 


o 






-2 






-3 





1 



y = In A" 



y = -\nx 



17 





y\ 












2 


y= 


1 + In* 






1 


l 






1 


> 


-1 


0 

-l 

-2 


j/y= 


^1 

In A" 


2 


X 



-4 



3 
4 



18. 




19. 



i 



;y = ln(x+ 1) 



20. 





21. / (*) = In (2x + 1). We require that 2* + 1 > 0 o * > -^,soD= °°) ' 

22. g (*) = In (— x). We require that — x > 0 ^> x < 0, so Z) = (— oo, 0). 

23. g (*) = In cos*. We require that cosx > 0 => 2&7T — y < x < Ikir + y for & = 0, ±1, ±2, 



x + 1 * + 1 

24. /z (x) = In . We require that > 0. From the sign diagram, we 

x — 1 x — 1 

see that (x + 1) / (x — 1) is positive for x < —I and * > 1, so 
D = (—oo, —1) U (1, oo). 



+ + 0 



undefined 

+ + sign of (x + l)/(x - 1) 
*► x 



-1 0 



1 



25. a. 




The graph of / is the right branch and the graph of g consists of 
both branches. 

b. The domain of / is (1, oo). Since x (x — 1) is positive for x < 0 
and for x > 1, we see that the domain of g is (— oo, 0) U (1, oo). 
For x > 1, / (x) = In* + In (x — 1) = In* (x — 1) = g (*). 



-10 -5 



0 



10 
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26. a. 



x 



x - 1 



> 0 whenever x e (— oo, 0) U (1, oo) (see the sign diagram). b. 



undefined 



+ + + 0 — 



+ + + sign of x/(x - 1) 
> x 



1 " 



0 



0 



-1 



Thus, the domain of / (x) = In 



x 



x - 1 



is (-oo, 0)U (l,oo). The 



-2 



< 1 H 



H 1 *■ 



-4 -2 



0 



domain of g (x) = ^ [In* — ln (x — 1)] is (1, oo) since the domain of 
In* is (0, oo) and that of In (x — 1) is (1, oo). 

/ x \ 1/2 1 x i 
For x > 1, / (x) = ln I ) = - In = ~ [lnx — ln (x — 1)], and so / (x) = g (x) for x 

\x — 1/ 2 x — 1 z 



(l,oo). 



27. /' (jc) = 4" ln ( 2x + 3 ) = 2 



dx 



2x + 3 



28 



.gW = ln (x 2 + 4) 2 = 2 ln (x 2 + 4) => g' (x) = 2-^- ln (x 2 + 4) = 



4x 



+4 



29. /z (x) = ln = 2 m x ^ (x) = ^ — In x = 



2 dx 



2x 



30. v = VhT7 = (lnx) 1 / 2 => / = I (lnx)" 1 / 2 ■ — lnx = 1 



dx 



2xVlnx 
1 1 



w 1 

31. g(w) = ln — — - = lnw-ln(w + l)=>g (w) = (1 , , _ 

W + 1 W W + 1 W (W + 1) 

J J 1 

32. g(t) = t \n2t => g' (t) = t • — ln2f + (ln2f) ■ — (t) = t h \n2t = 1 + ln2f 

at at t 



33. y — x (lnx) 



2 =>/=* 



dx 



(lnx) 2 + (lnx) 2 • — (jc) = x ■ 2 lnx • - + (lnx) 2 = (lnx) 2 + 21nx 

ax x 



34. / (x) = ln (x + Vx 2 - l) 



f (x) = 



x 2 -l 



-1/2 



(2x) 1 + x (x 2 - l) 



-V2 1 + 



x 



x 



Vx 2 - 1 Vx 2 - 1 



1 



x + (x 2 - 1) 



1/2 



x + (x 2 - 1) 



1/2 



X 



+ Vx 2 - 1 x + Vx 2 - 1 Vx 2 - 1 



1 



„ d lnx (^H-l)--lnx x+ i_^i nx x(l-lnx) + l 

35. g' (x) = x 



dx x + 1 
- 1\ 2 / 3 



(x + 1) 



x (x + l) 2 



x (x + l) 2 



(x — 1 \ ' 2/1 1 \ 

xTl) =§[ln ( x-l)-ln(x + l)]^y = -(^-^) = 



3 (x 2 - 1) 



d 



37. /' (x) = 



d [ln(lnx)] = ^ x 



(lnx) 



1 



dx 



lnx 



x lnx 



38. h' (t) = 



d / \nt 



dt \ln2r 




(1 



n2o(l)-(lnO0) 



(ln 20 



ln 2 + ln t — ln r 
f (ln2f) 2 



ln2 



r(ln20 2 



lnx + 1 



39. / (x) = ln (x lnx) = lnx + ln (lnx), so using the result of Exercise 37, f (x) = — H ^ — = 

x x ln x x ln x 

1 



40. / (x) = ln (x ln (x + 2)) = lnx + ln (ln (x + 2)), so /' (*)=!+ . * + /L = ^ + 2 )^ + 2 ) + x . 

x ln (x + 2) x (x + 2) ln (x + 2) 
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d d cos (lnx) 

41. g (x) = — [sin (lnx)] = cos (lnx) • — lnx = 



dx 



dx 



x 



d d 1 

42. /z' 0) = — [t sin (In 2t)] = sin (In 2?) + t — [sin (In 2t)] = sin (In 2f) + t cos (In 2?) • - = sin (In It) + cos (In It) 

dt dt t 



43. f (x) — ^— fx 2 In cos x) = 2x In cos x + x 2 In cos x = 2x In cos x + x 2 • 

dx \ / <ix 



dx 

44. g'(0) = 4rln|tan30| = 



3 sec 2 30 



dx 
3 cos 30 



— smx 



cosx 



— 2x In cos x — x 2 tan x 



45. h' (u) = 



dO 

d 

du 
d 



tan 30 cos 2 30 sin30 cos 30 sin 36 



sec u tan w 

In |secw| = — tanw 

sec w 



46. /' (x) = — sec (In (2x + 3)) = sec (In (2x + 3)) tan (In (2x + 3)) 



2 sec (In (2jc + 3)) tan (In (2x + 3)) 



47. g (0 = In 



dx 
sin ? + 1 



cos t + 2 



= In | sin f + 1| - ln|cosr + 2| => g' (t) = - 



2x + 3 

cos r (— sin ?) 



2x + 3 

2 cos ? + sin t + 1 



sinr+1 cos? + 2 (sin? + 1) (cos? + 2) 



48. g (x) = In 



X cosx 



g f (x) = -i 



(2x + 1) 

1 / cosx — x sin x 

2 \ x cos x 



3 = £ [In (x cosx) - 31n(2x + 1)] 



6 



2x + 




49. In j -xlnx = -1 



lnx + x 



(1 — 4x) cosx — x (2x + 1) sinx 
2x (2x + 1) cosx 



y = y (lnx+ 1) 




50. lnxy — y 2 = 5 => lnx + lny — y 2 = 5. Differentiating, we obtain - + 2yy' = 0 => y' ( — — 2y) = — — 

x y \y J x 



y = 



X 



y 



x (2y 2 - 1) ' 



? 1 y 

51. In - + x — y z — 0 => In x — In y + x — y z — 0. Differentiating, we obtain hi — 2yy' — 0 => y 




+ 2y = 



y = 



x (2y 2 + 1) ' 



52. In (x + y) — cos y — x 2 = 0 



1 + / 

x + y 



+ (sin?) / -2x = 0 




= 0 



1 - 2x (x + y) 1 + (x + y) sin y , , 2x (x + y) - 1 

H y = 0=>y = 



x + y 



x + y 



1 + (x + y) sin y 



53. y = 2x 2 + 3x 2 lnx => y' = 4x + 6x lnx + 3x 2 • - = 7x + 6x lnx => y" = 7 + 6 lnx + 6x • - = 13 + 6 lnx. Substituting 

x x 

into the differential equation gives 

x 2 y" — 3xy' + 4 y = x 2 (13 + 6 lnx) — 3x (7x + 6x lnx) + 4 ^2x 2 + 3x 2 lnx^ = 0, so the equation is satisfied, and 

y = 2x + 3x lnx is indeed a solution. 

54. y — x cos (2 In x) + 3x sin (2 In x) 



y 1 — cos (2 lnx) + x 



— sin (2 lnx) • — 

x 



+ 3 sin (2 lnx) + 3x 



cos (2 lnx) • — 

x 



= 7 cos (2 In x) + sin (2 In x) 



y = —7 sin (2 In x) • — V cos (2 In x) • — — 

x x 

Substituting into the differential equation, we obtain 

2 cos (2 lnx) - 14 sin (2 lnx) 



2 2 cos (2 lnx) — 14 sin (2 lnx) 



x 



x 2 y" - xy' + 5y = x 2 



x 



— x [7 cos (2 In x) + sin (2 In x)] 



+ 5 [x cos (2 lnx) + 3x sin (2 lnx)] = 0 



and so y = x cos (2 lnx) + 3x sin (2 lnx) is a solution. 
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. 1 . 

55. y — x In a => y = In a + x • - = In a + 1 => y , = 1, the slope of the required tangent line. An equation of the line is 

x x ~ l 

y-0=l(jC-l)=>y = JC-l. 



56 



. y - In (x 2 + j 2 ) = 0 



2a + 2yy' 



v — 



1 i 9 



= 0. Substituting a = 1 and y — 0 into the equation gives y' — 



y' — 2, the slope of the required tangent line. An equation is y — 0 = 2 (x — 1) or y = 2x — 2. 



2 + 0 

TTo 



= 0 or 



57. / is continuous on the closed interval 2 J . f (x) 



= X In x — * 





1 


1 


2 


/to 


* -0.85 


-1 


-0.61 



/' (a) = In a + x (1/a) — 1 = In a = 0 => a = lisa critical number 
of fin [1,2]. 

From the table, the absolute minimum value of / is —1 at x = 1 and its absolute maximum value is about —0.61 at x = 2 



58. / is continuous on the closed interval 3]. f (x) = 



\nx + 1 



x 



x (l/x) — \nx — 1 



\nx 



2 



= 0=>x = 1. 



X 


1 

2 


1 


3 


/to 


^ 0.61 


1 


0.70 



/' (x) = 

X~ A 

From the table, we see that the absolute minimum value of / is about 0.61 at a = ^, and its absolute maximum value is 1 at 
x = 1. 



59. / (a) = x + lnx 

(1) The domain of / is (0, 00). (2) There is no v-intercept. The 
x -intercept lies between 0 and 1. (3) There is no symmetry. 

(4) lim /' (x) = lim (x + Inx) = 00 

(5) lim / (x) = lim (x + In a) = —00, so x = 0 is a vertical 

x^0+ x^0+ 

asymptote. (6) f (x) = 1 + 1/* > 0 on (0, 00), so / is increasing on 
(0, 00) and has no critical number. (7) / has no relative extremum. 

(8) f" (x) = -l/x 2 < 0 on (0, 00), so / is concave downward on (0, 00) 

(9) / has no inflection point. 



(10) 




60. / (x) = x Inx — x 

(1) The domain of / is (0, 00). 
Inx = 1, so the a -intercept is e. 
(4) lim / (x) = lim (jclnjc- 

x— >oo x— >oo 



(2) /(*) = * (Inx -1) = 0 = 

(3) There is no symmetry. 

a) = lim [x (In a — 1)] = 00 



(5) There is no asymptote. (6) f (a) = In a + a (1/a) — 1 = In a = 0 
=> a = 1 , so 1 is a critical number. From the sign diagram, we see that / 
is decreasing on (0, 1) and increasing on (1, 00). (7) / (1) = —1 is a 

relative minimum value. (8) f" (a) = 1/a > 0 on (0, 00), so / is 
concave upward on (0, 00). (9) / has no inflection point. 



(10) 



0 



0 + + + sign off 



> x 



1 
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61. 



/to=ln (* 2 + l) 

(1) The domain of / is (— oo, oo). (2) The x- and y-intercepts are 0. 

(3) / (— x) — In ((—x) 2 + ij = In ^x 2 + 1^ = / (x), so / is symmetric with respect to the y-axis. 

(4) lim / (x) = lim In (x 2 + 1 ) = oo and lim / (x) = oo by symmetry. (5) There is no asymptote. 

x— >— oo x— >— oo V / x— >oo 



(6) f (x) = 



2x 



x 2 +\ 



= 0 => x = 0, so 0 is a critical number. From the 



sign diagram, we see that / is decreasing on (— oo, 0) and increasing on 
(0, oo). (7) / (0) = 0 is a relative minimum value. 



(8) /" to = 



(x 2 + l) (2) - 2x (2jc) 2(l- x 2 ) 



= 0=>x = ±l. 



(* 2 +ir (* 2 +ir 

From the sign diagram, we see that / is concave downward on 
(—00, — 1) U (1, 00) and concave upward on (—1, 1). (9) / has 
inflection points at (—1, In 2) and (1, In 2). 



(10) 



0+ + + + + 0 sign off" 

0 + + + + + sign off 

1 1 1 > x 




62. / (x) — In (cosx), — y < x < y 

(1) The domain of / is (— |, y). (2) The x- and y-intercepts are 0. 

(3) / (— x) — In (cos (— x)) — In (cosx) = / (x), so / is symmetric with 
respect to the y-axis. (4) Not applicable 

(5) lim In (cosx) = lim In (cosx) = —00, so / has vertical 

X— >-7T/2 X— >7T/2 



asymptotes at x — ± y . (6) f' (x) — 



— smx 



cos* 



— — tan x = () => x = 0, 



(10) 



+ + + 0 



77 

2 



0 



77 

2 



so 0 is a critical number. From the sign diagram, we see that / is 
increasing on (— y, 0) and decreasing on (0, y). (7) / (0) = 0 is a 

relative maximum value. (8) f" (x) = — sec 2 x < 0 on (— y , y), so / 
is concave downward on (— y , y ) . (9) / has no inflection point. 

63. Let f (x) = x\nx — 1. Then /' (x) = lnx + x (l/x) = \nx + 1. The Newton iteration formula is 



x n+\ — x n 



f( x n) 



— x n 



Xn \x\.Xyi 1 Xyi -f- 1 



sign of f 




/' (a: w ) \nx n + l \nx n + l 

*3 « 1.763223 « X4, so the root is approximately 1.76322. 



. Taking x 0 = 2, we have x\ % 1.771848, x 2 » 1.763236, 



1 x + 1 

64. Let / (X) = In* + x — 3. Then f (x) — — h 1 = . The Newton iteration formula is 

x x 



x n+\ — x n 



/(*») 
f (*») 



— x n 



lnx n + x n - 3 x n (4 - ln* w ) 



+ 1 

x n 



x n + 1 



. Taking x 0 = 2, we find x\ « 2.204569, x 2 « 2.207939, 



and Jt 3 « 2.207940 ^ x 4 , so the root is approximately 2.20794. 



65 



. y = (2x + l) 2 (lx 2 - 4^ => lny = 2 In (2x + 1) + 3 In (?>x 2 - 4) => y = 
=> / = 2 (2jc + 1) (3* 2 - 4) 2 (24x 2 + 9* - 8) 



2-2 3-6* 2 (24* 2 + 9*-8) 
+ J 



2x + 1 3x 2 - 4 (2* + 1) (3x 2 - 4) 
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66. y = 



* 2 V2* - 4 



y = 



(* + 1) 2 
x (x 2 + 5x - 8^ 

V2*-4(* + l) 3 



In j = 2 In* + \ In (2* - 4) - 21n(* + 1) 



x 2 + 5* - 8 



_ 2 1 2 
y ~~ x + 2* - 4 x + 1 ~~ 2* (x - 2) (x + 1) 



67. y = 



x - 1 



lny = 



1 x - 1 
- In 

3 



+ 



- = ^[ln(*-l)-ln(* 2 + l)] 



/ _ 1 / 1 _ 2x \ 
7 ~ 3 \* - 1 x 2 + l)~ 



x 2 — 2x — 1 
3 (jc - 1) (* 2 + 1) 



* 2 - 2* - 1 



X =- 



3 (x - l) 2 / 3 (* 2 + 1) 4/3 



68. y = 



sin * 



J = 



* 2 Vl + tan* 



2 cot* 



In j = 2 In sin x — 2 In* — ^ In (1 + tan*) 



y cosx 
— = 2 



2 1 



2 

sec x 



y 



sin x x 2 1 + tan x 



sec 2 * 



2(1 + tan*) 



snr * 



* 2 Vl + tan* 



69. Taking logarithms of both sides gives lny = In** = x In*, so ^- = x (j^ + In* = 1 + In* => y' = (In* + 1)**. 
Therefore, y" = (In* + 1) ^** + **J^ (In* + 1) = (In* + 1) (In* + l)x x + x x (±) = [* (In* + l) 2 + lj x x ~ X 



70. y — x x => lny = In** = **ln*. Using the result of Exercise 69, we have 

y' = £ (x x In*) = x x £ (In*) + ln*^ (**) = ** (±) + In* (In* + V)x x = [x (In*) (In* + 1) + 1]* 



x-1 



71. 



2 



3* 



t/jc = | In |*| + C 



72. Let w = 2* + 3. Then du — 2dx, so 



1 1 f du i i 

dx = - I — = £ In \u\ + C = £ In |2* + 3| + C. 



2* + 3 



73. Let u — 3* 3 + 1. Then du — 9x 2 dx, x = 0 

Z" 1 ^ 2 ^ 1 Z" 4 ^ 1 , , ,l 4 1, , 2, „ 
/ — ^ dx = - — = nln u I = A ln4 = § In 2. 

7o 3* 3 + l 9ii if 91 '11 9 9 



w = 1, and * = 1 => w = 4. Thus, 



74 



3 v 2 



* z - * + 3 



* 



dx = (x-l + ^jdx = (j^x 2 -x + 3 In |*|^ = 2 + 31n3 



w-pT-, , /a r J* = 3 / — = 3 In | w | + C 

jc 2 / 3 (jc 1 / 3 + 1) y w 

j* 

76. Let u — In*. Then — — , * = 1 => u — 0, and * = 3 => u — In 3. Thus, 



= 3 In 



* 



l/3 + i 



+ C 



3 In* , f ln3 , 
dx — I udu 

1 * Jo 



* 

1 w 2 
2 



In 3 
0 



= A(ln3) 2 . 



dx 



11. Let w = In*. Then du — — , so 



1 f du 

dx = I — = In \u\ + C = In |ln*| + C. 



* 



* In* 



u 



78. Let u = 1 + In*. Then du = — , so / 1 + dx = f judu = §w 3 / 2 + C = § (1 + In*) 3 / 2 + C. 



* 



* 



79. Let u — 1 + sin*. Then du — cos* dx, so 



cos* I du . 

<i* = / — = In \u\ + C = In |1 + sin*| + C. 



1 + sin * 



80. Let m = 4 — tan 3*. Then du = — 3 sec 2 3* J* 



r se 



sec 2 3* 



tan 3* 



u 



1 /" du 1 1 
dx — —- I — = -Aln|w| + C = - A In |4- tan 3*| + C 

jju 3 
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81. / (sec 6 + cos 0) dO = 



sec 0 + cos 6 sec 6 + tan 6 



1 



dO = 



sec 2 6 + sec 6 tan 0 



dO + / cosOdO 



sec 0 + tan 0 J sec 0 + tan 0 

To evaluate the first integral, we let u = sec 6 + tan 0. Then Ai = (sec 0 tan 0 + sec 2 *) dO, so 



(sec 0 + tan 6) dO = 



du 



u 



+ / cosOdO = In |w| + sin0 + C = In |sec 0 + tan 0\ + sin0 + C. 



82. Let w = 1 + sin 2 x. Then du — 2 sinx cosx dx = sin 2x dx, so 

sin2x f du / . ? \ 

— dx — I — = In \u | + C — In ( 1 + sin z x I + C. 

1 + sin 2 x J u \ J 

83. Let u — 2 + x lnx. Then dw = (lnx + 1) dx, so / — — dx = 



dw 



2 + x In x 



u 



= In | w | + C = In 1 2 + x In x | + C 



dx 

84. Let u = lnx. Then dw = — , so / = 



lnx VI + lnx 



x 



x 



dx — J u (1 + w) 1 / 2 dw. Now let o = 1 + u. Then du 



— du and 




3/2 



- d 1 / 2 ) do = 2 d 5 / 2 - 2 d 3 / 2 + C = ±v 3 / 2 (3d - 5) + C 



I — J (v — \)v^ 2 dv = 
= 4(1 + w) 3 / 2 (3m - 2) + C = 4 (lnx + l) 3 / 2 (3 lnx - 2) + C 



85. A = 




2 



X 2 + 





x *2\ 

x 2 + 1 + 2 J 



dx 



0 



[4x 3 -lln(x 2 + l)^ i + [lln(x 2 + l) + ^ 
= _l + ll n2+ lin2+ i = ln2 




2 



x 



86. V = 27T / xy dx — 2n I — dx 

0 JO x 2 + 1 

27rU)ln(x 2 + l^r = 7rln5 



= 27r(l)ln(x 2 + l) 



0 




87. y = \ \x^Jx 2 - 1 - In (x + x/x 2 - l)] 



1 + 



x 



Vx 2 - 1 + x • 



X 



V* 2 - 1 x + V* 2 - 1 



x l -\ 



= Vx 2 - 1, so 1 + (y f ) 2 = 1 + (Vx 2 - l) =x 2 and 



L = fifi + (y'fdx = fixdx = ^x 2 |^ = 4. 
88. y = In cos x => y' = = — tan x => 1 + ( v') 2 = 1 + tan 2 x = sec 2 x => yj 1 + (V) 2 — V sec 2 x = sec x 



cosx 



(since 0 < x < ^). Thus, L — 



7T/4 ™2 



77 / 4 /*7r/4 secx + tanx /' " 7 "* sec^ x + sec x tan x 

sec x dx = / sec x • dx = / dx . 

0 Jo sec x + tan x JO sec * + tan x 

Let w = secx + tanx. Then du — (secx tanx + sec 2 x^ dx, x = 0 => m = 1, and x = ^=> w = l + V5. Thus, 



i + ^dM 



= In u 



u 



1+V2 
1 



ln(l + ^0.8814. 
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2 j I f 2 1 1 

89. A — / — dx = In x 1 1 = In 2, Jt = — / x ■ — dx = 

1 x 1 AJ\ x In 2 



1 .44, and 



y=~A r/wi 2 dx = — ( 2 ^dx = J—(-i)\ 2 

y AJi llJKJ} 2\n2J\ x 2 21n2V 



1 



41n2 



0.36 



Thus, the centroid is approximately (1.44, 0.36). 



i 1 + (— o 1 — x o 
90. / (-x) = (-x) 2 In — — — - = x 2 In = x 2 In 




1 - (-*) 



1 + x 



(£) 



-1 



2, 1+ * 
= — x In 

1 



= — / (x), so the integrand is odd. The 



result follows. 



91. & = 



ln = £ [/* ln ' * + if ln H = h [~ Ic lntdt + if dt] = - lnx + (lnx2) 
= — lnx + 2* lnx 2 = (4x — 1) lnx 

f* 2 dt Y 2 0 2 dy d 3 

92. a. y = / — = ln|f||£ /r = hut 2 - ln - = 21nx - ln2 + \nx = 3\nx - ln2, so -f - = — (3 In* - ln2) = -. 

£ z / x x dx ax x 



2/x 



b. 



_ d r x dt _ d 

dx dxj 2 / x t 



dx 



2/x 



dt 
t 



+ 



x 2 dP 



t 



d 



dx 



2 I X dt 



+ 



x 2 dt n 



1 d 




1 d 



2/x dx \x J x 2 dx 



(A 



/_x\ (_]_\ + J_ (2x) _ I + 2 _ 3 
V 2/ \ x 2 / x 2 xxx 



20 />20 1Q55^ 

93. The distance traveled is S = / v {t)dt — / — — d?. Let w = + 36. Then du — 2t dt,t — 0 => w = 36, and 



0 ^ + 36 



1056 r 436 ^ ,~ 

t = 20 => u = 436. Thus, S = / — = 5281n«|13 6 = 528 (ln436 - ln36) « 1317 ft. 



dx d 
94. a. o = — = — 



36 " 

b , x M + m — at 

bt + - (M + m — a f) In 

a M + m 



M + m — at b , 

= b - b ln (- - (M + m 

M + m a 



The acceleration is A = — = 




M + m 



-«*)( ~ a )- 
\M + m — atj 



gt — —b ln 



M + m — at 
M + m 



-gt 



b. v\t= m /a = - /?ln 



Mt=m/a — 



M + m — m 

M + m 
ab 



M + m — a {in I a) 



-5 = TT -8 



M 



M + m — at 

gm 



-8- 



M + m a 



dx 

95. a. v = — = 

dt 

dv 

a — — = 

dt 



d \- In fookt + 1)1 = ~ 



vok 



^0 



dt k 



k VQkt + 1 VQkt + 1 



96. a. 



40 




^0 



VQkt + 



l) = v °Tt 



{VQkt + 1) 



-1 



= »0(-l)(»0*f + 1) -2 («H)*) = - 



*»0 



20 



(t> 0 A:« + I) 2 

b. From part a, we see that a — —kv , and the result follows. 



0 




c. From part a, v = 



un 1 

. But x = - ln (o 0 ^ + 1) 

dq/:? + 1 k 



0 



10 



y 0 £/ + 1 = e kx , so v = -p- = dq^ ^ 



b. Using a calculator or computer, we find 
the radius to be 36.8. 
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97. a. 



100 



50 



0 




30000 40000 



50000 



b. Using a calculator to find the point of intersection of the graph of / and 
the line y — 25, we find the amount to be $35,038.78 per year. 

c. lim / (x) = oo. If Christine 

*-> 25,000+ 

withdraws $25,000 annually, she will be 
withdrawing only the interest and so the 
account will never be depleted. 



98. f{x) = 7.2956 In (0.0645012;t 0 - 95 + l) 



£ (o.0645012x 0 95 + l) 7.2956 (0.0645012) (o.95*-° 05 ) 



0.4470462 



f (x) 7.2956 Q.0645012* 0 - 95 + 1 0.06450 \2x 0 - 95 + 1 jc 0 05 (0.0645012.x 0 - 95 + l) 

/' (100) % 0.05799, representing approximately 0.0580%/kg, and /' (500) % 0.01329, representing 0.0133%/kg. 



, so 



yt 

99. Differentiating the given equation implicitly gives — C h Dy' — Bx' 



Dy-C 

y 



100. pV = k 



)"■( 



y 



x 




A — Bx 



x 




y = 



Vi 



p = — , so W = 



V 0 



pdV =k 



(A - Bx) yx f 
(Dy -C)x 

Vi i 



— dV= k\nV\Y/ =ife(lnVi -\nV 0 ) = k\n 

v Q y 




101. I P + 



an 



2 



V 2 



(V - nb) = nRT => P = 



nRT 



an 



V -nb V 2 



, so 



Vi 



W = I PdV 

Vo 



_ [ y i / nRT 
= Jv 0 \V-nb ~ 



an 2 V~ 2 \dV = 



nRT In (V - nb) + 



an- 
~V 



-\V\ 



- V 0 



nRT \n(V { - nb) + 



an 



2 



nRT In (V 0 - nb) + 



an 



PT1 Vl-nb 2 V 0 -V X 
— nRT In — + an L 



V 0 -nb ' V 0 Vi 

]fa = b = 0, then W = nRT In (V\/ Vq) = A: In (V\ / V 0 ), where k = nRT. This is the result obtained in Exercise 100 



102. F — — 



dV -qQ 

q-r- = 



d 



dx %7T£oa [ dx 

x 

<iQ ' ~ 



a 2 + x 2 + a^ — In {^J a 2 + x 2 — a^j 



x 



Jo 2 



+ x 



2 



Jo 2 



\ 



+ x 



87r£ 0« yja 2 + x 2 + a y/a 2 + x 2 - a 



qQ 



x 



yj a 2 + x 2 — a — y/ a 2 + x 2 — 



a 



a^ {^Ja 2 + x 2 — a^ 



qQ 



X 



qQ 



87r£ 0« yja 2 + x 2 \ x 



\ x 2 / 4ire 0 xja 2 + x 2 



103. r av = 



i 



■n 



r 2 ~ r\ J r{ . 
1 



7l + 




T\r 2 + 



r x r 2 {T 2 - Tj) 

r\ ~ r 2 
r x r 2 {T 2 -T x ) 

r \ - r 2 



(K)] * - 



1 



n-n _ 



r\r 2 (T 2 -T { ) 



lnr 2 — 




- Tm + 



n -r 2 

r\r 2 (T 2 -T X ) 



n 



n ~r 2 



Onri - 1) 




= -L- hn - 
ri-n L 



ri)ri + ^(7- 2 -7-l) lnS+ ■ 

r\ - r 2 r\ 



= T + r t r 2 (7j - r 2 ) ln ^ + r 2 ( r 2 ~ ^l) 



104. With m = 1250, k = 20, 01 = 16, and v 2 = 8, we find T — — j 



8 1250 
16 20u 



dv = -i^lno 



8 

16 



= ^ln2% 43.3 s. 
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105. We differentiate Vt = p - kin 

1 dp 



0 - k) - 



with respect to t, obtaining 



v = d_P_ k xpdt = ±( l + _ * 



dt 



1 - 



P_ 
*0 



dt 



x 0 



k \ _ dp / xq - p + k\ 

-p) dt \ x 0 -p y 



dp V (x 0 - p) 

so — = - 

dt xq — p + k 



106. In W = In 2.4 + 1.84/z. Differentiating this equation implicitly with respect to h yields — = 1.84 <=> W 7 = 1.84 W. 

W 

Therefore, AW % dW = W' dh = lMWdh. When h = l,lnW = In 2.4 + 1.84(1) % 2.71547 => W = 15.11. So, with 
dh — Ah — 0.1, we have A W = (1.84) (15.1 1) (0.1) ~ 2.78, and so the weight of the child increases by approximately 
2.78 kg. 

107. j 2 \nx 2 dx — 2 j 2 Inxdx. Using Simpson's Rule witn n = 8, so that Ax = ^jji = g = 0.125, we have 



J*j \nx dx • - 3 

% 0.7726 
/(*) = ln* 2 : 



2 -°- 125 [lnl +41n 1.125 + 21n 1.25 + 4 In 1.375 + 21n 1.5 + 4 In 1.625 + 21n 1.75 + 4 In 1.875 + ln2] 



f (x) = 21 x => /" (x) = -2/x 2 => /"' (x) = 4/x 3 => (x) = -12/x 4 . Since /( 4 ) is negative and 



12 (2 — 1)^ 

increasing on [1, 2], M = \ f (1)| = 12, so £ < — /- % 1.63 x 10" 5 



180 • 8 4 



108. 



1 



0 



— 1 i 


1 — *r 


-j 1 1 


1 -^f- 



y — cos (7rlnx) 



Y = - 



7rsin (7T lnx) 



i+(y)=Ji+ 



7r 2 sin 2 (7T In x) 



x 



. Using a calculator or computer, we 



find that 



ft J x 2 + 7r 2 sin 2 (-7T In x) 

L= / 1 dx^l. 

J\ x 



889. 



1.0 



1.5 



2.0 



109. False. Take a = 2 and b = 1. Then In a - In/? = ln2 - In 1 = ln2, but In (a - b) = In (2 - 1) = In 1 = 0, so 
In a — In b ^ In (a — b). 

110. False. Take x = e. Then (lnx) 3 = (lne) 3 = l 3 = 1, but 3 In* = 3 \ne = 3 • 1 = 3. 

lnx ifx > 0 
In (— x) if x < 0 

112. True. / (x) — lnx is increasing and so 0 < a < b => f (a) < f (b). 



111. True. If x # 0, then / (x) = ln|jc | = 



113. True, g (x) = lnx is continuous on (1, oo) and g (x) ^ 0 on (1, oo), so / (x) = 



1 



1 



gW In* 

114. False. / (x) = In 5 is a constant function, so f' (x) = 4- (In 5) = 0. 

115. False. The integrand is not defined at x = 2, so neither integral is defined. 

116. False. The integrand / (x) = 1 /x is not defined at x = 0, which is in the interval of integration [—2, 2]. 



is continuous on (1, oo) 
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1. a. See page 535. The function / (x) = x 3 is one-to-one on (-co, oo). 
b. See page 535. 

2. a. / (V -1 (x)j = f° r every x in [c, d] and 1 

/ _1 (/ 00) — * f° r every x in [a, £]. 



3. a. See page 533. 

b. See pages 533 and 534. 

4. See page 537. 



c - 




J = f{x) 




1. / (g to) = / (^37) = £ (^3l) = 5 (3x) = x and g (/ (x)) = g (^ 3 ) = ^3 (^x 3 ) = *. 

2. f (g(x)) = /(-)= ^=xmdg(f(x)) = g(-) = ^=x. 

\x / l/x \x / l/x 



3. f(g(x)) = f^^^=2(^^j + 3=x a nd g (f(x))=g(2x + 3)= (2x+ ^ 3 = x. 



2 



4. /(g(x)) = = = (-V^T) +1 = (x- 1) + 1 = x and 

g (/ (x)) = g (x 2 + l) = -^(x 2 + 1) - 1 = -Vx 2 = - (-x) = x (sincex < 0). 

5- / fe (x)) = / (| (x3/2 - 8)) = 4 (1 (,3/2 _ 8 ) + ^ = 4 (^/ 2 ) 2/3 = * and 

g (/ to) = « (4 (x + I) 2 / 3 ) = I j [4 (x + l) 2 / 3 ] 3/2 - 8 j = $ [8 (x + 1) - 8] = x. 

2.x 1 + x 



6. f (g (x)) 



x - 1 



X + 1 X + 



JC — 1 



!_.«.,<, M>_,(J±i)-.}=f 



- 1 



2x 



+ 1 



l-x 



l-x 



— X 



X + 1 X + 1 1— X 

7. / is one-to-one since there is no horizontal line that cuts the graph of / at more than one point. 

8. / is not one-to-one. The horizontal line shown cuts the 9. / is not one-to-one. The horizontal line shown cuts the 
graph of / at three points. graph of / at infinitely many points. 



y * 


i 




V — ► 


0 


\ x 



y j 


i ^^^^^^^ 




* 


/ 0 


> 



10. / is one-to-one. There is no horizontal line that cuts the graph of / at more than one point. 

11. / is not one-to-one because there is at least one horizontal line that cuts the graph of / at infinitely many points 
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12. / is not one-to-one. The horizontal line shown cuts the 
graph of / at more than one point. 



13. / is one-to-one. Any horizontal line cuts the graph of / at 
exactly one point. 



y 




14. / (x) = —x 2 + 2x — 3 is not one-to-one. The horizontal 15. / (x) = *J1— x is one-to-one. There is no horizontal line 
line y — — 3 cuts the graph of / at two points. that cuts the graph of / at more than one point. 




16. / (x) = + x + 2 is one-to-one. Any horizontal line cuts 17. / (x) = — + 16 is not one-to-one. The horizontal line 
the graph of / at exactly one point. y = 5 cuts the graph of / at two points. 





18. / (x) = |* + 1| — \x \ is not one-to-one. The 

horizontal line y = 1 cuts the graph of / at infinitely 
many points. 



y \ 

h 


i 


y=l 7 




1 1 -f- 

2 -1/0 
/ -1 


' > 

1 X 



19. By the definition of inverse functions, / (5) = 2 

20. By definition, / (f~ l (7)) = 7. 



21. By inspection / (0) = -1, so f~ x (-1) = 0 

22. By inspection / (0) = 2, so f~ l (2) = 0. 

23. By inspection / (£) = 1, so f~ l (1) = 

24. By inspection / (0) = 2, so / _1 (2) = 0. 



25. By inspection / (f ) = cot f = 0, so / _1 (0) = f 



26. By inspection / (1) = 1, so f~ { (1) = 1. 
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27. 



y = r\x) 




28. 



y * 



y = f(x) 



29. Put y = 3x - 2. Then x = \ (y + 2), so 





30. Put y = x 2 . Then x = —^/y (since x < 0), so 

/ _1 to = -aA- 




31. Put j = + 1. Then x = ^/y — 1, so 

/- 1 to = ^^T. 



32. Put j = 2«Jx + 3. Then jc = ^j 2 - 3, so 




/- 1 (*) = J* 2 - 3, jc > 0. 




33. Put y = y/9 - x 2 , x > 0. Then x = y/9 - y 2 , so 
f~ l (x) = y / 9-x 2 ,x > 0. 

y* 




34. Put y = x 3 / 5 + 1 => x = (y - l) 5 / 3 , so 
f~ { (x) = (x-l) 5 /\ 



y = 







y > 




1 / 






4 • 




1 / 


1 


— 1— 


2 • 


s / / 

/ 


1 — > 


-4 






! 

f 2 


4 x 












/ 










/ 

/ 

/ 

y = 




l~ 4 






(*- 


1)5 /3 
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35. Put y = 1/x - 1. Then x - 1 = y 3 <=> x = y 3 + 1, so 

f- 1 (jc) = jc 3 + 1. 



1 1 
36. Put j = 1 . Then - 

x x 



— 1 — y — 



1 



l-y 



, so 



f~Hx) = 



i 



i 



2- 



0 



-2- 




2- 



0 



-2 — 



-2 



0 



-4 




-4 -2 0 2 4 



37. Put j = — . Then (x 2 + l) y = x ^ 

x L + 1 V ' 



yx 2 — x + y = 0ox = 



1 ± y/l -Ay 2 

2y 



. Since 



— \ < x < j , we take the root with the negative sign, so 

/-*(*)= 1 " V ^ . Since /(±j)=±§, 

/ _1 (x) has domain || — ^ , 



0.5 -- 



0.0 



-0.5 - - 



1 — 1 1 






— "7^ 














M— 1 — 


1 1 — 



-0.5 



0.0 



0.5 



38. Put y = 



x 



Jx 2 +\ 



. Then y 2 = 



x 



2 +l 



X 



y 2 (x 2 + 1^ = x 2 O y 2 x 2 + y 2 = x 2 <^=> 

(i - /) = 



= y => x = 



X 



y/T^ 2 



& < x < 



H ' 


— 


/ 1 
_z f-X, 


— i — h 



-1 



0 



1 



39. If y = 2x — 1, — oo < jc < 1, then * = ^ (j + 1) => / _1 (*) = \ (x + 1), — oo < x < 1. 
If y = 1 < x < 4, then * = y 2 => f~ { (x) = x 2 , 1 < * < 2. 

If y = ^ x 2 - 6, 4 < x < oo, then x 2 = 2y + 12 => * = ^2y + 12, so / _1 (*) = V5TTT2, 2 < x < oo 



Therefore, f~ l (x) = 



x + 1 



x 



if x < 1 

if 1 < * < 2 



The domain of / 1 is (— oo, oo). 



J2x + 12 if x > 2 
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40. a. /(*(*)) = /U + V? 




-<)--(! 



+ 




2 





+ 1 



1 

4 



^ — * — l+^+^H- 



— x + 1 = x 



8 (f (*)) 



= g (-x 2 + x + l) = \ + yi + * 2 -x - 1 = \ + 



x 2 -x+ ^ 



y^T]j I =i+(x-i)=x 



b. — x z + x + l = ^ => / (x) = g (x). The equation is found by solving y — f (x) and y — g (x) 

simultaneously, but / and g are inverse functions, so their graphs intersect at y = x. Setting / (x) = x gives 
—x 2 + x + 1 = x => —x 2 + 1 = 0 => x = ±1. We reject the negative root since y must be positive, sox= 1. 

41. a. F = §C + 32 => §C = F - 32 => C = § (F - 32), and so C = f~ l (F) = | (F — 32). This formula gives the 
temperature C in degrees Celsius as a function of the temperature F in degrees Fahrenheit. 



b. We require that § (F — 32) > -273.15 <=> F > 32 - 2 (273.15) = -459.67, so the domain of f~ l is [-459.67, oo) 



-1 



5 



42. Put y = + * + * ~ 2y = 0 => f = . Since t must be nonnegative, we take 



. This gives the time when the balloon's altitude is /z. 



f 1= /-l(120) = 



-1 + VI + 8 (120) 



= 15sandr 2 = / _1 (210) = 



-1 + VI + 8 (210) 



= 20 s, so the balloon's altitude is 



between 120 ft and 210 ft when t lies between 15 s and 20 s. 
43. a. Put y = 10.72(0.9? + 10) 3 / 10 . Then 0.9? + 10 = (-2^— V° /3 



10 



=> t = 



y \ 10/3 



V 10.72/ 



- 10 



, so 



r 1 (p) = 



10 



10 



^) 10/3 -io' 

.72/ 



b. /-> (25) = 



10 



25 \ 10 / 3 



( — ) 

V 10.72/ 



- 10 



7.58, so the proportion of of Americans aged 55 and over will be 25% around 



44. a. m = 



the middle of 2007. 
ra 0 



1 - 



v 



i » = p°) 



2 



=> = 1 



- => 0 = ( m ) = cy 1 - . Thus, f~ l gives the 



speed of a particle as a function of its relativistic mass m. 



2 



b. When m — 4m q, we find v = c / 1 



m 0 \ vT5 



= % 0.9682c or 2.9027 x 10 8 m/s. 



Am o 



45. a. / (x) = x z on [0, oo) => g (x) = / 1 (x) = V*- Using Formula 3, g' (x) = — 



1 



1 



/' (g to) 2y 



1 



y=v* ^v* 



b. From the result of part a, g (x) = V*> so g' M = 



1 



2+Jx 



46. a. / (x) = x 1 / 3 => g (x) = / 1 (x) = x 3 . Using Formula 3, g' (x) = — 



1 



1 



f (g W) 



ly-2/3 



-3 (,>)"- 



3* 



b. Since g (x) = x 3 , we find g' (x) = 3x 2 . 
47. a. / (jc) = 2x + 1 => / (2) = 2 • 2 + 1 = 5, so (2, 5) lies on the graph of /. 
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48. a. / (x) = x 3 + x + 2 => / (1) = 1 + 1 + 2 = 4, so (1, 4) lies on the graph of /. 



b. g , (4) = 77 



1 



1 



1 



f (g (4)) f (1) 3x2 + ! 



1 



*=1 



49. a. / (jc) = x 5 + 2x 3 + * - 1 => / (0) = -1, so (0, -1) lies on the graph of /. 

1 1 1 



b. ^(-1) = - 



/'(*(-!)) /'(0) 5*4 + 6*2 + 1 



= 1 



*=0 



50. a. / (jc) = 



x+ 1 
2jc — 1 



2 



/ (1) = j — 2, so (1, 2) lies on the graph of /. 



b. /' (x) = 



(2x - 1) - (x + 1) (2) 
(2x - l) 2 



(2x - 1) 



(2) = 



1 



1 



(2x - l) 2 



/' (g (2)) /' (1) 



1 

3 



51. a. / (jc) = (x 3 + l) => / (1) = (1 + l) 3 = 8, so (1, 8) lies on the graph of /. 



2 2 1 

b. /' (x) = 3 (x 3 + l) (3*2) = 9x 2 (x 3 + l) => g' (8) = - 



1 



1 



/' te (8)) /' (1) 9*2 (*3 + i) 



1 

36 



52. a. / 0) = 2 - ^GtTT => / (7) = 2 - -^8 = 0, so (7, 0) lies on the graph of / 



1 



1 



1 



f(g(0)) f'O) -1 (x+l)-2/3 



= -12 



x=l 



53. a. / (x) = 



1 



1 +x 



/ (2) = 5, so ^2, ^ J lies on the graph of /. 



b. /' (x) = - 



2x 



54. a. / (x) = 



(l + X 2) 



1 



8 



Uj //(2) ~ 



2x 



25 



=2 



J / o A -1/2 



/ (1) = so (l, ^ lies on the graph of /. 



b. /'W^p + l) 



(x2 + 1) 



3/2 



V2\ _ 



1 



1 



(- 2 + >) 



3/2 



55. g' (4) = - 



1 



1 



/'(I) 



= -2^2 



A" 



-1 



/' (g (4)) /' (2) 



d 



1 

3 



56. H' (x) = ^[8(g to)] = to) to, so 



' (3) = g' (g (3)) g' (3) = g' (4) g' (3) = 



1 



1 



1 



1 



/'(*(4)) f'(gO)) f'(5) /'(4) 



1 1 

5-T- 



2 

57. Observe that / (2) = / = 0, showing that (2, 0) lies on the graph of /. Next, 



observe that f (x) = 



2 Vl + r 3 

J r* dt 



1 



Vl + r 3 Vl+x 3 



(by the FTC, Part 1). Therefore, 
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58. Since / has an inverse, both / and / _1 are one-to-one functions. Let ( x ) — y- Then / _1 (y) = x, and so 
y = f (x). Therefore = /• 

59. Suppose / has an inverse. If / (x\) = f (*2)> men / _1 (/ C*l)) — / _1 (/ (*2))» so x \ — x 2- This shows that / is 
one-to-one. Next, suppose that / is one-to-one. Then for each number b in the range of /, there is exactly one number a in 
its domain such that / (a) = b. Define the function g, whose domain is the range of /, by the rule g (b) = a for any b in its 

domain. Then g = / _1 . 

60. a. g' (x) = — — - = [f (g (jc))]" 1 , so by the Chain Rule, 

g " ( X) = - [ f > ( g ( X) )]- 2 L [ f > (g (x)) ] = - [f (g (x)) ]~ 2 f (g W) g > (x) = - ///(gW) 

[f'(g{x))] 3 

b. / is increasing on (a, b) =^ f' > 0 on (a,b). Also, the graph of / is concave upward on (a, b) => f" > 0 on (a, b). 
Using the result of part a, we see that g" < 0 on (a,b), and so the graph of g is concave downward on (a,b). 

61. True. This follows from the definition of the inverse of a function. 

62. False. Take / (x) = x 1 / 3 and a = 8. Then f~ l (x) = x 3 and M = 3x 2 , so (Z -1 )' (8) = 3 (8 2 ) = 192, but 



/' (8) = 1 (8)- 2 / 3 = 1, so -i- = 12 ^ (8). 



r (8) 

63. True. / (x) = l/x 2 is one-to-one on (— oo, 0) as well as on (0, oo), so if (a, b) is an interval not containing 0, then / is 
one-to-one and has an inverse. 

64. True. F' (x) = 4- Jq vl + t 2 dt = v^l + is strictly increasing on (0, oo) and hence one-to-one (it passes the 
horizontal line test), so F has an inverse on (0, oo). 



65. True. See Theorem 2. 



66. False. Consider f (x) — 



1 /x if x < 0 * 

Then / is not monotonic, but / 1 (x) = 

Jx if x > 0 



l/x if x < 0 
x 2 if x > 0 



67. True. / r (jc) = (2n + 1) a 2n +\x 2n + (2n - 1) a 2n -\x 2n ~ 2 + (2n - 3) a 2 x 2n ~ 4 H h fli > 0 ^> / is monotonically 

increasing => /' exists. 

68. False. Suppose / has domain {1} and / (1) = 1. 



1. See page 541. 

2. See page 542. 

3. See page 543. 

4. See page 541. 

5. No. The domain of / is (— oo, oo), but the domain of g is (0, oo). 

1 

6. / (— x) = — x— = — x— : = — x = x = j (x), so / is an even tunction. 

e x — 1 A j I — e x e x — 1 



Section 6.3 Exponential Functions 421 



1. a. In e 3 = 3 In e — 3 
b. \ne x = x 2 \ne = x 



2. a. lnv^= lne 1/2 = ^ln^ = ^ 
b. lne^ = ->/iln^ = ^fe 



3. a.e 21n3 =e ln32 = 3 2 = 9 



b. e ln ^ = VI 



4. a. lne* + 1 = x 2 + 1 



5. a. e lnx =2*1 x = 2 

b. ln<?~ 2x = 3 <^> -2x = 3 <^> x = -I 



6. a. In (2x + 1) = 3 <=> 2x + 1 = e 3 <=> jc = 
b. lnx 2 = 5*ix 2 = e 5 ^>x = ±e 5 / 2 



7. a. 2e*+ 2 = 5 <=> e x + 2 = |ox + 2 = ln|<=>x = ln§-2 
b. In V^TT = 1 <^> y/x + 1 = e o x = e 2 — 1 



8. a. lnx + ln(x - 1) = ln2=> lnx (x - 1) = ln2<^>x (x - 1) = 2 <^> x z -x - 2 = 0 <=> (x - 2) (x + 1) = 0 => x = 2 

(since x > 0) 

b. 2e- a2 * -2 = 8^ e-° 2x = 5^=> -0.2* = ln5 o x = -{^ = -5 ln5 



9. a. 



50 



= 20 o 1 + 4e 0 - 2 * = St <=> 4* 0 - 2 * = 4 <^ e°- 2x = | o 0.2* = In | <^ x = 5 In 



1+4*0.2* ~ ' - ^0 ~7 WC 

b. e 2 * - + 6 = 0. Let u = e x . Then we have w 2 - 5w + 6 = (w - 3) (u - 2) = 0 => u = 2 or w = 3 <^=> e x = 2 or 
<? x = 3oi = In 2 or x = In 3. 



2 

10. a. In (x + y/x 2 + l) = 2 <=> * + Vx 2 + 1 = e 2 o V* 2 + 1 = e 2 - x o x 2 + 1 = (e 2 - x) = e 4 - 2e 2 x + x 2 <=> 



I = e 4 — 2e 2 x o x = 



e 4 -l 

2e 2 



b. x 1 /^ - x 2 + 1 = 0 <=> x 1 / 1 ™ = x 2 - 1 <=> lnx 1 / 1 ™ = In (x 2 - l) <=> ^ • lnx = In (x 2 - l) <=> In (x 2 - l) = 1 



<=>x 2 — l=eox = V^ + 1 



11. / (g (x)) = / (In VI) = e 21n (* 1/2 ) = £ ln * = x and 
g (/ (*)) — g (e 2 *) — lnVe 2 * — \ne x — x. 



12. / (g (x)) = f (-lnx) = ^-(" ln ^) = e lnx = x and 
8 if (x)) = g (e~ x ) = -\ne~ x = - (-x) = x. 




f(x) = e 



- „2x / 



/ 




422 Chapter 6 The Transcendental Functions 



13. / (g (*)) = / (2 In*) = 6>( 21n *V 2 = e lnx = x and 



8 (/ to) = * («* /2 ) 



21n^/ 2 = 2f =x. 



14. / (g (jc)) = / (1 + In*) = e ( l + ln ^- { = e lnx = x and 
g(f(x)) = g(e x - 1 ) = l+\ne x - 1 = \ + (x-\)=x 





3>=l + ln;t 



1 2 3 4 jc 



1C r 2e x + \ 2 + e~ x 2 
15. hm = hm = - 

*->oo 3e x + 2 *^oo 3 + 2e _x 3 



17. lim 



/ 3t 2 + 1 



-0.1? 1 _ 3 n _ 



= f.0 = 0 



— 2e 2t 1 — 2e 3r 
16. lim — =- — = lim — — r- = 0 

r^-oc e ~ zt + 3e 2 ' r^-oc g-' + 3e M 

1 



18. lim 



x ^0+ 1+eV 



x 



— 0 since e l / x —> oo as x — > 0 + . 



19. lim = — oo since is negative for 0 < x < -J and <? 



tan* 



JC^(7T/2)- - 7T 

.1/lnx 



20. lim 



1 



x^0+ 2 + cos (ize x ) 



2- 1 



2x — 7T 



= 1 



— > oo, while 2* — 7r — > 0 as x — > (y) 



21 



• «*> = £ (^) = ~ 4e 



-Ax 



dy ..2 d 
= e 



22. - " x x 



dx 



dx 



(x 2 -x) = (2x -l)e 



2 

x^—x 



23. /' (0 = L e St = eft l,i/2 = e Vt . 1,-1/2 = 

J ' dt dt 2 2 j- t 



24 



(* 2 ) = -2xV 2 * + 2xe~ 2x = 2xe~ 2x (1 - x) 



25. g' (x) = 



d ' ~ 2x 




dx \ / dx 
(1 + e~ x ) {2e 2x ) - e 2x (-e~ x ) 2e 2x + + ^ ^ ^ + 3) 



dx \ \ + e 



—x 



(1 + 



e-*) 2 



-x^ 



{\+e~ x ) 



-x^ 



{\+e~ x ) 



— e 



+ e 




d_ 
dt 



( e 2t ~\ \ 
\e 2t + 1 ) 



(e 2t + l) (2,2/) _ (e 2t - l) {2e 2 <) 



Ae 



It 



{e 2t + 1) 



P + 1) 



27. f (x) = jL(e* + e~ x ) l/2 = \{e x + e~ x )~ XI1 (e x + e~ x ) = \{e* + e- x )~ l/2 (e x - e~ x ) = 



d 



dx 
d 



dx 



e x — e x 



2 V e x + e x 



28. g' (x) = — (e~ 2x cos 3x) = e~ 2x (-3 sin 3x) + (cos 3x) (-2e~ 2 *) = -e~ 2x (3 sin 3x + 2 cos 3jc) 



d 



29. / = — (e cosx ) = e cosx (- sinx) = -e 



)-« 



sinx 



31. h'(t) = —e t]n t =e tlnt 

dt 



32. /i' (jc) = 1 - e~ 3x Y = 5 ^ - e~ 3x Y (le 2x + 3^" 3x ) 



" [- m - 

[ lnf + r (7)] = (! + m 0^ lnf 



33. / r (jc) = — cos e 2x = (- sine 2x ^j [2e 2x j = -2e 2x sine 



2x 



34. g' (x) = 



dx 
d 
dx 



\n(e x +e~ x ) = 



e x — e x 



e x _j_ e x 
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35. y' = — (e x + In* 2 ) = 3 (e x + In* 2 ) f e x + - j = - (xe x + 2) (e* + In* 2 ) 

36. h' (*) = [tan (e 2x + In*)] = [sec 2 (e 2 * + In*)] (le 2x + = i (2*e 2 * + l) sec 2 (e 2 * + In*) 

37. /' (*) = A [* 2 in + l)] = 2* in + l) + * 2 • = -Li y__ j J 

/ d , _ Y rX _ r / _ r 9 \ e x sec 2 e x — tan e* 

38. y' — — \e tane* ) = — e A tane A + [e A sec^ e A ) e A = 

dx v 7 V / 



39. /' (*) = [e 2x - In 3*) 3/2 = | (e 2x - In 3*) 1/2 ^e 2 * - 1^ = A {lxe 2x - l) (e 2 * - In 3*) 1/2 

40. y' = JL [>os* 2 tan + *)] = e cos -* 2 (- sin* 2 ) (2*) tan (e 2 * + *) + e cosx2 [sec 2 (e 2 * + *)] {le 2x + l) 



_ ^cosx 2 



\^2e 2x + l) sec 2 (e 2x + *) - 2* sin* 2 tan (e 2x + *)] 

3* 2 - e 2 y 



41. xe 2 y - * 3 + 2y = 5 => ^ + *^ (2/) - 3* 2 + 2/ = 0 <^> / = 



2 (*e 2 >' + 1) 

2* - yg*? 
*^>' + 2y 



42. ^ - * 2 + y 2 = 5 => ^ (y + jy') - 2* + 2yy' = 0 <^ y f (xe^ + 2y) + ye*? -2x = 0«/ = 

2 x 

\? ^ sec y 

43. e x sec y — * y 2 = 0 => sec y + (e* sec y tan y) y' — y 2 — 2xyy' = 0 <^> y' — 

e x sec y tan y — 2*y 

44. *lny + e"* - ye* = 0 => lny + ^/ - e"* - + ye?) y' = 0 o y' 0 - ^ - ye^ - e~ x + lny = 0 <=> 



* — yey — y 2 ey 

45. y = 2*>-*/ 2 + 5e 3x / 2 => y' = -e"*/ 2 + ^e 3 */ 2 => = ^~ x/2 + ^-e 3x / 2 . Substituting into the differential equation, 
we have Ay" - 4/ - 3y = 4 (^"* /2 + ^ 3x/2 ) - 4 {-e~ x l 2 + ^g 3 -^/ 2 ) - 3 (2e"*/ 2 + 5^ 3 ^/ 2 ) = 0. The 

differential equation is satisfied, and so y — 2e~ x l 2 + 5e 3x / 2 is a solution. 

46. y = e~ 2x + 3*^~ 2x => y' = -2e~ 2x + 3e~ 2x - 6xe~ 2x = (1 - 6*) e~ 2x 

y ff = —6e~ 2x + (1 — 6*) 2<? -2 *) = e _2x (12* — 8). Substituting into the differential equation gives 

y" + 4/ + 4y = e~ 2x (12* - 8) + 4^~ 2x (1 - 6*) + 4 [e~ 2x + 3*^~ 2x ) = 0, and so the equation is satisfied. 

47. y — e x (cos 4* + 2 sin 4*) => / = e x (cos 4* + 2 sin 4*) + e x (—4 sin 4* + 8 cos 4*) = e x (9 cos 4* — 2 sin 4*) 

y" = e x (9 cos 4* — 2 sin 4*) + e x (—36 sin 4* — 8 cos 4*) = e x (cos 4* — 38 sin 4*). Substituting, we get 
y" - 2y' + 17y = e x (cos 4* - 38 sin 4*) - 2e x (9 cos 4* - 2 sin 4*) + 17e x (cos 4* + 2 sin 4*) = 0, showing that the 
given function is a solution of the differential equation. 

48. y = e 2x (2 cos 3* - sin 3*) => / = 2e 2x (2 cos 3* - sin 3*) + e 2x (-6 sin 3* - 3 cos 3*) = e 2x (cos 3* - 8 sin 3*) 

=> y " = 2e 2x (cos 3* - 8 sin 3*) + e 2x (-3 sin 3* - 24 cos 3*) = e 2x (-22 cos 3* - 19 sin 3*). Substituting, we get 

y" — Ay' + 13y = e 2x (—22 cos 3* — 19 sin 3*) — 4<? 2x (cos 3* — 8 sin 3*) + 13<? 2 * (2 cos 3* — sin 3*) = 0, showing that 
the given function is a solution of the differential equation. 

49. y — xe~ x => y' — e~ x — xe~ x — (1 — *) e~ x ^ y'\ { =0. Thus, the slope of the required tangent line is m — 0, and an 

equation of the line is y — ^ — 0 (* — 1) or y — \/e. 

50. xey + 2* + y — 3 => + xe^y' + 2 + y' — 0. Substituting * = 1 and y = 0 into this equation gives 1 + y' + 2 + y' — 0 

OT y|(l 0) = — §» so tne s l°P e °f tne required tangent line is m — — |, and an equation is y — 0 = — ^(* — l)or 
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51. / (x) = xe~ x =^> /' (x) = e~ x — xe~ x = (1 - x) e~ x = 0 <=> x = 1. From the 
table, we see that / has absolute maximum value / (1) = l/e and absolute 
minimum value / (— 1) = —e. 



X 


-1 


1 


2 


fix) 


—e 


l/e 


2/e 2 



52. / (x) = e 2x - e x => /' (x) = 2e 2x - e x = e x (2e x - l) = 0 <=> 2e x = 1 <=> 
x = — In 2. From the table, we see that / has absolute maximum value / (0) 

and absolute minimum value / (— In 2) — — | . 



= 0 



X 


-2 


-ln2 


0 


fix) 


% -0.12 


1 

4" 


0 



53. / (x) — xe x 

(1) The domain of / is (— oo, oo). (2) The x- and y-intercepts are 0. 



x 



(3) There is no symmetry. (4) lim f (x) = lim — = — oo and 

X— >— OO v_i._™ nX 



x — > — oo e 



lim / (x) = 0. (5) y — 0 is a horizontal asymptote. 

(6) f (x) = e~ x — xe~ x — (1 — x) e~ x — 0^x— 1, so 1 is a critical 
number of /. From the sign diagram, / is increasing on (— oo, 1) and 

decreasing on (1, oo). (7) / (1) = is a relative maximum value. 

(8) f" (jc) = -e~ x - (1 - jc) e~ x = (x - 2) e~ x = 0 => x = 2. From the 
sign diagram, we see that / is concave downward on (— oo, 2) and 

concave upward on (2, oo). (9) / has an inflection point at ^2, 2e~ 2 ^j . 



+ + + 0 



0 



(10) 



1 



-2 • 



0 + + sign off 
sign of /' 




54. / (x) = xe x 

(1) The domain of / is (— oo, oo). (2) The x- and y-intercepts are 0. 
(3) There is no symmetry. (4) lim / (x) = 0 and lim / (x) = oo. 

Jt— >-oo x— >oo 

(5) y = 0 is a horizontal asymptote. 

(6) f (x) = e x + xe x = (1 + x) e x —0^x — —1, so —1 is a critical 
number of /. From the sign diagram, / is decreasing on (— oo, —1) and 

increasing on (—1, oo). (7) / (— 1) = — e~ l is a relative minimum 

value. (8) f" (x) = e x + (1 + x) e x = (x + 2) e x = 0 => x = -2. 
From the sign diagram, we see that / is concave downward on (— oo, —2) 
and concave upward on (—2, oo). (9) / has an inflection point at 

(-2,-2,-2). 



0+ + + + + + + + sign off" 

0+ + + + + sign off 



> x 



-2 



-1 



0 



(10) 
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55. / (x) = 



e x — e x 



(1) The domain of / is (— oo, oo). (2) The x- and y-intercepts are 0. 



(3) / (-*) = 



e x — e x 



e x — e x 



= — / (x), so / is symmetric 



with respect to the origin. (4) lim / (x) = — oo and 

a-— > — oo 

lim / (x) = oo. (5) There is no asymptote. 

X 7 OO 

(6) /' (x) = ^ + e - *) > 0 for all x in (— oo, oo), so / is increasing 
on (— oo, oo). (7) / has no relative extremum. 

(8) /" (x) = \ (e x - e~ x ) = 0 <=> e x - e~ x = 0 <=> e 2x - 1 = 0 => 

x = 0. From the sign diagram, we see that / is concave downward on 

(— oo, 0) and concave upward on (0, oo). (9) / has an inflection point at 

(0, 0). 

56. / (x) = e x — x 

(1) The domain of / is (— oo, oo). (2) x — 0 => y — 1, so the 
y-intercept is 1. There is no * -intercept. (3) There is no symmetry. 

(4) lim (e x — x) = lim (e x — x) = oo (5) There is no asymptote. 

x—>-oo v ' x— >oo v ' 

(6) f (x) = e x — 1 = 0 => x = 0, so 0 is a critical number of /. From the 
sign diagram, we see that / is decreasing on (— oo, 0) and increasing on 

(0, oo). (7) / has a relative miminum at (0, 1). (8) f" (x) — e x > 0 
for all x in (— oo, oo), so / is concave upward on (— oo, oo). (9) / has 
no inflection point. 



(10) 



(10) 



0 + + + + + sign of/" 



> x 



0 




-3 -2 - 



0 + + + + + sign off 



0 



-3 -2 -1 0 



> A' 




57. / (x) = x L e 



v 2„-2x 



0.4 



0.2" 



0.0 




0 



58. / (x) = 2e~ 0Ax (cos2x + sin2;c), x > 0 



0 



-2- 



0 




10 



20 



59. a. The population at the beginning of 2000 was P (0) = 0.07, representing 70,000. The population at the beginning of 

2030 will be P (3) % 0.3537, representing approximately 353,700. 

b. P' (t) = 0.0378e a54? . The population was changing at the rate of P' (0) = 0.0378, representing 37,800 per decade, at 
the beginning of 2000. At the beginning of 2030, it will be changing at the rate of approximately P' (3) ~ 0.191, 
representing 191,000 per decade. 

60. a. The projected average population growth rate in 2020 will be approximately G (3) « 0.834, representing 0.83% per 

decade. 

b. G' {t) — — 0.33654e -0 ' 213 '. The projected annual average population growth rate will be changing at the rate of 
G' (3) » -0.18% per decade per decade. 
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5000 5000 

61. a. N (0) = w = — — = 50 students 

w 1 + 99e 0 ioo 

396,0006>-°- 8 ' , / x 396,000^- 16 



396,000^°' , 396,000^- iD 

b. N (t) = ?r => N' (2) = =- % 182 students/day 

(l + 99^-0.8r)2 ( 1+ 99^-1.6)2 

2 

(l + 99e-°- 8 ') e~°- St (-0.8) - e~°- St (2) (l + 99^"°- 8/ ) [99^-°- 8r (-0.8)1 

c. N" (r) = 396,000 • \ J -k 1 

(1+99^-0.8^4 

(\ + 99^-°- 8f ) e~°- St (-0.8) (l - 99e" 0 - 8 ') 396,000 (o.&r 0 - 8 ') (99e~ 0 ^ - 1 

= 396,000 • -. = = 

(l + 99e-°- 8 ') 4 (l + 99^-°- 8 0 3 

gg e -0.8t _ i — o «z» e-Q-Zt = ^^ >t = --^\n^g^ s.74, so the flu is spreading most rapidly after abo 



0 

J =0 <=> 



5000 

d. lim N (*) = lim ^ = 5000 students 

t^oo Moo 1+ 99^-0.8? 



62. a. A = 0.23 ^-0.4(1/2) % 0 .094 percent and A (8) = 0.23 (8) £>"°- 4 ( 8 ) % 0.075 percent. 

b. A' (0 = 0.23^ (r«r 0 - 4 ') = 0.23 |> 0 - 4 ' + ^-° 4/ (-0.4)] = 0.23 (1 - 0.40 e~ 0At , 
so A' = 0.23 [l - 0.4 ^-0-4(1/2) % 0.151 percent/hr and 
A' (8) = 0.23 [1 - 0.4 (8)] ^"°- 4 ( 8 ) % -0.021 percent/hr. 

63. a. N' (0 = (5.3e a095 ' 2 - 0 - 85 ') = 5.3 (0.19* - 0.85) g0.095r 2 -0.85r < o <=> 0.19* - 0.85 < 0 <^ t < 4.47, so TV is 

decreasing on (0, 4). 

b. N' (0) = 5.3 (—0.85) e° = —4.505, so the number is being reduced by 4505 cases per year at the beginning of 1959. 

N' (3) = 5.3 (0. 19 • 3 - 0.85) e 0 095 ' 9 ~ 0 - 85 " 3 % -0.272, so the number is being reduced by 272 cases per year at the 
beginning of 1962. 



64. a. W (0) = 2600 (l - 0.5 le" 0 075 " °) % 306 kg 

3 1 /3 

b. We solve the equation 2600 (l - 0.5 le" 0075 ') = 1600 <^ 1 - 0.5 le" 0 075 ' = 



I/O 

0.51<r 0 075 ' = 1 - « 0.14942 ^ t % -q^- In % 16.4, so her age is about 16.4 years. 



2 2 

c. W (*) = 2600 • 3 (l - 0.51<r 0 075 ') (-0.5 le" 0075 ') (-0.075) = 298.35 (l - 0.5 le" 0 075 ') g-0.075* f so 

W (0) = 298.35 (1 - 0.51) 2 % 71.6. A newborn female elephant gains 71.6 kg/yr. 

A 1600 kg female elephant is approximately 16.4 years old, so she gains weight at the rate of 

W (16.4) % 298.35 (l - 0.51c" 0 - 075,16 - 4 ) ^-0.075 - 16.4 ^ 63A kg/yr 

d. W" if) = 298.35 [2 (l - 0.51e-°- 075/ ) (-0.51) e -° m5t (-0.075) e" 0 - 075 ' 

+ (l -0.51^- 0 07 ^)%- 007 ^ (-0.075)] 

= 298.35 (-0.075) (l - 0.5 le" 0 - 075 ') <r°- 075 < (l - 1.53*- 0 - 075 ') 

In 1 

Setting W" it) — 0 gives 1 — 1.53e _0 075r = 0 <^> * = % 5.7, so a female elephant gains weight most rapidly 

when she is approximately 5.7 years old. 



e. lim W(t)= lim 2600 (l - 0.5 le -0 075 ') = 

>oo t—>oo\ / 



2600 



1-0.51 lim e -°' 075t 



n3 
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= 2600, so the female elephant has a 



maximum mass of 2600 kg. 



65. F' (x) = 



d 



10,890e 0b: 



dx _(l + 100e 02 *) 3/2 _ 

(l + 100e a2 *) 3/2 (0Ae 0Ax ^j - e 0Ax (§) (l + lOOe 02 *) 1/2 (lOOe 02 *) (0.2) 



= 10,890 



1089e 01 * (l - 200e a2 *) 
(1 + 100e 0 - 2 *) 5/2 



(1 + lOOe 0 - 2 -*) 



= 0 => 1 - 200e 02x =0^x^ -26.5. 



X 


-200 


-26.5 


50 


F(x) 


2.2 x 10" 5 


419.2 


4.9 x 10~ 4 



From the table, we see that the maximum force is about 419.2 lb. 



66. a. 



200 



ioo -- 



0 




0 



10 



20 



The graph of / suggests that the 
maximum length of a typical Pacific 
halibut is 200 cm. 



b. lim / (0 = lim [~200 ( 1 - 0.956^-°- 18 ^l = 200. 

c. We solve the equation 200 (l - 0.956^ -018 ^ = 140 => 
1 - 0.956e" 0 - 18 ' = => 0.956e-°- 1& = $ => 
e -° m = (j^) (0^55) = 0.3138 => -0.18/ = ln0.3138 



200 
In 0.3138 



q"|^ ~ 6.439, so the age is approximately 6.4 years. 



d. The average length of a typical Pacific halibut between the ages of five and 



ten years is 



■™y t = 40[t + ^e- 01 * t ] 



A = J 5 10 200 (l - 0.956^" 

= 40 [(l0 + &" 1 - 8 ) - (5 + &-°- 9 )] * 148.74 cm 



10 
J5 



67. a. The number of deaths at the beginning of 1950 was N (0) = 130.7 + 50 % 180.7 per 100,000 people. 

b. N' (t) = 130.7 (-0.1155) (It) e -°- 1155 ' 2 % -30.19te -01155 ' 2 . The rates of change of the number of deaths per 
100,000 people are as follows: 



Year 


1950 


1960 


1970 


1980 


Rate 


0 


-27 


-38 


-32 



c. N" (t) = -30.1917 ly- 0 - 1155 * 2 + t (-0.1155) (It) e — 0.1155/ 2 J = -30.1917 (l - 0.231* 2 ) e -01155 ' 2 . Setting 

N" (t) — 0 gives t « ±2.08, so t & 2 gives an inflection point, and we conclude that the decline was greatest around 
1970. 

d. The number is given by TV (6) « 52 per 100,000 people. 
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68. a. x(t) = c(l-e- at l y } => 

x > = j f (c- ce- at / y ) = ye~ at / v . Since 



Xk 



a > 0, c > 0, and V > 0, we see that jc' (?) is always 
positive and we conclude that x (t) is always 
increasing. 




x = c(l - e-^) 



69. We are given that c ( 1 - 6>"^/ y ) < m o 1 - < - <^ < - - 1 ^ g-^/^ > 1 - -. Taking 

V / c c c 

at C — YYl at C — YYl V C — YYl 

logarithms of both sides of the inequality, we have In e > In <=> > In — t > — In 

V c V c a c 



<^> t < 



K 



C — YYl \ V C 

In I = — In . Therefore, the liquid must not be allowed to enter the organ for longer than 

c — m 



t — — In minutes. 

a c — m 

ab \\ - e (b-a)kt~\ 
70. a. lim x — lim — -r — 77 — - 

t-^oo /— >oc a — \) e \p-a)kt 



= ab • 



1-0 
a-0 



= b, so if the quantity of A is greater than that of B, then the amount 



that has reacted in the long run is b mol/L. 



ab (~1 - 

b. lim x = lim — -7 — — 7 — - = lim 

t-^oo t->oo a — b e {t>-a)kt t^oo 



ab 



(b 



-a)kt *] 



a 



= ab ■ 



-b 



0-1 
0-b 



= a, so if the quantity of B is greater than 



e (b-a)kt 

that of A, then the amount that has reacted in the long run is a mol/L. 



71. 



a. P > (0 = 1 



4 



2e 4 ' - 1 



= 4— 




= 4 



(le At - l) 4e 4 ' - (e At - l) (8e 4 ') 



16c 



At 



(2e 



At _ !)2 



(2e* - 1) 



. Since 



p' (t) > 0 for all t > 0, we see that /? is increasing on (0, 00). 

4 (e* - l) 1 



1 - 



b. lim p (t) — lim 

t^oo t-^00 2e 4t - 1 



= 4 lim 



2- 



,At 4 

-j— = - = 2, so in the long run the concentration p (t) of the product is 



At 



2 mol/L. 



72. a. 0' (?) = (g7T6>-' - gTRT 4 ') = -gTT^-' + gTR? 



4_ -? , 4 -At 



, so 0' = -4^-1/2 + 4^-2 % _ 0 66 rad/s 



b. lim 0(0 = lim ( ine'* - h^e~ 4t 



)-0, 



so 



1.5 



the door will approach 0 — 0 (closed) in the long 
run. 



1.0 



0.5 " 



0.0 




0 



73. a. 0' (0 = — [^e~ 2t (cos «Jlt + V2sin V?/)] 

= ^ [-2e~ 2t (cos *j2t + V2sin V2?) + e~ 2/ ^-\/2sin + 2 cos V2^J = -7rV2^~ 2 ^ sin V2F 



so 



6' (£) = -7Vs/2e- { sin ^ « -1. 



06 rad/s. 
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b. lim 0(0= Hm ^e~ 2t (cos V37 + V2sin ^2t) = 0, 

t—>oo t—>oo J V / 

so the door will approach 0 — 0 (closed) in the 
long run. 



c. 



1.5 



1.0 



0.5 " 



0.0 




0 



1 



74. a. — = 



p / 7q - ay \ M 8/( Ra ) 

TO 



P0 



300 - (0.006) ( 8882 )-|[(28.8xl0-3)(9.8)]/[(8.314)(0.006)] 



300 



0.3307, so p % 0.3307p 0 



Mountaineers experience difficulty in breathing at very high altitudes because the air is more rarefied due to decreased 
atmospheric pressure. 

Mg 

b. We differentiate the equation In p — In pq = fin (Tq — cty) — In Tnl with 

Ret L J 



respect to y, obtaining 



dp 

dy Mg 



-cxyj 



dp 



Mg p 



dp 

dy 



Rol \ Tq — ay ) dy 
(28.8 x 10" 3 ) (9.8)(0.3307/? 0 ) 



R T 0 - ay 



, so 



y=8882 



8.314 [300 -0.006 (8882)] 



-0.0000455/7Q atm/m. 



75. a. Let t denote the time it takes for the chain to slide off the table. Then s (t) = \ {e^^ t + e~VI75^ = 6 



<=> 



e Vg/6t + e -Vg/6t = 12 ^ e 2jgj6t _ 12<? >/I7& + l = 0. Using the quadratic formula, we find 



e y/JJ^t _ 12 ± Vj44 __4 _ 5 _|_ ^735 or 6 _ ^35 Since In ^6 — V35^ is negative, the second root is rejected, and we 



have yfgJEt = In (6 + V35^ 



In (6 + V35) 
<^> t = — V ■ 7 « 1. 



94 s. 



b. v (0 = (0 = \ yjjhe^ 1 - 7i76e _v ^), so 

o (1.94) « \ [V9^76^-^ (L94) - VWe _VWl - 94) ] « 7.57 m/s. 



76. a. / (11) = -0.438 (l I 2 ) + 9 002 C 1 1) + 107 = 153.024, telling us that the actual number of arrests in the year 2000 was 

153,024. g (11) = 99.456e a07824 - 11 % 235.181, and this says that if trends in drug use and gun availability continued, 
the number of arrests in the year 2000 would be 235,181. 

b. /' (1 1) = —0.876? + 9.002| r= n = —634, telling us that the number of arrests was dropping at the rate of 634/year in 

the year 2000. g' (1 1) = 99.456 • 0.07824e 0 - 07824 " 1 1 % 18.401, and this says that if trends in drug use and gun 
availability continued, the number of arrests in the year 2000 would be increasing at the rate of approximately 
18,401 annually. 



77. a. The number was P (10) = 
b. The growth rate would be 



74 



1 + 2.6e~ 166 + 4 - 536 ~ 6.6 



69.63%. 



P' (10) = 



-74 (2.6) (-0.166 + 0.09072? - 0.0198? 2 ) e -° A66t + °-°4536/ 2 

(l + 2.6e~ 0 - l66t + 0.04536/ 2 - 0.0066? 3 ^ 2 



- 0.0066? 3 



5.09%/decade 



t=\0 
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78. a. 



1 -- 



0 




0 



50 



100 



150 



b. 57,972/$1000;-23,418/$1000 



79. a. The initial population of crocodiles is 
P (0) = W- = 50. 



b. 



c. 



3 00 ^-0.024^ o 

lim P (t) — lim jr-^r-. — 

mm w t — >oo 5e-°- 024t + 1 0+1 



60" 



= 0 



40 



20 



0 




0 



100 



200 



80. a. Let / (x) = xe x — 2. Then / is continuous everywhere. Since / (0) = —2 and / (1) = e — 2 > 0, we see that by the 

Intermediate Value Theorem, / has a zero in (0, 1). 

x n e Xfi — 2 x 2 e Xn -\- 2 

b. f' (x) = e x + xe x = (1 + x) e x . We use the iteration x n +\ — x n — = — . Taking xq = 1, we 

(1 +x n )e x n (1 +x n )e x " 

find x { % 0.86788, x 2 » 0.85278, and x 3 % 0.85261 % jc 4 , so the root is about 0.85261. 

t + 10e — — 41 25 

81. Let / 0) = t + lOe" 0,1 ' - 41.25. Use the iteration t n+ \ = t n - — : ■ — . Taking tQ = 40, we find 



1 - e -0.U n 



t\ % 41.08675 and t 2 « 41.08569 % t 3 , so t 41.08569. 

82. fe- 3x dx = -%e- 3x + c 

83. e~ x dx = -e~ x 

84. / (e* + t e ) dt = e l + 



0 

-1 



= - 1 + e = e - 1 



+ C 



85. Let w = — x , so J 

86. / = J* (x 2 — e* 3- * dx. Let u = x 3 — x, so du — ^3x 2 — \ j dx = 3 (x 1 — ^ dx. Thus, 



~ xl dx = -\e~ xl 



2 



+ C. 



I = %fe u du = %e u + C= ^e x3 ~ x + C. 



87. £ 



o 1 ^ x2 



/ 2 dx = -e-* 2 ^ 1 = -e-V2 + 1 = e —Jl 

10 £? 



88. / if + «T*) 2 rfjc = / (e 2x + 2 + e" 2 *) dx = \e lx + 2x - \e~ lx + C = \ (e 2x + 4x - e~ 2x } + C 

89. / = / yiW^ dx. Let « = 1 + 2e x , so du = 2e x dx. Then / = \ J u l l 2 du = \w>l 2 + C = \ (l + 2^) 3/2 + C. 



,—x 



90. / = 



1 + e 



— dx. Let w = 1 + e x , so du = — <? *dx. Then 



— X 



dx = — 



91. / = 



l+e- x 

e x + <? - * 



dw 



u 



= - In |u| + C = - In (1 + e - -*) + C. 



/ 



— £ * 



+ c. 



92. / = 



— dx. Letw = --, soda = Then / = [ e u du = e u + C = e~ x l x + C. 

X 2 XX 2 



93. Letw = e x - 1: 



2 



— X 



/ 



o 



94. 



-1 1 +6>- 2 * 



i /'O ^2x ,q 

= / ^ Jx = \ In ^ + 1J | i = ^ln2 - In ^" 2 + lj J 



Section 6.3 Exponential Functions 431 



95. 1 — I — — dx. Let u — y/x, so du — — — dx. Then / = 2 J e u du = 2e u + C = 2e^ + C. 



96. / = JVsine* 



dx. Let u = e x , so du = e x dx. Then / = J sinudu = — cosz/ + C = — cose* + C. 



fe x \n(e x + l) /"lnw i 0 i r / ni2 

97. / = / 1 L dx. Let u = e x + 1, so Jii = dx. Then / = / du = \ (lnw) 2 + C = \ [in (e* + l)] z + C 

J e x + 1 J u 

98. / = f e sin -* cos* dx. Let w = sinx, so = cosx dx. Then / = / e u du = e li + C = e smx + C. 



7T/4 „tan* /»7r/4 

99. Let u = tanx: / — dx = / e tanx sec 2 x dx = e tan x V = e tm ^^ -l=e-l. 



0 cos^ x 



0 



0 



2 2 2 I 

100. Let m = e => du = 2x£* dx => xe* dx = ^ du, x = 0 => u — 1, and x = 1 => u = e. Then 



Jo' 



j.2 „x 

xe A e c 



2 



dx = ft \e u du = \e u |* = \e e -\e = \e (e e ~ l - l). 



101. Let u = (lnx) 2 =^> du = dx ^ dx = idw, x = 1 => w = 0, and x = e u = 1. Then 



/^0-) 2 dx = 1 J 0 V< A = Je- t = \ie- 1). 



102. A = J^j e~*/ 2 dx = -2e" x / 2 



-1 



-2 (e" 1 -* 1 ^ =2(^-1/*) 




103. a. 



0 



-1 



-5 



0 



x 



b. 



- 1 (e x + 1) - 2 




e x + 1 



^ + 1 



= 1 - 



e x + 1 



, so 



A = 



In 3 e x 



0 + 1 



_ i /-ln3 
dx = 



0 



0 ^+0 



In 3 



dx = 



O-i 



2e 



—x 



Let u — \-\- e x . Then du — —e x dx => £ * dx 



0 v i + « 
— dw and 



—x 



dx 



I = 



dx 



d« 



1 + e 



— X 



= - ln|w| + C = - In (1 + + C. Thus, 



A = [x + 21n(l + <?-*)]{ ) n3 = [ln3 + 21n + e _ln3 )l -21n2 



= In 3 + 2 In § - ln2 2 = In ^ = In f 



104. A = jij [(x 2 - 2x - l) - {~e x - l) 



Jx 



Xll (* 2 - 2x + e x ) Jx = (|x 3 - x 2 + e x ) | 1 i 



3e 2 + 2^-3 
3^ 





^> 

. 2 


k 


► 


1 

-2 


1 \ 


0 1 


X 












-4 




y = x 2 — 2x — 1 
= —e* - 1 
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105. V = 7T /J y 2 dx = 7T /J (e x f dx = tt /J e 2 -* rfx 




106. V = 27r Jq 1 xy djc = 2-7T Jq 1 * 2 

= — 7T^ _x2 I = 7T ^1 — e~ l ^j 




107. y = \ \e x + =*y' = \(e x - e~ x ) => 

f] 2 = { {e x -e-*f = e 2x +2 + e ~ 2x 



1 + (/) 



4 



4 



e \n2 _ e -\n2 



3 
5 



108. y = 2a In 






/ = 2a 



a — 



— 4^/ax = 2a [in (yfa + ^/x) — In (*Ja — V*)] — where 0 < x < a. Thus, 



= ax~ 1 / 2 



aV 2 +xV 2 
2a 1 / 2 



-\x~V 2 
fl l/2_ x l/2 



-1/2 



a l/2_^l/2 +fl l/2 + x l/2 



-2aV2 x -l/2 



-2a'/2^-l/2 = 



2a 3 /2v-l/2 



-2aV2 x -l/2 = 



(fll/2 +x l/2)( a l/2_^l/2) 
2 a 3/2 x -l/2 _ 2^3/2^-1/2 + 2a l/2 x l/2 



— X 



<2 — X 



— X 



2aV 2 X V 2 



a — x 



and 1 + (y'f = 1 + 



4ax 



a 2 — 2ax + x 2 + 4ax (a + x) 



(a - x) 2 



(a - jc) 2 



(a - x) 2 " 



Therefore, 



L = J yjl + (y') 2 dx = J dx = J (^-^ - lj dx = -2a In (a - x) - x + C = 2a In (^—^ ~ 



x + C. For 



example, if 0 < Z? < a , then the length on [0, b] is L = 2a In 



109. y = \ \e x + e"*) <T*) 

-2* 



/ _ 1 /„* 



7* 



1 + (/) 2 = 1 + | (> - 2 + e" 2 *) = \(e x + e~*) 2 

5 = 2tt Jo n2 j7l + (y) 2 ^ = 2tt J(5 n2 1 (s* + e"*) 2 dx 
= f j** 2 (e 2 * + 2 + e" 2 *) </* = f (\e 2x + 2x- \e~ 2x ) 



In 2 
0 



-1 



0 



In 2 1 



- -^(161n2 + 15) 



110. The temperature change is Jq ^—I8e 0 



-18 .-0.6? 



0 



= 30e 



-0.6? 



0 



= 30 (e~ ls - l) % -25°. 



/ (0 = 30e-° 6t + C and / (0) = 30 + C = 68 => C = 38. Thus, the temperature of the wine at 7 P.M. is 
/(3) = 30<?- L8 + 38%43 o F. 

111. The tractor depreciates by 

/ 0 5 13388.61e-°- 22314 ' dt = i™^^"0- 22 3l4^ = -60000.941^-°- 22314 ^ « $40, 339.48. 
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15 



112. The total production is P (t) = 



4.76 



15 4 j 6e 0.22t 
dt = I ^= dt. Put / = 



u 



= e 0.22t + 4>Hj SQ du = 0 22e°- 22t dt. Then / = 



0 1+4.116*- 0 - 22 ' Jo e°- 22t +4.U 

4.76 f du 



0.22/ u 



4.76 , „ 4.76 , 
In w +C = In 



4.76e°- 22 ' 
e°- 22t +4.U 

lit 



dt and let 



0.22 



0.22 



^0- 22 ' +4.1l) +C, and 



thus P {t) = 



4.76 / 0.22/+4.H) 
0.22 V / 



In 



15 



4.76 



0 0.22 



[in (e 33 + 4. 1 1) - In (1 + 4. 1 1)1 « 39. 16 million barrels. 



21 



113. Using a calculator or computer, we find P = 100 



1 



19 2.6V27T 



-(-5 (^) 2 ) 



% 30. 



114. A = 



A = ^ j 0 30 c (0^ = ^ {/o 20 (0.3/ - 18 + lfor'/ 60 ) <// + / 2 3 o [is**-'/ 60 - I2<r« 



-20)/60 



1 

30 




20 

0.15? 2 - 18f - 1080^-^ 60 )| o + [-1080^- r / 60 + 720^-^- 2 °)/ 60 J 



30 
20 



= ^ [(60 - 360 - \080e- { / 3 + 1080) + (-10S0e-V 2 + 720^~ 1 / 6 + 10806*" 1 / 3 - 720) J 



0.4805 g/cm 



115. Using a calculator or computer, we find P — J ^ J^JjP exp I — - 



x - 160 



50 

116. Differentiating the equation with respect to x, we have J/ e ? J? + -jjj Jq cos t dt = 0. Using Part 1 of the Fundamental 




dx % 15.54. 



117 



= 0=>x = ±l. 



Theorem of Calculus and the Chain Rule, we have e y * 3* 00 + cos x = ®^ ey 7tx = ~ cos x ^ 1H ~ ~ e y cos 
. F (x) = J x e~ t2 (t 2 -l}dt=> F' (jc) = e~ xl (x 2 - l) 

From the sign diagram, we see that F has a relative maximum at x = — 1 . 
We use a calculator to approximate its value: 



+ + 0 



0 + + sign of F 
' ► x 



F (—1) = Jj 1 e~ f2 2 - <fr « 1 . 1 147. F has a relative minimum at 
x = 1 with value F (1) = // e~ t2 {t 2 -\}dt = 0. 



-1 



0 



1 



118. a. 







1 4-i 




1 1 





300 



250 " 




b. In 2006, worldwide PC shipments were increasing at the rate of 

/' (1) % 24.52, or approximately 24.5 million units per year. In 2008, 

shipments were increasing at the rate of /' (3) ~ 25.12, or 
approximately 25.1 million units per year. 



200 




0 



119. a. 




b. At midnight, the snowfall was accumulating at the rate of 

/' (12) % 1.5 in./h. At noon on February 7, it was accumulating at 
the rate of /' (24) % 0.5 in./h. 

c. Using a calculator or computer, we find that the inflection point is 
given by (14.4, 13.4), so the snowfall was accumulating at the 
greatest rate at about 2:24 A.M. on February 7. The rate of 

accumulation was f (14.4) « 1.6 in./h. 



120. True. Let y = e x > 2 => In y = In = 5- => x = 21ny, so f~ l (x) = 2 In*. 
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cosO 1 

121. False. F (0) = — ^ = — = 1 

e u 1 

122. True. e 3lnx = e Xnx?> = x 3 on (0, oo) 

123. False. -^-e x = e? 

dx 



2 e -x 



124. False, e x > 0 on (— oo, oo) and so / dx > 0. 

Jl x 

125. True. / e lnx dx = J x dx = \x 2 + C = \x • x + C = \xe Xnx + C 



1. a. See page 555. 

b. See page 557. If a — 1, then / (x) = 1 and its graph is a line 



2. a. See page 559. 



b. 




y = toga* (a < 1) 



4. No. The domain of / is (— oo, oo) and the domain of g is (0, oo). 



5. / (-*) = 



l +a -k(-x) i + a kx \+a kx a ~ kx a~ kx + \ 



y = a x (a>\) 




/ y = \og a x (a > 1) 



1 + a 



-kx 



1 - a-*(-*) 1 - a 



kx 



1 — a kx a 



-kx a -kx_i l- a ~ kx 



= — / (x), so / is an odd function 




1. 2^ = e ln2 ^ = e^ ln2 



3 2 tanx — ^ln2 tanx _ g tanjtln2 



4. x 



cosx _ Jnx C0SA ' _ „cosxlnx 



= e 



= £ 



5. log 10 100 = log 10 10 2 = 21og 10 10 = 2 
7. log 125 25 = log 125 125 2 / 3 = I log 125 125 = \ 



9. a. 3 4 = 81<^log 3 81 = 4 



11. a. log i = -3o 10 -3 =■ 1 



TOoo 



b.log 1/3 9=-2^(i) =9 



6. log 3 Jj- = log 3 3" 4 = -41og 3 3 = -4 



8. l0g 3 3 = 7T l0g 3 3 = 7T 

10. a. 8 2 / 3 = 4 «=> log 8 4=| 

b.l6" 3 / 4 = 1 ^log 16 1 =-| 

12. a.log 49 7 = * <^>49 1 / 2 = 7 
b. log 0.01 = -2 o 10~ 2 = 0.01 
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13. 



14. 




-4 



-2 



0 



4- 



2- 



0 




-4 



-2 



0 



As b increases, the graph of y = b* is natter for x < 0 and As ^ decreaseS; the grapn of y = b x is steeper forx<0 
steeper for * > 0. and flatter for > Q 



15. 




16 



3> = log 2 * 




17. 




18 



y = \og 1/2 x 




/ 



/ 



/ 



y = log* 



19. a. log 3 6 = 



20. a. / (x) = 



In 6 

LT3 



1.631 



b.log 2 8=^=3 



c. log^n — ^ n7V _ % 3.303 



lnV2 



1 



. The domain of log (1 — x) is found by requiring that 1— x > 0 or jc < 1. But to avoid division by 



log(l-x) 

zero, we must also have log (1 — x) ^ 0 o x ^ 0. Thus, the domain of / is (-co, 0) U (0, 1). 



x 2 _ 3x + 4 5 (x 2 - 4\ 

b. Consider g (x) = -= . We find g f (x) = 

x z + 2x + 4 



= 0o 



+ + 0 



(x 2 + 2x + Ay 

x — ±2, so the critical numbers of g are ±2. From the sign diagram, we 

see that g has an absolute minimum value of g (2) = ^, so g (x) > 0 for 
all x, and thus / = log g has domain (-co, oo). 



0 + + sign of g' 



~* > x 



-2 



0 



21. / (x) = 3* = 

22. h(t)=4 t ~ 1 

23. y = x (5 3 *) 



/' (x) = (In 3) 3* 
>ti (0 = (ln4)4 r_1 



/ = 1 . 5 3x + jc • In 5 (3) (5 3 *) = [1 + (3 In 5)*] 5 



3* 



24. / (u) = 2 ul => f (u) = ln2 (2" 2 ■ 2uj = (2 In 2) u • 2 M 
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25. / (©) = (cost)) lV v => f (o) = (- siny) (7 1 / 0 ) + cosy (In 7) (7 1 /") (—7) = siny - 



In 7 (cosy) 7 1 /" 



0 



26. h (x) 

ti(x) 



-rx6 



(2* + 3~ x ) 

6 (2* + 3~ x ) 5 [(In 2) 2* + (In 3) 3~ x (-1)] = 6 (2* + 3"*) 5 (2 X In 2 - 3"* In 3) 



27. / (jc) = x e + ex=>f' (x) = ex e ~ l + e x 



28. g (x) = x e e x 



g' (x) = V + * e e* = (^ + l) x e e x 



29. / (jc) = 

30. h (x) = 



2 3x 
x 

2tanx 



x (In 2) 2 3 * (3) - 2 3x [(3 In 2) x - 1] 2 3 * 



x 



31. y = 2 



cotx 



^h'(x) = (\n2) (2 tan *) sec 2 * 

y' = (In 2) 2 cotx (- esc 2 jt) = - In 2 (esc 2 jc) 2 cot * 



32. g (*) = 



2* 



(3 X + 1) 1/2 (ln2)2* - 2 X (|) (3 X + 1)" 1/2 (ln3)3* 



3* + 1 



l(3* + l)" 1/2 [2(3* + l) (In2)2*-ln3(2*)(3*)] _ 2* [21n2 + (in f ) 3*] 



3 X + 1 



2 (3* + I) 3 / 2 



33. / (*) = log 2 ( 



jc z +x + 



In (jc 2 + jc + l) 

1) = — ^ 

) In 2 



1 2jc + l 



2jc + 1 



In 2 x 2 + 2x+\ (jc 2 +jc + l) ln2 



34. h (jc) = log 3 \2x - 1| = ln ^*„ 11 => // (jc) = 



1 



In 3 



In 3 2x-l (2jc-l)ln3 



35. / (0 = log ^/^ 2 + 



_ £ln(f 2 + l) 

1 ~ InTo 



/' (0 = 



2t 



(21nl0)(f 2 + l) (t 2 + l)lnl0 



1 



21n2 



2x In 



(« 2 - 0 



2x 



x 2 -l 



X 



In 2 



In 



(* 2 ~ 0 



+ 



x 



jc 2 -1 



x [(jc 2 - l) In (jc 2 - I) + x 2 ] 
(x 2 - l)ln2 



37. y = 3-* =>lny = ln3*=Jtln3=> — = In 3 => / = 3 X In 3 



y 



38. y — x xl => In y = hue* 2 — x 2 hue => — = 2x hue + x 2 ( — | = 2jc hue + x => / = jc (2 hue + l)x 

y W 



39. y = (jc + 2) 1 /* 



y = 



1 



In j = In (jc + 2) 1 /* = - In (jc + 2) => — = 
ln(jc + 2)~ 



1 1 1 

=■ In (x + 2) + - 



x x + 2 



_jc(jc + 2) 



x 



(jc + 2) 1 ^ 



40. y = 



-( 



9 \ V* 

jc z + JCj 



In y = ln(jc 2 + jc)* = jc 1 / 2 In (jc 2 + jc) => — = \x~ l l 2 • In (jc 2 + jc) + jc 



1/2. 



2jc+ 1 

X 2 + JC 



y = 



ln(* 2 + x) | VI(2jc+1) 



2-v^ 



;c z + x 



(x 2 + x) 
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41. y — (^/cosx)* =^> In y = In {^/cosx) x = x In Vcos x => — = In Vcos x + x 



^(cosx) 1 / 2 (— sinx) 



Vcosx 



, cosx In (cosx) — x sinx , . 

7 — (v cos -x) 



2 cos* 



42. j = sinx 



tan* 



y r / \ cos In (sin 
lny — ln(sinx tan ^) = tan* ln (sin*) => — = ^sec 2 ;tj ln(sin^) + tanx • — = ^ h 1 



. In (sin x) + cos 2 x . f 
/ = — sin.x tan * 



cos 2 * 



sin* 



cos 2 * 



43. /J 3 X dx = 



X 



In 3 



0 



In 3 



44. / 2~ x dx = - 



1 



2 X In 2 



+ C 



2 3 M 3* +2* 

45. Let 2i = x 2 + 2x, so = 2 (* + 1) dx. Then / (* + 1) 3 X +2x dx = \j3 u du = ttt-t + C = „ + C 



21n3 



21n3 



46 



• (* + < v = (i^)[ 



2 1 
ln3 + 4 



! cos u cos 2*^ 
47. Let u = 2 X , so du = 2 X \n2dx. Then / 2 X s'm2 x dx = — J sin w du = —r^r- + C = — ^- + C 



In 2 



In 2 



In 2 



1 f 4 3*ft f 2 3 M 

48. Let u — Jx, so du — — — dx, x — 1 => u — 1, and * = 4 => w = 2. Thus, / — — dx — 21 3 U du = 2 • — — 

2V^ 71 V* 71 ln3 



1 



12 
rn3 



3* 1 

49. Let u = 1 + 3*, so = 3* \n3dx. Then / — dx = 



1 + 3 



lnw „ ln(3* + l) „ 
+ C = — + '- + C. 



In37 u ln3 



ln3 



50. Let u = logx, so — 



1 



lnlO jc 



m f Jlogx , , <rt r wo , 2 ln 10 ~ 21nl0 „ _ 

. Then / v 5 </jc = ln 10 f w 1 / 2 du = u 3 ' 2 + C = (logx) 3 / 2 + C or 

7 ^ 3 3 



2 (In*) 3 / 2 

3VhTTo 



+ c. 



51. a. 5 = log 4- 10 5 = 4- <^> 7 = 10 5 /() 



b. 8 = log — I = 10 8 7q. Denote the intensities of the earthquakes with magnitudes 5 and 8 by 75 and /g, respectively. 

'0 

o 

Then — = J° = 10 3 o /g = 1000 75. Thus, the earthquake with magnitude 8 is 1000 times as intense as that with 
/5 10 D / 0 

magnitude 5. 

c. Denote the intensity of the Tangshan earthquake by Ij and that of the San Francisco earthquake by 1$. Then 



1 T = 10 8 2 / 0 and I s = l(P' y Io, so — = 



6.9 



I T 10 82 7 0 



= 10 13 <^> I T = 10 I J I s » 207 5 . Thus, the Tangshan earthquake 



1.3 



IS 10 69 7 0 

was approximately 20 times as intense as the San Francisco earthquake. 
52. a. Q (280) = Q 0 ■ 2" 280 / 140 = 20 => Q 0 = 4 • 20 = 80 mg 

b. Q> (0 = L ( Go . 2-^ 140 ) = 801n2 (-^ ■ 2- ? / 140 ) = • 2"^ 140 mg/day 



53. a. We solve 29.92^-° 2x = 20 o ^-°- 2x = ^ <=> jc = 



ln 



29^2 



20 

-0.2 



2.014 mi 
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dx dx 



,0.2* 



b. Differentiating p (x) = 29.92e _0 - 2x with respect to t gives ^ = 29.92 (-0.2) e~ Q2x J . , 

dt dt dt 



dp 
dt 



5.984 



, so if 



_ dp , u dx ^0.2- 2.014 

x = 2.014 and — = -1, then — = 

dt dt 5.984 

0.25 mi/h. 



(-1) 



0.25 and the balloon is rising at the rate of approximately 



54. a. 



10" 



0 




b. x'{t) = 













if 


4 15 







dt 



1 



-m 



3t 



= 15-- 



' - 5 (tfh (i) 



3t 



Inf I- 



1 



- (i) 3 '!- 3 (i) (i) 



3f 



Inf 



0 



10 



1 



and we find that x' (1) « 4.73 lb/h. 



3/ 



n2 



15 



c. The amount formed eventually is given by lim 



55. a. With 7q = 70 and T { = 98.6, we have T = 70 + (98.6 - 70) (0.97)' = 70 + 28.6 (0.97)' 



1 



-(») 



3r 



1 



-»(») 



3r 



= ■ = 15 lb. 



100 



80" 




b. 7' (2) = 28.6 (0.97)' ln0.97|, =2 = 28.6 (0.97) 2 In 0.97 % -0.82, so his 
body temperature was dropping at a rate of approximately 0.82°F/h. 

We solve the equation 70 + 28.6 (0.97)' = 80 <=> (0.97)' = ^ <^ 

In (0.97)' = In ^ <^ t = j^gj In ^ % 34.5. We see that John Doe 
was killed about 34.5 hours earlier, around 1:30 P.M. 



c. 



56. a. 



1.5e+5 " 



le+5 - 



50000 - 



0 






1 1 








1 1 



0 



100 200 



300 



b. B (0) = 160,000. Using a calculator or computer, we find that 

B' (0) « -87, B (180) « 126,928.78, and B' (180) « -334.18. The 
outstanding principal is initially $160,000, and decreases at the rate of 
$87/month. At the beginning of the 15th year, the outstanding principal is 
approximately $126,928,78 and decreasing at the rate of $334.18/month. 



57. y — 2 X + 1 => y f = 2 X In 2 => m = 2 X \nl\ x=() = In 2, so an equation of the tangent line is y — 2 = In 2 (x — 0) or 

v = (ln2)x + 2. 

58. y — x log* => / = log* + x • • j = log* + jj^jQ => m = (log* + j^rg) = j^r^^ so an equation of the tangent 
line is y - 0 = ^ (x - 1) or y = ^x - ^ . 

59 . f{x) = ^^ r(x) = x ^^-^ x = lz^ = 0 ^ x = e . Fmm 



X 



X 



Qn 10) x 



+ + ()-- 



sign of /' 



the sign diagram, we see that / is increasing on (0, e) and decreasing on (e, oo). 



0 



60. /(*) = log 3 |*| =>/'(*) = 



1 

x\n3 



/" w = - 



1 

2hi3 



< 0 if x 7^ 0, so / is concave downward on (— oo, 0) U (0, oo). 
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10 log x 1 
61. A — I dx. Let u — logx, so du — — — — dx, x = 1 => u = 0, and jc = 10 « = 1. Thus, 



a: In 10 



A = \nlOjQudu = ^u 2 



l 

0 



In 10 
2 • 



62. By symmetry, 



A = 2 J 0 2 2~ x dx = - 



2-2 



-x 2 



In 2 



0 



In 2 V / 



63. 7: 

du 



= 27T Jq = 27T x • 3* 2 dx. Let w 

= 2x dx . Then 



2 

jc , so 



V = 2tt /J A • 3 W du = 7T • 



0 1 



ln3 



!_ 27T 
0 ~ ln3 



21n2 




-3 -2 -1 0 



* A' 




64. 



n 


1 


10 


10 2 


10 3 


10 4 


10 5 


10 6 


H)" 


2 


2.59374 


2.70481 


2.71692 


2.71815 


2.71827 


2.71828 



65. a. A = 5000 



b. A = 5000 



c. A = 5000 



d. A = 5000 



e. A = 5000 



1 + 



V) 



1-5 



$8052.55 



2 * 5 

1 + CU") % $8144.47 



1 + 



1 + 



0 



$8193.08 



12-5 



365-5 



$8226.54 



$8243.04 



66. a. A = 10,000 



b. A = 10,000 



c. A = 10,000 



d. A = 10,000 



e. A = 10,000 



1 + 



1 + 



o 



0 



1 • 10 



2-10 



i + ^) 



4-10 



$31,058.48 



$32,071.35 



$32,620.38 



12-10 



$33,003.87 



365 • 10 



$33,194.62 



f. A = 5000e a1 ' 5 ^$8243.61 



f. A = lO.OOOe 1 - 2 « $33,201.17 



67. We solve the equation 4.4 = 2.1^ 



6r __». ^6r _ 



4.4 



ln 



r — 



4.4 



0. 123 or 12.3% per year. 



2.1 6 

68. We solve the equation 96,000 = Pe om5 ' 8 => P = 96, OOOe -0085 " 8 % $48,635.23, so the parents need to invest 
$48,635.23. 

69. He needs A = 75,000e 005 ' 10 % $123,654.10. 



y 



70. 1. (a x ) y = [e xXna y = e x y [na = e lna * y = a x y 

2 (ab) x — e x ^ na b — ^Ona+lnZ?) _ e x\na e x\nb _ e \na x e \nb x _ gXyx 
x „x ln a 



^ _ £ __ gXlna— y\na _ e (x—y)\na __ ^RQ> X v _ qX~ y 



a 

ay 



e 



v In a 



In a 



X 



4 I — I _ gx\n(a/b) _ gXQna— \nb) _ e x\na e —x\nb _ 



a 



X 



\nb 



b x 

71. a. Let / (jc) = e* — jc — 1. Then / (0) = 0. Furthermore, /' (x) = e x — 1 > 0 if x > 0. So / is increasing on (0, oo) and 
therefore, for x > 0, f (x) = e x — x — 1 > 0 ^> e x > x + 1. 
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b. Let f (x) — e x — \ — x — jx 2 . Then /' (x) = e x — 1 — x = e x — (1 + x). Using the result of part a, we see that 
/' (*) > 0 for x > 0. Since / (0) = 0, we see that / (*) = e x - 1 - * - \x 2 > f (0) = 0 if * > 0, that is, 



e x > 1 + x + for x > 0. 



U2 



72. a. If a = 1 , then the result of Exercise 7 1 b gives 0 < — < 



x 



e 



1 +x + \x 1 



for b. 



x 



x > 0, so 0 < lim — < lim 



1 



x— >oo e x x— >oo 1 „ x 

x 2 



= 0 and, by the Squeeze 



Theorem, lim — =0. 
In the general case, let x — ay where a > 0. Then y — > oo as * — > oo, so 

lim — = lim 




0 



10 20 30 40 



ta£= i im fl .(JL)« = fl .(' um JLV = a 



c. Using a graphing utility, we find the x -coordinate of the point of intersection of the graphs of y = e x and y — * 10 to be 
x % 1.12. 

73. The integrand / (jc) = 2 cosx satisfies / (-x) = 2 C0S ( - *) = 2 C0S * = / (*), and so / is an even function. Therefore, 
J- 1/2 2C ° S -" ^ = 2 Jo /2 2C ° SX dx - 



74. v — \og x b <=>/? = x y <^=> \nb — \nx y = y In x o y = 



In* 



^ =ln^-^-(lnjc)- 1 = lnZ> 

a* dx 



-(In*) 



-2 



(In*) 



In 6 



* (In*) 2 



75. True: 



i In* i 

. Xo U x _ WB _ lna 



log. * JM. In 



76. True.a = 2 lo ^=2( lo ^)/0^^ = ^/(log 2 10) ^ £ = fl log 2 10 = a (\og 10)/(log2) = fl l/log2 

77. True. If we let / (*) = a x , then 



f (0) = lim U -^- = lim ^ 

*->0 * Jt->0 * 

J d \nJlc 

78. False: — \og a v* = 



/(0) /'(0)=^) 



0 
1 



dx 



= (\na)a x 



x=0 



x=0 



In a, so lim 

x^0 



a x — 



1 



= In a 



x 



dx 



dx In a 2x\na 



79. True. If we let / (*) = log*, then /' (3) = lim 



/(3 + x)-/(3) d 



X 



= -i-Qogx) 

dx 



1 



80. True. 1 < 2* 2 < 2 if 0 < * < 1, so /J 1 dx < Jq 2 x * dx < $ 2dx 



x=3 

1 < /J 2 xl dx < 2. 



jclnlO 



1 



*=3 



3 In 10 



.5 Concept Questions 



1. See page 569 

2. See page 569 

3. See page 571 



4. a. sin 1 u + C 



b. tan 1 u + C 



c. sec 



_1 lul + C 
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1. sin" 1 0 = 0 



2. cos _1 0 = f 



3. sin 



— 1 1 _ 7T 

2 _ 6 



4. cos" 1 i = f 



5. tan" 1 1 = f 



6. tan- 1 (-l) = -f 



9. sin 



;„-l V3 _ 7T 
~~ 3 



2 



10. cos 



-1 



3tt 



13. sec" 1 2= f 



14. esc" 1 V2 = ? 



17. sin (sin 1 = sin ^ = 



- V2 
2 



19. cos (sin 1 -^j^ = cos ^- = 



7T _ 1 

T - I 



21. tannin" 1 ^) =tanf = 1 



23. Let 0 = sin -1 |. Then sin0 = §, so 
sec (sin -1 ^ = sec 0 = | . 




7. tan" 1 V3 = f 



8. cot" 1 (-1) = ^ 



3tt 



11. tan 



-1 / 1 



V3 



7T 

6 



12. cot 



5?r 



15. sin" 1 (- 1) = 16. tan" 1 (--1=) = - 



7T 



18. cos 



20. cos 



(sin-' I) = 
(2 sin- 4) 



cos ^ 



_ V3 



= COS y = j 



22. tan (cos -1 ^ = tan ^ = V3 

24. Let 0 = tan -1 2. Then tan 0 = 2, so 
sec (tan" 1 2^ = sec 6 = V5 . 




25. Let 0 = sin 1 x. Then sin 0 = x, so 
(sin -1 ^ = cos 6 = Vl — x 2 . 



cos 




26. Let 6 = cos 1 ;t. Then cos 0 = jc, so 
sin (cos -1 x^j = sin 0 = Vl — x 2 . 




27. tan (tan 1 = x because tan and tan 1 are inverse 
functions. 



28. Let 6 — sin 1 x. Then sin0 = x, so 



tan (sin 1 x^j — tan 6 = — 




29. Let 0 = sin 1 x. Then sin 6 — x, so 
sec ( sin" 1 x ) = sec 6 = 



^sin 1 = 




30. Let 6 = sec 1 Then sec 0 = 



so 



cot 



(sec 1 x^j — 



cotO = 



1 
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31. Let 0 — tan 1 x. Then tan 0 — x, so 

sin ^2 tan - 1 x^j = sin 26 — 2 sin 0 cos 0 

x 1 



32. Let 0 = cot 1 x. Then cot 0 = x, so 

^COt -1 = CSC 0 — y/\ + X 2 . 



CSC 



= 2- 



2x 



+ x 2 1 + x 





33. f' (x) — -1 sin 1 3x = 



VI " (3*) 2 



34. g' (jc) = -f - cos -1 (2x - 1) = - 

ax 



35. /'(jc) = — tan -1 * 2 = 1 



1 



l-(2x-l) 2 dx 



y i - 9x 2 



d 1 
(2x - 1) = - 



\] X — X 2 



d 



dx 



\+(x 2 ) 2 dx 



(A. 



2x 



1 + r 



36. /' (0 = ^ sin -1 v^FTT = 1 = ■^ r (2t + l) 1 / 2 

* 7i - (V5FTT) 2 J ' 



V2 



37. g' (t) = tan_1 3?] = tan -1 3t + f 



d 
It 



(30 



38. y = 



d . _i 1 <£x 
sin -= - 




1 + (30 2 



1 



= tan -1 3t + 



2 v /3 7v2F+T 



3r 



l + 9r 2 



x 



2 



1 



dx 



1 



-(;) 



2 



* 2 -l 



X\ y/x 2 - 1 



d 



39. = -— sec -1 2w = 



7Tu 



(2ii) 



1 



dw 



|2w| 7(2w) 2 - 1 |w| V4w 2 - 1 



40. g' (0) = 



d sec -1 0 



0-1 sec -1 0- sec -1 0- -1(0) 



d0 



d0 



1 



sec 1 0 



dO 0 



0 2 



0|0| V0 2 - 1 0 2 



41. /z' (x) = — ( sin 1 x + 2 cos 1 = _J_ 

dx V / _ 



. /' (jc) = — (sin -1 2* + cos -1 3x) = 

dx \ / 



+ 



-2 



1 



yr^ 2 



42, 



Vl -Ax 2 yj\-9x 2 



43. g' (x) = -1 (tan 1 x + x cot 1 = — - 

dx \ / 1 + 

44. / = -1 (sec -1 

d* V 



+ cot 1 X + X 



-1 1 -X 



1+Jt 2 \+x 



+ cot 1 X 



X + CSC 



7^— =0 

7 UlVx 2 -! UIa/jc 2 - 1 



1/ 



45. y' = [(x 2 + l) tan -1 jcJ = 2x tan -1 jc + (x 2 + l) • 2 - - = 2x tan -1 x + 1 

d , , -£(3jc + 1) 1/2 i(3x + l) -1 / 2 (3) 

46. /' (jc) = — tan -1 VSTTT = Jx 2 



dx 



i + (V37TT) 



1 + 3x + 1 



2 (2 + 3jc) V37TT 
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47. g> (0 = ± tan- ' 

at t + 1 



d (t-\\ 
Tt\t+\) 



( t +i)-(t- 1) 



2 



1 



1 + 



(t-l) 
(t+l) 



(t + l) 2 + (t - l) 2 t 1 + 1 



48. /' (x) = -f- cos -1 (sin2x) = - 



37 (sin 2x) 



—2 cos 2x 



dx 



yfl - (sin2x) 2 \/l-sin 2 2^ 



integer. 



— 2 if ft7T - ^ < X < ft7T + ^ 



2 if n7r + ^ < x < nn + ^ 



3tt 



where n is 



„n / J ♦ -1/- ^ x ^( sin2x ) 2cos2x 
49. / = — tan 1 (sin2x) = ax 



dx 



1 + (sin 2.x) 2 1 + sin 2 2x 



d 



50. h' (0) = — tan 

du 




cos 6 



d 

IB 



(icosfl) 



1 + (^cosfl) 



2 sin 0 



\ 2 4 + cos 2 0 



51. f (jc) = sin" 1 (e 2 *) = — = 



d 



y/l ~ {e 2x ) 



2 dx 



e 2x = 



2e 



2x 



i _ d .tan" 1 2t _ .tan- 1 2t d 



52. y = 



= e 



— ( tan - 1 2 A = - 
V / 1 



tan" 1 2t j 



2^tan 1 2f 

1+4? 2 



+ (20 2 



t (20 = 



53. Let 6 — cos -1 x 2 . Then cos 0 — x 2 , so 

2 

/z (*) = cot ^cos -1 * 2 ^ = cot 0 = — * 



-1/2 



/*' (JC) = 



2x 



4x3/2 




54. / = 



d 



dx 



sin 




sinx 



1 + cos* 



d / sin x 



dx \ 1 -f cos x 



1 



(sin* 
1 + cos* 



(1 + cosx) (cosx) — sin* (— sinx) 

(1 + cos*) 2 

\l 2 cos x + 2 cos 2 x 

1 + COS X 



1 



-\/2cosx + 2 cos 2 * 



55. /' (0) = A ( sec -! = _ ( sec -l ,)~ 2 ^ ( sec -l ,) = _ 



1 



|0| (sec" 1 0) 2 JO 2 - 1 



56. /' (jc) = 



I tan 



H-m- 

2 1 + x 2 4V* + 1 2 



-1 



1 d 



- — tan- 1 x + - — [In (x + 1) - In (x - 1)] 

2ax 4 dx 



1 



1 

+ - 



1 



1 



1+x 2 2 1-x 2 1 — jc 



57. r (o = 1 



- In ( 1 + 4r 2 ) - f tan -1 2*1 = - tan -1 It - t = - tan -1 

_4 V / J 4 1 + 4? 2 l+4r 2 



2t 



58 



x tan x sec 



■<)- 



-1 



= tan x sec x + x —— tan x sec 



dx 



( 



tan^sec 1 x + x 



sec 2 x sec 1 x + tan x 



1 



x\ yjx 2 - 1 



-( 



tan x + x sec 2 sec 1 x + 



x tan* 



jc| Vx 2 - 1 
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59. / (x) = x sin 1 x => /' (x) = sin 1 x + 



, so the slope of the 



tangent line is 



m 



1 



V3 7T + 2V3 



2 H , = — + — r- = , so an 



i-l 6 3 



7T 7T 



equation of the required tangent line is y = 



+ 2V3 



12 



(-0 



- or 



7T + 2V3 V3 

? = 7 *~ — 



60. / (*) = sec -1 2x => /' (*) = 



1 



X\y/4X 2 - 1 



, so the slope of the tangent 



line is m = /' (^r) = ^ and an ec l uat i on is y — ^ = \/2 — or 



y 



= V2x+f -1. 



1 -- 



0 




-1 



1 -- 



0 



0 



0 



1 




61. / (x) = sin 1 x — 2* => /' (x) = 



1 



- 2 = 0 o 62. / (x) = 3 tan" 1 * - 2x => f (x) = 



i 



numbers of /. 



= 2^1-x 2 = ±ox = ±^, the critical 



+ 0 



4 



-1 t 

_V3 



0 + sign of/' 



0 



t i 



2 



2 



From the sign diagram, we see that / has a relative 
minimum of / ~ T ~ ^ an( * a re l at i ye maximum 

of/(-f)=V3-f. 



1 



-2 = 0^ 



1 + x 

■ a/2 



= 2 <=> x = ± ^ , so / has critical numbers at 



0+ + + + + 0 sign of/' 



0 



< ► x 



2 



From the sign diagram, we see that / has a relative 
minimum of / (— % —0.43 and a relative maximum 



of 



0.43. 



63. / (x) = sin 1 * => /' (*) = 



1 



-1/2 



= 0 => a- = 0. Because f" (x) < 0 



(i-* 2 ) 

on (—1, 0) and f" (x) > 0 on (0, 1), we see that / has an inflection point at (0, 0). 



2\3/2 



64. / (x) = (tan -1 => /' (jc) = (2 tan" 1 jc) • 2 => 

f 1 + x2 ) * 7T~T ~ ( tan_1 x )' 2x 2 ( 1 - 2jc tan" 1 



0+ + + + + 0- - sign off 

1 ' ' > x 



-0.77 0 



0.77 



(i+*t (i+^r 

1 — 2* tan - 1 x = 0. To solve this equation, we use a calculator or computer to find that solutions of this equation are 
x & ±0.77. From the sign diagram, we see that the points of inflection of / are approximately (±0.77, 0.43). 
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65. 



dx 



dx 



Vl6-x 2 



dx 



J\6[\-(x/4) 2 ] 



1 

4 



dx 



1 - (x/4) 2 



. Let u — |a, so du — ^dx. Then 



du 



— sin 



66. 



V 4 dx _ r 1 / 4 dx 

0 y/l-4x 2 JO 



Vl - (2x) 2 



V 4 Ja _ 1 f 1 / 2 du 

0 Vl -4a 2 2 io y/l-U 2 



1 w + C = sin -1 + C. 



. Let u — 2x, so du — 2dx, x = 0 => w = 0, and a = ^ => u = ^. Then 



sin 1 w 



1/2 



0 



1 /7T\ 7T 



12 



67. 



V 2 <fr 



V2 dx 



0 1+4a 2 7o 1 + (2a) 2 

x l 2 Ja _ 1 du _ 
0 1 + 4a 2 ~ 2 Jo l + u 2 " 



. Let w = 2a, so <iw = 2dx, x — 0 => u = 0, and a = ^ => " = 1. Then 



tan 1 u 



1 



1 / 7T \ 7T 

= 2 V4/ = T 



0 



4V3 



68. 



Ja 



473 



1 



4V3 



Ja 



0 x 



2 +16 



0 16 1 + 



[l + (*/4) 2 l 



I6J0 1 + (*/4) 



Let w = ^x, so = ^ Ja, a" = 0 =^> w = 0, and 



x 



pr f 4 ^ dx 1 fJ* du 

= 4 V3 => u = V3. Then y = — • 4 



tan 1 u 



0 a 2 + 16 16 



0 1 + k 



V3 



0 



1 /7T\ 7T 



-if)- 



12 



69. Let w = ^a 2 , so du — ^x dx. Then 



/ 



dx 



1 



x dx 



1 9 




A" 2 \ I.V 



2/9)2 _ x 9 27 9wv / M 2 _ J 



1-1 1-1 

= — sec u + C = — sec 



18 



18 




+ C. 



70. 



Ja 



Ja 



71. 



a^9a 2 - 1 
dx 

x^9x 2 - 1 
dt 

tjt 6 - 16 



. Let w = 3a, so = 3Ja. Then 



aV (3a) 2 - 1 
1 /* 

3) (>„)y^~r 



du 



= sec 1 |w| + C = sec 1 |3a| + C. 



- c^-1 



-/ 



dt 



u^J u 2 — 1 



1 

4 



t 3 , ^t 2 dt m 

. Let u — — , so du = . Then 

4 4 



f dt If t 2 dt 1 4 1 f du 1 1 , , „ 1 _i 

/ — ; = t / i =-•-•-/ — , = — sec 1 w + C = — sec 1 

J tJ7^l6 47 r 3^3 /4 )2 _ 1 4 3 4 ^ Kx/^T 12 ' ' 12 



+ C. 



1 



72. 



dt 



_l4+(f- l) 2 



1 f l dt 1 1 

— - I -. Let u — i (t — 1), so du = ^ dt, t = — 1 => u — — 1, and r = 1 ^» m = 0. Then 

^ 1 + (^i) 2 



1 



-l4+(f-l) 



^ 1 rs f dU 1 -1 

o — T 2 / T = 7 tan m 

2 4 7-1 1+w 2 2 



0 

-1 



7T 



1 ^2^ 
73. / r- ^/a = 



1 e 2x 



0 1+e 



Ax 



0 l + (<?2*) 



Ja. Let w = ^ 2x , so — 2e 2x dx, x = 0 => w = 1, and a = 1 => w = ^ 2 . Then 



1 



du 



1 ^2jc 

— dx = - / ^- = A tan - 1 u 

4x 2J X l + u 2 2 



0 1 + e 



; 2 = I(tan-'^_ f ). 



74. 



A — 1 _ A 2 + 1 -2 
A 2 + 1 ~ A 2 + 1 



A 2 + 1 



, SO 



A 2 -l 
A 2 + 1 




JA = / I 1 - 



X 2 + 



Ja = a — 2 tan 1 a + C 
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75. 



sin x 1 
dx — - 

2 



sinx 



\lA — cos 2 x 



l-(«£)2 



dx= 1 -(-2) 
2 v 7 



V4 — cos^x 



du 



dx. Let w = 2 C0S ^^ so du — — ^sinxdx. Then 

1 i /cosx\ 

= - sin -1 u + C = - sin -1 [—^-) + C. 



cos 3x 1 

76. Let u = sin 3x, so du = 3 cos 3x dx. Then / ^ — dx = — 



du 



1 + sin 2 3x 



3J 1 + w 



= \ tan -1 u + C = j tan -1 (sin3x) + C. 



77. 



1 * 3 



0 1+* 8 

x 3 



dx = 



1 X 3 




dx 



0 l + (x 4 ) 
du 



2 



dx. Let w = x 4 , so dw = 4x 3 dx, x = 0 => u = 0, and x = 1 =^> w = 1. Then 



47o 1 



, 1+^8 
78. Let u — sec -1 x, so d« — 



+ u 2 5 



= I tan 1 u 



_ 1 /7T\ _ 7T 

dx 



dx 



x\ y/x 2 - 1 



. Then 



x| (sec 1 x) 3 Vx 2 — 1 



dw 



1 



2a 2 



+ C = - 



1 



2(sec~ 1 x) 



+ C. 



1 dx fy 

79. Let w = sin x, so dw = , x = 0 => w = 0, and x = ^ => w = -j . Then 



^3/ 2 sin" 1 * , Z^/ 3 , u 1 
—^ = ^ = dx — I udu — — 

0 Vl -x 2 JO 2 



7T/3 2 



0 



18 



80. 



V2/2 



COS 1 X 



0 



rV2/2 Vcos" 1 Jt _ , 

dx = — dx. Let m = cos i, so aw = 

i-x 2 Jo yr^? 



dx 



yr^ 2 



w = f . Then 



V2/2 



0 



cos 1 X 



dx = — 



7T/4 

7T/2 
-1 



7T/2 



, x = 0 



w = 5 , and x = 



72 



i dx f tan 1 x f i 9 i / - 1 \ 2 

81. Let u — tan jc, so dw = r. Then / =- dx = udu = ^u L + C — ^ I tan x: ) + C. 

1 + x 2 y 1 + x 2 J 1 z \ / 



82. 



dx 



(x + l)7(x + l) 2 -9 



3(x + 



4i) 2 -i 



. Let u — ^ (x + 1), so du = ^ dx. Then 



/ 



dx 



(x + lW(x + l) 2 -9 



1 /" ^ M i i i _i 

= - / — = ^ sec |w| + C — ^ sec 

_ q ^ J Uy / u 2 — \ 



x + 1 



+ C. 



83. Let w = ^x, so dw = ^-7= dx. Then 



let v — ju, so dv — j du. Then 



dx 



(4 + 



1 

4 



dx 



1 



dw 



dx 



1 

= - -2 



VI (1 + ^) 

do 



= 4- 2 



1 + ^ 2 



1 

2 



du 



V^(4 + *) 2 



— = tan -1 v + C = tan -1 (ii/) + C 
1 +v 2 \ l / 



1 + ( 1 «) 



. Next, 



(f) + c 



84. Let w = e x ,so du — e x dx. Then 



VT^ 



dx = 



1 - (e x ) 



dx — 



du 



= sin -1 u + C = sin -1 (^) + C 



-1 („x 



VT^ 2 



85. 



dx 



1 



dx 



4+(*-2)2 47 1 + 

dx I f du 

4 + (x - 2) 2 ~ 4 7 T + 



. Let w = i (x — 2), so du = A dx. Then 



^ = ^ tan -1 u + C = ^ tan -1 (^y^) + C. 



86. Let u — lnx, so du — dx/x. Then / 



-/ 



dx 



dw 



1 



d« 



1 



[9 + (lnx) 2 ] 



x 



9 + w 



l + (^) 



. Now let v — ^u, so 



dv 



1 /* du 

= ^ du. Then / = - • 3 / - 2 = ^ tan -1 u + C = \ tan -1 + C = \ tan -1 ^ lnx) + C. 
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l 



87. A = 



dx 



-I 

0 4 + x 2 4 Jo 



dx 



1 + 



j. Let u — jx, so du — ^ dx, x = 0=> u = 0, and x = 1 => w = ^. Then 



A = 



1/2 ^ M 1 -I I 1 / 2 1 -1 1 
7T — 4 tan u = o tan 1 ^ 

4 /o 1 + w 2 2 lo 



1 

- • 2 



4 /-4 

88. V = 7T / y 2 dx = 7T 

3 ^3 



1 



-i2 



4 



dx 



7T 



VI {x 2 - 4) 1/4 _ 
4 dx 



dx 



— 7T 



3 x/* 2 - 4 2 */3 



x 



1 



i l ^ 

Let u — -jx, so du = ^ dx, x = 3 w = j, and x = 4 => u = 2 



7T Z^ 2 dw 
Then V = - • 2 / 

2 «/3/2 (2«) Vm 2 - 1 



y 



i 



o 




Y sec 1 w 



3/2 



= f (sec" 1 2 - sec" 1 |) = f (f - sec" 1 |) 



2 p2 
89. V = 2tt / xydx = 2tzJx 



dx 



2 



= 2tt 



dx 



TV 



x (x 2 + 4) 
2 



1 x 2 + 4 2 



+ 1 



Let u — ifX, so du = ^ dx, x = 1 => w = ^, and x = 2 => w = 1. Then 



2 



dw 



'/ 2 «2 + , 



= 7r tan 1 u 



1 



1/2 



= 7T ( f - tan" 1 l V 




90. j = 74 -x 2 



x 



/ = - 



L = 



J 0 



V4-x 2 
2 dx 



1 + (yf = 1 + 



X 



4 



4-x 2 4-x 2 



, so 



_ - 2 ' 2 

0 V4-x 2 2 A) 



dx 



^ - (H 



. Let w = ^-x, so du — j dx, x = 0=> u = 0, and x = 2 



u — 1 . Then L — 2 



du 



0 Vl-a 2 



= 2 sin w 



= 2- 5 =7T. 



0 



91. a. 



1.0 



0.5 



0.0 




0.0 



0.5 



1.0 



b. L 



v/i + (f) 



1.27155 



c. 



/' W = £ (tan- 1 x) = -| 



+ X 2 

2 



> ♦ [/' w] 2 - ' + 



x 4 + 2x 2 + 2 
(l+x 2 ) 2 

1 Vx 4 + 2x 2 + 2 



, so 



+ x 



dx « 1.27798 (using a 



calculator or computer). 
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x 



92. Referring to the figure, we see that — = sin 6. Differentiating the 

20 

1 dx dO dO dx/dt 

equation with respect to t, we have — — = cos 0 



20 dt 



dt 



dt 20 cos 0 



dx y/20 2 — 12 2 4 

When x = 12 and — = 5, cos 6 — = -, so 

dt 20 5 

dO 5 5 

— — — — rad/s or approximately 17.9°/s. 

A 20-^ 16 

jc 1000 -x 
93. Let P (x, 0). We have cot ct — and cot p = — , so 




0 — TT — OL — f3 — TT — COt 



150 
-1 

150 



— cot 



40 

_! 1000 - x 
40 



forO < a- < 1000. 



Thus, 



0' = 



1 

150 



40 



1 + (t§j) 2 + 1 + (iQWpi^ 
150 40 




(1000, 40) 
1000 



1000 - * 



22,500 + 1600 + 1,000,000 - 2000a: + x 2 

UOx 2 - 300,000a: + 149,340,000 
(22,500 + a- 2 ) (x 2 - 2000* + 1,001,600) 



x 



e 



0 



655 



1000 



1.531 2.801 1.422 



Setting 6' = 0 gives 110a: 2 - 300,000a- + 149,340,000. Using the quadratic formula, we find x % 655, the only critical 



number in (0, 1000). From the table, we see that 6 is maximized at x « 655, so the restaurant should be located 
approximately 655 feet from the longer jetty. 



94. Referring to the figure, we see that 0 = /3 — ol — tan 



-1 



48 



x 



— tan 



-1 



12 



x 



x > 0. 
dO 



48 



dx 



!+(#) 



12 



+ 




48a: 2 12a- 2 

+ — = 0^ 




a- 2 + 2304 ' x 2 + 144 

4 1 9 

— ; = —= <=> 3a: = 1728 <=> a- = 24, because x > 0. From 

a- 2 + 2304 a: 2 + 144 

the sign diagram, we see that 6 is maximized if a: = 24 in. 



+ + + + 0 - - 



- sign of & 
-> x 



0 



24 



95. Referring to the figure, we see that 0 — tan 




10f 2 
200 



— tan 



\2o) 



lOr 2 



_ dO 
0 < t < 15. — = 



1 



10 



t 



40? 



1 + 



2 400 + 1 4 




200 



^ (400 + , 4 ) (40) - (400 (4? 3 ) _ 120f 4 + 16f 



000 



</f 2 



(400 + ? 4 ) 



2 



(400 + r 4 ) 



= 0<=> 



+ + + + 0 sign of d" 



■f 
0 



3.4 



120r 4 = 16,000 <=> f % 3.398. From the sign diagram, we see that 6' is 
maximized when £ % 3.398, at which time the position of the car is 

approximately d = 10t 2 % 10 (3.398 2 ) 



1 15.5 ft from the starting point. 
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96. a. The area of R{ is A (R\) = ^ sin -1 x because it is the area of a sector 
of a circle of radius 1 subtended by the angle 6 — sin -1 x. The area 
of the triangular region R 2 is A (R2) = \xy — \x\l 1 — x 2 . The area 

under the graph of y = — x 2 over the interval [0, x] is 
/q >/l - t 2 dt = A (R { ) + A (R 2 ) = \ sin -1 x + ^Vl - x 2 , so 

sin -1 x = 2 /q Vl - - xy/l -x 2 . 
b. Differentiating both sides of the equation in part a with respect to x gives 

d (sin- 1 *) = 2^J*vr^dt--^ (x yr^) = 271^2 -v 7 ^ 1 - 




-2jc 



2 



1 



97. With L = 10 and r = 1, we have V = 10 ^tt - sin" 1 h - h (l - h 2 } 



1/2' 



. Differentiating both sides of the equation 



with respect to t, we have 
dV 



dt 



= 10 - 



dh 
7h 



yfi^ 2 



(l-* 2 ) 1/2 + *(i)(l-* 2 )" 1/2 (-2*) 



10 + i 0v ^-i)^ = -2oyr^^ 



dt 



dV I ~dh 

Substituting h = 0.4 and — — = —0.2 into the equation gives —0.2 = — 20J 1 — (0.4) z — -, and solving, we find 

dt v dt 



dh 
dt 



0.011 ft/s. 



12 



98. V = 7T / dy, but from v = 



x 



0 72 -x 2 



, we have x 2 — y 2 {l- x 2 ^ — 2y 2 — y 2 x 



y 



2 + l 



2y 



+ 1) - 



y 2 + 1 v 2 + 1 

f 12 -»,.2 

V 



= 2- 



y 2 + 1 



, so 



JO 



2y 



- dy = n /o 12 (2 - -A y ) ^ = 2./^ (l - -jL_) * = 2. (, - tan-l ,) 



0 y^ + i • - \ y 2 + l 

= 27r(l2-tan- 1 12) ^66.05 



99. a. - < 1 , 

2 ^4 _ ^2 + x 4 y 4 _ x 2 



1 



dx 



1 1 r l 

< —^=^= for all x e (0, 1), so / - dx < / — — f 

Jo 2 Jo ^4-x 2 + x 4 JO ^/4-x 2 



< 



1 _ x 

2 ~ 2 



1 ^1 

< 

0 



dx 



• -1 Z-^M 1 77 
, = < sin 1 - = - 

0 V4 - x 2 + x 4 V 2/lo 6 



- % 0.524. 



b. Using a calculator or computer, we find 



dx 



0 V4-x 2 +x 4 



0.50864. 



11 Z* 1 dx Z 1 _, 
100. a. < < 1 forx e (0, 1), so / ^ < / < I Idx <^> tan 1 x 



l + x z \ + x 



8 



0 1 + x 2 Jo 1 + x 



8 



0 



1 f l dx 

0 < / 0 TT^s < *<0 



1 



7T /** dx 

- « 0.785 < / =■ 

4 Jo 1 + x 8 



< 1. 



1 dx 

b. Using a calculator or computer, we find / - ~ 0.92465. 



0 1 +x 



8 
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101. Let / (x) = cos -1 x - x. Then /' (x) = - 



1 yj\ ~X 2 + 1 

— 1 = ; We iterate 



x n+l — x n ~\~ 



(cos 1 x n - x n 




l-x 1 

1 A, n 



2_-l 



+ J\-Xn COS x n 



. Taking the initial guess to be xq — 0, we find 



1 - xl + 1 



1 - x£ + 1 



^! % 0.78540, x 2 » 0.74031, and x 3 « 0.73909 % x 4 , so the root is approximately 0.739. 



102. We solve the equation tan 1 x = cos 1 x. Let / (x) = tan 1 x — cos 1 x, so 



-1 



tot-* - 1 



-1 



f « = 



1 



+ 



1 



l+x^ VT^2 ( l+x 2y l _ x 2 



yr^2 +x 2 +1 (tan 1 x„ - cos 1 x„) (l + x ^ 

. We iterate x n +\ — x n — 




1 -x 2 

1 A, n 



1 - x 2 + x 2 + 1 



Taking the initial guess to be xq = 0, we find x\ « 0.78540 and x 2 ~ 0.78615 ^ X3, so the point of intersection is about 
(0.786, 0.666). 



103. 



1 



Here a — 0 and b = 1, so A* = j§ = 0.1. Therefore, 
Jo 1 cot" 1 **** « Sj 3 - (cot -1 0 + 4cot _1 0.1 +2cot _1 0.2 + 4cot _1 0.3 + 2cot _1 0.4 + 4cot _1 0.5 

+ 2 cot -1 0.6 + 4 cot" 1 0.7 + 2 cot" 1 0.8 + 4 cot -1 0.9 + cot 



1.132 



104. A = Jq tan -1 x dx » 0.4388, * = J[ Jo •* tan_1 *dx ^ 0.652, and y = ^ Jq ± (tan -1 x) dx % 0.279, so the centroid 
is (0.652, 0.279). 



105. y — cos 1 x => y' = — 



1 =*i+(/) 2 =i+_ [ i-^i, soL= r^+( y f dx =[ 

1 - X 1 1 - X 1 JO JO 



08 72^2 



dx. 



0.8 



Using Simpson's Rule with n = 8, we have Ax = ^ = 0.1, so 



0.1 



/2 - 0\ ^ 2 (2 - 0.1 2 Y" /2 - 0.2 2 V" (2 - 0.3 2 Y" (2- 0.4 2 \ 

(t3o) +4 (t^J +2 (t^J +4 (t^J +2 (t^J 



1/2 



1/2 



1/2 



o\ 1/2 

2-0.4 2 \ 




1.22787 



106. a. Let y = cos 1 w, so w = cos y. Then 

da d . dy , . dy 
(cos y) • — = (— sin y) — 



dx 
dx 



dy dx 
1 dw 



dx 



1 



du 



sin y _ M 2 dx 




b. 



Let y = tan 1 u, so w = tan y . Then 
d« 



dx 

dy 
dx 



= ^ (tan y)-^ = ( sec2 



\ dy 

sec z y | — <=^> 



dx 



1 dw 



2 



dw 



1 



dw 



sec y 



2- dx 



= cos y — — = 

ax 



1 + M 



2 dx 




1 
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c. Let y 

du 



— esc 1 u, so u = csc y. Then 



dx 

dy_ 

dx 



d dy 
— - (csc y) • — 
ay ai 

1 du 



dy 



— (— csc y cot y) —— <^> 



1 



dx 
du 



csc j cot y dx \ u \ y M 2 _ \ dx ' 



d. 



Let y 
du 



dx 
dy 



— sec 1 u, so u 

d d\ 
(sec y) 



dy 



1 



dw 



= sec y. Then 

dy 

= (sec y tan y) — <=> 



dx 



1 



dw 



dx sec y tan y dx \ u \ ^J u 2 _ j dx 




1 



M 2 -l 




1 



e. Let y = cot 1 u, so w = cot y. Then 



dw J 



— = ^- (coty) • ^ = (- csc 2 y) 
fli dy dx \ J dx 



dy 



dy 
dx 



1 dw 



1 du 



csc 2 yd* 1 + w 2 dx 



107. False: sin 1 x — arcsinx is not equal to (sinx) 1 = — — = cscx. 

sinx 

-1 7T 



-1 



1 




u 



108. False. Take x = f . Then cot _i f % 0.90502, but 



-1 7T 



cos" 1 f 0.667457 

_+ 



sin" 1 f 



0.903339 



0.73888. 



2 2 

109. False. Let x = 0. Then (sin -1 o) + (cos -1 o) = 0+ (f) 2 = 2ji^l. 



110. True. Let / (x) = tan 1 x. Then / (— x) = tan 1 (— x) — — tan 1 x — —f (x). 



-1 



111. True. /' (x) = 



d 



dx 



cos 1 x = — 



1 



yr^ 2 



< 0 for x e (—1, 1), and so / is decreasing. 



112. True. 



d r _ i "I d 

cos 1 (cosx) = — (x) = 1 for x e (0, 7r). 



dx 



dx 




1. See page 579 

2. See page 582 

3. See page 582 

4. See page 583 

5. See page 584 

6. See page 585 




1. a. sinh2= \ (e 1 - e~ 2 ^ * 

2. a. csch 3 % 0.0998 



3.6269 



b. cosh 4= \ (e 4 + e~ 4 
b. tanh (-2) % -0.9640 



) 



27.3082 c. sech3% 0.0993 



c. coth5 « 1.0001 



3. a. cosh 0 = 1 

4. a. sinh" 1 1 % 0.8814 

5. a. csch -1 2% 0.4812 



b. sech(-l) % 0.6481 

b. cosh" 1 2% 1.3170 

b. csdi" 1 (-2)% -0.4812 



c. csch (In 2) « 1.3333 



c. sech 



c. coth 



■6) 



1.7628 



0.8047 
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6. a. tanh -1 « -0.5493 b. cosh" 1 (In 5) « 1.0545 c. tanh" 1 (sinhO) = 0 

, , e~ x + e~{~ x> > e x + e~ x , t . sinh(— *) sinh* 

7. cosh (— *) = = = cosh* 8. tanh (— *) = — — — — — tanh * 

2 2 cosh(— x) cosh* 

( sinh x \ 1 + sinh z x cosh z x 



9. sech 2 x + tanh 2 x = ( — \ — ) + / sinhx_\ 

\cosh* / \cosh* / 



cosh 2 x cosh 2 x 



, n cosh 2x - 1 ( cosh2 * + sinh2 x ) ~ ( cosh2 * ~ sinh2 *) 2 sinh 2 x . , ? 

10. — — = sintr x 

2 2 2 

„ 1 + cosh 2x ( cosh2 * ~ sinh2 x) + (cosh 2 x + sinh 2 x) 2 cosh 2 x 

11. = = = coshr x 

2 2 2 

gX £ X gX _|_ £ X, g 2 ^ £, 2 ^ 

12. 2 sinh* cosh* = 2 • • — — sinh 2* 

2 2 2 

9 9 /e x +e~ x \ 2 /e x -e~ x \ 2 e 2x + 2 + e~ 2x + e 2x - 2 + e~ 2x e 2x + e~ 2x 

13. cosh z * + sinh z * = I I + I I — — — cosh 2* 

e x — e~ x + e~ y e x + e~ x — e~y 

14. sinh* cosh y + cosh* sinh y — • 1 • 

— — — 

e x e y + e x e -y _ e -x e y _ e -x e -y e x e y _ e x £ -y + e ~x e y _ e ~x £ -y 

= 4 + 4 

2e x e y - 2e~ x e-y e x ^ - e~^ x ^ 
= = ~ = sinh (* + y) 

e x + e~ x e y + e x — e~ x e y — 

15. cosh * cosh y + sinh * sinh y — - • 1 • 

e x e y + e x e -y + e -x e y + e -x e -y ^ £ x e y _ £ x e ~y _ g -x e y + e ~x Q -y 



4 

2e x e y + 2e~ x e-y e x +y + 



= cosh (* + y) 



4 2 

16. Observe that sinh (* + y) = sinh* cosh y + cosh* sinh y and cosh (* + y) = cosh* cosh y + sinh* sinh y. Therefore, 

, , sinh (* + y) sinh * cosh y + cosh * sinh y tanh* + tanh y . 

tanh (* + y) = — — = — — — — = — (dividing by cosh* coshy). 

cosh (* + y) cosh * cosh y + sinh * sinh y 1 + tanh * tanh y 



17. sinh* = f , csch* = ^- = l cosh* = v 7 1 + sinh 2 * = ^ 1 + (f ) = §, sech* = ^ = |, tanh* = 




andcoth* = ^ = 1- 



18. cosh* = I sech* = ^ = 4 sinh* = v 7 cosh 2 * - 1 = y (J) " 1 = |, csch* = ^ = tanh* = f|f 

andcoth* = ^ = f. 

J d 

19. / (*) = -— sinh 3* = cosh 3* • -— (3*) = 3 cosh 3* 

ax ax 

20. f (*) = — cosh (2* + 1) = sinh (2* + 1) • — (2* + 1) = 2 sinh (2* + 1) 

ax ax 

21. g' (*) = — tanh (1 - 3*) = sech 2 (1 - 3*) • — (1 - 3*) = -3 sech 2 (1 - 3*) 

ax ax 

d . / o\ . o o d 



22. h! (*) = — sech (* 2 ) = — sech* 2 tanh* 2 • — (x 2 ) = —2* sech* 2 tanh* 2 

dx V / dx \ ' 

d / e t— e -t 

23. /' (0 = — (e? sinh f) = e l sinh ? + g f cosh t = e* (sinh t + cosh f) = e l 1 h 

24. y' = — coth - = — csch 2 - • — ( - | = \ csch 2 - 

a* * x dx \x / x z x 
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d sinhjc 

25. F (x) — — In (coshx) — = tanh;c 

dx cosh x 

, d , , • , ^ s 3cosh3x „ , „ 

26. y = — In (sinh 3x) = — — = 3 coth 3x 

dx sinh 3x 



, d / 9 \ ? / ?\ ? 2wsinhw 2 

27. g (w) = — - tanh I cosh u A ) — secbr I cosh u L ) • sinh u A ■ 2u = ^— — 

a* V / V / cosh 2 (cosh w 2 ) 



. d j . 2 sinh 2.9 

28. h (s) — — - coth (cosh 2s) = — csch (cosh 2s) • sinh 2s - 2 — — - 



ds ^ sinh 2 (cosh 2s) 

29. f (t) = cosh 2 (3t 2 + l) = 2 cosh (3f 2 + l) sinh (3f 2 + l) • 6t = \2t cosh (it 2 + l) sinh (3f 2 + l) 

d 

30. / (x) = — (sinh 2x cosh Ax) = 2 cosh 2x cosh 4x + 4 sinh 2x sinh 4;c 

31. g f (v) = — fw sinhu 2 ) = sinho 2 + ocoshu 2 • 2v = sinhy 2 + 2o 2 cosht» 2 

32. F' (t) = L cosh v^TT = sinh V^TT • i (2/2 + l) - 1/2 ( 4f ) = 2fsi " h ^TT 

33. /' (x) = tanh (e 2 * + l) = sech 2 (e 2 - 1 + l) • 2e 2jc = 2e 2 * sech 2 (e 2 * + l) 

34. / = — cosh ^TT = sinh ^TT • U- 2 + 0 (2-) = 2 * Si " h 

dx n ) 3 (^ 2 TT) 2 

35. /' (x) = — (coshx — sinhx) 2 / 3 = 2 (cosh* — sinh*) -1 / 3 (sinhx — coshjc) = — % (cosh* — sinhjc) 2 / 3 

dx * 3 

36. y = —e sinh2t = e sinh2t ■ cosh2f • 2 = 2e sinh2 ' cosh 2? 

dt 

. d i 1 sinhx 

37. g (x) = — tanh (coshx) = ~— • sinhx — ■= — = — csch jc 

1 — cosh 2 x 1 — cosh 2 x 

d / \ 3 cscli^ 3jc 

38. /' (jc) = —V2 + coth3x = \ (2 + coth3jc) -1 / 2 (- csch 2 3x\ (3) = - 



39. /' (jc) = 



40. g' CO = 



dx 2 \ ' / 2 V2 + coth 3x 

d sinhx (1 + cosh x) cosh x — (sinh x) sinh x 1 
dxl + coshx (1+coshx) 2 1 + coshx 

d sinh x x cosh x — sinh x 
dx x x 2 

_ i (1 + tanh 2t) ■ ' — - 2 cosh - 1 r sech 2 2r 



<i cosh t ^2Z\ 
41. j = — 



dt 1 + tanh2f (1 + tanh2r) 2 

42. f (x) = ^—e~ x sech2x = — e~ x sech2x — e~ x sech2x tanh2x • 2 = — e~ x sech2x (2tanh2x + 1) 

dx 

43. /' (jc) = — sinh" 1 3jc = 



dx y/l + 9x 2 

mm f / \ d , _ i x 1 1 

44. g' (x) = — tanh - 1 - = 



dx 2 l-(x/2) 2 2 4-x 2 



45. V = — Vcosh -1 2x = - (cosh -1 2x) 
dx 2 V / 



-1/2 1 ^ = 1 



y/4x 2 - 1 Vcosh" 1 2xy/4x 2 - 1 



i 1 3 

46. f (x) = — sech -1 x 3 = , - 3x 2 = - 



dx x 3 j\ -x 6 XsJ\ - x 6 

47. f (jc) = 4" sech_1 V2x + 1 = - 1 1 



<** (2jc + 1) VI - (2x+ 1) (2jc + 1) V--2I 
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48. y' — — ( e x sech - 1 x\ — e x sech - 1 x — e* • — - 

dx V / X JY- 



x 



49. y = — ( x cosh x ] = cosh 1 x z + x • , = cosh 1 x L H , 



2x 



= e x I sech 1 x — 



2x 



A V 1 — X L / 



50. g'Ot) = — In (tanh -1 x) 

dx V / 



i/(i-* 2 ) i 

tanh -1 x (l — x 2 ) tanh -1 x 



51. /' Oc) = 



dx 



sech 



-1 




1 



d 



x — — 



x 1 / 2 = - 



1 



v^Vi - x dx 

. J i coshx 

52. h (x) = — cosh (sinhx) = 



2xVl — x 



dx 



J sinh 2 x — 1 



53. / = 



dx 
d 




9x 2 - 1 - 3 cosh -1 3x) 



9x 



-3- 



3 



9(*-l) 



y/9x 2 - 1 \/9x 2 - 1 V9jc 2 - 1 



j 2 

54. y' = — ( 2x coth - 1 2x - In Vl - 4x 2 ) = 2 coth - 1 2x + 2x 

ax V / 1 — ^ 



1 J 



4x 2 2 dx 



In 



(l - 4x 2 ) 



^ , i 4jc 4x 
= 2 coth -1 2x H ^ + 



= 2 coth" 1 2x + 



8x 



1 - 4x 2 1 - Ax 2 1 - 4x 2 

55. Let u = 2x + 3, so du — 2dx. Then J cosh (2x + 3) = ^ J cosh udu = ^ sinh u + C = j sinh (2x + 3) + C. 

dx f sinh^/x 

56. Let w = so ^ w — — — • Then 



2^* 



dx = 2j sinh udu — 2 cosh w + C = 2 cosh ^x + C. 



57. Let w = sinhx, so du — coshx dx. Then J V sinh x coshx dx — j w 1 / 2 dw = §w 3 ^ 2 + C = -| (sinhx)-*/ 2 + C. 



58. 



sinh x 

tanhx dx = I : — dx. Let u = coshx, so dw = sinhx dx. Then 



tanh x dx = 



coshx 
du 



u 



— In | u | + C — In (cosh x) + C. 



/I /* 1 /" coshw i i 

coth3x dx — — I cothw du — - / du — 4- In |sinhw| + C = 4- In |sinh3x| + C. 
3J 3J sinhw J J 

60. Let w = 3x — 1, so du = 3 dx. Then J sech 2 (3x — 1) dx = ^ J sech 2 udu — ^ tanhw + C = ^ tanh (3x — 1) + C. 



61. Let u — 1 + coshx, so dw — sinhx dx. Then 



sinhx 



1 dx 
62. Let w = — , so du — . Then 



1 + coshx 
sech (1 /x) tanh (1 /x) 



dx — 



du 



u 



— \n\u\ -\- C — \n {\ -\- coshx) + C. 



1 



x 



2 



63. V = 



X" .1 x 

b ry f b / X\2 ry 

ny dx — 2iz I ( a cosh — ) dx — 2-Ka L I cosh z — dx 
-b JO v JO 



dx = — I sech u tanh udu = sech — h C. 

x 



7 



x 



= 2na 2 



0 




2x\ 9 / a 2x\ 

1 + cosh — I dx — 77 a ( x + — sinh — ) 



a 
b 



a ) 



a / In 



7r« ( /? H — sinh — I = 7ra J 

2 a ) 



(b 1 . 
\a 2 



sinh — } 
a ) 




y = # cosh- 
a 



x 



64. S = 



V = 



27T / y ^5 

JO 

b 

2 



/ — 7-T2 ^ x / ; TT ? x 

27r / y\ 1 + (y ) ^ x — 27r / a cosn 1 + sinh — dx — 2ixa \ cosh — fix and 
JO " V 70 aM a Jq a 



0 



65. r av = 



7ry 2 dx — tx \ (a cosh — ) dx = 7ra 2 / cosh 

70 V 70 



? x , 2V 
— ax, so — = 5. 



& Wx 
7n cosh Jx = 2 

b - (-*) ?b 



Wx 7b 7b Wx 

cosh ax = — • — sinh 



T, 



0 



7b 



2 



0 sinh Wb 



0 



7b 



Section 6.6 Hyperbolic Functions 455 



66. a. lim v (t) — lim 



rag 



tanh 



ra 



f I = 



mg 



b. If m = 2, g = 32, and = 8, then o (0 = 2V2tanh (8>/2f) 



2- 



0 




0.0 



0.5 



1.0 



67. a. x (0) = sinh2>/2 • 0 = ■ 0 = 0 and 

v 0) = (0 = 4- ( — W~ 4 ' sinh2>/2f) 

at \ v2 / 

= --±= (-4e~ 4t sinh2V2r + 2<s/2e~ 4t cosh 2^2^ 



so 



o (0) = --^ (0 + 2^2) = -2 ft/s. 



b. 0.0 



-0.1 



-0.2 




0 



68. a. The ;t -coordinate of the point at which missile A intercepts missile B is b. To find the y -coordinate, we compute 



. b 

y\ x =b = 2 



Oil) 

1 + c 



('- ) 



x\ 1-cn 



1 - c 



+ j~~~2 = j~~~2 ' S0 ^ e rec l u i re ^ P omt is ^ j~~~2^ ^ ' 



b. 



6 J /. *\l+c 



2 (l+c) rfjc 
6 



x=b 

b d 



2(\-c)dx\ b) 

b 



2(l+c) 
1 

~2 



x\c 
1 



<->(-fr(-9-io^<->(-rH) 

r-o-ir] -i h(-a'-jD) -*("([• 



- 4 M« h (' - 1)) - «■• (— ('-;)))- - («- (' - *)) 



c. If J> = 1 and c = ± then y' = - sinh (± In (1 - a:)) => 1 + (/) 2 = 1 + sinh 2 (| In (1 - *)) = cosh 2 (| In (1 - x)) 
Therefore, 

D = /J yi + (y') 2 dx = /J cosh (| In (1 - *)) dx = /J cosh (in (1 - Jt) 1 / 2 ) 



= \ Jo p n(1 ^ )1/2 + m(l-^) 1/2 ] J;c = 1 [(1 _ x) l/2 + (1 _ x) -l/2j 
= 1 [_ 2 (1 _ ,,3/2 _ 2 (1 _ x) l/2]l = 1 g + 2 ) = 4 miles 



d. If £ = 1 and c = ^, then 

(l-*) 3 / 2 (1-jc) 1 / 2 



1.0 



1 

y =2 



3 



1 

2 



1 • 



1 



+ 



1 - 



1 



0.5 " 



= \ (1 - a:) 3 / 2 - (1 - *) 1/2 + § , 0 < x < 1 



0.0 




0.0 



0.5 



1.0 
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69. y — coshx =^> y' 



— sinhx =^> 1 + (y) 2 = 1 + sinh 2 x — cosh 2 x, so 

b 



S — 2iz y ds — 7r f% (1 + cosh 2x) dx = n (x + ^ sinh 2x^ | = 7r £(£ — a) + ^ (sinh 2/? — sinh 2a)J . 



70. V = 7T J, 2 y 2 dx = 7T J, 2 



(* 2 - 0 



3/4' 



n2 



dx — 7T 



J? (* 2 - 0 



3/2 



dx. Let 



x — 



I = 



coshw, so dx = sinhw. Then 

3/2 



* t 
1- 



dx = 

2 



J y ^cosh 2 m — 1^ sinh udu = J sinh 4 m dM 



= J* ( c °sh2w — l)j du = ^cosh 2 2u — 2 cosh 2u + \^ du 
= ^ J (cosh 4m + 1 — 4 cosh 2w + 2) dM = ^ sinh 4m — ^ sinh 2m + ^m + C 
Now m = cosh _1 x = In ^x + \/x 2 — 1^, sinh 2m = 2 sinh m cosh u — 2x>J x 2 — 1, 

and sinh 4m = 2 sinh 2m cosh 2m = 4x\/x 2 — 1 ^2x 2 — lj, so 



0 



y =M- 1)3/4 




X 



V = 



f [x (2x 2 - l) Vx 2 - 1 - 4xVx 2 - 1 + 3 In (x + Vx 2 - l)]~ % 5.63. 



71. A = f" a coshx dx = 2 Jq coshx dx = Jq (e x + e - *) dx = (e x - e~ x ) 



a 
0 



— e a — e a . By symmetry, x = 0. 



v = coshx 



M x = 



-i2 



i/f fl cosh 2 x^ = / 0 fl [i( e - +e -) 

1 „—2x \ I" 1 / ^2<7 _|_ ^ 



dx = i 



,2x 



4 + 2 * 2^ 



— e 



)■ 



4 

-2,/ 



e 2x + 2 + e" 2 *) dx 




so y = 



8 (e a - e~ a ) 



and the centroid is (0, y). 



72. y = 80 cosh ^ => / = 80 (sinh fa) • fa = sinh 



80- 



100 



y' 100 = sinh = sinh % « 1.6019 ^ m and 



tan0 = (l 




100 % w °- 6243 - Therefore, 

6 = tan -1 0.6243 « 0.5581 radians or about 32°. 




100 x 



73. 



d 


coshu = 


d 


dx 




du 


d 




d 


cschM = 


dx 




du 


d 




d 




sech m = 




dx 


du 


d 


COthM = 


d 


dx 




du 



e u _ e -u du 



dx 2 dx 

du — cosh m du 



— sinh u 



du 
dx 



dx sinh 2 M dx 
du — sinh u du 



— — coth m csch M 



dx cosh 2 M dx 
du sinh 2 u — cosh 2 m Jm 



= — tanh m sech u 



du 
dx 

du 
dx 



\ sinh m / 

f— ) 

\coshM / 

(cosh M \ 
sinhM / 

77. True: (sinhx + coshx) 3 = ^ 

78. True. Observe that coth 2 x — csch 2 x = 1, so ^ ^coth 2 x — csch 2 x^ = ^ (1) = 0. 

79. True. The integrand / (x) = cosx sinhx is odd because / (— x) = cos (— x) sinh (— x) = cosx (— sinhx) = — / (x), so 

cos x sinh x dx — 0. 



e x — e x 



sinh 2 m dx 



e x + e~ x v 3 



/ \ du ^ du 

I 1 — coth z m I — = — cscrr m — 
V //ix dx 



= e 3x > 0 for all x. 
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80. True. The integrand / (x) = x 2 sechx is even because / (— x) = (— x) z sech (— x) = x A seen* = / (x), so 
J^3 * 2 sechx = 2 J 0 3 i 2 sechx dx. 



2 




H 



Note: The use of I'Hopital's Rule is indicated by =. 

/to 



1. lim 



x^a g ( x ) 



= 0 



2. lim 



/to 



x-+a g (x) 



— oo 



3. lim = oo 



/to 



4. lim [/ (x) - g to] = oo 



5. lim 



+ 



— oo 



*->3 .(x-3) 2 ' \x-3\ 
6. lim f f (x)] 8 ^ is not indeterminate. It has the form 0°°, so its value is 0. 

x—>oo 1 1 



7. lim 1 X 



fix) 



is an indeterminate form of type 1 00 . 



8 - lim i ,/ X 

*-> fl L/ to 

9. a. See page 591. 



is an indeterminate form of type oo°. 



■ • y r, x , x r /to H /'to 

b. l. lim / to g to = lim - , . x = lim -j 

^ l/g to [l/g to]' 



ii. Combine the terms to get an indeterminate form of type 0/0 or oo/oo, then apply I'Hopital's Rule. 

iii. Put y = f (jt)Sto => in y = g (x) In / (*), then apply I'Hopital's Rule to get 



lim In y = In f lim = lim ^ 

jc->oo Vx^oo / JC->a l/g(jc) 



In /to h r 
= lim 



[in/toV 

1 J , = L. Then lim y 

fl [i/sto] *~ >0 ° 



lim 



[/ (*)*<*>] = e 



I 6.7 




i r x ~ 1 r 1 1 
1. lim — = = lim — = - 

1 jc 2 — 1 jc->1 2x 2 



3. lim 

jt->2 x — 2 



3x z 
x-^2 1 



- 1 



5. lim 



= lim 



x^0x 2 +x x^0 2x+\ 



= 1 



sin? cosr 
7. lim = lim = 1 

t—>7T 77 — t r— >7T —1 

rt tan 26 %m 2 sec 2 26 „ 
9. hm — - — — lim = 2 

0^0 0 0^0 1 



x 2 -2x-3 2x-2 
2. hm = lim = -4 

jc— > — 1 x + 1 1 



4. lim 



x 7 -l 



= lim 



Ix 



7 



JC— >1 X 4 - 1 



x— > 



1 4x 3 



6. lim = lim — — — 1 

i->U-l x->l 1 



- 1 



8. lim 



.x 



— lim 



1 



jt->0 * + sin* jt->0 1 + cos* 

_ sin 2.x 2 cos 2.x 
10. hm = hm = 2 

X->0 X r-»0 1 



;t + cos;t 1 — sinx 

11. lim = lim . Observe that the limit on the right-hand side does not exist, so I'Hopital's Rule does 

x->oo 2x + 1 x->oo 2 

x + cosx 1+ cosx l 

not apply. We evaluate the limit as follows: lim — — = lim f — = -. 

x-^oo 2x + 1 x-^oo ?+- 2 

1 X 
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_ r 0 + sin 0 l+cos0 2 

12. lim = hm = = — = 2 

0^0 tan0 0^0 sec 2 0 1 

sinx — x cosx xsinx 1 x a 1 

13. lim r = lim x = — = - hm - — cos^ x = - 

x->0 tan- 3 * *->0 3tan z x sec z x 3 jt->0 sinx 3 

2sin 2 w 4 sin w cos u 

14. lim = lim — — hm 4 cos w = 4 

1 + COS W W->7T — Sin U U-^TZ 

Jx~ 1/ (2^/*) Jx 

15. lim = lim — \ — lim — oo 

»oo lnx -x^oo x— >oo 2 

6?"^ 6?"^ 6?"^ £^ 

16. lim — r — lim — T = lim ^ = lim — lim — = oo 

>oo x ^ x— >°° Ax i >oo 12x z »oo 24x x— >oo 24 

„ .. (In*) 3 .. 3 < lnj: ) 2 (*) r 3 (In*) 2 61n *(l) 31nx 3/x 3 

17. hm — = lim = lim — = hm ^- = hm t- = hm = hm — T 

x—>oo x z x^og 2x x— >oo 2x z x^oo 4x x^oo 2x l x^oo 4x x^oo 4x 2 

xW-xW lx-W-lx-W , , , 

18. lim = lim -2 1 =11 = 1 

*->l X - 1 *->l 1 2 3 6 

19. lim — ^ ^ = lim — — ^ '- = lim = 0 

x->oo ^2 *-»oo 2x x->oo + 1) (2jc) 

^lnx.^ (I)(ina)a^-1 

20. lim = lim = = In a - 1 

x->\ lnx jc->1 I 

„ ,. + x £ (* + 2)-V2 + 1 | + i 9 

21. lim , = lim -=-= — - — — •=—= — — - 

*->-l %2x+ 1 + 1 *->-l | (2jc + l) -2 / 3 § 4 

In (x 2 + l) 2,/ (x 2 + l) 2, 2 o 

22. hm — = lim = - lim — -= = - hm — -2 

*-»0 cosx — 1 jt->0 — sin* jt->0 (x z + 1) sin* x^O 2x sinx + [x z + 1) cos x 

_ r e^+x-l 2xe x2 + \ r ~ 

23. hm — hm • V 1 — x z = oo 

x^0+ 1 _ Jl-x 2 x^0+ x 



1 1 ? 

•2 r — 2 sec z x tan x 



In (1+*)- tan* i +JC sec x (1 + x) 2 1 

24. lim = = lim — = hm — = — 

x^O x z x->0 2x x^O 2 2 

sinx — x cosx — 1 —sinx cos* 1 

25. lim = lim = hm — — hm = — 

e x — e x — 2x jt->0 e x + e x —2 e x — e x x^O e x + e x 2 

2 2 

26. lim 6 * ~ l = lim =21imf — ) ^ 2 = 2 

jc^Ol — cosx x^O sinx jt->oVsinx/ 

27. lim Si ""' (2X) = lim ^^f^ = 2 

x->0 X jc^O 1 

2* 2 2(l + 9x2) 2 

28. lim : — lim — ; ^- = lim — — — - 

x^O tan -1 (3x) x^0 3/(l+9x 2 ) x^O 3 3 

/ 1\ / 1 1\ x — tanx 1 — sec 2 x — 2sec 2 xtanx 

29. hm I cotx I = hm I I = hm = lim ^ — = lim ^ 

*->0\ x/ jt^o\tanx x) x^O xtanx jc^O tanx + x sec 2 x jc^O 2sec z x + 2x secx tanx 

sin-lx-x TT^" 1 -Ul-x 2 )~ 3/2 (-2x) ! ( 1 +^ 2 ) 2 1 

30. lim : = lim — lim ^ = — - lim — ^ = — - 

jc^Otan-lx-x x^O 1 1 x-*0 2x 2x^0 (i .^j 3 / 2 2 

1+^ 2 (1+* 2 ) 2 

(sinx) 2 2sinxcosx 2 sinx cosx ^ 

31. hm = — lim = — lim = = — lim 2 cos x = —2 

1- secx x^0 secxtanx x^0 sinx x ^o 

COS 2 X 
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„_ 1 — coshx — sinhx t . — cosh* 1 
32. hm = = Inn — hm — — 

x^O x l x^O 2x x^O 2 2 



sinhw coshw 
33. hm = hm = 1 

w->0 smu w->0 cosw 



x 3 3x 2 0 

34. lim — - — = lim ^— = - = 0 

x^O tanhx x^O sech z x 1 

35. lim ( — 1 | — lim - — cosx — * _ y im 

x^0+ \x 1— cosx/ x^0+ x (1 — cosx) x ^o 



sinx — 1 

= — oo 



cosx) x->0+ 1 — cosx + x sinx 



x ,. /sin/ 1 \ sin/ — 1 cost 
36. hm (tan t — sec /) = lim I ) — lim = hm = 0 

t^TZ/2 t^TT /2\COS/ COS t J t^TT/2 COS t t^7T/2 — Sill/ 



1-1 



i- / 1 1 \ x-1-lnx x x-1 

37. hm I ) = hm — - = lim — r = hm — = lim 

\mx x — lj (x — l)\nx jt->l , ; x — 1 1 x lnx + x — 1 jc— > 1 



1 



lnx + lnx + x(-| + l 

x 




/ — cosx + tanx\ / e x + sinx + sec 2 x \ 1+0+1 2 
38. lim ( : I = lim I = I = 

*-»0 \ x + tanx + sinx / jt->0\ 1 + sec z x + cosx / 1 + 1 + 1 3 



— cosx 

™ r r i n \i v ln (l-sinx) 1 - sinx r 1 t 

39. lim [cscx In (1 — sinx) J = lim — lim = lim = — 1 

x->0+ x^0+ sinx x->0+ cosx x^0+ sinx - 1 

7r — 2x —2 

40. lim [(-7T — 2x) sec x] = lim = lim — 2 

x^ir/2 x^tt/2 cosx x^tt/2 — sinx 



(H 



41. lim I -<T* ) = lim — = 0 
x— >oo\.x; / x^oo xe x 



42. lim x sinx is an indeterminate form of type 0°, so let y = x smx . Then \ny = lnx sin * = sinx In x, so 



In ( lim y ) = lim (In y) = lim 

\jt-»0+ / x^0+ x^Q- 



lnx 1/x t . sin 2 x /sinx 
= lim = — hm — — hm I tan x 



0+ cscx *->o+ — cscx cot x jt->o+-xcosx jt->0+ V x 

= 1-0 = 0 
Thus, lim y = lim x sinx = e° = 1. 

43. lim (1 — cosx) tan * is an indeterminate form of type 0°, so let y = (1 — cosx) tan *. Then 
jt->0+ 

In y = In (1 — cosx) tan * = tanx In (1 — cosx), so 

sinx 



In (1 -cosx) 1-cosx 

= hm = — 

0+ cotx jt-»0+ -csc z x 



In ( lim y I = lim (lny) = lim tanx In (1 — cosx) = lim 

Vx->0+ / jc->0+ x^0+ x^0 

sin 3 x 3 sin 2 x cosx . 

= hm = hm = hm 3 sin x cos x = 0 

x^0+ 1-cosx *->()+ sinx x^0+ 

Thus, lim y = lim (1 - cosx) tan * = e° = 1. 

jt->0+ Jt^0+ 
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44. lim (x — sinx)^ is an indeterminate form of type 0°, so let y = (x — sinx)^*. Then 
*->0+ 



In y = In (x — sinx)^* = «Jx\n(x — sinx), so 



1 — cos* 



(\ 1/? In (x — sinx) x — sinx 
lim y) — lim (\ny) = lim x / In (x — sinx) = lim = lim — = 
x->0+ / x^0+ jt->0+ x->0+ x- [ / z x ^0+ -ifX~ 3 / 2 

x 3 / 2 (1 - cosx) lx XI1 (1 - cosx) + x 3 / 2 (sinx) 

= —2 lim = -2 lim 

x _>0+ x — sinx jt->0+ 1 — cosx 



= —2 lim 

x^0+ 



2 lim 

x->0+ 



4x 1 /2 + 



3/2 d 



x"i sinx 



1 — COS X 



= —2 lim 



x 3 / 2 sin x |x 1 / 2 sin x + x 3 / 2 cos x 
= -2 lim 



x^0+ 1 — cos x 



sinx 



3 x l/2 | * 1/2 <*»* 
2 (sinx)/x 



=- 2 H)= 



0 



Thus, lim >• 

jt->0+ 



lim (x — sinx)^ = e® = 1 
x->0+ 



45. lim (lnx) 1//x is an indeterminate form of type oo°. Let y = (lnx) 1 /*. Then In j = In (lnx) 1 / 

1/x 



— lnlnx, 

x 



so In ( lim y ) = lim (In y) = lim 



lnlnx i nr 1 , , 

- lim = lim — — = 0, and thus 



oo x 



x->oo x lnx 



lim y = lim (lnx) 1 /* = e° = 1. 



1A . 



46. lim (e 2x + 1)'' is an indeterminate form of type oo°, so let 

y = (e 2x + iy^ X . Then In y = ln^^ + l) 1 ^ = -ln(e 2 * + l), so 



In (e 2x + l) 

In ( lim y ) = lim (In y) — lim — - 

Vx— >oo / x— >oo x— >oo x 



2e 2x 



= lim e2X + 1 = lim 



= 2. Thus, 



lim (e 2 * + l) 1/X =e 2 . 



X^OG 



tanhx 



47. lim I - 

x->0+ 



Then lny = In 



is an indeterminate form of type oo°, so let y = ^-^ 

tanh x j 

= tanh x In - = — tanh x In x . We calculate 

x 



tanhx 




In ( lim y ) = lim (In y) — lim 

V->0+ / *-»0+ x^O 



— lnx 
0+ cothx 



— — lim 



1/x sinh 2 x 
— — = lim 

x->0+ — csctr x x— >0+ 



x 



lim 

x^0+ 



2 sinh x cosh x 



1 



= 0, and so 



tanhx 



lim y — lim ( — 

x->0+ x->0+ 

\/x . 



= e° = l. 



48. ^lirn^ (x 2 + e x ^j is an indeterminate form of type oo°, so let y — ^ 
Then In y — In ^x 2 + <?*^ ^ = — \n(x 2 + e x ^. We calculate 



2 x* 1/jc 
x z + e x 



/ x 2x + e* 

, v ln(x z + ^j 
In ( lim y ) = lim m y = lim — — — lim 

VA'^OO / X^OQ X— >00 X X^>OQ 1 



x 2 + e x 



r 2x + e x 2 + e* 

lim — r = lim 



1/x 



X 



= 1, so 



lim y= lim (x z + £*) = ^ A = e. 

x— >oo a^oo V / 
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49. lim (tanx) cosx is an indeterminate form of type oo , so let 

x->(ir/2)~ 

y — (tanx) cos *. Then lny — In (tanx) cos * = cos x In tan x. We calculate 

sec 2 * 



i i In (tan x) tan r cos* 

In ( lim y I = lim \ny = lim — - = lim lan x — = lim — ^— = 0, so 

x->(ir/2)- ) jc->(tt/2)- *->(w/2)- sec* x->(w/2)- secxtan* jr->(7r/2)- sin 2 * 

lim y = lim (tanx) cosx = e° = 1. 
;t-K7r/2) _ x^(7T/2)~ 

50. lim jftan(l/x) i s an indeterminate form of type oo°. Let y = ^ tan dA) > so In y = lnx tan dA) = tan (l/x) Inx. We 
calculate 

In ( lim y) = lim In y = lim = lim = — t- = lim — — - - - 

\x^oo ) x^oo x^oocot(l/jc) X— >oo — esc (1 / x) y — 1 /x J *->oc \/ x 

[2 sin (1 /x) cos (1 /x)] (-1A 2 ) 
— lim = — lim 2sin (l/x) cos (l/x) = 0 

so lim y = lim x tm ^^ = e° = 1. 

x— >oo a:— >oo 

3 r -. x 2 

51. lim (1 + \/x) x = lim [(1 + l/x)* J = oo. Compare with Example 10, in which we calculated 

lim (1 + \/xf = e. 

x^oo 



52. lim (1 — l/x)* is an indeterminate form of type 1°°. Let y — (1 — \/x) x , so lny = In (1 — l/x)* — x In (1 — l/x). Then 

lnfl-I) l/* 2 

In f lim y] — lim lny = lim x In (l | — lim — ^— : — — lim = lim ( | = — 1 , 

\x—>oo J x— >oo x— >oo I y # y x^oo 1 x— >oo —\/x^ > oo y 1 /x — 1/ 



so lim v = lim (1 — l/x) x = e 1 = l/e. 
x—>oo x— >oo 

(2x + l\^* 
- I is an indeterminate form of type 1 00 . Let 
2x - 1 / JF 

( 2x + \ \^ ( 2x + \ \fi 2x + l 

y =\2x-=i) ' SOln ^ ln (2^Tj = ^h— .Itai 



In ( lim y] — lim In y = lim — 2 * * = lim — ^ — — — — lim — \ — lim — — — — — — lim — j-^ = 0, 

Vx— >oo ) x— >oo x^oo x~ l ' z >oo _ j- x — 3/2 x— >oo 4^2 — 1 x— >oo 8x x— >oo 2X 1 / 2 

/2x-l\ v/I n 
so lim y = lim ( ) = e — \. 

x->oo x->oo \2x + 1/ 

54. lim (sinx) tan * is an indeterminate form of type 1°°. Let y = (sinx) tan *, so In y = In (sinx) tan * = tanx In sin x. 

X-tfr/l)' 

Then 

/ \ In sin x cosx/sinx 
In ( lim y ) = lim In y = lim tan x In sin x — lim — lim = 

\jc->(tt/2)- / x->(ir/2)- x^(ir/2)- x->(n/2)~ cotx x->(ir/2)~ esc x 

= lim (— sinx cosx) = 0 
x^(tt/2)- 

so lim y = lim (sinx) tanx — — 1. 
x^(tz/2)~' x^(tt/2)~ 



, , . [X - y/x 2 +T) (x + Vx 2 + l) 

55. lim (x - Vx 2 + 1 ) = lim 7 v ^ = lim ■ = 0 



-1 
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2 

2tan- 1 x-7r_ _ „ xQnx) 



56. lim f 2 tan 1 x — 7v) Inx = lim — — = lim — L+J: — —2 lim 

>00 \ / X^OO 1 X— >00 1 x—>o 



x^oo 1 + x 



2 



In* ;t (lnx) 



. r (\nx) 2 +x(2\nx)(\/x) (In*) 2 + 2 In* 
—2 lim — —2 lim 

X— >00 2X X— >00 2X 

„ 2(ln*)(l/jt) + (2/jt) n In* „ 1 „ 
-2 lim — LL-L-L — \±J. = -2 lim = -2 lim - = 0 



2tan-^-7r 2/(l+x 2 ) x 3 
57. lim —= = lim , , 0 — — — lim — — =- — — lim -—r — — oo 

x^oo e l/x 2 _i *->oo e l/x 2 (-2/jc 3 ) x_>00 (1 +x 2 )e l / x x ->°° (l/x 2 + l) e 1 / 



x 

X 



58. lim = lim = In a — In b = In - 

x->0 x x->0 1 /? 

59. lim - — — — — - = lim /rng y , = - lim cos x = - 

jc->o+2 + 31n(sin;c) *->()+ 3 (|gf ) 3^0+ jc 3 

(-l/^On^a 1 /* 

60. lim (a 1 ^-l)x= lim — — = lim ^ — ^ = In a 

-v^oo V / x->oo 1/jc x^oo (— l/;t z ) 

x 5 - 1 . 5x 4 5 5x 4 . 

61. lim — r = lim = -. Because lim is not an indeterminate form, we cannot use l'Hopital's Rule. 

x^l x z — I 1 2x 2 i 2x 

e ?>x _j_ x — 1 3^ 3x + 1 

62. lim = lim . This is not an indeterminate form, so we cannot use l'Hopital's Rule. In fact, by direct 

jt->0 e x — 1 jt->0 e x 

3e 3x + 1 3+1 
substitution, lim — — 4. 

x->0 e x 1 



(r \mt / r \mt / r \ 
H ) . Then In y = In ( H ) = mt In I H ),so 
m/ V m / V m / 



In 



V m / 



— r/ra 2 

In f lim y) = lim In y = lim mt In (l + — ) — t lim — - , m ^ = t lim 1 + r / m = t lim — V — r = rt 

\m— »oo J m— »oo m— >oo \ m / m— >oo 1 ra— >oo 1 ra— >oo 1 _|_ _ 



m m 2 m 



(r \mt t / r \ tnt / r \/nt 

1 + —) = e rt , so A = lim + — ) =P lim (l + — ) = /V. 

64. o (0 = ^ + (oo - ^) = U0 « _,:f/m + ? (l " e- k 'l m ). We want 

r m g / x -, 1 _ p-ktjm _L e -kt/m 

lim o (?) = lim VQe~ / m + — ^ ( 1 - e"^/ m Uo 0 + mg lim = o 0 + lim ^ = vo + gt 

k->0 k^0\- k \ /J A:->0 A: A:->0 1 

So if there is no resistance, then v (t) = vq + gt. 

V / \ 1 - g _/?r / L ^-e~ Rt l L Vt 

65. lim 7(0 = lim — (1 - e~ Rt l L \ = V lim = V lim ± = — 

R^0+ R^0+ R V / /?->0+ R R^0+ 1 L 

. F 0 ( _Ct?sma; 0 ? + ^0 sin ^0 ^ ,. -sinu? 0 ? + ^o rcos ^ ? 

66. lim x (n = lim 7 — Fq lim 

Fq[— sin oj Qt -\- (uj q cos ojQt)t] FQsinujQt FocoscjQt 

-2uj 2 2lo 2 2u> 0 

So as t increases without bound, the second term increases without bound, and so does x (t). 
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67. Substituting a — b into the expression for x gives an indeterminate form of type 0/0. We use I'Hopital's Rule: 

ab \\ - £ Lb \l - | b\\- e ( b - a W] + ^ |"(-1) {-kt) 
lim jc = lim - =L — lim - = =LL — lim = - - — 

a^b a^b a-be( b - a ) kt a->b J*- [ a - be( b ~ a ) kt ] a-^b 1 - b (-kt) e ( b ~ a ) kt 

b\\ - (\ - akt) e«>-<» kt ] M i_(i_m 0] b 2 kt a 2 kt 
— lim — t, — = = or 



a-^b \+bkte( b - a ) kt 1 + bkt 1 + bkt 1 + akt 

ci 2 kt a 2 k 

lim x — lim = lim = a, so if there are a moles per liter of each of A and B, then in the long run, 

t->oo t^oc\+akt t->oo\/t+ak 

the number of moles per liter that have reacted is a. 

68. Let TV be the smallest integer greater than k. Then applying I'Hopital's Rule N times, we obtain 

x k kx k ~ l k(k-l)x k ~ 2 k(k-l)(k-2)---(k- N +l)x k ~ N 

lim — — lim — lim = • • • = lim 

x— >oo e x >oo e x a;— >oo e x x— >oo e x 

v k(k-\)(k-2)---(k-N + \) 

*->oo e x x N-k 

In x 1 /x 1 

69. Since & > 0, lim x k = oo, and so we can apply I'Hopital's Rule to obtain lim — r = lim — ; — r = lim — r = 0. 

jc-»oo jc^oo X A: x^oo kx k ~ l x ^°° kx k 

tan x sin x I cos x 

70. lim = lim = lim sin x — 1. L'Hopital's Rule does not lead to a conclusive result. 

jt->7r/2 secx x^ir/2 1/cosx x^tt/2 

2 1 • 1 

x sin — x sin — !l! 1 

71. lim — = lim — — — . Since — |x| < x sin - < \x\, the Squeeze Theorem shows that lim x sin - = 0. 

jt->0 sinx jt->0 sinx | x \ jc->0 x 

x 



x 2 sin - 2x sin - + x 2 (cos -J f --^ j 2 x sin - - cos - 

lim — = lim — - — = lim — . Since the limit in the numerator does 

jt->0 sinx jc->0 cosx x->0 cosx 

not exist, I'Hopital's Rule is not applicable here. 

72. a. lim /(^)-/(*-fr) =lim f'( X + h)-f'( X -h)(-i) = f'( X ) + f'( X ) = 

/fr + ft)-2/(*) + /(*-/i) + + (-1) + ft) -/"(*- ft) (-1) 
b. lim ~ = lim = lim 

h^0 h 2 2h h^0 2 

= r w + r w = r w 

73 . lim = ljm = hm oo^ = 1 

_ C? cos f 2 - * 37 Jo cos t 2 dt — x\ C osx 2 -l -2xsinx 2 1 sinx 2 1 

74. hm — z = hm ; = lim = hm = — = hm — ^— = 

x^0 x 5 x^0 Jf- (x 5 ) *->0 5x 4 x^0 20x 3 10 jt^O x 2 10 

nc $sint 2 dt £f*smt 2 dt sinx 2 1 sinx 2 1 

75. h m -III = hm J " - „ x = hm =- = - hm — =— = - 

x j jc^O J*- (x 3 ) x^0 3x z 3 jt^O x l 3 

1 rr . -4- sin ? 2 Jr sinx4-VJ sinx • ^-^n 1 sinx 1 

76. Hm *tf x wit 2 dt= lim M = Urn ^ o V = lim ^ 7 = i lim 



x^0+ X 
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77. 



3 " 




-1 



0 



1 



It appears that lim 



e x — e 2x 



e x — e 



jc^O ln(l +x) 

~ 2x . e x + 2e~ 2x 
— lim 



— 3. We calculate 



lim 

*->0 In (1 + x) *=To 1/ (1 + x) 



= 3. 



78, 



It appears that lim (l/x) tanx = 1. Let y = (1/jt) 

x->0+ 

In y = tan* In (l/x) = — tan* In*. Then 



1 



0 




0 



1 



tan* 



In ( lim y 

\*->0+ 



)-2 



lim In y = — lim J^L 

jt->0+ *-^0+ cotx 



= — lim 

jc->0+ 



l/x 



CSC 2 X 



— lim 

x^0+ 



(s'mx\ , . 
j (sin*) = 0 



so lim y = lim (l/x) mx = e° = 1. 



79. 



1.0 



0.5 " 



0.0 




0 



1 



It appears that lim ( — 1 — | — i . 

jc^l\ln* jc — 1 / 2 



We calculate 



\lnx x - 1/ jc- 



1 - 1/* 



x-l-lnx 
lim = lim 

x->l (x — l)ln;\: jc— > 1 inx + (x - 1) /x 

x-1 1 



= lim 



— lim 



*^~1 * In x + x — 1 jc— > l In* + x (l/x) + 1 
1 

2 



80. 



0 



-2- 



-4 




-1 



0 



y' l l 

- = y ln(l+*) + - 

y x z X 

into the limit, we have 



lim -\(l+ x ) l / x -e] 
x-^0 x I J 



1 



1 



It appears that lim - |~(1 + x) l / x — e \ ~ —1.4. We calculate 

*->0 xl J 



-[(l+x) 1 ^-^] = li 

XL J v- 



lim -\{l+x 

jt->0 x 



= lim 



JC 



= lim 

x^0 



dx 



[(l +JC )lA_ e ] 



dx 



to 



To evaluate — (1 + x) 1/x , let y = (1+ x) 1 /*, 



dx 



so 



1 



lny = ln(l + x) 1 /* = — In (1 + x). Differentiating implicitly, we find 

x 



1 +x 



x - (1 + x)ln(l +x) 
x 2 (l + x) 



y = x -v + x Wi + x) (1 + x)1/x Substituting back 

x z (1 + x) 



lim 

x^0 



x — 



(l+x)ln(l + x) 
x 2 (l+x) 7 



1 - 



lim 

jc->() 



}^-ln(l+x) 

lim (!+*)!/* 

2x + 3x z x->0 



1 



= lim — • e — — 

x^O 2 + 6x 2 
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q o . . f (x) . X 

81. False. Let / (x) = jc 3 and g (x) = x . Then lim / (x) — 0 and lim g (x) = 0. lim — - — = lim — = lim x = 0. On 

the other hand, lim — ^ \ \ — lim =■ = lim — (x) = lim 1 = 1, so lim ^ ^f) ^ lim — ^~r~- 

x^O dx g (x) x->0 dx x 1 x^>0 dx x->0 x->0 g (x) x^>0 dx g (x) 

shut 0 

82. False, lim = = 0. Taking the limit does not result in an indeterminate form, and so l'Hopital's Rule 

jt->7r+ 1 - cosx 1 - (-1) 

is not applicable here. 




Chapter 6 



Review 



Concept Review 



1. ff(l/t)dt, x > o 

2. In x + In y, In x — In y , r In x 

3. a. (0, oo) b. (— oo, oo) 




c. (0, oo) 



d. (0, oo) 



e. downward, (0, oo) 



f . oo 



g. -oo 



1 du 
4. a. - — 

u dx 



b. In | w | + C 



5. (/ o g) (x) = x 9 (g o /) (x) = X, x = f 1 (x), reflection, y 

6. / (x\) ^ f (x2), one-to-one 

7. 1 



= X 



f (g (*)) 

8. e A , (— oo, oo), (0, oo), (— oo, oo), upward, (— oo, oo), 0, oo 



9. a. e x e y 



10. a. e 



u 



du 
dx 



b. e x /e> 



b. e u + C 



c. £ 



11. e x]na , (lna)a u —, + C 



12. njc w_1 , 



dx \na 

1 £/M 



w In a dx 




1. hut = | <=> jc = e 2 / 5 

2. e A ' = 3<=>lne* = ln3 <=> jc = ln3 

3. log 3 * = 2<=>jc = 3 2 = 9 

4. log 8 (;t-3) = §<=>Jt-3 = 8 2 / 3 = 4 <=> x = 1 

5. g>/^ = 4<=>lne^ = ln4<=> V* ln e = ln 4 <^ V* = m 4 <=> -X = (ln4) 2 

6. e* 2 = 15 <^ ln^ 2 = In 15 <=> x 2 = In 15 <^ x = ±Vln 15 

7. 2 + 3e~ x = 6 <=> 3e~* = 4 <^> e~ x = i <=> lne~ x = In 4 <=> -jc = In 4 <^> * = In | 



8. In jc = - 1 + In (* + 2) <^> hut - In (x + 2) = -1 <^> In 



x + 2 



= -1 <=> 



x 



— e { ^>ex— x-\-2<^x(e — \) — 2<^ 



x + 2 



x — 



e- 1 



2 ± a/4 + 4 

9. hut + In (jt - 2) = 0 <=> In Jt (jt - 2) = 0 x (x - 2) = 1 ^=> x 2 - 2x - 1 = 0 <^> x = = 1 ± \/2. We reject 



the negative root, so the solution is x — 1 + yfl. 
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10. - - ^ Q Q 2x = 20 o 1 + 4e 02x = | <=> 4e 02x = \ o e 02 * = § o 0.2jc = ln|^jc = 51n§ 

11. 3 2x - 12 • 3 X + 27 = 0 o (3*) 2 - 12 (3*) + 27 = (3* - 3) (3 X - 9) = 0 => x = 1 or x = 2 

12. \nx e = 2oehuc = 2<=>huc = 2/et=>x = e 2 l e 

13. tan -1 x — 1 <=> tan ^tan -1 jc^ = tan 1 o jc = tan 1 

14. cos -1 (shut) = 0 => shut = 1 => x = y 

15. j = e 2 * + 2 <^ e 2x = y - 2 <^ lne 2 * = In (y - 2) <=> 2x = In (y - 2) o jc = | In (y - 2) 

16. y = ^ ~ g - <=> 2y = e x - e~ x <=> 2ye* = e 2 * - 1 <^ e 2x - 2ye x - 1 = 0 <^> e x = 2y ± + - = y + Vy 2 + 1. 

— — 

Since e x > 0, we reject the negative root. Thus, e x — y + Vy 2 + 1 o x = In ^ + yjy 1 + l) . 

/ v l/2\ v l/2 

17. In (jt 3 v97?) = In I I = ln * 3 + ln ^ = lnx?> + ln y 1/2 ~ ln ^ = 31n * + 1 ln y ~ 

18. ln ^ - = hut 1 / 2 - ln ^y (jt 2 + y 2 ) ^ = ± hut - lny - \ ln (jc 2 + y 2 ) 

9 jc 3 1 \ , 
x ' ' « I = ln 



19. 2 hue + ln (jc 3 /y 2 ) - 41n(jc + y) 1 / 2 = In* 2 + ln - ln(jt + y) 4 (V2) = l n ^ 

20. 3 hut - \ ln (yz) + 6 ln (jty) 1 / 2 = hue 3 + In (yz)" 1 / 3 + ln (jcy) 3 = ln — y — = ln J 



y 2 (* + y) 2 / y 2 (x + y) 2 



. 3 /yz Z V3 



21. y' = 4- ln VITT = 4- ln (jc + 1) x > 2 = ~ ^ (* + 1) = ^ 1 1 



Jjc Jjt 2 djt 2 jt + 1 2 (jt + 1) 

, jc(jc-1) , , , iX , , ^ ,1 1 1 Jt 2 +4jt-2 

22. y = ln — — - = ln jc + ln (x - 1) - ln (x + 2) => y' = - + 



x + 2 xx-lx + 2x(x-l)(x + 2) 

23 ./ = |-(,l/2 lnx ) = l x -l/2 ln;c+ - 1/2 ln ^ + 2 



V ) 1 x 2^/x 

d 



24. / = ± (x 2 e^) = 2xe xl/2 + * V V2 • ^"1/2 = ^ ( 2 x + ^ ^) = 




25. y' — — \e x (cos 2x + 3 sin 2x)l = — ^ x (cos 2x + 3 sin 2*) + e x (—2 sin 2x + 6 cos 2x) = 5^ x (cos 2x — sin 2x) 

VI(x + 2) 3 ! , y> 1 3 1 3(2x 2 + 7x + 2) 

26. y = V =* lny = | lnx + 3 ln (x + 2) - £ ln (* + 3), so y - = — + — - - = v 7 

V^+3 3^ 2x x + 2 2 (x + 3) 2x (x + 2) (x + 3) 

VI (jc + 2) 3 3 ( 2jc2 + 7;c + 2 ) 3 (* + 2 ) 2 ( 2x2 + lx + 2 ) 
ThUS ' ^ = VT+3 ' (2x) (x + 2) (x + 3) = 2VI(x + 3) 3 / 2 ' 



27. jclny + ylnjc = 3 => lny + jc + yMnjc + y ^-j-^ = 0=> / ^ + lnjc^ = ~ + ln 3 ; ) 




, = y (y + xlny) 
x (x + y hue) 



28. ln (jc - y) + sin y - * 2 = 0 => — + (cos y) y f - 2x = 0 ^> 1 - y' + (jc - y) (cos y) y ; - (jc - y) (2jc) = 0 

x-y 

. 9 . 2jc 2 — 2jcy — 1 

y (jc cos y — y cos y — 1) = 2jc — 2jcy — 1 => y = 

jc cos y — y cos y — 1 



29 



2 ^ 2(1 — jc) 



. y = ln (jcV 2 *) =2huc-2jc ^ y r = - - 2 = 

V / jc jc 

. sec jc 1 cosjc 1 
30. y = In tan x =5 y — = — - — • — 

tan jc cos z jc sin jc cos jc sin jc 
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31. y f = 



= A. Lx (i + e- x )- 1/2 ] = ex (l + e- x )~ 1/2 + e x (l + ^) _3/2 {-e~ x ) 



= -\ (1 + e~ x )~ 3/2 [-2e x (1 + e- x ) - l] = 



2^ + 3 



-*\3/2 



2(1 + 



32. y = 



d , , ^ _ , 2 sec 2* tan 2.x: + 2 sec 2 2x 

In |sec 2.x + tan 2x| = : : = 2 sec 2x 



dx 
d 



sec 2x + tan 2x 



d 



33. y = — (e cscx ) — e cscx — esc* = — cscx cotx • e cscx 



dx 



34. / = 4L( x . 3 x 2 +l) = 3 
dx \ J 

X 



dx 

2 



35. y — e e 



(2x)ln3 = 3(2x 2 ln3+ 1^3 



X 



y'=e e 



d 



dx 



(«*) = 



£ x ^x _ ^<? A +x 



£ • e 



36. y = (26>)* /2 => y = (2^/ 2 • (2) In (2e) = ( 



ln2 + 
V 2~ 



1) (2,f/ 2 



37. ye"* + jc^ =8 



y'<T* - ye~x + e>' 2 + xe' 2 (2yy f ) = 0 => y 



ye x — e y 



e~ x + Ixyey 



38 . y = 4. ( 2 ,sec-^y = 



dx 



sec x 



dx 



sec 1 x = 



jc| V* 2 -l 



39. y = — 3* cotx = 3 X cotx In 3 • — (x cotx) = 3 X cotx ( cotx _ x csc 2 x) In 3 
dx dx V / 



40. y = [x 2 In (x + sin 1 x^ J = 2x In (x + sin 1 x) + x 



1 + 



1 



x + sin 1 x 



2x In ( x + sin 1 x) H 



x 2 (1 + yr^ 2 ) 



x A [x + sin 



41. y = 

42. y = 



d „ / • , o m (cosh2x)(2) n , „ 
[In (sinh 2x)] = - — . / = 2coth2x 



dx 
d 

dx 
d 



sinh 2x 

e tanh3x = ^tanh3x A ( tanh3 ^) = 3£ ,tanh3x gech 2 3x 



dx 



43. y = — (x sec 1 x^ = sec 1 x + x 



1 



44. y = 



45. y = 



46. y = 



dx 
dx 

dx 

d_ 

dx 



X\y/x 2 - 1 



= sec 1 x + 



[sinh 1 (tanhx)l = * 

L J Vl + fc 



+ tanh 2 x 



• sech 2 x = 



x\Jx 2 - 1 
sech x 



j\an (cos 1 2x^ J = sec 2 (cos 1 2x^ • j ^ 2 



y/2 — sech 2 x 

2 sec 2 (cos~ 1 2x^ 



Vl - 4x 2 



tan 



l (x 2 + l) 



1/2' 



+ i = TT ^ TT yH^ 2 + 1 ) ^ (2 *> = 



-1/2 



(x 2 + 2) v^TT 



dx _ i^x + 2)] 



1 



<i ( x + 



1 



Vx + 2/ 



2 \ x + 2 




(jc + 2) 



1 



1 



2x + 3 + 2) 2 U + 2| V27T3 



48. y = 



[tan 1 (cos 1 Jx\ \ — ^ • 4 

L V n 1 + (cos- 1 VI) 2 d * 



cos 1 V^ 



1 



-1 



l + (cos-lv^) 2 Ji _ (^j 



-1 



2Vx - jc 2 [l + (cos" 1 V^) 2 ] 
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49. * cosh y + e sinh ? = 10 => cosh y + (* sinh y) / + e sinh >' (cosh y) y' = 0 => / = - 



cosh y 



(cosh y) e sinh >' + * sinh y 



50. y f = — [sin -1 (tanh*)] = 1 

dx l j 



tanh 2 * 



J seen * . 
tanh x = ■ — = seen * 



sech* 



51. y' — —e ax cosh/?* — ae ax cosh&* + be ax s'mhbx = e ax (a coshb* + b sinh/?*) 

dx 

y^ cos x 

52. y = (sin*) cos * => lny = ln(sin*) cos * = cos x In sin x => — = — sin * In sin * + cos* 

y sin* 



y 



cos 2 X 



smx 



— sin* In (sin*) 



sin* 



cosx 



4x z -l n 1 

= 0 => x = ±-, so 

x 2 



53. / (*) = 2x 2 - In* => f ( x )=4x-- = 

x 

f has a critical number ^ (since x > 0). From the sign diagram, we see 
that / is decreasing on ^0, and increasing on co^. 

54. / (*) = x 2 e~ x => f (x) = 2xe~ x - x 2 e~ x = x (2 - *) e~ x = 0 => 

x = 0 or 2, the critical numbers of /. From the sign diagram, we see that 
/ is decreasing on (-co, 0) and (2, oo) and increasing on (0, 2). 

2x 



0 + + + + + sign off 



0 



1 

2 



0+ + + + + 0 sign off 

1 ' ' > x 

0 2 



55. y = 



In* 
line is y = 2e. 



, 21n*-2*(l/*) 2(ln*-l) m . , , . , „ . 

y — — — = — - — — • The required slope is m — y x=e = 0, so an equation of the tangent 



(In*) 



(In*) 



56. y = xe x => y' — e x — xe x — (1 — *) e x . The slope of * — y + 3 = 0 is 1, so we want (1 — x)e x = 1 <=> 
(1 — *) = e x ^> x = 0. The point of tangency is y\ x= o — 0, so an equation of the tangent line is y — x. 

In* . *(1/*) — In* 1 — In* 

57. / (*) = => /' (*) = ' \ = - — = 0 => * = e. /(I) = 0, f(e) = l/e % 0.368, and 

* x z x z 

f (5) = (In 5) /5 ^ 0.322, so the absolute minimum value is / (1) = 0 and the absolute maximum value is / (e) = 1 /e. 



58. / (*) = tan" 1 * - A In* => /' (*) = 



l 



1 



1 



- (* - 1) 



x 2 + 1 2* 2* (* 2 + 1) 



= 0 => * = 1 is the only critical number in the 



interval. / % 0.798, / (1) % 0.785, and / (yfj ^ 0.773, so the absolute minimum value is / (yfj % 0.773 and 

the absolute maximum value is / (j^j % 0.798. 
59. /(*)=* In* 

(1) Since In* is defined for * > 0, we see that the domain of / is (0, oo). (2) Setting y = 0 gives *ln* = 0 o In* = 0 
=> * = 1, so the * -intercept is 1. (3) There is no symmetry. (4) ^lin^ x In* = oo (5) There is no asymptote. 



(6) /'(*) = (* In*) = * ^ + In* = 1 + In* is continuous for 

* > 0 and f' (*) = 0 => 1 + In* = 0 <^=> In* = — 1 o * = e~ x — \. 
From the sign diagram, we see that / is decreasing on ^0, ~J and 

increasing on , oo^ . (7) From the sign diagram, we see that / has a 

relative minimum at (|, - |) * (0.368, -0.368). (8) f" (*) = i is 

continuous on (0, oo) and has no zero. Since f" (*) > 0 for all * > 0, we 
see that the graph of / is concave upward on (0, oo). (9) / has no 
inflection point. 



0+ + + sign off 



> x 



0 



(10) 
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60. f(x) = 2-e 



—x 



(1) The domain of / is (— oo, oo). (2) Setting x — 0 gives 1 as the 
y-intercept. (3) There is no symmetry. (4) lim (2 — e~ x ) — — oo 



x—> — oo 



and lim (2 — e x ) = 2. (5) From (4), we see that y = 2 is a 



horizontal asymptote of /. (6) f (x) = <? * > 0 for all so / is 
increasing on (— oo, oo). (7) / has no relative extremum. 

(8) f" (x) — — e~ x < 0 for all x, so the graph of / is concave downward 
on (— oo, oo). (9) / has no inflection point. 



(10) 




61. / (x) = 



l + e-x 



(1) The domain of / is (— oo, oo). (2) Setting x = 0 gives j as the y-intercept. (3) There is no symmetry. 

(4) lim / (x) = 0 and lim / (x) = 3. (5) From (3), we see that y = 0 and y = 3 are horizontal asymptotes of / 



(6) /' (x) = 3^ (1 + e-*y l =-3(1 + e-*)-* (e~ x ) (-1) = 



-v-X-l 



-v-X-2 / _ 



3e 



—X 



(1 + <?-*) 



> 0 for all x, so / is increasing on 



(— oo, oo). 



(8) /" (x) = 



(7) / has no relative extremum. 

(1 + e~ x f (-3e~ x ) - 3e~ x (2) (l + e~ x ) {-e~ x ) 

(1+^) 4 

3e~ x (1 + e~ x ) [2e~ x - (l + e~ x )] 3e~ x (e~ x - l) 



+ + + + + 0 



sign of f" 



0 



(10) 



(1 + ^) 



(l+e- x ) 



so / (x) = 0 => e x = 1 => x = 0. From the sign diagram, we see that 
/ is concave upward on (— oo, 0) and concave downward on (0, oo). 



(9) / has an inflection point at ^0, 




62. /(jc) = sin" 1 i 

(1) We require that —1 < \ < 1 ^> \x\ > 1, so the domain of / is (— oo, — 1] U [1, oo). (2) There is no 

intercept. (3) / (— x) — sin -1 ( — = — sin -1 = — / (x), so / is symmetric with respect to the 

origin. (4) lim / (x) = lim / (x) = 0 (5) From (4), we see that y = 0 is a horizontal asymptote. 

x— >— oo x— >oo 



d i 1 
(6) /' (*) = — sin" 1 - = 

ax x 



and 



1 / 1 \ 1 

, = I y J — j^=^= < 0 on its domain, so / is decreasing on (— oo, — 



1) 



(1, oo). (7) / has no relative extremum. 



(10) 



(8)/"W = -i(^ 4 ^ 2 ) 



-1/2 



4x 3 - 2x 



x 



(lx 2 - l) 



77-/2 - 



2( JC 4_ JC 2)3/2 ^ 4 _ x 2)3/2' 

so f" (x) > 0 if x > 0 and f" (x) < 0 if x < 0. Thus, / is concave 
downward on (— oo, — 1) and concave upward on (1, oo). (9) / has no 
inflection point. 



=3-2-10 



-i 1 1 > 

1 2 3 x 



■■-77/2 



63. Let u — 5x — 3, so du — 5 dx. Then 



1 

5x - 3 



1 f du 



dx = - / — = ^ In \u\ + C = ^ In |5jc - 3| + C. 
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64. Let u — 2x + 1, so du — 4xdx, x = 0 => u — 1, and x — 1 => u — 3. Thus, 



1 



65. 



0 2x 2 + l 
2 x 3 -2x + 



dx — - 



1 /^dw 



4 Ji w 

2 



i p i 

= 4 In \u\ — j In 3. 



1 



1 



- dx = J ^x h X 2 ^ dx = ^ 



- 2 In* I 

2 x 



\l 2 

-J = (2-21n2- |) - - l) =2(1 -ln2) 



cosx 1 f du i i 

66. Let u = 2 + 3 sinx, so du = 3 cosx dx. Then / ^ — dx — — j — = ^ In |m| + C — ^ In |2 + 3 sinx| + C. 



2 + 3 sin* 



37 w 



67. 



2* + 
3x + 2 



1/3 



3x + 2 



^ dx = \x - \ In |3x + 2| + C 



dx f (In*) 

68. Let w = lnx, so = — . Then 



3 



x 



x 



dx — J u 3 du — ^w 4 + C = ^ (In*) 4 + C. 



69. Let a = t 2 , so = 2t dt. Then ft -2^ dt = I f2 u du = — !— • 2 M + C = 

J 2J 21n2 



2' 



21n2 



+ C. 



x 



70. Let w = — 1, so = dx. Then 



- 1 



dx = 



dw 



= ln|i*| + C = ln e x -\ +C. 



dx f sin In x 

71. Let w = lnx, so du = — . Then / dx — / sin u du — — cosu + C = — cos In x + C. 



x 



1 dx /" £ 

72. Let u — — , so du — T . Then / — dx 

x x z 7 x z 



1/JC 



= - | dw = -e u + C = -e 1 ^ + C. 



73. Let w = 1 + e 3x , so dw = 3<? 3 * dx, x = 0 => w = 2, and x = 1 => m = 1 + e 3 . Then 

1+e 3 



1 e 3x ! rl+e 3 ^ i 

— dx = - — = — In w 

0 1+e 3 * 3J 2 



u 



= i[ln(l + e 3)_ ln2 ] = l 



e 3 + 1 



= 3 k 2 



dx 



74. Let w = *Jx, so dw = — — . Then 

2+Jx 

\2cs\J~x , f , ^ /* sinw t ^ , , , ^ 
— — dx — 2 I imudu = 2 du — — 2 In |cos u | + C = —2 In cos ^/x + C. 

yJX J J COSU 

__ _ _ . _ i . dx _ f sin - 1 x 

75. Let w = sin 1 x, so du = — . Then 



dx = J udu = + C = j (sin -1 x^ + C. 



76. Let w = tan -1 2x, so du = — - 2 <ix. Then y — - ^ dx — ^ J u du — ^u 2 + C = | ^tan -1 2x^ + C. 

/secftan? /* 
dt — I — = In |w| + C — In 1 1 + sec?| + C. 
1 + sec t J u 

78. Let u = 2t, so du = 2 Jr. Then J* sinh 2t dt — ^ J sinh udu — ^ cosh u + C — ^ cosn 2f + C. 

79. Because 1 + e 4 * > e 4x , we have v 7 ! + e 4 * > V? 7 = e 2x =^> /J Vl + e 4 * Jx > Jq 1 e 2 ^ = ^e 2 ^ | = \ (e 2 - 1^. 



80. For 0 < x < 1 we have 1 < e x < e, and so f 0 Idx < J 0 e x <ix < f Q edx <^> x\q < f 0 e x dx < ex\^ o 

1 < Jq e xl dx < e. 

81. Using Part 1 of the Fundamental Theorem of Calculus along with the Chain Rule, we calculate 



f to = 



d f x e* dt 



x 



dx Jo t 2 + 1 



- — (* 2 ) = 
j dx V / 



2xe 



x 



x 4 + l 



82. / (x) = s'mhtdt = tf nx s'mhtdt + J^" smhtdt = - f* nx s'mhtdt + ff" sinhtdt, so 



1/2 . 



1/2 . 



f to = - sinh (lnx) ^ (lnx) + sinhx 1 / 2 ^ (x 1 / 2 ) = - 



sinh In x sinh ^(x 

x 2^x 
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4 2 

83. A = Jq x£~* dx. Let m = — x 2 , so = — 2xdx, x 

-16 



= 0 => w = 0, and x = 4 => w = —16. Then 



A = 



84. A = 



-%fo l6 e u du = -\e u 



-16 
0 



e 2r + 1/*) 



(l e 4 + ln2 )_(l e 2 + 0 ) 
£ (e 4 + 2\n2-e 2 ^) 



-20 




3; = -l/x 



85. /av — 



1 f 2 \nx 2 „ f 2 \nx , 

ax — 2 I dx. Let w = lnx, so 



dx 



2 — \J\ x j 1 x 

— 2 I dx — 2 f udu — u 2 

Jl x Jo 



= — , A" = 1 => u — 0, and x — 2 => u = In 2. Then 



In 2 
0 



= (ln2) 2 . 



1 f l x 2 
86. V — 2tx I xy dx — 2ix I x • 

0 JO l + x 



dx 



= 2tt 



1 



0 1 + * 4 
7r In 2 



dx = 27T 



U)'"('+* 4 )[ 




o „ r x 3 -2x 2 +x v 3x 2 -4x+l 0 

87. lim p — hm j 

x— >1 x- 5 — 1 x— > 1 5x 4 5 



= - = 0 



Ix-^ 2 



88 . Hm = lim 2_ 

.y^2 x — 2 x->2 1 

sin 2x 2 cos 2x 

89. lim = lim 

x-*Q sin 3x jt->0 3 cos 3x 



= lim 



1 



1 



V2 



x^2 2^* 2V2 



2x 



90. lim 



~ = lim 

X— >CXD _J_ X— >00 



V 1+* 



2 /£>-*' 



= OO 



91. 



92. 



1- -X V C0SX A 

lim e cos x = lim = 0 

x— >oo x— >oo e x 



lim (cosx) tan * is an indeterminate form of type 0°°. If y — (cosx) tanx , then lny = In (cosx) tanx = tan x In cos x, 
x-Ktt/2)- 



so In I lim y I = lim In >' = lim tan x In cos x = —00. Therefore, 

x^(tt/2)- J x^(tt/2)- jc->(7t/2) 

lim -y = lim (cosx) tanx = 0. 

X-»(7T/2)~ X^(7T/2)~ 



93. lim (cscx — l/x) — 
x->0 



lim (J- - i) 

x-»0 \sinx X/ 



x — sinx 1 — cosx 
= lim ■ — hm — = hm 



sinx 



= 0 



x-»0 xsmx 



x— >0 sinx + x cosx x->0 cosx + cosx — x smx 



94. lim (sinx) tan * is an indeterminate form of type I 00 . If y = (sinx) tanx , then lny = In (sinx) tanx = tanx In sinx, so 

X->7T/2 



, ( i- \ i- 1 • i- lnsinx cosx/ sinx 

In I lim y I = lim m y = lim tan x In sin x = hm — lim -z = — lim cos x sin x = 0 

\X— >7r/2 / X— >7r/2 X— >7r/2 X— >7r/2 COtX X— >7r/2 — CSC 2 X X— >7r/2 

Therefore, lim y = lim (sinx) tanx = 1. 

X— >7T/2 X^7T/2 
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95. lim ( 1 — | — lim C —— — 1 — — — lim 1 — lim = lim — - — = - 

*->0+ \x e x -\) x ^>0+x(e x -l) x ^>0+e x -l+xe x x ^>0+ e x + e x + xe x x ^>0+2 + x 2 

9 / 1 \ 0 

96. lim x z I cosh 1 ) is an indeterminate form of type oo • 0. We write it in the form - as follows: 

-*^oc \ x J ^ 0 

1 11 1 11 

cosh 1 ~ sinn ~~ sinn ~~ T COsh ~ 1 

lim * = lim -J£ — _ — * = lim —^2L = lim — ^ — = — - = -. 

>oo 1 x— >oo I x—>oo I x—>oo I 2 

X 2 X 3 x x 2 



97. lim (VTTT-V^T)= lim ( ^I±L^E2 




- y/x ~ 1 V* + 1 + V* - 1 \ 2 

= lim — — = = — 0 



y/x + 1 + y/x ~ 1 / V^TT + V* - 1 



98. lim x"lnx is an indeterminate form of type 0 • oo. Thus, 



lim x n \nx — lim — lim — — lim ( — — J — 0 because n > 0. 

V n ) 



In* l/x 
..... ..... ..... = lim , ..... 

jc->0+ jc^0+ * " x->0+ -nx~ n + { x ^0+ 



^ sinx-x cosx-1 -sin* 1 o 1 

99. lim = lim ^ — = lim ■= = — lim cos x — — 

*->0 * — tan* x _>o 1 — sec 2 * *-»0 — 2 sec 2 jc tanx 2 jt-»0 2 

100. The cost of the house four years from now will be A = 300,000 (1 + 0.03) 4 % $337,653. 

101. a. The projected number at the beginning of 2005 is N (1) = 34.68 + 23.88 In (6.35) % 78.82 million. 

1.05 25.074 

b. TV (t) — 23.88—— — = — — — , so the projected number is changing at a rate of 

} 1.05? + 5.3 1.05f + 5.3 v J 55 

25.074 

N f (1) = — — & 3.95 million per year. 

w 1.05 + 5.3 F y 

102. a. InV = \n(c(l- — \ \ = InC + win (l - — W — In V = — (InC) + — \n\n (l - —X\ 

V V NJ J V N/ dn dn y } dn\_ \ N)_ 



V 

~v 



: = ln(l-0soV^Vln(l-l)=c(l-l)%n(l-l). 



V'(n) C ( l -w) n ^( l -w) / 2 x 
b. The relative rate of change of V (n) is — if = — ^ / ^ ^ = In ( 1 - 4, ) . 

V{n) c(l-£) V 7 

103. x (0 = ae' + be~ l v (0 = 4" + = - a (0 = t"° (0 = T" ~ be ~ l ) = ae% + 

at at at 

104. y (0 = x' (0 = ^ |V 2 < (2cos4? - 3 sin4f)] = -2e" 2 ^ (2cos4? - 3 sin 4/) + e -2 ' (-8 sin4r - 12 cos 40 

= -2e~ 2 ' (8cos4? + sin 40 
a (0 = v' (0 = \-2e~ 2t (8 cos 4? + sin 4f)J = 4^ -2 ^ (8 cos 4? + sin 40 - 2e -2 ' (-32 sin At + 4 cos 40 
= 4e~ 2 ' (6 cos 4? + 17 sin 40 

105. y = 200 (e omx + e" 0 02 *) => y' = 2 (e 0 01x - 2eT 0 02 *) => = 2 ^-0.02^ ^ ^0.03^ = 2 ^ x = _1_ ln2 xhe 
absolute minimum value of y is 3 ; l JC= (i n 2)/0.03 % so m e plane gets to about 378 ft above the ground. 

106. 0 (0 = *'(0 = 'felncodiMt) = "!!^qtjE = J^tobMt and 



Chapter 6 Review 



107. y = lx 2 — ilnjc 



y = \x - 



i 



x 2 -l 



, so 



i + (/) 2 = i + 



2x 2x 
4x 2 + x 4 - 2x 2 + 1 * 4 + 2x 2 + 1 



* 2 + o 



4x 2 



4x 2 



(2*) 



2 



. Therefore, 



L = fj\ + {yfdx = [ X -^dx = Q + 1) = (1,2 + \ In*) | * = | (3 + 21n2). 



108. y = In — = In (e x + l) - In (e x - l) 



-2e 



y = 



i + (yf = i + 



4e 



2* 



+ 2 ^2x 



(e 2 * - 1) 



.2* _ 



1)2 "V^-l/ 



^ + 1 e x - 1 

2 



•2* _ J 



2J2x 



e LX + 1 
^2* _ j 



2 + 
1 e x — e~ x 



dx — In 



e x — e x 



\ = In (e 2 - e" 2 ) - In - eT 1 ) 



= in g2 - g " 2 = in £zl = in £±1 = In (e 2 + l) - 1 



£ — £ 



-1 



£ 3 — <? 



109. a. For 0 < x < A, we have V 1 — x 2 < V 1 — x 2 " < 1 (for n > 1). This implies that 1 < 



1 



1 



< 



'/2 rl/2 J X 

lax < - < 

0 io VI- * 2 " ^0 

1 r 1 / 2 dx TV _ / 
- < / . < - => 0.5 < / ■ 

2 JO VI - * 2 " 6 Jo VI - -* 2 " 



!/ 2 djc ,i/2 Z^ 2 rf* 

1-x 2 U Jo y/\-X 2n 



< sin 1 x 



J\-X 2n y/l -X 2 

1/2 
0 



V 2 <fr 



< 0.524. 



b. Using a calculator or computer, we find that 



V2 dx 



o yi-x 12 



0.500005. 



110. a. A f (0 = « 



-140e _L4 ' ifO < r < 1 

-140 (l + e 1 - 4 )*- 1 - 4 ' if? > 1 

After 12 hours, the amount of drug is changing at the 

rate of A' y^J = -140e~ 0,7 « -70; that is, it is 

decreasing at the rate of 70 mg per day. After two 
days, it is changing at a rate of 

A' (2) = -140 (l + e 1 ' 4 ) e~ 2 * % -43; that is, it is 
decreasing at the rate of 43 mg per day. 

c. The maximum amount is 

A (1) = 100 (l + e 1A> ) e~ 1A « 125 mg. 



b. 




1 2 3 t 

From the graph of A, we see that the maximum 
occurs at / = 1 , at the time when she takes the 
second dose. 
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Challenge Problems 



1. Write /(*) = |lnx| = 



-lnx if 0 < x < 1 
lnx if 1 < x 



M ,. |ln(l + ft)|-|lnl| 
Now lim — lim 



/z->0+ 



h 



hm = hm 



/i->0+ h 
-ln(l + -lnl 



r ln(l+/z) 
hm ■ — lim 



1 



h 



h 



= lim 

/i->0 



/i->0+ 
1 



h 



/i->0+ 1 + /1 



= 1, but 



-a + h) 



= — 1, showing that / is not differentiable at 1 



2. «w = r 1 w 



i 



/' ig M) 



*"(*) = 



d 



([/' (g to)] ' 1 = " [/' (8 to)] 2 g' (x) = "-^2— 

(/')/' 



Jx 



/ 



(/') 



A 3 



(/') 3 (/"') s' - (/") 3 (/T /V (/') J /"' (v/0 - 3 {f'Y (1//') 



A 2 



2 / w\2 



to = " 



iff 

f'"-(ff-l(f"?f 3(ff-f'f 



(/') 



A6 



/// 



if) 



a6 



/\5 



3. To find the points of intersection of y = / (x) and y = f (x) sin ax, we solve the two equations 

simultaneously, obtaining / (x) = / (x) sin ax <=> / (x) (1 — sin ax) = 0. Since / (x) > 0, we must have 



sin ax = 1 =^> ax — y + 2/c7T <=> x = 



7T (1+ 4*) 

2a 



, * = 0, ±1, ±2, . . .. yi = f (x) => y[ = f (at) and 



y2 — f (x) sin ax => = /' (jc) sin ax + af (x) cos ax. At x = 



tt(1+4*) , 



2a 



)4 = /'( 



tt(1 +4/t)\ 



= / 



2a 

7r(l + 4&) 



and 



7r(l+4*) \ ^ / 7T(l + 4fe) \ + /7T(l+4fc)\ / 7T(l+4fc) \ 

2a / V 2a / V 2a / V 2a ) J \ 2a 



H 



= v( . This shows 



that the graphs of y = / (x) and y = / (x) sin ax are tangent to one another at their points of intersection. 



d ( sin x \ 
4. a. /' (x) = — {—J 



x cos x — sin x (cos x) (x — tan x) 



dx 



x 



2 



x 



2 



< 0 for 0 < x < y , showing that / is decreasing on 



(0, f ). Thus, since R > 0, / (x) = 



sinx 



x 



> 



sin 



7T 

2 



7T 

2 



2 7?sinx 2R 
— => > — 

77 X 7T 



jRsinx 2R 
< 



x 



7T 



— /? sinx < — 



2/?x 



7T 



, 0 < x < y . Because the exponential function g (x) = e x is increasing on (-co, oo), we see that 



— /?sinx ^ e —2Rx/iz Qn 



*72 ^_#si 



b. Using the result of part a, we have Jq e 



sin x 



dx < £ /2 e-W*)* dx. To evaluate the 



2R 



2R 



integral on the right, let u — — ^-x du — — ^ dx, x = 0 u = 0, and x = 5 



ii = Then C /2 e~( 2R W x dx = - ^ £ R e u du = -^e u 



-R 
0 



2 

~YJi {^~ R ~ Us an d so 



w/2 -jjgi 



sin a: 



0 



^X < 



7T 

2^ 



5. 



If h > 0, then f (0) = lim 



/(0 + /i)-/(0) 



/2 



= lim 

h^0 



2/2/(3 + ^ 1 / /t ) 



/z 



= lim 



h^0 3 + e 1 /^ 



= 0. If h < 0, then h — —u for 



u > 0, so f (0) = lim 

h^0 



f (0 + ^-/(0) 



= lim 



-2w/ (3 + e" 1 /") 



= lim 



2 



h u->~0 -u u-*0 3 + e~ l / u 

right-hand limits are not equal, we conclude that f' (0) does not exist, so / is not differentiable at x = 0. 



= - . Since the left- and 

3 
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6. Put / (x) = In (x + 1) — . Then f (x) = — — - ~* = > 0 for x > 0, showing that / is 

x+1 x + 1 (x + l) 2 (jc + l) 2 

x x 

increasing on (0, oo). Therefore, / (x) = In (x + 1) > / (0) = 0 => < In (x + 1) for * > 0. Next, put 

X ~\~ 1 X ~\~ 1 

1 X 

g (x) = x — In (x + 1). Then g' (*) = 1 = > 0 for x > 0, showing that g is increasing on (0, oo). 

x + 1 x + 1 

Therefore, g (x) = x — In (x + 1) > g (0) = 0 => In (x + 1) < x for x > 0. Combining these two results leads to the 
desired conclusion. 



dx 




[sin 2 x + cos 2 x j /• sm 4 ^ _|_ 2 sm 2 ^ co§ 2 ^ + CQS 4 x 



7 " ' ^1 4~ = / — 4 dx = / ~ 1 dx 

sin z * cos 4 * J snr x cos 4 * J snrxcos 4 * 

sin z x 




H = 1- ? ) = / tan 2 x sec 2 * + 2 J* sec 2 x dx + J* esc 2 x dx 



cos 4 * cos 2 x sin 



= A tan 3 x + 2 tan* — cot* + C 



$. y = log g (x) = 



Ing(-x) 
In / (*) 



d 



In g (x) 
dx \_lnf (x) J 



In / (x) 



-lng(x) 



/'(*) 



[In / (x)] 



f (x) g (x) [ln / (*)] 



ft 



9. lim X 



1 



= lim - Z 



1 



w ->°° *=i " 2 + £ 2 w *=i 1 + (&/rc) 2 



. This is a Riemann sum for the function / (x) = 



1 

1 + x 



, so 



1 



lim y — „ _ . 

n_>0 %=l n 2 + k 2 Jo \+x 2 



dx — tan 1 x 



1 

0 



7T 

4 



1 (l+x 2 )-x(2x) 2 x 2 
10. Let / (x) = tan -1 x — 2 , so /' (x) = j — ^ = j > ® ^ or x > ^' so / i s increasing 



-1 x 



i -X X i 

on (0, oo) and therefore / (x) = tan -1 x = > / (0) = 0 for x > 0, establishing the inequality =■ < tan _i x. 

1 + x l 1 + x l 

I x 2 

Next, let g (x) = x — tan 1 x. Then g' (x) = 1 ~ = ^ > 0 for x > 0, so g is increasing on (0, oo) and 

1 + x l 1 + x 2 

therefore g (x) — x — tan -1 x > g (0) = 0 for x > 0. This shows that tan -1 x < x for x > 0. 
The desired result follows from the two inequalities. 



x ~\~ cos ci dx 

11. Let u — ; , so that x = u sin a — cos a. Then du — - — , so 

sin a sin a 



I 



dx f sin a du f sin a du 



1 + 2.x cos a + x 2 J 1 + 2 (u sin a — cos a) cos a + (w sin a — cos a) 2 7 1 — cos 2 a + w 2 sin 2 a 



— sin a 



1 f du 1 i _ 1 . / x + cos a \ _ 

— T — l ^ = - — / = tan" 1 u + C = - — tan -1 : + C 

sin 2 a(l + w 2 ) smaj 1 + u z sma sma \ sma J 
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12. a. Let / (*) = tan 1 *. Note that / is continuous and differentiable on (— oo, oo). In particular, / is continuous on [0.9, 1] 

1 2x 

and differentiable on (0.9, 1). Also, f (*) = ^ and f" (*) = j. Since /" (*) < 0 for x > 0, we see 

1+* (l + * 2 ) 

that /' is decreasing on (0, oo). Using the Mean Value Theorem with a — 0.9 and b — 1, we see that there 

f (i) _ f (0.9) 

exists a number c in (0.9, 1) such that f' (c) — — — . Since f' is decreasing on (0.9, 1), we see 

f (\) _ f (Q Q) 1 1 

that /' (1) < ' < /' (0.9), but /' (1) = T = 0.5 and /' (0.9) = T « 0.6, and 

J w 0.1 ' v ^ w l + l 2 1 + (0.9) 2 



77 — f (0 9) 

since / (1) = tan" 1 1 = f , we have 0.5 < -4 — -- — — < 0.6 => 0.05 < f - / (0.9) < 0.06 
f - 0.06 < / (0.9) < f - 0.05 => 0.725 < tan" 1 0.9 < 0.735. 



-1 



b. tan -1 0.9% 0.733 



„ r jftmt^dt ^fftmt^dt tan(x 3 ) 1/3 -3x 2 3tanjc 3 sec2jc 3 

13. hm — = = lim = hm 7 — y — = lim = - hm = - 

x ^0 j2* ? tdt x ^o d_j2x 2 tdt x^0 (2* 2 )-4* x^0 8* 8 1 8 



14. hm / / (*) dx = hm = hm = hm = / (a) 

b-^ab — ajQ b^a b — a b^>a (b — a) b^a 1 



15. lim ;t sinx is an indeterminate form of type 0°. Let y = * sinx , so In y = ln* sin * = sin* In*. Then 
x->0+ 

l/x ,. sin 2 * 
— — hm 



In ( lim y ) = lim In y = lim sin * In x = lim — lim 

\x^0+ ) x^0+ x^0+ x^0+ CSCX x^0 



x^0+ — esc* cot* x->0+ *cos* 



sin* , ^ 

= — hm tan * = 1 • 0 = 0 

x^0+ * 



lim y = lim * sinx = e° = 1. 
x-*0+ x^0+ 



_ tan3* 2 6*sec 2 3* 2 6*sec 2 3* 2 
16. hm ; — x r = hm ; ; = — hm 

x^> 



0 In cos (3* 2 — *) x->0 sm ( 3^2 _ x \ *->o (6* — 1) tan (3* 2 — *) 

7T2 7 (6x ~ l) 

cos (3* z — *) 

6sec 2 3* 2 + (6*) 2 sec 3* 2 • sec 3* 2 tan 3* 2 • 6* 6(l) + 0 ^ 

~ ~ *-$0 6 tan (3* 2 - *) + (6* - 1) sec 2 (3* 2 - *) (6* - 1) ~ ~ 6 (0) + (-1) (1) (-1) 



1? Hm 2f(x + h)-f(x)-f(x-h) = Hm 2/'(* + /?)-0-/ / (*-/Q (-1) = ^ 2/ (* + /*) + / (*-/Q 
' h^0 3h h->0 3 h->0 3 
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18. Put A = (x n +a n -ix n - 1 +---+ao) H and B = (* n + b n -\x n ~ l + ■ • • + h) • 



Then A n — B n = (a n _ x - b n - X ) x n ~ l + (a n _ 2 - b n _ 2 ) x n ~ l + • • • + (a 0 - b 0 ). But 
A n - B n = (A - B) (A"- 1 + A n ~ 2 B + • • • + B n ~ i y 



so 

A _ _ (fl/i-l ~ b n -\) * n ~ l + {a n -2 ~ b n-l) x n ~ 2 + • • • + (ftp - frp) 

~ A" -1 + A n ~ 2 B + • • • + B"" 1 

/ » \ i a n-2 - b n-2 . . a 0 ~ b 0 

x x n ~ l 





But lim - = lim ( 1 + + • • • + —) ^ = 1 and lim - = 1, so 

x— >oo x «— >oo \ x X / x— >oo x 

lim (A -2*)= lim =— ^ g-* ggzl 

19. a. lim / (x) = lim (1 — x) 1_ * is an indeterminate form of type 0°. 

x^0+ x^0+ 

Now In f (x) = lnx* (1 — x) l ~ x =x\nx + (1 — *)ln(l — x), so 

1/jc 





= — lim x = 0. 



In ( lim / (x) \ — lim In / (x) — lim + 0 = lim 

\x^0+ ) x^>0+ *->0+ l/x x ^0+ -\/x l *->()+ 

Thus, lim / (x) = e® = 1. Putting y = 1 — jc, we see that lim / (x) = 1. 
b. In / (x) = x lnx + (1 — x) In (1 — x) => 

w / x / j v i 0 + + + + sign of / 

^i=ln, + ,(-)-ln(l-,) + (l-,).— ^ ^ x 

J v / \ / Oil 

IT 9 

= hut — In (1 — x) = In 



1 

.v , -V 



/' (x) = jc* (1 — xy~ x In . Thus, / (x) = 0 => = 1 <^ x = 1 — x <^ x = i, a critical number. 

1 + x 1 — x L 

Considering the sign diagram and the result of part a, we see that / has an absolute minimum of / ^) — \- f nas 

absolute maximum because neither 0 nor 1 lies in the domain of /. 




7.1 Concept Questions 

1. a. / u dv = uv - / v du b. /* / (x) g> (x) dx = f (x) g (x)\ b a - ft g (x) f (x) dx 

2. See page 607. To apply the integration by parts formula to find j xe~ x dx, we would pick u = x and dv = e~ x dx. Then 
du = dx and v = J e~ x dx — —e~ x . Using this choice of u and dv, we see that du is simpler than u and dv is easily 
integrated. This is in agreement with the general guidelines. On the other hand, had we picked u = e~ x and dv — x dx, 
then du — —e~ x dx and v — jx 2 . In this case du is not simpler than u, although dv is still easily integrated. We obtain 

J xe~ x dx = uv — J v du = jx 2 e~ x + ^ j x 2 e~ x dx. We end up having to find an integral that is more complicated than 
the original one ! 



7.1 Integration by Parts 



1. j xe 2x dx. Let u = x and dv = e 2x dx. Then du = dx and v = j e 2x dx = \e^ x , so 
Jxe 2x dx = uv-fvdu = \xe 2x - j \e 2x dx = \xe 2x - \e lx + C = \ (2x - 1) e 2x + C. 

2. j xe~ x dx. Let u = x and dv — e~ x dx. Then du — dx and u = J e~ x dx — —e~ x , so 
J xe~ x dx = uv — J v du — —xe~ x + j e~ x dx — —xe~ x — e~ x + C = — (x + 1) e~ x + C. 

3. J xsinxdx. Let w = x and do = sinxdx. Then dw = and v = J sinxdx = — cosx, so 

/ xsinxdx = uv- J v du — —x cos x + f cos x = — x cos x + sin x + C = sin x — x cos x + C. 

4. Jxcos2xdx. Let u = x and du = cos2xdx. Then d« = dx and u = j cos2xdx = ^ sin2x, so 

J x cos 2x dx — uv — J v du — ^x sin 2x — J ^ sin 2x dx = ^x sin 2x + ^ cos 2x + C = ^ (2x sin 2x + cos 2x) + C. 

5. J xln2xdx. Let u = ln2x and du = xdx. Then du = dx/x and u = J x dx = ^x 2 , so 

f x \n2x dx = uv — f v du — ^x 2 In 2x — J Ax dx = ^ 2 In 2x — ^x 2 + C = ^x 2 (2 In 2x — 1) + C. 



6. J xsinxdx. Let u = lnx and du = x 3 dx. Then du = dx/x and v — J x^ dx = ix 4 , 



so 



j x 5 lnx dx = uv — J v du — ^-x 4 lnx — j ^-x^ dx = ^-x 4 lnx — j^x^ + C = -j^* 4 (4 lnx — 1) + C. 

7, I = J x 2 e~ x dx. Let w = x 2 and du = <? -A dx. Then dw = 2xdx and v = j e~ x dx — —e~ x , so 

/ = uv — j v du = — x 2 £ - * + J 2x^ _x dx. To evaluate J = J xe~* dx, let s = x and d/ = dx. Then 
ds = dx and t = J e~ x dx — —e~ x , so J = st — j t ds — —xe~ x + J e~ x dx = —xe~ x — e~ x , and therefore 

/ = / x 2 e~* dx = -x 2 *?-* + 27 = -x 2 e~ x + 2 (-xe~ x - e~ x ) + C = - (x 2 + 2x + 2) e - * + C. 

8. / = J t 3 e* dt. Let u — t 3, and dv = ^ ? d/. Then dw = 3? 2 dr and v — f e r dt = e* , so I = uv — f v du = fie* — J 3t 2 e l dt. 



To evaluate J — J t e dt, Let p — t and dq — e l dt. Then dp — 2t dt and q — J V dt = so 

J — pq — f q dp = t 2 e l - j Ite 1 dt = t 2 e l - 2 (te* - e f ) = (t 2 -It + Tje*. (See Example 1 in Section 7.1.) Therefore, 

/ dt = t 3 e* - 3 (t 2 - 2t + 2^je r + C = (t 3 - 3t 2 +6t-6\e* + C. 

479 
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9. J x 2 cosxdx. Let u — x 2 and dv = cosxdx. Then du = 2xdx and v = J cosxdx = sinx, so 
fx 2 cosx dx = uv — f vdu = x 2 sinx — 2 / x sinx dx. Using the result of Exercise 3, we then obtain 

J x 2 cosx dx = x 2 sinx — 2 (sinx — xcosx) + C = ^x 2 — 2^ sinx + 2xcosx + C. 

10. J x 2 sin2x dx. Let u — x 2 and dy = sin2x dx. Then = 2x dx and v — j sin2x dx = — ^cos2x, 
so / x 2 sin2x dx — — ^x 2 cos2x + J xcos2xdx. Using the result of Exercise 4, we then obtain 

j x 2 sin 2x dx — — jx 2 cos 2x + jx sin 2x + | cos 2x + C — ^ cos 2x ^1 — 2x 2 ^ + jx sin 2x + C. 

dx 

11. f tan -1 xdx. Let u — tan -1 x and dv — dx. Then du — ^ and v — x, so 

J 1 + x 2 

J tan -1 x dx — uv — J v du — x tan -1 x — J * 2 = x tan -1 x — ^ In ^1 + x 2 ^ + C. 

dx 

12. f sin -1 xdx. Let u = sin -1 x and dv — dx. Then du — l and v — x, so 



r . i r . , f x dx f x dx f / 9 \— 1/2 

sin x ax — uv — y aw = x sin x — / . To evaluate J — / , = / x { 1 — x z ) dx, use 



substitution with u — 1 — x 2 , so dw = — 2x dx. Then 7 = — ^ J u x l 2 du — —u x l 2 -\- D — — v 1 — x 2 + Z), and so 
J sin - 1 x dx = x sin - 1 x — / = x sin - 1 x + Vl — x 2 + C. 

13. / s/tlntdt. Let w = lnf and dy = f 1 / 2 dt. Then du = dr/f and y = J* t l / 2 dt = §^ 3 ^ 2 , so 
/ «Jt\ntdt =uv- I vdu = \t*l 2 \&t- j%t l l 2 dt = |r 3/2 lnr - ^r 3 / 2 + C 

= §? 3 / 2 (31nf-2) + C = ^V?(31n/-2) + C 

— dt = j t~ x l 2 \ntdt. Let u = hit and dv = t~ x l 2 dt. Then J w = y and y = / t~ x l 2 dt = 2t x < 2 , so 
dt = uv - J v du = 2t x l 2 \nt - J 2t~ x l 2 dt = 2t x < 2 \nt - At x l 2 + C = 2jt(\nt - 2) + C. 

15. j xsec 2 x dx. Let u — x and dv — sec 2 xdx. Then du = dx and v = J sec 2 xdx = tanx, so 

/sin 
dx = x tanx + In Icosxl + C. 
cosx 

16. I = J sinx Jx. Let w = e~ x and <iy = sinxdx. Then du — —e~ x dx and v — J sinxJx — — cosx, 
so I — uv — j v du — —e~ x cosx — J e~ x cosxdx. To find the integral on the right, 

let s — e~ x and dt — cosxdx. Then ds = —e~ x dx and t = J cosxdx — sinx, so 

I — —e~ x cosx — (e~ x sinx + J e~ x sinx dx) — —e~ x cosx — e~ x sinx — I. Then 21 — —e~ x (cosx + sinx) and 
I — —\e~ x (cosx + sinx) + C. 

11. I — J e 2x cos3x dx. Let u — e 2x and dv — cos3x dx, so du = 2e 2x dx and y = J cos3x dx — ^ sin3x. 
Then I — uv — j vdu = ^e 2x sin 3x — | / e 2x sin3x Jx. To evaluate the integral on the 
right, let s — e 2x and dt — sin3x dx, so ds — 2e 2x dx and t = J sin3x<ix = — ^cos3x. 

Then I = \e 2x sin3x - \ (^\e 2x cos3x + |/) = \e 2x sin3x + \e 2x cos3x - Thus, 
(l + I = x e 2x sin3x+ \e 2x cos3x => I = j e 2x cos3x dx = -^e 2x (3 sin 3x + 2 cos 3x) + C. 
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dx 

18. f n * tan -1 x dx. Let u = tan -1 * and dv — x dx, so = ^ and w = f xdx = A* 2 . Then 

JU 1+* 2 J z 




+ * 

1 .2 



1 1 

* tan -1 xdx = kx 2 tan -1 * / T <!*: = -• / (1 T I dx (by lone division) 

= f _[l(,- to -l,)]J=f -l(l- f) = f -l = l(7T-2) 



19. J w sin (2w + 1) dw. Let p — u and — srn (2w + 1) dw, so dp — du, q — / sin (2u -\- \) du — — ^ cos (2w + 1), and 



J u sin (2u + \)du — pq — J q dp — — \u cos (2u + 1) + j / cos (2u + 1) d 



u 



= -\u cos (2u + 1) + ^ sin (2u + 1) + C = ^ [sin (2m + 1) - 2w cos (2k + 1)] + C 



20. / 0 esc 2 OdO. Let u — 0 and = esc 2 OdO, so = d0 and u = / esc 2 OdO = — cot0. Then 

Jocsc 2 OdO = uv- Jvdu = -0cot0 + J cot0</0 = -0cot0 + J^^dO = -0cot0 + In |sin0| + C. 



21. / x tan 2 x d*. Let w = * and = tan 2 * d*, so <iw = dx and o = / tan 2 xdx = / ^sec 2 * — 1^ d* = tan* — x. Then 



// sin x 
(tan* — *) dx — x (tan* — x) — I dx + f x dx 
J cosx 

= x (tan* — *) + In |cos*| + ^* 2 + C = * tan* + In |cos*| — l?x 2 + C 



sin (In*) 

22. I cos (In*) d*. Let w = cos (In*) and dv — dx. Then du = dx and v = *, so 

* 

I = J cos (In*) J* = uv — J v du — * cos (In*) + / sin (In*) d*. We evaluate the integral on 

cos (In *) 

the right using parts with U = sin (In*) and dV = dx, so dU = dx and V = x. Thus, 

* 

I = * cos (In*) + * sin (In*) — / cos (In*) dx — x cos (In*) + * sin (In*) — I <=> 21 = * cos (In*) + * sin (In*) o 
I — jx [cos (In*) + sin (In*)] + C. 



_ J* 
23. I = / «Jxcos Jxdx. Let u — *Jx, so du — — — <^ dx — 2u du. Then I = / 2u 2 cos u du, and using the result of 

Exercise 9, we get / ^/*cos ^Jxdx — 2 ^(u 2 — 2^ sinw + 2u cos wj + C — 2 [(* — 2) sin Jx + 2^/x cos *Jx~\ + C. 



24. / esc 0 d6. Let u — esc 0 and dv — esc 0 <i0, so du — — esc 0 cot 0 J0 and v — — cot 0. Then 

/ esc 3 0 dO — uv — J v du = — esc 0 cot 0 — / cot 0 esc 0 cot OdO = — esc 0 cot 0 — / esc 0 ^csc 2 0 — dO 

= - esc 0 cot 0 - / esc 3 OdO + / esc 0J0 => 

2 / esc 3 OdO = -cot0csc0 + / cscOdO = -cot0csc0 + In |csc 0 - cot0| + Z), so 
/ esc 3 0d0=\ (In |csc 0 - cot 0| - cot 0 esc 0) + C. 
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25. J sec 5 0 dO. Let u — sec 3 0 and dv — sec 2 0 dO, so du = 3 sec 2 0 sec 0 tan 0 J0 = 3 sec 3 0 tan 0 J0 and o = tan 0. Then 
/ sec 5 0d6 =uv- fvdu = sec 3 0tan0 - 3 / sec 3 0tan 2 0 dO = sec 3 0tan0 -3 J sec 3 0 (sec 2 0 - l) J0 

= sec 3 0tan0 - 3 / sec 5 0 dO + 3 / sec 3 OdO <=> 

4 / sec 5 0^0 = sec 3 0 tan 0 + 3 / sec 3 OdO, so / sec 5 OdO = \ sec 3 0tan0 + | / sec 3 OdO. To evaluate 
J = J sec 3 0 J0, let s = sec 0 and J? = sec 2 0 J0, so = sec 0 tan 0 J0 and t = tan 0. Then 

/ = sec0tan0- / sec 0 tan 2 0 J0 = sec 0 tan 0 - / sec0^sec 2 0- \}d0 = sec0tan0 - / sec 3 0 dO + / secOdO^ 

/* sec 0 + tan 0 f _ _ ^ /* sec 2 0 + sec 0 tan 0 f _. 

2/ = sec0tan0 + / sec0 dO = sec 0tan0 + / — J0 

7 sec 0 + tan 0 J sec 0 + tan 0 

= sec 0 tan 0 + In |sec 0 + tan 0| + E <=> 
7 = £ (sec 0 tan 0 + In |sec 0 + tan 0|) + Z), and so / sec 5 0d0=\ sec 3 0 tan 0 + | (sec 0 tan 0 + In |sec 0 + tan 0|) + C 



26. J* xsirftvxdx. Let w = * and dv — sinh* dx, so du = dx and v = cosh*. Then 
J* x sinh* d* — uv — J v du — x cosh* — J cosh* dx = * cosh* — sinh* + C. 



27. J * 3 sinh*d*. Let u — x 3 and Jo = sinh* dx, so = 3* 2 <i* and o = cosh*. Then 

J x 3 sinh* dx = uv — J vdu = * 3 cosh* — 3 J* 2 cosh* d*. To find J = J x 2 cosh* <£x, let s = * 2 and = cosh* <£x, 

so = 2x dx and ? = sinh*. Then J — st — J t ds — x 1 sinh* — 2 J** sinh* d* = x 1 sinh* — 2 (* cosh* — sinh*) + D 
(see Exercise 26). Thus, 

J x 3 sinh* dx — x 3 cosh* — 3 (x 2 sinh* — 2x cosh* + 2 sinh *^ + C 

= x 3 cosh* — 3* 2 sinh* + 6x cosh* — 6 sinh* + C 



28. J x coshlx dx. Let u — x and Jo = cosh 2.x d*, so du — dx and o = ^sinh2x. Then 
J x cosh 2x dx — uv — j v du — jx sinh 2x — ^ J sinh 2* d* = jx sinh 2x — ^ cosh 2* + C. 



29. J e x In (e* + l) d*. Let u = In (e x + l) and dv — e x dx, so = and o = — £ *. Then 

/ In + 1) d* = uv - Jvdu = -e~ x In (e x + l) + J ^* - = In (e* + l) + ^ y 



= In (r* + 1) - In (1 + e _Jf ) + C 



d* 



. J (x 2 — 1^ cosxdx. Let u — x 1 — \ and Jo = cos* dx, so Jw = 2x dx and o = sin*. Then 

f (x 2 — 1^ cos* dx — uv — J v du — (x: 2 — 1^ sinx — 2 sin* dx. To evaluate J x smxdx, Let 5 = x and 

= sinx dx, so = Jx: and t — — cosx. Then sin* dx — st — J t ds — —x cosx + J cosxdx = —x cosx + sin* 
Therefore, J (x 1 — cosxdx = (x 2 — 1^ sin* — 2 (— * cos* + sin*) + C — (x 2 — 3^ sin* + 2* cos* + C. 
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31. / = 



dx. Let u = lnx: and = (1 — x) */ 2 <ix. Then = <ix/x and v = — 2 (1 — x) 1 / 2 , 



so 



— uv — j vdu = —2V 1 — x lnx + 2 ^ 



(l-x)V2 



<ix. To evaluate the last integral, use the substitution r 2 = 1 — x, so 



x — 



\ — t 2 and dx 
(l-x)V2 



-2f dr. Then 

? 2 

dx = -4 I =■ ^ = 



4r 



= 4 / </f + 4 



1 _ ,2 J t 2 _ i 

-1/2 



<fr = 4dt + 4 



dt 



t 2 -\ 



(by long division) 




1 t-\) 



4f-2(ln|f + 1| -\n\t- 1|) + C 



= 4f - 2 In 



M-l 
f- 1 



+ C 



Therefore, because r = V? = Vl — we have I = 4Vl — x — 2 In 



VT^Tx + l 



Vi-x - 1 



- 2V1 -.xlnx + C 



32. Jq 1 — \)e 2t dt. Let u — t — 1 and dv — e 2t J?, so dw = J? and v = —^e 2t . Then 



/J (f - 1) * = - 1 (f - 1) * + 1 /J e -2» * = - 1 - [1,-2^ = - 1 - 1 



I*' 2 + i = 



4e2 • 



33. J* x^lnx dx. Let w = lnx: and dv = x l dx, so dw = dx/x and y = kx 5 . Then 
fix 2 lnxdx = %x 3 \nx\ e - \ fix 2 dx = \e 3 - \ |x 3 ]* = \e 3 -\ (e 3 - l) = g (2e 3 + l). 

34. Jq In (x: + 1) dx. Let w = x + 1, so dw = dx, x = 0 w = 1, and x - = 2 => w = 3. Then 



v 2 



U3 



Jq In (x + 1) dx = In udu = (u In w — w)| 3 = 3 In 3 — 2. (See Example 6.) 



35. L 1 / 2 cos 1 x dx. Let u — cos 1 x and dv — dx, so du — —dx / >J\ — x 2 and v = x. Then 



-1 



0 




,1/2 _! , _i 1/2 , /. oX-1/2 

L COS Ifll = X COS X 



+ 



J*(l-x 2 ) 



dx — ^ * ^ H~ 



[HH-- 



2 y/2i'/2 

' JO 



V3 
6 2 



_ vi , i 



= I (tt + 6 - 3 V3) 



36. x sin2.x <£x. Let w = x and Jt> = sin2.x<ix, so du = dx: and o = — ^ cos 2.x. Then 
JJ 7 x sin 2.x dx: = — ^x cos2x|^ + j cos2x dx = — y + ^ sin2xj^ = — y 



37. J^r* 2 ln.xdx:. Let w = lnx and dv — x 2 dx, so du — dx/x and v = — 1/jc. Then 

1 1 



6 Jj*j 

x~ 2 In A" = 

J~e x 



+ / A -2 = + 



rir 

Vi 



3 _2_3V^-4 

e e ' «Je e 



+ 1 + 1 



2e 



38. / = J^ 2 e 2x cosx dx. Let u = and <iu = cosxJx, so du = 2e 2x dx and w = sinx. Then 



Jj 1 ^^ 2 e 2 ^ cosx Jx = e 2x sinx ^ ^ —2 f^ 2 e 2x sinx dx = e* — 2 f^ 2 e 2x sinx dx. Now let 5 = e 2x and = sinx dx, 



so = 2<? 2 * dx and r= — cos x. Then I = e 71 — 2 - 



— ^7T 



57 = ^-2^/ = J^ /2 e 2 ^ cos x dx = £ (e w - 2). 



— ^ 2x cosx 



] + 2 Jq /2 e 2x cosxJxJ = ^ -2-4/ 



39. Jj a sec -1 x Jx:. Let m = sec -1 a and dv — x dx, so = 



-1 



-1 



dx 



x^/x 2 — 1 



1 9 

and y = . Then 



J 2 xsec~ { xdx = ^x 2 sec _1 x^-\ j 2 x (x 2 - lj 1/2 dx = 2 sec -1 2- ^ (2) ^x: 2 - 1^ 

= 2 sec" 1 2 - ^ = 1 (4 sec" 1 2 - V3 ) = 



1/2 



n2 



- 1 
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40. 



(x + x cos x) dx = x dx + /J 1 "^ 2 



1 0 

xcosx dx — jx z 



J -\- J — ^ — \- J, where J — x cosx dx. Let 



u — x and dv = cosx dx, so du — dx and v — sinx. Then J — x sinxlj 72 — /J* 72 sinx dx = ^ + [cosx]^ 72 = ^ — 1, 



so 



/J 172 (x +xcosx)dx = ^ + f - 1 = ^ (tt 2 + 4tt - 8). 



41. 



Jq In ^1 + ? 2 ^ df. Let w = In ^1 + t 2 ^ and dv = dt, so du = - ^ d? and d = f. Then 

y ln(l + r 2 )df = Hn(l + r 2 )|* JT7 2 ^ = ln2 ~ / ( 2 ~ 1^2) ^ = ln2 ~ ( 2 ' ~ 



2 tan 



J\0 



= ln2- (2-2- f ) =ln2-2 + f = 



21n2 + 7r-4 



42. Jq sin A /x dx. Let / = y'jt, so = — — , x = 0 => t — 0, and x — ^j- £ = Then 
Jj 1 ^ ^ 4 sin ^fxdx — 2 t sin t dt — 2 (sin t — t cos |^ 2 = 2. (See Exercise 3.) 



43. f 



7r/3 0d0_ 

sin 2 0 
^ 0d0 

tt/4 sin 2 0 



= J^y4 0csc z 0 dO. Using the result of Exercise 20, we find 

(-0cot0 + In I sin 0 1) = . ^ +]n^ + % - = ^)n% + ^ 0) - 4^3) 



dx 



44. / = Jq 1 tan 1 +Jxdx. Let r = +Jx, so df = — — <^> dx — 2t dt, x = 0 t = 0, and x = 1 => f = 1. Then 



2V* 



I = 2 t tan 1 ? J?. Now let w = tan 1 1 and dv — t dt, so dw = ;r 

JU 1 + 1 2 



and v 



1 9 

= . Then we have 



i r l t 2 dt 



2 Jo ? 2 +l 



rl t 2 
/ t tan -1 ?dr = — tan -1 1 
Jo 2 

= f ■-J(l-?) = J(*-2) 
Therefore, Jq 1 tan -1 «Jxdx — (tt — 2). 



7T 

8" ~ 2 



45. A = J** (lnx) 2 dx. Let w = (lnx) 2 and do = dx, so 
dw = (2 lnx) (1/x) dx and v = x. Then 

x(lnx) 2 



A = 



— 2 ln x dx 



= £ — 2 [(x lnx — x)]*j (see Example 6) 
= £>-2(e-e+l) = <?-2 




46. A = 



1 X£ A " 



0 (1+x) 



dx. Let w = xe x and Jo = (1 + x) 2 dx, so 



du — (x + 1) dx and u = — 



dx 



1 + x 



. Then 



A = — 
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47. Observe that the graphs of y — tan 1 x and y — ^x intersect at (0, 0) and 
(l, as can be seen by substituting these points into the equations. 

Also, the graph of y — tan -1 x lies above that of y — ^x on (0, 1). Thus, 
A — Jq ^tan -1 x — ^x^ dx — Jq tan -1 xdx — ^ Jq xdx. Using the 



results of Exercise 1 1 , we find 
A = [* tan -1 x - \ In (l + x 2 ) - ?^ 2 ]^ 
= A(7r-41n2) 



o 



— 77 _ ■ In 9 — 7r 




48. 



A = e x cos x dx — J^n^ e * cosx dx. To find 

/ = J e~ x cosx dx, let u — e~ x and do = cosx dx, so du — —e~ x dx 

and v = sinx. Then / = e~ x sinx + J e~ x sinx dx. Now let s — e~ x and 

dt — sinx dx, so ds = — e~~ * dx and y = — cosx, so 
/ — e~ x sin* — e~ x cosx — e~ x cosx dx — e~ x (sinx — cosx) 

/ = j (sinx — cosx) e~ x + C. Finally, 

H - T 71 "/ 2 H ■ _ -|37r/2 

^2 (sinx — cosx) e — ^ (sinx — cosx) £ *J 



- / <=> 



A = 



7T/2 



= &~" /2 + (-- 37r/2 - ^- ,r/2 ) 

= i ( 2e - 7r / 2 + e - 37r / 2 + l) 




3tt 



A" 



49. a. 



1 -- 



0 



-1 



1 1 










y 






1 1 1 


1 \ 








{ 1 






1 




1- 






| 1 — 









-1.0 -0.5 0.0 0.5 



1.0 



Using a graphing utility we find the 
x -coordinates of the points of 
intersection to be —1 and about 0.555. 



b. Since g (x) > / (x) on [—1, 0.555], the required area is 

A w 55 [g (x) - / (x)] dx = J^f 55 [(l - x 2 ) - xVTTT] dx. 

Put I — J x^/x + \dx and let u — x and Jo = (x+ 1) 1/2 , so that 
du = dx and o = \ (x + 1) 3/2 . Then / = §x (x + l) 3 / 2 - 



| / (x + l) 3 / 2 dx = \x (x + l) 3 / 2 - ^ (x + l) 5 / 2 + C. Thus, 
[* _ 1*3 _ 2^ (jc + r) 3/2 + .4 (jc + j ' 



A = 




1.251. 



50. a. o.5 



0.0 



-0.5 -- 



0 




1 



Using a graphing utility we find the x -coordinates of the points of 
intersection to be 0 and about 2.553. 



b. The required area is 
A 

Using the results of Exercises 16 and 31, we have 



Jq' 3 [/ (x) — g (x)] dx = Jq'^ (e x sinx + «Jx~cos *fx) dx. 



A « ^— (cosx -I- sinx) + 2 [(x — 2) sin 



X cos 



2.553 
0 



1.444 
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51. V = 



du = — 



7r Jq y 2 dx = 7r Jq 1 cos 1 x dx. Let w = cos 1 x and dv = dx, so 
dx 



and y = x. Then 



V = 7T 



X cos 



i *|!+/ 0 l *( i -*T 1/2 * 



= 7T 



0+(-i) (2)(l-x 2 ) 



1/2 



0 



= 7T 




52. V = 



V = ir fi (lnx) 2 dx. Let w = (lnx) 2 and dv = dx, so du = 2 lnx ^ — ^ 



and o = x . Then 



V — ix x (lnx) 



2 



— 27r Jj In A' dx — ire — [2irx (lnx — 1)] j 



= 7T£ — 27T = (e — 2) 7T 




2 



53. V = 7r /J 1 "^ 2 y 2 dx = 7r \e x l^ cosx^ dx — 7r /J 1 "^ 2 e A cos 2 x dx. To find / = J e x cos 2 x dx, let u = cos 2 x 



and dy = dx, so du = — 2cosx sinx dx = — sin2x dx and v — e x . Then / = e x cos 2 x + J e A sin2x dx. 

To find J — j e x sin2xdx, let s — e x and dt = sin2xdx, so ds = dx and ? = — ^ cos2x. Then 

7 = —\e x cos 2x + ^ j e x cos 2x dx. We integrate the last integral by parts with p — e x and dq — cos 2x dx, so 

dp — e x dx and q — ^ sin2x: 7 = —\e x cos2x + j \ \e x sin2x — j J e x sin2xdx^ = —\e x (2cos2x — sin2x) — \j 



^> J = 



^ ^— (2cos2x — sin2x) + C. Therefore, 1 — e x cos 2 x — ^e x (2cos2x — sin2x) + C, and so 



V = ne x [cos 2 x - ± (2cos2x - sin2x)j |^ /2 = f (le 71- / 2 - 3). 



54. V = 2n Jj 1 ^ xy dx — 2tt x (1 — si 

— 2tt x dx — 2tt x sinx dx 
Using the result of Exercise 3, we find 



sinx) dx 



V = 2-7T ^x 2 — (sinx — 



77/2 7T / 2 
.V COS A")| = I 7T 



(* 2 - 8 ) 



v = sin .V 




55. V = 2-7T JjJ 1 " [x — (— 1)] y dx = 27T Jj 7 (x + 1) sin x dx 

— 2tt x sinx dx + 27T sinx dx 

Using the result of Exercise 3, we find 

V = 2n [(sinx — x cosx) — cosx]q" = 2-7T (77 + 2). 




x = -1 
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56. m — 



7T/2 



0 



^sinx — 



2x 



)dx = I - 



x 



7T/2 



My = 



X 



0 



7T / 

(sin* | dx — [ 
* ) JO 



cosx — 



7T 



7T/2 



0 



7T 4 — 7T 



of Exercise 3, we find M-y = 



7T/2 2 r^/ 2 9 

xsinxJx / x L dx. Using the result 

-17T/2 



(sin* — x cosx) • — 

7T 3 



12-7T 



_ 0 



12 



x — 



My 

m 



12-tt 
12~~ 



4 



12-TT 



2 



4 - 7T 



r 2 3i 


7T/2 r 


_3tt 2 * _ 


0 I 



- sin 2x 



3 (4 - tt) 
2 



0.83. M A - = 



U" 2 (- 



sin x — 



, and so 



4 2\fc = I 



7T/2 



-17T/2 



3tt 2 



7T _ M 

24 m 



x 



7T 
7T 



4J 0 



(1 — cos 2.x ) — 



4 



7T 



0.61. Thus, 



JO z/+ m 24 4- 7T 6 (4 - 77 ) 

the centroid is approximately (0.83, 0.61). 

57. P (0 = / 2f<?-°- 05 ' rfr. Let w = 2t and do = e ~ 0 05t dt, so du = 2dt and o = -20<r 0 05 f. Then 

p (t) = -40te-° 05t + 40/ e -005 ' dt = -40te-° 05t - 80te~ a05 ' + C. P (0) = 20 => -800 + C = 20 

=^> C = 820, so P (0 = 820 - 40 (t + 20) e -0 - 05 '. Over the next ten years, the company hopes to produce 
P (10) = 820 - 40 (10 + 20) e' 0 05 ' 10 % 92.2 million metric tons. 

58. Let TV (?) denote the number of such accidents. Then we want to find 

N (12) = J 0 12 [-R (t)] dt + 882 = - J 0 12 (20 + te 01t> ) dt + 882 = - / Q 12 20 dt - J 0 12 te°' U dt + 882. To evaluate the 

last integral, let u = t and dv = e®' * dt, so du = dt and v = 10e" . Then 

12 



TV (12) = -20/ 



12 
0 



10/6 



OAt 



0 



)12 
+ 882 = -240- 120c 1 - 2 + [lOOe ai '] o + 



882 



= -240 - 120e L2 + 100 (e L2 - 1) + 882 % 476 
so the number of accidents expected is approximately 476. 
59. x(t) = jv (0 dt = J 3e~ 4t (1 - At) dt. Let w = 3 (1 - 40 and dv = e~ At dt, so du = -12 dt and 0 = -\e~ At . Then 

* (0 = - 1 (1 - 4?) e" 4 ' - 3 / e~ 4t dt = - | (1 - 40 e" 4/ + |e~ 4 ' + C = 3^- 4 ' + C. jc (0) = 0 => 0 + C = 0 or 
C = 0, so the required position function is x (0 = 3fe -4/ . 



60 



. a. A (0) = 180 (l - <?°) - 6 (0) = 0 



lb 



b. A (180) = 180 (l - e" 180 / 30 ) - 6 (180) e" 180 / 30 % 176.9 lb 

c. The average amount of salt over the first 3 hours is 

A = 1^ J 0 180 [180 (l - e -'/ 30 ) -6te-^°] dt = J 0 180 (l - e->/™) dt - & J 0 180 r^'/ 30 Call the first integral 
1 1 and the second integral l^- Then 

180 



0 

150.074 



I x = J 0 180 (l - e-'/ 30 } dt= (t + 30g-^ 30 ) q [Using the substitution « = -f /30] 

= (l80 + 30^" 6 ) - (0 + 30^°) ? 

To evaluate consider the corresponding indefinite integral J = J te~*' dt. Integrating 
by parts with u — t and Jo = e~ l ^ G dt, so = J? and 0 = — 30e - */ 30 , we find 

7 = _30f<r'/30 - / (^-30^- ? / 30 ) rf/ = -30^~ ? / 30 - 900^" f / 30 + C = -30(r + 30)^- f / 30 + C. 



Therefore, /2 = 3U^i 0 



180 



180 



= - (f + 30) e-'/ 30 = - (180 + 30) e~ 6 + 30^° » 29.479, and so 



0 



A = /, - 7 2 ^ 150.074 - 29.479 % 120.6 lb. 
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61. q (?) = Ji (t)dt = - ™f e - 20t sin 60* dt = -^/, where / = J e~ 20t sin 60tdt. Let u = sin 60? and 

dv = e~ 20t dt, so du = 60 cos 60t dt and v = -^e~ 20t . Then / (0 = -^e~ 20t sin 60? + 3/ e~ 20t cos60tdt. 



To find J = J e 20t cos 60? dt, let p = cos 60? and dq = e zut dt, so dp = —60 sin 60? dt and 
4 = -^ e - 20t . Then 7 = -^e~ 20t cos 60? - 3/ e" 20 ' sin 60? J? = -^e~ 20t cos 60? - 3/. Therefore, 



_ .-20/ 



/ = -^- zu ' sin 60? + 3 (-^e~ m cos 60? - 3/) = -^e~ 20t sin 60? - ^e~ 20t cos 60? - 9/ ^ 



_ 1 .-20/ 



/ = - 



1 .-20/ 



200 



(sin 60? + 3 cos 60?) + C\ . Thus, q (?) = - 



_ 200 j _ \_ e -20t 



3 



(sin 60? + 3 cos 60?) + C. 



q (0) = i (3) + C = q 0 => C = g 0 ~ h so 4 (0 = t^ -20 ' (sin 60? + 3 cos 60?) + q 0 - 1. 



3 

62. x (?) = Jv (?) J? = / e~ 2t (cos4? — 3 sin 4?) J?. Let u — cos4? — 3 sin 4? and dv — e~ 2t dt. Then 

du = -4 (sin 4? + 3 cos 4?) dt and v = -\e~ 2t , so x (?) = —\e~ 2t (cos4? - 3 sin 4?) - 2j e~ 2t (sin4? + 3 cos 4?) J?. 
To find / = J e~ 2t (sin 4? + 3 cos 4?) d?, let t/ = sin 4? + 3 cos 4? anddV = e~ 2t dt. Thendt/ = 4(cos4? — 3 sin 4?) dt 
and V = -\e~ 2t , so / = -\e~ 2t (sin4? + 3cos4?) + 2/ e~ 2/ (cos4? - 3sin4?)d?. Therefore, 

x (?) = -\e~ 2t (cos 4? - 3 sin 4?) + e~ 2t (sin 4? + 3 cos 4?) - Ax (?) + Ci <^=> 5x (?) = §e~ 2 ' (cos 4? + sin 4?) + C\ <^> 

x (?) = ^~ 2? (cos 4? + sin 4?) + C. x (0) = \ => \ + C = \ => C = 0, so x (?) = ^e -2 ' (cos 4? + sin 4?). 



63. h{t) = v (?) dt = 



^0 



- g/ - .v In - J? = D 0 f - 2#f 2 - ^ In (l - ^) d?. To 



find 



// r \ r r m f m 
In 1 1 ? ) J?, let u = 1 1, so du — dt. Then / = / Xnudu = u (In// — 1), so 
V m / m m r j r 



// (?) = o 0 f - \gt 2 + — j(l- -?) [in (l - -?) - lj J + C. h (0) = 0 => — (-1) + C = 0 => C = — , so 



ms 



ms 



h (?) = v 0 t - \gt 2 + 



r 
ms 




1 - 



yM'-y-'H- 



64. The membership 5 years from now will be N = L 9^/t + 1 In *Jt + 1 dt + 50. Let x = *Jt + 1, so = 



J? 



2V^ + T 



,? = 0 



x = 1, and ? = 5 => x = V6. Then Af = 18 J\^ x 2 \nx dx + 50. Now let // = lnx and dv — x 2 dx, so du — dx/x and 
v = ix 3 . Then 



Af = 18 



ix 3 lnx|^- ^ /j^jc 2 ^ +50= 18 ^ -6 3 / 2 .lnV6- [^ 3 ]^ + 50 



= 18 ^ • 6 3 / 2 • In V6- 9 (6 3/2 - l)] + 50 % 101.606, or about 101,606 people. 

65. The average concentration from r — r\ to r — is 

1 r r 2 . . 1 f"2|~/ ci -c 2 



A = 



c (r) = 



n - n j rx n - n j n 

C\ -C2 




) (lnr- 



ln r 2 )+c 2 dr 



-- !-( 



In r i — In r 2 

)[f in ^-f in H + ^i 



A*2 



c 2 



Inn -lnr 2/ LJri Jri j , z , LJri 

We integrate Jlnrdr by parts with w = lnr and dv = dr, so du = dr/r and v = r. Then 

/* dr 

J lnr dr — r In r— \ r — — r\nr — r = r (lnr — 1). Therefore, 

A = _J_ / Cl -c 2 \ r [r ^ _ j + ^ 

r 2 — r l \lnri — lnr 2 / I L Jri J 



= — " — (7-^ p— ) [^2 (lnr 2 - 1) - H (Inn - 1) - (r 2 - r\) lnr 2 ] + c 2 

r 2 ~ r l \lnri— lnr 2 / 



r2-n V 



-£2 
lnr 2 

^1 c 2 
In rj — In r 2 



^ [ri (lnr 2 - lnri) - (r 2 - n)] + c 2 = (c 2 - ci) 



n + lnri 



J— ) 

-lnr 2 / 
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66. a. s (t) = J d (t) J? = J 8? sin 2? dt. Let w = 8? and dv = sin 2? <i?, so b. 
du — %dt and o = — ^ cos 2r. Then 

s (?) = -Atcoslt + 4 / cosltdt = -Atcos2t + 2sin2? + C. 
s (0) = 0 => C = 0, so 5 (0 = -At cos 2? + 2sin2r. 
d 

c. (?) = — (-At cos 2? + 2 sin It) 

dt 



40 



20" 



0 



-20 



-40 




0 



8 



10 



= -4 cos It + 8? sin It + 4 cos 2? = 8? sin It 
s' (t) = 0 => t = ft = 0, 1, 2, 3, . . ., and these are the critical numbers of s. The relative maximum values of s are 

attained at y , . . . , l^l+il^ ? an( j m e relative minimum values are attained at 7r, 27t, . . . , nir, .... Thus, each 

successive maximum of s (t) is larger than At, and since lim At = oo, we see that lim |s does not exist. The 

t—>oo t—>oo 

amplitude increases without bound; in other words, the motion is one of resonance. 

67. J { xf" (x) dx. Let u — x and dv = f" (x) dx, so du = dx and w = f' (x). Then 

J 3 */" (x) dx = xf (x)\\ - J 3 /' (x) dx = 3f (3) - /' (1) - [/ (x)]\ = 3/' (3) - /' (1) - / (3) + / (1) 

= 3(5)-2-(-l) + 2= 16 

1 dx 

68. Letting u — — and dv — dx,so du — ^ and u = x + , the integration by parts formula gives 



x 



x 



j — = uv — J v du = — (x + C\) — J (x + C\) ^ — j ^ dx = 1 + 



X 



+ 



+ / C\x~ 2 dx 



i Ci (dx ^ 
= 1 + — + / — + Ci 



X J X 

or 0 = \ + C\C2- Because C\ and C2 are arbitrary constants, this is a contradiction, and therefore the so-called proof is 
invalid. 

69. True. Let u — e x and dv = f (x)dx, so du = e x dx and v — J f (x)dx = / (x). Then 
J e x f (x)dx — uv — J vdu — e x f (x) — J e x f (x)dx. 

70. True. Let F = uv and dG = dto. Then = udv -\- vdu and G = to, so 

J wt» dio = J F dG — FG — J G d¥ = uvw — J w(udv + v du) = uvw — J uw dv — J vw du. 




1. See pages 618 and 619. 

2. See page 620. 

3. a. Let m = 2k + 1 . We retain a factor of esc x cot x and use cot 2 x = esc 2 x — 1 to write 

J cot 2 ^ + 1 x esc" x dx = J^cot 2 x^ esc" -1 x cscx cotx = J^csc 2 x— 1^ csc" -1 x cscx cotx dx 
Then integrate using the substitution u = cscx. 
b. Let n — 2k. We retain a factor of esc 2 x and use esc 2 x — 1 + cot 2 x to write 

J cot m x csc 2 ^ xdx — J cot m x ^csc 2 x^ esc 2 x dx — f cot m x ^1 + cot 2 x^ esc 2 x dx. 
Then integrate using the substitution u = cot x . 



4. See page 622. 
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1. J sin 3 xcosxdx. Let u — smx, so du — cosxdx. Then J sin 3 x cos x dx = J ifidu = ^w 4 + C = | sin 4 x + C. 

2. J sin 3 x cos 2 xdx = J sin 2 x cos 2 x sinx dx = J* ^1 — cos 2 x^ cos 2 x sinx dx = J ^cos 2 x — cos 4 x^ sinx dx. 
Let u — cosx, so dw = — sinxdx. Then 

J sin 3 x cos 2 xdx — — ^ (u 2 — w 4 ^ du = — ^w 3 + ^m 5 + C = ^ cos 5 x — ^ cos 3 x + C. 

3. J* cos 3 2x sin 5 2x dx = J cos 2 2* sin 5 2x cos 2x dx = J (l — sin 2 2x^ sin 5 2x cos 2x dx. Let w = sin 2x, so dw = 2 cos 2x 



Then 

/ cos 3 2x sin 5 2x dx 



= \ J (l - w 2 ) u 5 du = \ J (u 5 - w 7 ) du = \ [\u 6 - \u^j + C 
= |(3 sin 6 2x- \ sin 8 2x) + C 



4. /J 7 ^ 2 Vcosx sin 3 xdx — J^ 2 



0 

_ r 71 "/ 2 



1/2 v ^2 v „ ^ _ r*r/2 



cos^x • snrx • smxdx = Jq 1 1 * cos 1 1 2 x (\ — cos 2 x^ sinx dx 
( cos ^ 2 x ~ cos 5//2 x^ sin xdx 



Let u — cosx, so du — —smxdx, x — 0 => u — 1, and x — y => m = 0. Then 
J^ 2 V^sin 3 x^ = -/<> («V2 _ „5/2j dtt = _2 M 3/2 + 2 H 7/2|» = _ (_2 + 2) = %_ 

5. J sin 3 xdx = J sin 2 * • sinxdx = J ^1 — cos 2 x^ sinxdx. Let u — cosx, so du — — smxdx. Then 
J sin 3 x dx — — J {\ — u 2 ^ du — —u + ^w 3 + C = ^ cos 3 x — cos* + C. 

6. J* cos 3 2x dx — J cos 2 2x • cos 2x dx = /(l-sin 2 2x) cos 2x dx . Let m = sin 2x , so du = 2 cos 2x dx . Then 
/ cos 3 2x dx = \ J (l - u 2 ^ du = i?(u- ^w 3 ) + C = \ [sm2x - \ sin 3 2x) + C. 



7T 



X 



7. / cos 2 - dx — 
0 2 jo 



"""l + cosx x + sinx 
■ dx — ■ 



7T 



0 



7T 



2 2 

8. J* cos 4 * dx — J ^cos 2 x^ dx — J ^ (1 + cos2x)j dx = (1 + cos2x) 2 = ^-J ^1 + 2cos2x + cos 2 2x^ <ix 

= ^-J |^1 + 2cos2x H- 2 (1 + cos4x)j dx = +2cos2x + ^cos4x) dx 

= \ (§jt + sin2x + | sin 4^ + C = ^ (\2x + 8 sin2x + sin4x) + C 



9. Jq sm^ izxdx — Jq ^sin 2 7rx^ dx = Jq \^ (1 — cos27i\x)J dx = ^Jq (1 — cos27rx) 2 dx 

— \ Jo — 2 cos 2-7rx + cos2 27rx^ = ^ Jq 1 |^1 — 2 cos 2nx + j (1 + cos 47rx)j 

2 

10. J* sin 2 2x cos 4 2x dx = cos 4.x) ^ (1 + cos4x)j dx = | / (1 — cos 4.x ) ^1 + 2cos4x + cos 2 4x^j dx 

= | / + 2 cos 4x + cos 2 Ax — cos Ax -2 cos 2 4x — cos 3 Ax^ dx 
— ^ f (l + cos 4x — cos 2 Ax — cos 3 4x^ dx = ^ J j^sin 2 4x + (cos 4x) ^1 — cos 2 4x^ j 
= | / (1 — cos 8x) + sin 2 Ax cos4xj dx = ^ J ^ — j cos 8x + sin 2 4x cos4x^ dx 

= TE ( x ~ % sin ^ x + ^ sin3 4x ) + C 
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/> l( x \ /"l— COS* 1+COSX 1 f / 9 \ 1 

1 2/ \2/ = / 2 2 41 V ° 0S / 4 




1 + cos 2* , 
1 ■ I dx 



= 7 / (l ~ 2 cos2jc ) = \ (* ~ \ sin 2 *) + C = ^ (2x - sin 2*) + C 

12. J cos 4 x sin 4 * = J (sin x cos x) 4 = J ^ (sin2x)j dx — j sin 4 2x dx = J ^ (1 — cos4x)J dx 

= 51 / (* ~ 2c os4x + cos 2 4x) dx = ^ / - 2cos4x + j (1 + cos8x)J dx 

= ^ / ^| — 2cos4x + j cos8x) dx = ^|x — ^ sin4x + sin8x) + C 

2 

13. Jq 1 " sin 2 x cos 4 xdx — ^ 0 — cos 2 *) [2 (1 + cos 2 *)] ^ = | JiT — cos 2x ) + 2 cos 2 * + cos2 2x ) dx 

~ I /(T (* + 2 cos 2 * + cos2 2 * — cos 2 * — 2 cos2 2x ~~ cos3 2 *) dx 

= I Jq 1 " ^1 + cos 2x - cos 2 2x — cos 3 2x) dx = | Jq 71 " |^1 - cos 2 2x + (cos 2x) — cos 2 2x) J dx 
= 1 JiT ( sin2 2 * + sin2 2x cos 2x ) ^* = 1 1 [l ^ - cos 4x ) + sin2 2 * cos 2x ] ^ 



7T 

7T 



= ^ ^x — ^ sin4x + | sin 3 2x) | = 



16 



14. J sin 6 udu — j ^sin 2 m) dM = J ^ (1 — cos 2m)J dM = ^ J ^1 — 3 cos 2u + 3 cos 2 2m — cos 3 2m) du 

= g J |^1 — 3 cos 2m + j (1 + cos 4m) — ^1 — sin 2 2m) cos 2m J du 

— I J* — 4 cos 2m + I cos 4m + sin 2 2m cos 2m) dM = | — 2 sin 2m + | sin 4m + ^ sin 3 2m) + C 
= -pyz (60u - 48 sin 2m + 9 sin 4u + 4 sin 3 2m) + C 

15. J x cos 4 ^x 2 ) dx. Let u — x 2 , so dM = 2x dx. Then 

J* x cos 4 ^x 2 ) dx = j J cos 4 udu = I} ' % ( 3w + 2 sin 2m + | sin 4m) + C (see Exercise 8) 



= ^ [l2x 2 + 8 sin (2x 2 ) + sin (^4x 2 ) J 



+ C 



16. / ^ sin 2 (0 2 ) cos 2 ^ 2 ) ^. Let x = 6 2 , so = 26 dO. Then 

2 

J 0 sin 2 (# 2 ) cos 2 ^0 2 ) dO — ^ J sin 2 x cos 2 x = ^ / (sin x cos*) 2 dx — ^ J ^ sin 2*) = | J sin 2 2* 

= ^ / (1 - cos4^:)Jx = ^ (jc - \ sin4x) + C = [6> 2 - ^ sin (40 2 )] + C 

17. J* x sin 2 x <£x. Let u — x and = sin 2 x dx, so du — dx and v = J sin 2 x = ^ J (1 — cos 2x) dx — j{x — ^ sin 2x) . 
Then 

J x sin 2 x <£x = uv — J v du — ^x (x — ^ sin 2x) — ^ J ^jc — ^ sin 2x) 

= jx (x — j sin 2x^ — j (^j* 2 + \ cos 2x) + C = ^ ^2x 2 — cos 2x — 2x sin 2x^ + C 

18. This can be found using steps similar to those used in Exercise 17. Alternatively, we can use the result 
of that exercise, as follows: J x dx — J ^cos 2 x + sin 2 x^ x dx — fx cos 2 x dx + fx sin 2 x dx, so 

J x cos 2 xdx — J x dx — J x sin 2 x dx = ^x 2 — ^2x 2 — cos 2x — 2x sin 2x) + C = ^ ^2x 2 + cos 2x + 2* sin 2x) + C. 

19. /J 1 ^ 4 tan 2 xdx — J^ 4 ^sec 2 ^ — l) dx = (tan^: — *)| J^ 4 = 1 — 

20. J tan 3 (77 — x)dx = J tan (7r — tan 2 {tz — x) dx — j tan (7r — x) j^sec 2 (7r — x) — 1 j 

/* ✓ x 0 , x , /* sin (77 — , tan 2 (7r — x) , , , „ 

— I tan (7r - sec z (7T — x) dx — / dx — In |cos (n - x)\ + C 

J J cos(tt-x) 2 



7T 4 — 7T 

4 _ 4 
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2 2 

21. / tan 5 | dx = J tan | • (tan 2 |) dx = f tan | • (sec 2 | - dx = / tan | • (sec 4 | - 2 sec 2 | + dx 



= y (sec 3 |^ (sec | tan |) dx —2 J tan | • sec 2 *?dx + J 
= I (2) sec 4 1-2(2) (^ tan 2 § - 21n 



sin 



x 



x 



dx 



cos ^ 

|| + C = \ sec 4 | - 2tan 2 § - lncos z f + C 



2 x 



22. J tan 5 x sec 3 x dx — j tan 4 x sec 2 x sec x tan x dx — f (sec 2 x — 1^ sec 2 x sec x tan x dx 

= J (sec 6 x — 2 sec 4 x + sec 2 x^ sec x tanx dx = | sec 7 x — | sec 5 x + ^ sec 3 x + C 



23. I = J sec 2 (7rx)tan 3 (7rx) dx. Let w = tan7rx, so dw 
I = ±fu 3 du = -^u 4 + C = tan 4 (ttx) + C. 



= 7rsec 2 7rxdx. Then 



24. /J 1 ^ 4 sec 2 x tan 2 x dx = ^ tan 3 x 



7T/4 

0 



1 

3 



25. J sec 4 3x tan 2 3x dx = J sec 2 3x tan 2 3x sec 2 3x dx = J (l + tan 2 3x^ tan 2 3x sec 2 3x dx 

= / (tan 2 3x + tan 4 3x) sec 2 3x dx = «j> tan 3 3x + tan 5 3x + C 

26. / = J sec 4 (7r — x) tan (n — x) dx. Let u — n — x, so du — —dx. Then 

I = — J sec 4 w tan udu = — J sec 3 w (sec utanu)du — — ^ sec 4 w + C = — ^ sec 4 (7r — x) + C 



27. / sec 4 0Vtan 0 dO = J sec 2 0 tan 1 / 2 0 sec 2 0 d0 = / (l + tan 2 tan 1 / 2 0 sec 2 0 



d0 



= / (tan 1 / 2 0 + tan 5 / 2 6>) sec 2 0 d0 = § tan 3 / 2 0 + ^ tan 7 / 2 0 + C 



28. / 



. Then 



— J sec 4 (— ^ tan 4 (— ^ dx. Let u — —,sodu — - 

— 2j sec 4 u tan 4 udu — 2 J sec 2 w tan 4 w sec 2 u du — 2 f (l + tan 2 tan 4 u sec 2 w dw 

= 2 / (tan 4 w + tan 6 uj sec 2 w dw = 2 (± tan 5 w + j tan 7 uj + C = | tan 5 (|) + ^ tan 7 (| ) + C 



29. / cot 2 2x dx = J (esc 2 2x - l) dx = -\ cot2x - x + C 



30. J^y4 cot 3 x dx — f™j% cot 2 x cotx dx = f™j£ (esc 2 x 



-l) cotxdx = /^/ 4 2 ( 



csc z x cotx — 



COS X 

smx 



) 



dx 



(— ^ cot 2 x — lnsinx^j ^ = 0 — ( 



-A - In 



V2\_ 
~2~ 



) 



l-ln2 
2 



31. J esc 3 x dx. Let u = cscx and dt> = esc 2 x dx, so du = — esc x cotx dx and u 
J csc 3 xdx — uv — j v du — — cotx cscx — J cot 2 xcscxdx = — cotx cscx 

= — cot x csc x — J esc 3 x dx + J esc x dx => 



= — cot x . Then 

— J (csc 2 x — 1^ csc x dx 



2 J* csc 3 x dx = — cotx csc x + ^ 



cscx + cotx 

cscx • dx = — cotx cscx + 

cscx + cotx 



CSC X + cscx cotx 
cscx + cotx 



dx 



= — cotx cscx — In |cscx + cotx| 
so J csc 3 xdx — — \ (cotx cscx + ln|cscx + cotx|) + C 
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32. I = J csc 5 * dx. Let u — esc 3 x and dv = esc 2 x dx, so du — (?> esc 2 *^ (— esc * cot *) d* = — 3 esc 3 x cot* dx and 
o = — cot*. Then 

/ — uv — J vdu — — esc 3 x cot* — 3 J" cot 2 * esc 3 * dx — — esc 3 * cot* — 3 J (csc 2 x — 1^ esc 3 * d* 

= — esc 3 x cot* — 37 + 3 J esc 3 * dx => 
4/ = — esc 3 * cot* + 3 ( — (cot* esc* + In |csc* + cot*|) (see Exercise 31). Therefore, 

/ = | ^— esc 3 cot* — 2 (cot* csc* + In |csc* + cot*|)j + C. 

33. / csc 4 ? dt = J csc 2 t csc 2 t dt = f (l + cot 2 /) csc 2 1 dt = J csc 2 1 dt + / col 2 1 csc 2 tdt = -cott - ^ cot 3 t + C 

= - (colt + ^cot 3 + C 

34. / csc 4 0 cot 4 0dO = f csc 2 0 cot 4 0 csc 2 0dO = f (col 4 0 csc 2 0 + cot 6 0 csc 2 0^ d0 = - ^ cot 5 0 - \ cot 7 0 + C 

35. / cot 6 tdt = J cot 4 f cot 2 tdt = J (col 4 (csc 2 r - 1^ ^ = - / cot 4 t dt + f cot 4 1 csc 2 * 



= - J (col 2 ij (csc 2 1 - l) dt - 5 cot 5 f = cot 5 ? + ^ cot 3 t + / (csc 2 1 - l) 



= -A cot 5 t + A cot 3 t - colt - t + C 



36. J cot 3 * csc 4 xdx — J cot 3 * csc 2 * csc 2 xdx = J (cot 3 *^ (l + cot 2 *^ csc 2 * J* 

= J (cot 3 * csc 2 * + cot 5 * csc 2 *^ dx = — ^ cot 4 * — ^ cot 6 * J* + C 

/"7T/4 J x />7r/4 /"7r/4 /-TT^ , . . \ 1 7T/4 

37. / — - — — / sec 4 xdx — I sec 2 * sec 2 xdx — I ( 1 + tan 2 * ) sec 2 xdx — (tan * + A tan 3 * ) 
JO cos 4 * Jo JO JO v J V J / 



1 4- 1 - 4 

— 1 -f- T — T 



38 



. J* (1 + cot*) 2 csc* dx — f (\ + 2 cot* + cot 2 *^ csc* dx = f (l + 2 cot* + csc 2 * — 1^ csc* dx 

— 2 f cot* csc * dx + f csc 3 * dx 

= — 2 csc* — ^ (cot* csc* + In |csc* + cot*|) + C using the result of Exercise 31. 

39. /J 1 ^ 2 sin* cos 2xdx — ^ [sin (1 — 2) * + sin (1 + 2) *] dx — j J^ 2 (— sin* + sin 3*) dx 

= \ (cos* - \ cos 3*) |^ /2 = \ (o - |) = -\ 

40. / sin30sin40d0 = \ J [cos (3 - 4) 0 - cos (3 + 4) 0] dO = (cos 0 - cos 70) J0 = ^sin0- ^sin70 + C 

41. / cos20cos40J0 = | / [cos (2 - 4) 0 + cos (2 + 4) 0] J0 = £ / (cos 20 + cos 60) dO = \ sin 20 + sin 60 + C 



42. 



• 3 

sin J * 
sec 2 * 



dx = j sin 2 * cos 2 * sin * dx — J (l— cos 2 *^ cos 2 * sin* dx — J (cos 2 * — cos 4 *^ sin* dx 



— — 3 cos 3 * + 5 cos 5 * + C 



/ o f o cos 20 /'cos 3 20 

43. / cos 2 20 cot 20 dO = / cos 2 20 dO = / — dO. Let w = sin 20, so du = 2 cos 20 dO. Then 

' 7 sin 20 7 sin 20 

f cos 2 20 ( 1 — sin 2 20 ) cos 20 i r (l — u 2 ) du 

cos 2 20 cot 20 J0 = / - cos20d0= / ^ ^ dO = - ± ^ 

J sin 20 7 sin 20 2 J u 

\ f (\ \, ln|u| w 2 ^ ln|sin20| sin 2 20 ^ 

= - / ( - - u ) du = — ^ - — + C = — l — — + C 

2J \u ) 2 4 2 4 
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7r /^ sin? 

44. / dt. Let u = 1 + cos?, so du — — sint dt, t = 0 w = 2, and f = 5- => m = 1. Then 

0 1 + cos ? z 



7T/2 



sin? 



1 



o 



1 + cos t 



dt = - 



du 



2 u 



— — In u I2 = — In 1 + In 2 = In 2. 



tan 3 x/F sec 2 v^F #-1/0 11/0 dt 

45. / — — —dt. Let u = — * 7 , so = lt~ l ' z dt = — -. Then 



tan 3 V^" sec2 V? 



2yft 



dt — 2 J tan 3 u sec 2 udu = 2^ tan 4 + C = ^ tan 4 a/7 + C. 



46. 



CSC x cot 2 X 



= / sinx 



dx 



esc x cot 2 x 



. 7 
sin jc 

COS 2 X 



dx = 



^1 — cos 2 x^ sinx 



cos 2 x 



dx. Let w = cosx, so du = — sinxdx. Then 



1 — w 



2 



2 



d« = / ^1 — u ^ du — u -\ h C = cosx + secx + C. 



47. 



1 — tan 2 x 

sec 2 x 



dx = 



1 — ^sec 2 x — \ j 



sec 2 x 



dx — 



2 — sec x 
sec 2 x 



dx = 




2 cos 2 x — dx = J cos 2.x = ^ sin 2x + C 



48. 



cos 26 ^ f cos 2 0 — sin 2 0 ^ 
dO = / : d0 



cos 0 + sin 6 



cos 0 + sin 6 



(cos 0 + sin 0) (cos 0 — sin 6) 
cos 0 + sin 6 



d0= I (cos 0 - sin 0) dO 



= sin 0 + cos 0 + C 



1 Z* 271 " 9 1 / ,27r l+cos2x 1 / sin2x\| 27r 2tt 1 

49. / av = / cos x dx — - — / dx — - — I x + 



2tt — 0 Jo 2n Jq 2 4ir \ 2 / |q 4-7T 2 

50. /av = ~^~q Jo cos2 snr ^ x dx — ^ cos 2 x sin 2 x sinx dx — ^ JJ 7 cos 2 x (\ — cos 2 x^ sinx dx 



= 1 .ff (cos 2 x - cos 4 *) sinx <fx = 1 (- * cos^ x + ' cos 5 x) |* = £ [(± - J ) - (-± + ±)] 4 



15-7T 



51. A = 



52. A = 




0 77 

4 
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53. a. 



1.0 



0.5 



0.0 




-1.0 



Using a graphing utility we find the x -coordinates of the points of 
intersection to be about ±0.835. 

b. Taking advantage of symmetry and using the fact that g (x) > f (x) on 
[0, 0.835], we have 

A « 2 / 0 a835 [g (x) - f (jc)] dx = 2 / 0 a835 [(l - x 2 ) - sin 4 x] dx. 



Using the result of Example 3, we have 
A & 2 ^x — ^x 3 — |x + | sin 2x — ^ sin4xj 



-|0.835 
0 



1.165. 



54. a. 



1.0 



1 1 1 


\ 


— 1 — 1 














r 



0.5 " 



0.0 




0.0 0.1 0.2 0.3 0.4 0.5 



Using a graphing utility we find the x -coordinate of the point of 
intersection to be about 0.244. 



b. The required area is 

A « Jo 0 " 244 [/ 0) - g (x)] dx = Jo 0 " 244 (cos 2x cos Ax - ^/x) dx 
Using the result of Exercise 41, we find 



A 



Ul sin2x + ^ sin6x) - 2 x 3 / 2 ]°' 244 



0.120. 



55. V — 7v f% y 2 dx = 7r Jq^ 4 tan 4 xdx — tz Jq^ 4 tan 2 x tan 2 x dx 



— 7T 



— 7T 



= 7T 



iiT ( tan2 (sec 2 x — 1^ dx — 7r /J 1 " 7 ' 4 (tan 2 x sec 2 x — tan 2 x^j dx 



(tan 2 x sec 2 x — sec 2 x + \^ dx — n tan 3 x — tanx + x^ 
V 3 1+ 4j- 12 



7T/4 

0 




56. V = 



V — 2ir xy dx — 2iz x sin 3 x dx. Let u — x and dv — sin 3 x dx, 
so du = fix and 

v = J sin 3 x ^x = J ^1 — cos 2 x^ sinx dx = — cosx + ^ cos 3 x. Then 

V = 27rx ^— cosx + | cos 3 x^ | — 2-7T Jj 1 " ( — cos x + ^ cos 3 x^ dx 
= 2-7T 2 ^1 — ^ + 27T j^cosx — ^ ^1 — sin 2 x^ cosxj dx 



^■7r 2 + |^27r ^sinx — ^ sinx + y sin 3 x^ J 



sin 3 x^ I = ^7T 2 




57. A = J! 



7T/2 



0 



cosx dx = sinx|^ 2 = 1. x = jj^ 2 x cosx dx = x cosx dx. Let u — x and du = cosx dx, 



so dw = dx and u = sinx. Then x — x sinx|Q — sinx dx = ^ + [cosx]^ Z = y — 1 = ^ (7r — 2). 



7T/2 ■ 



7T/2 



v - 1 r 77/2 1 



COS 2 X 



dx = Jq 1 "^ 2 (1 + cos 2x) dx = + 5 sin 2x^ |^ = so the centroid is (^ (tz — 2) , ^ 
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y 



7T 



58. A = 



0 



11 [ 



cos* 



- (l - l x )]dx = (si 



— I sin x — x + 



2\r/ 2 a 

X \l 7T 7T 4 — 7T 

tt / . = 1 ~ 2" + T = 4 



o 



* = — 



1 /^/ 2 / 2 
x ( cos* — 1 H x 



)djc = | x si 



x 2 2;e 3 

smx + cos* 1 

2 3tt 



7T/2 



0 



4-tt\ 2 

1 /^l 
A 



7T 7T 2 7T 2 \ 127T - 7T Z - 24 

-11= : » 0.744 



8 + 12 



- I cos~x 
2 



2x 



7T 



6 (4 - tt) 



x sin 2x 
2 + ^" 



-(- 



- ("?) (I) (' " f ) 



7T/2 



4 - 7T.70 

3-.7T/2 



1 + cos 2x 



-('- 



2x 



7T 



2 



dx 



4 - 7T 

The centroid is roughly (0.744, 0.610). 



_ 0 



-7T \4 6 / 



7T 



6 (4 - tt) 



0.610 



59. The distance traveled by the particle is d = Jq |u (f)| = 
Let « = 7r?, so = ivdt, t = 0 => w = 0, and r = 
J = 1 JJ 1 " sin 3 udu = £ (3 cos 3 w - cosh) |^ (see Exercise 5) = £ [(-5 + x ) ~ (5 ~ l)] = The position 



Jq I sin 3 7rf I J? = 6 Jq 1 sin 3 7r? J?. 
1 => u — 7r. Then 



of the particle at time t is x (t) = J u (r) dt — J sin 3 7r? = ^ (l cos3 77 ^ — cos 77 ^ + C and x (0) = 0 
=> ±- (| - + C = 0 => C = Thus, jc (f) = ^ ^ cos 3 7T? - cos irt + At ? = 6, its position i: 
x (6) = ^ (i cos3 6 71 " — cos 677 + |^ = 0; that is, it is at the origin. 



7T/2 

60. V = 2 / tt 

0 



(sin;t) 2 -(|) 



2 



7r / 2 /l-cos2x 4 2i j 
= 2tt / I ^x 1 dx 



0 



_ x sin2x 4x 3 
= 2*1-- — -5-5 



7T 



7T/2 



0 



7T 



. . 7T 4 



7T 



y = sin* 




61. V = n I y z dx = n 

JO 



77/4 / sin* v 2 



cos 3 * 



dx 



= 7T Jj 1 ^ 4 (tan x sec 2 dx — it tan 2 x sec 4 x 

= 7T /J^ 4 tan 2 x sec 2 x (sec 2 x dx^ 

= 7r Jj^ 4 (tan 2 ^ ^1 + tan 2 (sec 2 x <ix^ 

= 7T Jj^ 4 (tan 2 x + tan 4 x^j (sec 2 x dx^ 
Let w = tanx, so du = sec 2 x<£x. If x = 0, then w = 0 and if x 

V — tt /J (k 2 + k 4 ) = w(jM 3 + 5« 5 )| 0 = if- 




^, then w = 1, so 
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62. Let x (t) denote the runner's position at time t. Then x (t) = J v (t) dt — f ^5 + 100 sin 2 j^t cos 2 y^r J dt. Let w = j^r, so 



du — j^dt dt — ^ du. Then 



* (t) = ±£ / (5 + 100 sin 2 u cos 2 uj du = ^ J [5 + 100 (sin a cos k) 2 ] du = £ f 5 + 100 ^ sin 2uj 



2 



du 



±p J (5 + 25 sin 2 2k) </w = I£ / [5 + 3£ (1 - cos 4k)] Jk = ±£ (^k - ^ sin 4k) + C 



_ 35/ 50 • nt , r 
x (0) = 0 => C = 0, so her position as measured from the marker is x it) = ^ — ^ sin -3- 



50 „:„ TVt 
7T 



63. 7 av = 



1 



7r/a; 



7T/CJ 



77/0; — 0.7() 
2/q sin a 

7T 



/ (0 dt = — 



^ JO 



Iq cos (u>? + ol) dt — 



ujIq 1 

• — sin (cot + ol) 

7T CJ 



7Z UJ 



— — [sin (7r + a:) — sin a:] 
0 ^ 



64. The average value is 



T-oJ 0 { 



Eq sin — — I dt 



E 2 
^0 



T 



■ 2 2nt A. 

sin z dt 



0 



= — ii • T — 

2T 



E 



0 



4// (■ - 



cos 



£ 2 

27 




r . 4tt? 

sin 



47T 



0 



65. Q = 0.24/? / I 2 dt = 0.24/? 



0 



= 0.12/?/ 2 



0 



t2 • 2 
Iq sin^ 



2tt? 



T 



-c/>)dt = 0.24RI$^ I 1 - cos (2 ^ -4>jj J 




47T 



sin ^2 ^ 



2tt? 



-0 




0 



Jr 



0A2RI2 



T - — [sin (2 (2tt - 0)) - sin (-20)] 

4-7T 



\2RI 2 T 



d 



66. / = sin ^/ = ^ cos ^r, so = yj 1 + cos ^t) A dt. Therefore, the length is L = J 0 20 yj 1 + 2jl cos 2 Jr. 
Using a calculator or computer, we find L ~ 29.2739. 



67. a. V = 7r Jq [/ (x)] z dx = iz j£ e 2x sin 2 |x <ix. Using a calculator 
or computer, we find V ^ 0.55. 



_ _ f2 -2* 



2 



b. V = 27r J 0 xy = 2-7T f 0 xe x sin ^x dx. Using a calculator or 
computer, we find V ^ 2.63. 



0.4" 



0.2- 



0.0 




0.0 0.5 1.0 1.5 2.0 



68. The distance is d = Jq 0 |o (f)l ^ = Jq° ^5 + 100 sin 2 (jfct) cos 2 {j^t) j Jr. Using a calculator or computer, we find 
d = 1050 ft. 



69. / = f™ n sin rax cosnx dx. Let fix) — sin rax cos nx. Since 

/ (— x) — sin (-mi) cos (— nx) = — sin rax cos nx — —f (x), f is an odd function, and so f (x) dx = 0. 



498 Chapter 7 Techniques of Integration 



70. / — sin rax sin nx dx = ^ [cos (m — n) x — cos (ra + n) x] dx. If ra = n, then 
I — \ (1 — cos 2mx) dx = {^x — sin 2rax^ | = 7T, and if ra ^ n, then 



2 [_m — n 



sin (ra — ft) x — 



1 



m + n 



sin (ra + n) x 



— 7T 
-|7T 

- — 7T 



1 I" sin (ra — n) 7T sin (ra + ft) 7r sin (ra — ft) 7r sin (ra + ft) 7r 

2 m — n m + n m — n m + n 



1 



m — n 



sin (ra — n) 7r = 0 because ra — ft is an integer. 



71. / = J^. cos cos nx dx — ^ J^. [cos (ra — n) x + cos (ra + ft) x] dx. If ra = ft, then 
I — \ f-ir (1 + cos 2rax) dx = 2ra s * n ^ mx ^ | = 7r ' anc * if 777 7^ w > then 



I = - 



1 

2 

1 

2 



1 1 ~T 

sin (m — n) x H ; — sin (ra + n) x\ 



m — n 



m + n 



TV 



sin (m — n) tx sin (m + ft) tx sin (m — ft) n sin (ra + n) n 



ra — n 



ra + n 



m — n 



m + n 



sin (m — n) n -\ : — sin (ra + n) tx = 0 because m — n is an integer. 



m — n 



m +n 



72. 



7T 



— 7T 



an 



7T 



7T w 



f(x)dx = Y I dx + 



an 



^ (a# cos &x + sin /:x) ax = — • 27T + 



TV 




-7T k=\ * k= 

and so ao = ± j^ 7r f(x)dx. Next, using the results of Exercises 69 and 7 1 , we have 



— sin kx COS kx 

k k 



TV 



= txciq 



—TV 



TV 



— IT 



a 0 



TV 



/ (x) cos kx dx — J cos &x ox + 



TV 



a m cos /<x cos rax + /3 m cos &x sin rax ) a*x 



= — sin kx 

2k 



TV 



n 



n 



+ X a /w X^tt cos KX cos 777 x dx + ^ bm J-tt cos /<x sin rax dx = 0 + 7ra^ 
— ^ m=l m= 1 



so a* = ^ f (x) cos £x dx. Using the results of Exercises 69 and 70, we have 



TV 



— TV 



an 



7T 



/' (x) sin kx dx = — I sin &x a"x + 

2 /-7T 



f. 



sin /<x cos rax + b m sin /<x sin nx I Jx 



«0 7 

= — — COS KX 

2k 



TV 



n 



n 



+ X a m J—tx s ^ n ^ cos 777 x dx + ^ b m f™ n sin kx sin rax dx = 0 + 7rb K 

~ 1T m=\ m=l 



so bfr = f (x) sin&x Jx. 



1. See pages 627 and 628. 



2. We use the technique of completing the square in x to rewrite the integrand in one of the forms in Exercise 1 . Then find the 
resulting integral using an appropriate trigonometric substitution. 
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1. 



x dx 



V9-x 2 
x dx 



. Let u — 9 — x , so du — —2xdx. Then 



C I^ = J [^L = J tu-Wdu = -u 1 / 2 + C = -7^2 + c. 
-x 2 2 J u 1 2 J 



2. 



y/A-X 



dx. Let x — 2 sin 0, sodx — 2 cos 0 d0 and 



x 



y/4-x 2 = s/4-4 sin 2 0 = 2cos0. Then 

V4 - _ /* (2 cos 0) (2 cos 0) dO 

x 2 X ~J 4sin 2 0 




= / cot 2 0d0= I (csc 2 0-l)d0 



JA-x 2 

(-cotO - 0) + C = sin" 1 - + C 

x 2 



-1 x 




V4^7 2 



3. f xyj A — x 2 dx. Let x — 2 sin 0, so dx = 2 cos 0 d0 and 
y/A-x 2 = J A- A sin 2 0 = 2cos0. Then 



2 dx = 



J (2 sin 0) (2 cos 0) (2 cos 0)dO = Sf cos 2 0 sin OdO 



8 cos 3 0 



(4 - A 



3/2 



„ 8/vWV 



Note that the problem can be solved more easily using the substitution w — A — x 2 . 




4. 



Vl-* 2 



. Let x = sin 0, so dx = cos 0 dO and \/l — x 2 — \l 1 — sin 2 0 = cos 0. 



Then 



/ 



xVl -x 2 J (sin 2 6>) cos 0 



cos 0 dO [ 0 „ „ y/l-x 2 „ 

= / esc 2 OdO = -cot0 + C = + C 




5. 



dx 



. Let x = 2 tan 0, so dx = 2 sec 2 0 d0 and 



x\/4 + x 2 

74 + x 2 = x/4 + 4tan 2 0 = 2V 1 + tan 2 0 = 2 sec 0. Then 



2 sec 2 0 d0 



xV4 + x 2 



(2 tan 0) (2 sec 0) 

1 f esc 2 0 + esc 0 cot 0 
2 



-i/ 



esc OdO = - 

2 



1 



1 f CSC 0 (esc 0 + cot 0) 



CSC 0 + cot 0 



dO 



1 

= "2 ln 



CSC 0 + cot 0 

jA + x 2 2 

X X 



d0 = — In|csc0 + cot0| + C 

2 



1 



+ C = --ln 



V4 + x 2 + 2 



+ C 
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6. J x 3 \/ 1 + x 2 dx. Let x = tan 0, so dx = sec 2 0 dO and Vl + x 2 = V 1 + tan 2 0 = sec 0 
Then 

/ xVl+x 2 dx = J tan 3 0 sec 0 sec 2 0dO = f (tan 2 0 sec 2 (sec 0 tan 0 dO) 

= J (sec 2 0 - l) sec 2 0 (sec 0 tan 0 dO) 

= J (sec 4 0 - sec 2 6>) (sec 0 tan 6)d0 = \ sec 5 0 - \ sec 3 0 + C 

= ^ sec 3 0 (3 sec 2 0-5)+C = ^(l + x 1 ^' 1 (?>x 2 - 2) + C 
Note that the problem can also be solved using the substitution w = 1 + x 2 . 




l 



7. 



. Let x = 2 tan 0, so = 2 sec 2 0 d0 and 



xVx 2 + 4 

7x 2 + 4 = ^4 tan 2 0 + 4 = 2Vtan 2 0 + 1 = 2 sec 0. Then 

dx r 2sec 2 0d0 _ 1 /* sec0 

= 4 



/ 



2 VI 2 + 4 



-/ 



(4 tan 2 0) (2 sec 0) 4 y tan 2 0 
1 Vx 2 + 4 



1 

4 



4sin0 



+ C = - 



4x 



+ C 



dO = - A \ (sin0)- 2 cos0d0 




8. 



dx 



. Let x = 2 sec 0, so dx = 2 sec 0 tan 0 d0 and 



x 3 v^ 23 4 

Vx 2 -4 = V4 sec 2 0-4 = 2>/sec 2 0 - 1 = 2tan0. Then 



dx 



x 3 Vx^4 



2sec0tan0d0 1 /* ~ ^ 1 n + cos20 „ 
— — = - / cos z 6 dO = - / dO 

(8 sec 3 0) (2 tan 0) 8 J 8.7 2 

= ( 0 + \ sin2e ) + c = JE (° + sin0cos0) + C 



^( SeC_1 
^( SeC_1 



x Vx 2 - 4 2 „ ^ 

- + 1 + C 

2 x x 

x 2Vx 2 - 4 „ 
2 + — — i + C 




9. J x 3 V 1 — x 2 dx. Let x = sin 0, so dx = cos 0 d0 and V 1 — x 2 = V 1 — sin 2 0 = cos 0. 
Then 

/ x 3 V 1 — x 2 dx = J sin 3 0 cos 0 cos 0 d0 = J* sin 2 0 cos 2 0 sin 0 d0 

= / (l - cos 2 0^ cos 2 0 sin 0 d0 = / (cos 2 0 - cos 4 0) sin 0 d0 

= cos 3 0 + ± cos 5 0 + C = (cos 3 0) (5 - 3 cos 2 0) + C 
= -^(l- 2 ) 3/2 [5-3(l-^)] + C = - 1 L(3^ + 2 )( 1 _ 
Note that the problem can also be solved using the substitution u = 1 — x 2 . 




X ) 



+ c 
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10. J — x 2 dx. Lctx = 2sin0, so dx — 2 cos 0 dO and 
y/4-x 2 = V4 - 4 sin 2 0 = 2cos0. Then 

/ x 3 y/4-x 2 dx = J(2 sin 0) 3 (2 cos 0) (2 cos 0 dO) = 32 / sin 3 0 cos 2 0 </0 

= 32/ sin 2 0 cos 2 0 sin 0 d0 = 32 / (l - cos 2 0) cos 2 0 sin 0 </0 

= 32/ (cos 2 0 - cos 4 0) sin0 d0 = 32 cos 3 0 + I cos 5 0) + C = (cos 3 0) (5 - 3cos 2 0) + C 




,2 2 



15 



8 



5-3- 



4-x 



^ + C = --^(3x 2 + 8) (4-x 



2\ 3 / 2 ^ 



Note that the problem can also be solved using the substitution u = 4 — x 2 . 



11. 



x 3 <£x 
vV + 9 



. Let x = 3 tan 0, so = 3 sec 0 J0 and 



V / x 2 + 9 = V9 tan 2 0 + 9 = 3v / tan 2 0 + 1 = 3 sec 2 0. Then 




x 3 Jx r (3 tan 0) 3 (3 sec 2 0 



yi 2 ^ 



3 sec 0 



= 27 / tan 3 0 sec 0 J0 



= 27/ tan 2 0 sec 0 tan 0 </0 = 27 / (sec 2 0 - l)sec0tan0d0 



27 sec 3 0 - sec 0) +C 



= 9 sec 0 (sec 2 0 - 3) + C = 9 ^ +9 " 3 ) + C = \ (x 2 - is) Jx^+9 + C 



Note that the problem can also be solved using the substitution u — x 2 + 9. 



3 / 4 x 2 dx * 
12. / = / =. Let w = 2x, so = 2<ix, x = 0 => w = 0, and * = 4 => w = 

0 V9 - 4jc 2 



§. Then 



3 / 4 x 2 Jx = 
0 v/9 - 4x 2 ./0 



3/2 (^w) ! ^3/2 M 2 jM 



. Now let u — 3 sin 0, so = 3 cos 0 d0. Then 



y^r^ 8/0 y^ 2 

V9 - w 2 = >/9-9sin 2 0 = 3V 1 - sin 2 0 = 3 Vcos 2 0 = 3cos0, u = 0 => 0 = 0, and u 
Thus, 

i _ 1 /* 3 / 2 u 2 du _ 1 /* 7r / 6 (3sin0) 2 (3cos0J0) _ 9 f*^ s[n 2 0 de _ 9 [ 7v/6 l-cos20 
/_ 8y 0 v / 9^ 2 ~ ^Jo 3cos0 "870 Sm ~87o 2 



3 ^3sin0 = § 



=> 0 = 



J0 



= £ (0 - 1 sin 2.) |7 = & (f - f ) = £ (2. - 3V3) 



7T 

"6" 



13. 



. Let x = 3 sec 0, so <£x = 3 sec 0 tan 0 d0 and 



(* 2 -9) 3/2 

y/x 2 -9 = V9 sec 2 0-9 = 3\/sec 2 0 - 1 = 3tan0. Then 

/* 3 sec 0 tan 0 d0 1 /* sec0 



(x 2 - 9) 



3/2 



1 



9.1 sin 2 fl 
cos 2 0 



(3 tan0) 3 
1 

cos 6 d0 = i 



9./ tan 2 0 



d0 



sin" 2 0 cos 0d0 = - 



1 




9sin0 



+ C = - 



9>A 2 - 9 



+ C 
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14. 




9 \3/2 

4 — x J <£*:. Let x = 2 sin 0, so dx = 2 cos 0 d0 and 



y/4-x 2 = y/4 - 4 sin 2 0 = 2^1 - sin 2 0 = 2cos 0. Then 

3 /2 2 

/ (4 - x 2 ) dx = f(2 cos 0) 3 (2 cos 6 dO)= 16 f cos 4 0 d0 = 16 f (cos 2 o) d6 




-»/( 



1 + cos20\ 



j d0 = 4j (l + 2cos20 + cos 2 20)</0 



= 4 




1 + 2 cos 20 + 



1 + cos 40 
2 



^d0 = 4/ (§ + 2cos20 + ^ cos 40) </0 



4-jc 2 



= 4 (§0 + sin 20 + I sin 40^ + C = \ [120 + 8 (2 sin 0 cos 0) + 2 sin 20 cos 20] + C 

= \ [l20 + 16 sin 0 cos 0+ (4 sin 0 cos 0) [cos 1 0 - sin 2 0)] + C = ^ (\20 + 2Osin0cos0 - 8sin 3 0cos0) + C 
= 6 sin" 1 + 10 (\x) (^-jc 2 ) - 4 (^-x 2 ) + C = 6 sin" 1 (^jc) + \x (lO - * 2 ) V4 - x 2 + C 



15. 



0 



16x z -9 , , , ( s]\6x 2 -9 , 
dx. Let w = 4x, so aw = Adx. Then / ax 



Next, let u = 3 sec 6, so du = 3 sec 0 tan 0 J0 and 

2 -9 = V9 sec 2 0-9 = 3 7 sec 2 6 - 1 = 3tan0. Then 

y/ll 2 ~ 9 




u 



du — 



(3 tan 0) (3 sec 0 tan 0) 



u 



3 sec0 

= 3 [ivV-9 - sec (±ujj + C = \/\6x 2 -9 



d0 = 3f tan 2 OdO = 3 / (sec 2 0 - 1 J dO = 3 (tan0 - 0) + C 



— 3 sec 



1 (H + c 



16. 



x 2 



. Let x = y/3 sin 0, so that dx = +J3 cos OdO and 



y^ 2 

^3-x 2 = y/3-3 sin 2 0 = V3 cos 0. Then 




x 2 dx 

y^ 2 



V3sin0j (V3 cos 0 d0 
a/3 cos 0 



= 3 / sin 2 OdO 



= 3 



1 - cos 20 



dO 



= \ (°~ 2 sin 20) + c = \ e ~ isin0cos0 + C 



= 3 sin" 1 (^x) - 3 (fix) (fi^x 2 ) + C = 3 sin" 1 (^x) - \xyf^ 



x 2 + C 



17. ^ ^ 4 * dx. Let x = sin 0, so dx — cos 6 dO and y/l — x 2 = >/ 1 — sin 2 0 



— cos 6 



Then 

yr^ 2 



dx — 



x 



cos 0 (cos 0d0) 
sin 4 0 



= Jcot 2 0csc 2 0d0 = -^cot 3 0 + C 



1 /yr^ 2 



+ c = - 



(,-,») 



3/2 



3x3 



+ C 
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18. / = 



y/9x 2 + 4 



dx. Let u — 3x, so du = 3 dx. Then 



x 



yj9x 2 + 4 r vV + 4 rfw /* Vw 2 + 4 

dx = / ; — — = 27 / du. Next, let u = 2tan0, so 




4 3 



da = 2 sec 2 0 J0 and y/u 2 +4 = ^4tan 2 0 + 4 = 2 sec 0. Then 



/ =27 



(2sec0)(2sec 2 0d0) 2? , sec 3 Q 



(2 tan 0) 



= -2csc 3 0 + C = -- 



9 /y/u 2 + 4 



4 / tan 4 0 

3 



dO^^-J sin" 4 0 cos 0 </0 = ^ (- \ sin" 3 0) + C 



+ C -"4 



(u 2 + 4) 



3/2 



+ C = "4 



9 (9x 2 + 4) 



\3/2 



(3*) 



+ C 



so 



V9a: 2 + 4 



<:/x = — 



x 



(9x 2 + 4) 
12x 3 



3/2 



+ C. 



19. / = 



dx 



1 



* V9* 2 + 4 



. Let w = 3x, so dw = 3 dx. Then / = 



du 



\uy/u 2 + 4 



/du 
Uy/u 2 +4 



Next, let u — 2, tan 0, so du = 2 sec 2 0 d0 and y/u 2 + 4 = ^4tan 2 0 + 4 = 2 sec 0. Then 




/ = 



2 sec 2 0 d0 



1 



(2 tan 0) (2 sec 0) 2 
^In|csc0 + cot0| + D 



S -^ldO= l -[cscOdO= l - 
tan0 2/ 2 



CSC 0 (esc 0 + cot 0) 

CSC 0 + COt 0 



dO 



-I in 

2 



y/u 2 + 4 + 2 



+ £> 



Therefore, 



dx 1 
— == = — In 

x\/9x 2 + 4 2 



y/9x 2 +4 + 2 



3x 



1 



+ D = --ln 



V9x 2 +4 + 2 



X 



+ C. 



20. / = 



dx 



. Let x = 3 tan 0, so dx = 3 sec 2 0 d0 and 



(9 + x 2 ) 2 

^9 + x 2 = V9 + 9tan 2 0 = 3 sec 0. Then 
3sec 2 0d0 I r d6 1 



/ = 



(3sec0) 4 27./ sec 2 0 
1 f 1 + cos 20 



27 



cos 2 0 d0 



27 
1 



d0= (j0 + 5 sin 20^ + C = ^ (j}0+ ^sin0cos0^ +C 



= 54 tan 



+ 




; I + C = — tan 

y/V+x 2 ) 54 



'(!)+ 




3/ 18 (9 + x 2 ) 



+ C 



21. / = 74 - x 2 dx = 2 f^* y/4 - x 2 dx. Let x = 2 sin 0, so dx = 2 cos 0 d0, ^4 - x 2 = y/ 4 - 4 sin 2 0 = 2 cos 0, 



x = 



/ = 



-V3 V ^ ~ — --JO 

0 => 0 = 0, and x = V3 => 0 = f • Then 



2 /J 1 "/ 3 (2 cos 0) (2 cos 0) dO = 8 / Q w/3 cos 2 0 d0 = 4 /J 1 " 73 (1 + cos 20) d0 = 4 (o + £ sin 20) 



7T/3 

0 



= 4 (f+^)=H 47r+3v/I ) 
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22. / = 



y/x 2 -4 



4 



dx. Let x = 2sec0, so dx = 2 sec 0 tan 0 dO, 



2 x 

y/x 2 -4 = 1/4 sec 2 0 - 4 = 2 tan 0, * = 2 => 0 = 0, and x = 4 



0 = f . Then 



/ = 



dx = 



x 



0 



-/3 2 tan. (2 sec g tan gjg = l ff /3^ 9eu9de= ^ sin 3 , 

(2 sec 0) 



7T/3 

0 



32" 



V3 



23. / = 



l 



(l + x 2 ) 



2\3/2 



. Let x = tan 0, so dx — sec 2 0 d0, \/l + x 2 = v 1 + tan 2 0 = sec 0, x = 1 => 0 = and 



x = y3=>0 = f. Then/ = 



^ sec 2 0 



tt/4 sec 



3 0 



40 = /;/ 4 3 cos0 d0 = sin0|^ = f - f = 1 (V3 - V2). 



24. / = 



2x + 3 



dx — 2 



x dx 



yi^ 2 



+ 3 



yr^ 2 



yr^ 2 

x dx = _ 1 J M -l/2 j M = _ M l/2 + c _ -y/i _ x 2 + c xhe second integral i 



. To evaluate the first integral, let u — 1 — x 2 , so dw = — 2x dx. Then 



dx 



yr^ 2 

2x + 3 

yr^ 2 



is 



yr^ 2 



= sin 1 x + C, so 



dx = -2yi -x 2 + 3 sin -1 x + C = 3 sin -1 x - 2Vl - x 2 + C. 



25. / = J e x y/4 — e 2x dx. Let w = e x , so dw = dx. Then / = J \f 4 — u 2 du. Next, let w = 2sin0, so du — 2cos0d0 and 
y4 - u 2 = y/4-4 sin 2 0 = 2Vl - sin 2 0 = 2cos0. Then 

1 + C ° S 2 ^ d0 = 20 + sin 20 + C = 20 + 2sin0cos0 + C 



I =/(2cos0) (2cos0d0) = 4/cos 2 0d0 = 4y 

= 2 [sin" 1 (^w) + ^ (^V4 - w 2 )] + C 
Therefore, JVV4-* 2 * dx = 2 sin" 1 + ^W4 - e 2x + C. 



26. / = / eVl + e 2 ' ^. Let u = e', so dw = dr. Then / = / y/l + u 2 du. Next, let 
w = tan 0, so dw = sec 2 0 d0 and \l 1 + w 2 = y 1 + tan 2 0 = sec 0. Then 
/ =/ sec0sec 2 0d0 = / sec 3 0d0 

= ^ sec 0 tan 0 + ^ In |sec 0 + tan 0| + C (see Example 5 in Section 7. 1) 



+ C 



= \sl l + u 2 u+ ^ln|yi + w 2 + ^ 
Thus, J^y/T+e^dt = \ [e Vl + e 2t + In (v / T+l 2F + + C. 




l 



27. / = 



V3/2 



dx 



1/2 X y/\ -X 2 

V3 



. Let x = sin 0, so dx = cos 0 d0, y/ 1 — x 2 = y 1 — sin 2 0 = cos 0, x = ^ => 0 = ^, and 



x = -V => 



/ = 



2- _v 0= f. Then 
^ cos0d0 



„ „ r 7r / 3 csc0(csc0 + cot0)d0 / , , „ i7r/3 

csc0d0 = / ^— = (-In|csc0 + cot0| |^ 

Jn/6 csc 0 + cot 0 ^z 0 



sin 0 cos 0 j n / 6 j n / 6 
_ In ( 1^ + ^) + In ( 2 + yi) = - In y3 + In (2 + y5) = In 
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28. / = f JAx - x 2 dx. Observe that 



Ax - x 2 = 



- (x 2 - 4x) = - \x 2 - Ax + (-2) 2 j + 4 = 4 - {x - 2) 2 , 



so 



I — j yj A — (x — 2) 2 dx. Let u = x — 2, so du = dx. Then / = J >/4 — u 2 du. Next, let 
w = 2 sin 0, so du = 2 cos 0d0 and ^4 - w 2 = y/A-A sin 2 0 = 2 cos 0. Then 



/ = /(2cos0) (2cos0d0) = 4/cos 2 0d/0 = 4/ 



1 + cos 20 




dO = 20 + sin 20 + C = 20 + 2 sin 0 cos 0 + C 



= 2 [sin" 1 + (i M ) (^V^ 2 )] + C = 2sin" 1 ? + ^v 7 ^^ 2 + C 



29. / = y ^ 2 Observe that 2/ - / 2 = - (r 2 - 2f) = - [? 2 - 2? + (-1) 2 ] + 1 = 1 - (f - l) 2 , 



so 



dt f du , . 

/ = / =. Let u = t - 1, so = dr. Then / = / . = sin 1 w + C = sin 1 (f - 1) + C. 

i _ (, _ i)2 y v i - w 2 



r 2 

30. / = / ; Observe that 

yiT^T 2 



4f - t 2 = - (t 2 - 4* ) = - [t 2 -At + (-2) 2 J + 4 = 4 - (f - 2) 2 , so 

/ t 2 dt n 

/ = / =. Let u = t - 2, so du = dt. Then v4-« 




^4 - (r - 2) 



, (k + 2) 2 fu 2 +4u+4 f udu f u 2 +4 

/ = / . du = . du — A \ . + / . du. Now 

y/A-U 2 J y/A-U 2 J y/A - U 2 J yj A - U 2 

udu „ / 



= 4 J w ^4 — m 2 ^ du — —Ay/ A — u 2 + C\ using the substitution v — A — u 2 .To evaluate the other 



y/A^U 2 

integral, let u = 2 sin 0, so = 2 cos 0 J0 and y/4 — u 2 = y/A-A sin 2 0 = 2 cos 0. Then 



J0 



2 cos 20) dO = 60 - sin 20 + C 2 = 60 - 2 sin 0 cos 0 + C 2 



= 6 sin" 1 (^w) - 2 (^4- w 2 ) + C 2 

Therefore, 

/ = -4^4- w 2 + 6sin _1 ^uj - \uj A - u 2 = 6 sin -1 (|w) - ± (8 + k) >/4 - k 2 + C 
= 6sin- 1 (^-^v / ^F^+C 
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31. / = 



dx 



(x 2 + Ax + 8) 



. Observe that 



x 2 + 4x + 8 = [x 2 + 4x + 2 2 j + 8 - 4 = 4 + (x + 2) 2 , so 1 = J 



dx 



[4 + (x + 2) 2 ] 



. Let 



w = x + 2, so = dx. Then / = 



(4 + a 2 ) 2 

and4 + M 2 = 4 + 4tan 2 6 = 4sec 2 0. Then 



. Next, let u — 2 tan 0, so du = 2 sec 2 0 d0 



/ = 



2 sec 2 OdO 
(4 sec 2 0) 2 



=1/ 



J0 1 /" 2 1 / l + cos20 

— — = - cos z OdO — - I 

sec 2 0 87 8 / 2 




dO= (0+ \ sin 20) +C 



= TC* + sin^cos^ + C = ± tan" 1 (|) + i 

1 _, + : 

Therefore, I = — tan I — — 

16 \ 2 



w 2 1 

, r , . + C = — tan 

^^A + ^^/a + u 2 16 



'(5) 



+ 



u 



8 (4 + w 2 ) 



+ C 



8 (x 2 + 4x + 8) 



+ C. 



32. / = 



dx 



(3_2x-x 2 ) 5/2 



. Observe that 



3 - 2x - x 2 = - (x 2 + 2x) + 3 = - |x 2 + 2x + 1 j + 3 + 1 = 4 - (x + l) 2 , so 



/ = 



[4 - (x + l) 2 ] 



-.5/2 



. Let w = x + 1, so = dx. Then / = 



du 



(4 - , 2 ) 



2^/2 



. Now let 




= 2 sin 0, so du = 2 cos 0d0 and \J A — u 2 — v 1 A — A sin 2 6 — 2 cos 0. Then 



V w r uiii v ^ \x • x iivii 

7 = / = ^ sec4 9d0 = * 1 ( sec2 °) H •) d " = * J ( J + tan2 ') 

(tan0 + ^ tan 3 0) + C = ^ tan0 (l + ^ tan 2 0) + C 



sec 2 0 </0 



1 



u 



16 



7^2 [ 1+ 3(4- M 2 )J 



+ C = 



(jc + 1) (5 - 2x - x 2 ) 

Therefore, / = ^ ^-pL + c. 

24 (3 - 2* -x 2 ) 3/2 



1 u 12-3n 2 + n 2 ujf-u 2 } 
16^^2 3(A-u 2 ) +C ~ 2A{A-u 2 f 2+C 



33. The required area is A — [ — ^ Let x = 2 sin 0, so dx = 2 cos 0 dO, yj A — x 2 — yj A — A sin 2 0 — 2 cos 0, 

J I xVA-x 2 

x= 1 => 2 sin 0 = l=>sin0 = ^ 0 = £ , and* = V2 => 2sin0 = V2 => 0 = f . Then 

7T/4 



w / 4 2 cos 0 dO 1 r 71 "/ 4 

A — 



n/6 (2 sin 0) (2 cos 0) 2^/6 2^/6 
= _.[ ln (V2 + l)-l„(2 + V3)]=4ln^i 



1 /" 7r / 4 csc0(csc0 + cot0) 1 

csc 9d0=- / !— — —-—J-d6= — i In (esc 0 + cot 0) 

2J 7r/6 csc 0 + cot 0 2 



7T/6 
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34. The region is shown in the first figure at right. Solving the given equation 
for y, we obtain \6x 2 - 9y 2 = 144 <=> 9y 2 = I6x 2 - 144 = 16 (x 2 - 9) 

<=> y = ± ^ y/x 2 — 9. Using symmetry, we see that the required area is 

A = 2 j| ^Vx 2 -9Jx = | J 3 5 Vx 2 -9dx. Let x = 3 sec 0, so 

dx = 3 sec 0 tan 0 d0 and y/x 2 - 9 = V '9 sec 2 0-9 = 3 tan 0. Then 
/ y/x 2 -9dx = J (3tan0) (3 sec 0 tan 0 J0) = 9 / tan 2 0sec0J0 

= 9/ (sec 2 0 - l) sec0 J0 = 9/ (sec 3 0 - sec0) 



J0 



= 9/sec 3 0^0-9/ sec 0 J0 



But / sec 3 0d9 = 1? (sec 0 tan 0 + In |sec 0 + tan 0|) + C (see Example 5 

in Section 7.1) and 

, sec 0 (sec 0 + tan 0) n „ 
sec0d0 = / — : — -J0 = ln|sec0 + tan0| + D. 



sec 0 + tan 0 



Therefore, 




x 2 - 9 J a- = 



9^ (sec 0 tan 0 + In |sec 0 + tan 0|) - In |sec 0 + tan 0| j + C 



= | (sec 0 tan 0 - In |sec 0 + tan 0|) + C = - 



x 



yfx 2 ^ 



3 



-In 





X y/x 2 -9 

3 + 3 



Finally, 



A — - I y/x 2 -9dx = 

37 3 3 2 



y/x 2 -9 



-In 



+ V?^9 



3 



-i5 



12 ([V - ln (^T^)l -IP-lnl]} = f (20 - 9 In 3) 



- 3 



2 2 

x y 

35. Solving — =■ H — =■ = 1 for y in terms of x gives 

a 1 b l 



y 2 = b 2 [\- 



X 



2 



(a 2 - x 2 ) 



= ± — y/ a 2 — x 2 . The average 



value of the positive y-coordinates of the ellipse is 







y = ^y/a 2 -x 2 




b 


— ^ S ^^ >■ 


—a 


0 


a x 



ynv = 



dx — 



i r a i 

a - (-a)J_ a 



b 



2a a 



a 



—a 



J a 2 — x 2 dx — — 7z ( Jo 2 — x 2 dx. Let x — asmO, so 

2a 2 Jo 



acosOdO, y/ a 2 — x 2 = yfa 2 
b r*/2 



a 2 sin 2 0 = a cos 0, x = 0 => 0 = 0, and x = a => 0 = y. Then 



tf 2 JO 



(a cos 0) (a cos 0 J0) = b 



71-/2 2 - — - /' 7r / 2 l+ cos 20 _ i, , . _\|7r/2 



cos z 0d0 = b 



0 



0 



</0 = ^(0+ ^ sin 20) 



0 
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36. The region is shown in the first figure at right. The required volume is 

"I 2 AO 

x x dx 

dx — 7r / — . Let 



4 „ 4 

V — it I y dx — it j 

0 .70 



0 S 



-\-x 



l(9 + xlf 4 
x = 3 tan 0, so Jjc = 3 sec 0 dO and 

V9 + x 2 = V9 + 9tan 2 0 = 3 sec 0. Then the indefinite integral 



x 2 dx / (9tan 2 ^)(3sec 2 ^^) 




= 9f tan 2 0sec0</0 



y/9 + x 2 



3 sec 0 




= 9 f ( sec 



.2 



= 9 



0 - l) sec0 dO = 9 / (sec 3 0 - sec0) J0 

* . in f (sec 0) (sec 0 + tan 0) 
sec J 6 du — 




dO 



sec 0 + tan 0 

= 9^sec0tan0+ \ In |sec 0 + tan0| - In |sec0 + tan0| + c] 



9 / V9 + x 2 x , 
• In 



= 2 (sec 0 tan 0 - In |sec 0 + tan 0|) + C = - i 

z 2 \ 3 3 



4 v 2 



Therefore, V = 7r 



x z dx 



0 V9 



+ x 



9tt 

T 



x\/9 + x 2 , V9 + x 2 + x 



-.4 



-In 



3 



9tt 



o 



(see Example 5 in Section 7.1) 
f — -ln3j = -(20-91n3) 



37. The region is shown in the first figure at right. The required volume is 

C 2 /* 2 x^x ~ dx 

V = Z7T / xjai = Z7T / x - = Z7T / - . Let 

^0 JO V16-.Y 2 ^0 V16-X 2 

x = 4 sin 0, so dx = 4 cos 0 d0 and 

a/16 — x 2 = \/l6 — 16 sin 2 0 = 4 cos 0. Then the indefinite integral 



x 2 



(l6 sin 2 0) (4cos0d0) 




V16-X 2 7 4cos0 

1 - cos 20 



= 16 / sin 2 0d0 



= 16 



2 



d0 = 80-4sin20 + C 



= 80-8sin0cos0 + C 



= 8 sin 




.V 



+ c 



Therefore, 



2 x 2 dx 
V = 2tt / — = = 2tt 



0 Vl6-x 2 



= 2tt (8 • £ - 2V3) 



4tt 



(2tt - 3V5) 



2 



= 2tt 



0 



8 sin 



'(0- 



2V 12 



38. The graph of y = e x is shown at right. The surface area of the solid is 



S = 2tt /J yy/l + (y'fdx = 2tt /J eVl + e 2x dx, si 



since y = e 



Using the result of Exercise 26, we find 



S = 2tt 



— 7T 



[ejl+e 2 + In (7 



1 + e 27 + e 



\+e z + e 



)- V2-ln (V2+l)] 
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39. y — In 2x — In 2 + In x, so y' — l/x. 



2 



1 V* 2 + 1 , . , 
= JH — j — ' so me required arc 



x 



x 



length is L = 




x l + 1 



dx. Let x = tan 0, so = sec 2 0 dO, 



x 2 + 1 = Vtan 2 0+ 1 = sec0, x = 1 => tan0 = 1 => 0 = ^, and 



x = V3=> 0 = f. Then 



7T 



L = 



/3 (sec 0) (sec 2 0 dO^j 




dO 



7T/4 
7T/3 



tan0 



^ sin 2 0 + cos 2 0 „ f 77 / 3 „ „ n 

9 . = : d0 = / (tan 0 sec 0 + esc 0) dO 

7T /4 cos z 0 sin 0 Jtt /4 cos z 0 sin 0 Jtt /4 



f^ficscO esc 0 + cot 0 „ tt/3 

tan 0 sec 0 + / - x d0 = [sec 0 + In |csc 0 - cot 0|r 

tt/4 Jtt/4 1 esc 0 — cot 0 ^z 4 

2 + ln( 2 ^-^)-V2-ln (^2- l) 



40. y = -\x 2 + 2jc => / = -x + 2 => 1 + (y') 2 = 1 + (2 - jc) 2 . The 



required arc length is L — Jq -J 1 + (2 — x) 2 dx. Let w = 2 — 



x, so 



Ji/ = —dx, x = 0 => w 
L — — J2 Vl + w 2 dw 



2, and x = 2 => w = 0. Then 
Jj? V 1 + u 2 du. Let m = tan0, so 



= sec 2 0 cl0 and vl + « 2 = v 1 + tan 2 0 = sec 0. Then 
j V 1 + u 2 du — ^ (w\/ 1 + u 2 + In I y 1 + w 2 + u^j + C (see Exercise 26). Thus, 

fQ^l + u 2 du = ^(Wl + w 2 + ln v / l + M 2 + i^|)| = ^ [ 2 ^ +ln ( v/ 5 + 2 )] 




L = 



41. The window can be represented by the equation x 2 + y 2 = 1 or 
x = ±y/ 1 — y 2 . The depth of the partially submerged window is 

^2 — y^ ft. Taking the weight of water to be 64 lb/ft 3 , the force is 



F = 



64 /If (^-y) (2)y/T=7dy 



^6A S ^(l-yf 2 dy-X2,S^y(x-y 2 f 2 dy 
To evaluate the first integral, let y — sin 0, so dy — cos 0 d0, 



v 7 ! - y 2 = V 1 - sin 2 0 = cos 0, y = -1 0 = -f , and y = \ 



0= £ . Then 




64 /if yr^ 1 ^ = 64 ( cos 0 ) ( cos 61 ^) = 64 /^2 cos2 0 J6> = 64 J~l% 1+c 2 os26 * ^ 

= 64[(5 + |.f)-(-f)]=64(f + f) 



= 64 A 



U0+ £ sin 20) 



7T/6 
-7T/2 



2 x3/2 



Next, -128 /If y (l - y 2 ) dy = (-128) (-*) (§) (l - y 
Therefore, F = 64 + ^ + 16V3 = § (8tt + 9V$) « 108.59 lb. 



1/2 



-1 



128 /3\ 3/2 _ 128 3^ _ 



= 16V3 
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42. By symmetry, the area is 



A = 



8 



-2\ x 2 + 4 




8 



= 16[l arctan(^)]^- \ [^ 3 ] 



2 
0 



x 2 + 4 



= 16.f 



* \dx = 16 f ^ X 

4 / y 0 x 2 + 4 



£ • 8 = 2tt - \ 



— [ x 2 dx 
2 Jo 



43. a. 



1.0 



0.5 



0.0 




-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 



Using a graphing utility we find the x -coordinates of the points of 
intersection to be about ±0.953. 

b. g (x) > f (x) on [—0.953, 0.953], so taking advantage of symmetry we 
find 

1 



A^ 2/ 0 0 - 953 [g W - /W ]^ = 2/ 0 a953 



\-x L - 



(4 + x 2 ) 



2\3/2 



dx 



Using the result of Example 3, we have 

0.953 



A = 2 



1 3 
x — -^x 



X 



4y/4 + X 2 



1.114 



_ 0 



44. a. 




0.0 0.2 0.4 0.6 0.8 1.0 1.2 



Using a graphing utility we find the x -coordinates of the points of 
intersection to be about 0.545 and 0.997. 



b. We have 
A 



r 0.997 
~ J0.545 



[f to - 8 to] dx 



r 0.997 
J0.545 



(l -Jt 2 ) -0.2^1 + Jt 2 ) 



X 



-111 



dx 



Using the results of Exercises 9 and 23, we find 



\3/2 



-.0.997 



X 



-^(3^ + 2) (l-* , 



= 0.068 



0.545 



x 2 2 u 
45. 4- = 1. Solving the equation for y gives y = ±-y/a 2 — x 2 . The 



fc 2 



<3 



required surface area is obtained by revolving the graph of the function 

b 
a 



y — -v 'a 2 — x 2 about the x-axis. 



' -i G) (° 2 - * 2 ) 



-1/2 



(-2x) = - 



bx 



a\j a 2 — x 2 



and 1 + 



(yf = 1 + 



2„2 



b L x 



a* - a 2 x 2 + b 2 x 2 



a 



2 (a 2 - x 2 ) 



a 



2 (a 2 - x 2 ) 



a * - (a 2 - b 2~j x 
a 2 (a 2 - x 2 ) 



Therefore, by symmetry, the required surface area is 



ra ra ^ 

S = 2 / 2ny ds = 4tt / - j a 2 - x 2 

JO JO a 




\ 



a 



2 (a 2 - x 2 ) 




fl 4 _ ( fl 2 _ fc 2) x 2 dx = 



4TTbVa 2 - b 2 



a 



a 



0 




a 



2 



\ \y/a 2 -b 2 



— x 2 dx 
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Defining c — 



a 



, we can write S — 



4nb 



a 



V 'a 2 - b 2 c JO 

x — c sin 0, so dx = c cos 0 d6 and 

V ' c 2 — x 2 — V c 2 — c 2 sin 2 0 — c cos 0. Then 



V 1 c 2 — x 2 dx. Let 




.V 



1 + cos 20 



2 



</0 = 



.2 



0 sin 20 



2 2 

— (0 + sin0cos0) + C = — 

2 2 



X 



+ C 



+ C 



2 



■ 



sin -1 - + 



Xyfc^-X 2 



C 



+ C 



Therefore, 



5 = 



47T/? 

c 


c 2 
2 


47T/7C 


sin" 


2 


2iva 




y/a 2 - 


Z? 2 



■m 1 Q + 



.V \ C 2 — A" 2 



C 



2 



a\2 



47T/?C 



_ 0 



sin 1 0 + 



ay] c 2 — a 2 



c 



2 



2irba 2 
y]a 2 - b 2 



. _^(y]a 2 -b 2 \ | y/a 2 -b 2 



sin 



1 - 



a 2 -b 2 



a 



a 



a 



2 



j 'v 'a 1 - b 2 \ | by]a 2 -b 2 



sin 



a 



a 



2 2 

46. Solving — H — - = 1 for x yields x — ± — y]b 2 — y 2 . The required force is 

1 b l b 




2Sah 



rb i 



y 2 dy — 



25a 



rb i 

J 



J 2 dy 



b J-b b J- 

The second integral is 0 because the integrand is odd, so 

F — — - — f^fo \]b 2 — y 2 dy — — - — Jq x]b 2 — y 2 dy. Let y = b sin 0, so 

dy = bcosOdO, jb 2 - y 2 = y]b 2 - b 2 sin 2 0 = b cos 0, v = 0 0 = 0, 
andy = b => 0 = f . Then 




F = 



3- J 0 /4/ " (Z?cos0) (b cos 0)d0 = 4Sabh J^ 2 1 + <x>s 20 ^ = ^0 + si^0^| 7r/2 = 4(5 ^ = ttaM/i 



47. A av — 



1 



5-oy 0 



5 j /o r 

A (/) dt = - 



544 



5 Jo .4+0-4.5) 



2 



+ 28 



544 



dt 



5 7o 4 + 0-4.5) 2 



+ 



[5 Ho- 



To evaluate the remaining integral, let u — t — 4.5, so du = dt, t = 0 => w = —4.5, and f = 5 



u — 0.5. Then A av = 



544 0.5 du 
~T J-4.5 



4 + w 



2 



+ 28. Let u = 2tan0, so = 2 sec 2 0^/0 and 



4 + w 2 = 4 + 4tan 2 0 = 4sec 2 0. Then f 

J 4 + w 



2 sec 2 0 J0 
4 sec 2 0 



= - j dO = \0 + C = \ tan -1 + C, 



so 



Aav = -3^ [ j tan 



tan" 1 4 + 28 = ^ [tan" 1 (0.25) - tan" 1 (—2.25)] + 28 w 104 PSI. 
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48. The work done is 



W = f°F(x)dx = f< 



b qQ 



dx 



qQ 



b 



dx 



47r£ 0 x yjx 2 + c 2 IneoJa Xy /x 2 + c 2 



. To 



find 



dx 



xv 1 x 2 + c 2 



, let x = c tan 0, so dx = c sec 2 0 d0 and 




Vx 2 + c 2 = V c 2 tan 2 0 + c 2 = c sec 6. Then 



/ 



Xy/x 2 + C 2 



-/ 



c sec 2 g Jfl 1 
— — = - / esc 0 dO 

(c tan 0) (c sec 0) c 



1 f (esc 0) (esc 0 + cot 0) 
esc 0 + cot 0 



dO = - - In |csc 0 + cot 0| + # 



I in 



X 2 + c 2 + c 



X 



+ K 



Therefore, 



W = I - 



47TSQC 



In 



Vx 2 + c 2 + c 



X 



42 




Z? V <2 2 + c 2 + c 



) 



47T£QC 




y/b 2 + C 2 + C 



b 



-In 



Va 2 + c 2 + c 



a 



In ; J - 



49. w = 



dx 



2a r2a 

f {x) dx — k l — a n 
* Jo (x 2 + a 2 f 2 



. Let x = a tan 0, so 



dx — a sec 2 0 and Vx 2 + a 2 = V a 2 tan 2 0 + a 2 = a sec 0. Then 



dx 



a sec 2 0 dO 1 



(x 2 + a 2 ) 3/2 



a 3 sec 3 0 



cos OdO — 



sin 2 0 




+ C. Thus, 



la 



W = k 



dx 



kx 



0 (x2+a 2 ) 3/2 a 2 yf# + £ 



2a 



2£ 



0 



2>/5jfc 



50. From the diagram, d\ = /h 2 + x 2 , cosai = 



h 



y/h 2 + X 2 ' 



d 2 = 




— x) 2 , and cosa2 = 



h 



I —k 




^ + C -^ 2 \ = kh\ 



^2 



jh 2 + (d - x 2 ) 



. Therefore, 



1 1 

(- 2 + ^ 2 ) 3/2+ [(J-x) 2 + /z 2 ] 



3/2 



so /• 



av 



_ kh [ 



d 



dx kh f d dx 

{x 2 + ,2)3/2 + Yjo ^ _ ~ 2 + ~ 2 j 



3/2" 




Substituting x = A tan 0 in the first integral and J — x = tan 0 in the second, we find 

-id 



^av — 



kh 
~d 



x 



d — x 



h 2 yjx 2 + h 2 h 2 y/(d-x) 2 + h 2 } h^fiTh 2 ' 



2k 



Section 7.3 Trigonometric Substitutions 



51. 




a 



2 — u 2 du = kuy/a 2 — u 2 + A<2 2 sin 1 — h C. Let w = a sin 0, so 



du — a cos 0 d0 and \J a 2 — u 2 = \/ a 2 — a 2 sin 2 0 = <3 cos 0. Then 



2 



y/a 2 — u 2 du = a cos 0 (a cos 0 d0) = cr I cos 2 6 d6 — — I (1 + cos 20) dO — 



a 



= — (0 + sin0cos0) + C = ^ 



i ?/ . _i u u \/a 2 — u 2 \ 

ka A I sin — I I 

\ a a a J 



+ C 



a 



2 



— —y/a 2 — u 2 H sin 

2 2 



-1 



u 

- + C 




+ c 



\/ a 2 -\- u 2 9 
52. / = / dw. Let u — a tan 0, so du — a sec z 0 J0 and 



\l a 2 + u 2 — \/ a 2 + a 2 tan 2 0 = <3 sec 0. Then 




/ = 



sec 0) (a sec 2 0 dO^j 



d6 



— a 



a tan0 
(esc 0) (esc 0 + cot 0) 



— a 



cos 2 0 sin 0 



cos 2 0 -|- sin 2 0 

a / - d6 — a \ (esc 0 + tan 0 sec 0) J0 

cos 0 sin 0 



= \/a 2 + u 2 — a In 



CSC 0 + cot 0 

a + \/ a 2 + u 2 



+ tan 0 sec 0 



d0 = -a In |csc 0 + cot 0| + a sec 0 + C 



+ C 



53. / = 



. Let u — a tan 0, so du — a sec 2 0 J0 and 



W\/tf 2 + M 2 

\l a 2 + u 2 — \J a 2 + a 2 tan 2 0 = <3 sec 0. Then 

f asec 2 6d0 If „ iri 1 

/ = / — — = - / esc 6 dO = - 

{a tan 0) (a sec 0) a / a 




(esc 0) (esc 0 + cot 0) 
esc 0 + cot 0 



dO = - 



-In|csc0 + cot0| + C 

a 



-I In 

a 



+ u 



u 



a 

+ - 

u 



+ C = --In 



+ u z +a 



u 



+ C 



54. / = 



u 2 — a 2 



du. Let u = a sec 0, so du = a sec 0 tan 0 J0 and 



\lu 2 — a 2 — yj a 2 sec 2 0 — a 2 — a tan 0. Then 




a 



-I 



{a tan 0) (a sec 0 tan 0 d 0) /" tan 2 0 



a 2 sec 2 0 
(sec 0) (sec 0 + tan 0) 



sec 0 



d0 = 



sec 2 0 - 1 
sec 0 



</0 = / (sec 0 - cos 0) dO 



= In 



sec 0 + tan 0 



w \/u 2 — a 2 
a a 



dO- / cos0J0 = ln|sec0 + tan0| -sin0 + Ci 



\Ju 2 — a 2 



u 



+ Ci = In 



u + \/u 2 — a 2 



\ju 2 — a 2 



\/u 2 -a- 



u 



+ C, where C = C\- In a. 
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55. a. Let x — a tan 6, so dx — a sec 2 0 d6 and 

Vx 2 + a 2 — V a 2 tan 2 6 + a 2 = a sec 0. Then 




fix 



a sec 2 6 dO 
a sec 6 



= / sec 0 d0 = 



(sec 0) (sec 0 + tan 0) 
sec 0 + tan 0 



J0 = In |sec 0 + tan 0| + Q 



= In 



d 2 + x 2 x 



+ Ci = In 



-s/tf 2 + x 2 + x 



+ C, where C = C] — In a 



b. / = 



x tan x 



Vl + x 2 
Jx(l+x 2 ) 



I x dx dx 
dx. Let u = tan 1 x and = — . Then dz/ = and 



Vl+x 2 



1 + x 



2 



-1/2 



dx = v 1 + x z , so 



/ 



/\/ 1 1 X 2 /• 
^— dx = \/l + x 2 tan - 1 x — / 
1+x 2 7 



Jx 



yr+x 2 



56. / = 



= v / l + -^ 2 tan~ 1 x-ln (V 1 + x 2 + x) +C 

^/ 4 dx 
( ) a 2 cos 2 x + Z? 2 sin 2 x 



. Let u = tanx, so x = tan 1 u and 



dx — 



du 



1 + u 



2 



u 



. From the diagram, cos x = 



1 



sinx = 



Vu 2 + 1 



. Also, x = 0 => u = 0 and x = ^r=>w = l,so 



and 




vV + 1 



1 



/ = 



u 2 + 1 



dw 



dw 



1 



du 



o 



a 



0 a 2 + b 2 u 2 b 2 Jo a 2 

fo2 



+ W 



1 b 

12 ' ~ tan 
Z? z a 





1 _i ^ 
= — tan 1 - 



0 



ab 



a 



57. We want to give a geometric proof that 



cr _ | a 



f^y/a 2 — u 2 du — jxy/a 2 — x 2 + — sin 1 — h C for 0 < x < a. From 

— (I 



the figure, the integral Jq \/ a 2 — u 2 du gives the sum of the areas of 



regions A and B. But the area of sector A is ka 2 0 = la 2 sin 1 — and the 

z z a 

area of triangle B is ^xy/a 2 — x 2 . This establishes the result. 
58. F = 200 J^ 3 y/9 - v 2 - 100/^ 3 >V9 - >' 2 dy. Now 




200/^3 y/9-y 2 dy = 200 |"(^) J 9 - y 2 + \ sin" 1 ^] = 200 



3J-3 



[(75 + 



9 • - 
2 sin 



1 I ) + f ' f ] ™ 2517 - 7 - Also > 



-100/^3 yv 7 ^ 1 ^ = -100 (- 1) ( 2 ) (9 - y 2 ) 



3/2 



2 



-3 



= (5 3 / 2 ) % 372.7, so F % 2517.7 + 372.7 % 2890 lb. 



Section 7.4 The Method of Partial Fractions 




1. See page 635. 2. See page 637. 3. See page 638. 



1. a. 



2. a. 



3 _ A B 
x (x — 5) x x — 5 



2x + 1 



2x + 1 



3. a. 



4. a. 



— x — 2 

2x 2 - 1 _ 

+ x 2 
2x + 1 



A 5 
+ 



(x - 2) (x + 1) x - 2 x + 1 

2x 2 - 1 A B C 
— + k + 



b. 



b. 



2x 



A 



+ 



5 



(x + 1) (3x - 2) x + 1 ' 3x - 2 
x -4 x -4 A 



+ 



B 



x 5 + x 



X 



x 2 (x + 1) x ' x 2 ' x + 1 
2x + 1 _ A £x + C 
(j2 + i) = 7 + x 2 + 1 



b. 



b. 



x 2 + 4x + 3 (* + l)(* + 3) x + 1 ' x + 3 

7 7 A B 

+ 



x 2 + 3x - 4 (* + 4) (x - 1) jc + 4 ' jc — 1 

8x 8x A 5 C 

= - + — + 



3 - 5x 2 x 2 (x - 5) * x 2 x - 5 



5. a. 



x 3 - 2x + 1 



x 3 - 2x + 1 



x 3 - 2x + 1 



b. 



x 4 -16 (x 2 -4)(x 2 + 4) (x + 2)(x-2)(x 2 + 4) x + 2 
x 2 -x-21 x 2 - x - 21 x 2 - x - 21 



A B Cx + D 
+ ^ + —5 T 

jc — 2 x 2 +4 



A 



+ 



£x + C 



2x 3 -x 2 + 8x-4 x 2 (2x- 1) + 4(2x- 1) (2x - 1) (x 2 + 4) 2x - 1 x 2 + 4 



6. a. 



2x 3 - 3x - 5 A £ 

= - + 



+ 



C 



b. 



7. / = 



x 2 (x + l) 3 xx 

2x 4 - 3x 2 + 8x + 1 A 

(x-l) 2 (x 2 +x + l) 3 

dx 1 



+ 



+ 



x+l (x+1) 2 (x + l) 3 



+ 



B 



(x-1) 
B 



2 



Cx + D Ex + F Gx + H 
+ — + ~ + 



x (x - 4) 



1 



B = ± so / = -- 



A 

• NoW -7 77 = - + 7 

x (x — 4) x x — 4 

1 Mx 1 



x 2 +x + l ( x 2 + x +iy (x 2 + x + l) 
(A + £) x - 4A 



1 



x (x - 4) 



A + B = 0 and -4A = 1 => A = -| and 



dx 

x 4 / x - 4 



= -iln|x| + iln|x -4| + C = T In 



x -4 



x 



+ C. 



5 



3x + 2 3x + 2 A 
8. / = — dx. Now — = - + - 

x (x — 2) x (x — 2) x x — 2 



(A + £)x-2A 
x (x - 2) 



A + B = 3 and -2A = 2 => A = -1 and 



B = 4, so / = - 



dx 



x 



+ 4 



dx (x — 2 s ) 4 

= - In |x| + 4 In |x - 2| + C = In + C. 



x — 2 



x 



9. / = 



d?. Now 



B 



I = 3 



r (f + 1) 

dt 



_ A 

t (t + 1) ~~ f + f + 1 



(A + 5) f + A 



-2 



d* 



= 31n|f|-21n|f+l| + C = ln 



t(t+l) 
\t\ 3 



A + B = 1 and A = 3 => B = -2, so 



10. In this case the method of partial fractions is unnecessary: 



(' + I) 2 
2x- 1 



+ C. 



2x 2 - 



dx — 



2x - 1 



Jx — 



x 



11. / = 



dx 



. Now 



1 



1 



A 5 
+ 



x (2x - 1) 
(A + £)x-2(A-£) 



dx 



x 



= In |x| + C. 



3 x 2 -4 x 2 -4 (x+2)(x-2) x+2 ' x-2 (x + 2) (x - 2) 

— 2A + 2B = 1. The first equation gives 5 = —A, and substituting into the second, we find — 4A 



=> A + B = 0 and 
= 1 => A = -i, so 



B = i. Then 



/ = 




x + 2 



1 \ i4 1 

+ r^2r* = (-i ln ^ + 2 i + i ln ^- 2 i)| 3 = 4 ln 



x — 2 
x + 2 



= | (in § - In ^ = | (In 2 - In 6 - In 1 + In 5) = \ In § 
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12. / = 



dx 



dx 



4x 2 -9 J (2jc + 3)(2jc 

A + B = 0 and 3 (—A + B) 

dx 1 f dx 
2jc + 3 + 6 J 2x -3 = 



-3) 



. Now 



1 



+ 



5 



(2jc + 3) (2jc - 3) 2x + 3 2jc - 3 



2(A + 5)jc + 3(-A + £) 
(2jc + 3) (2jc - 3) 



1 



-if 



= 1 => A = and £ = 
-^ln|2x + 3| + ^ln|2x- 



so 



1 



3| + C=— to 



2jc - 3 
2jc + 3 



+ C. 



13. / = 



(jc — 1) Jjc 
— x — 2 



. Now 



x - 1 



jc - 1 



x l — x — 2 



(x - 2) (x + 1) 



2 



+ 



5 



=> A + £ = 1 and A — 2B = — 1 => Z? = 4 and A = 



x — 2 x + 1 
so 



(A + £)jc + A -25 
(jc - 2) (jc + 1) 



1 

3 



I =- 



1 

3 



djc 



x — 2 



+ 



- / — ^- = i In |jc - 2| + 2 In |jc + 1| + C = i In (jc - 2) (jc + l) 2 
3Jx+l 0 3 ^ 



+ C. 



14. / = 



1 (2m + 3) Jm 



. Now 



2m + 3 



2m + 3 



0 u 2 + 4m + 3 ' m 2 + 4m + 3 (w + 1) (k + 3) m + 1 

A + 5 = 2 and 3A + B = 3 => A = ^ and £ = |, so 

1 du 



+ 



5 



M + 3 



(A + B) u + 3A + B 
(m + 1) (m + 3) 



_ 1 Z* 1 Jm 



3 

+ - 



2,70 w + 1 2jo w + 3 



= (£ln|w + 1| + ^ln|M + 3|)|^ = ^ln2+|ln4-^lnl-|ln3= ^ln2- §ln3or 



1 , 128 



15. / = 



2x 2 + 3jc + 6 



djc. Now 



(jc + 3) (x 2 - 4) 
2x 2 + 3jc + 6 2jc 2 + 3jc + 6 



A 



+ 



B 



+ 



C 



0 + 3) (x 2 - 4) (jc + 3) (jc + 2) (jc - 2) * + 3 ' x + 2 ' jc - 2 

_ A (jc + 2) (jc - 2) + 5 (jc + 3) (jc - 2) + C (jc + 3) (x + 2) 
~ (jc + 3) (jc + 2) (jc - 2) 

A (jc 2 - 4) + B (x 2 + jc - 6) + C (x 2 + 5jc + 6^ 

~ (jc + 3) (jc + 2) (jc - 2) 

_ (A + £ + C)jc 2 + (B + 5C) jc - (4A + 6B - 6C) 

~ (jc + 3) (jc + 2) (jc - 2) 

A + 5 + C = 2, 5 + 5C = 3, and -4A - 6B + 6C = 6. Adding the first two equations gives A — AC — — 1. 

Adding 6 times the second equation to the third gives — 4A + 36C = 24 or A — 9C = —6. Now subtracting 

the second of these equations from the first gives 5C = 5 => C = 1, so A = 3 and 5 = —2. Therefore, 



/ = 3 



dx 



jc + 3 



-2 



Jjc 



jc + 2 



+ 



dx 



x — 2 



= 3 In |jc + 3| - 2 In |jc + 2| + In |jc - 2| + C = In 



(jc + 3) 3 (jc - 2) 
(jc + 2) 2 



+ C. 



16. / = 



jc 2 + 2jc + 8 



Jjc. Now 



jc 3 -4jc 
jc 2 + 2jc + 8 jc 2 + 2jc + 8 



JC 



3 -4jc 



_ A 

jc (jc + 2) (jc — 2) jc jc + 2 ' jc — 2 
(A + B + C)jc 2 - (2£ -2C)jc - 4A 



^ c A (x 2 - 4^ + B (x 2 - 2jc) + C (x 2 + 2jc) 



jc (;c + 2) (jc — 2) 



jc (jc + 2) (jc — 2) 

A + B + C = 1, -25 + 2C = 2, and -4A = 8. The third equation gives A = -2. Adding twice 
the first equation to the second gives 2 A + 4C = 4, so C = 2, and it follows that B — \. Thus, 



/ = -2 



dx 



x 



+ 



Jjc 



jc + 2 



+ 2 



Jjc Ijc 4- 21 Cjc — 2~) 2 

= -2 In |jc| + In |jc + 2| + 2 In |jc - 2| + C = In ' '\ — + C. 



jc — 2 



JC 
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17. / = 



2x 2 + x - 1 
x 2 — X 



dx . The degree of the numerator is greater than that of the 



denominator; long division gives / = 




2 + 




2 

x L — x 



dx. Now 



2x z + x - 1 



2* 2 - 2* 



3 a - 1 A £ 
x (x — 1) x x — 1 



3* - 1 



x (x — 1) 



A + 5 = 3 and -A = -1, 



so A = 1 and B = 2. Thus, / = 



> I = J ^2+-H ^-j-^ djc = 2x + In |jc| + 21n|* - 1| + C = 2x + In |jc (x - l) 2 



+ C 



18. / = 



3 x 3 -2x + l 
2 x 2 -\- x — 2 



dx . The degree of the numerator is greater than that of the 



denominator; long division gives / = 



-a- 



1 + 



x 2 -\-x -l) dX ' 



Now 



x + 5 



x + 5 



A 



+ 



B 



(A + B)x-A + 2B 



x 2 + x-2 (x + 2) (x - 1) jc + 2 ' x - 1 (x + 2) (jc - 1) 

A + 5 = 1 and —A + 25 = 5. Adding these equations gives 3B = 6 => 5 = 2, 
and so A = — 1 . Thus, 



/ = 




-( 



x 



2-3 

2 J 



1 2 \ 

- 1 1 Id* = f lx 2 - x - In \x + 2| + 2 In \x - 1 1) 

x + 2 x — 1/ V z / 



x - 1 



+ x 



-2 



3 
2 



In5 + 21n2j - (2 -2- In 4) = §+ln^ 



x 3 + x 2 



2x + 7 
2x 



— x 



— x^ — 



+ 7 
* + 2 



x + 5 



19. / = 



2x 2 - 3.x + 3 



dx. Now 



x 3 — 2x 2 + x 
2x 2 - 3x + 3 2x 2 - 3x + 3 2x 2 - 3x + 3 



x 3 - 2x 2 + x x (x 2 - 2x + 1) * (* - l) 2 

A (x 2 — 2x + lj+B (x 2 - x] + Cx 



A B 

= - + — r 

x x — i 



+ 



c 



(* - l) 2 



A (x — l) 2 + fl* (* - 1) + 
* (* - l) 2 



(A + 5) x 2 - (2A + B - C) x + A 



JC (jc - l) 2 JC (jc - l) 2 

A + B = 2, 2A + B - C = 3, and A = 3. Solving, we find B = -1 and so C = 2A + B - 3 = 6 - 1 - 3 = 2, so 



/ = 



3 



1 



+ 



x-1 (x-l) 2 _ 



dx = 3 In \x | — In |x — 1 1 — 



jc- 1 



+ C = ln 



jit 
x- 1 



x - 1 



+ C. 



fx 4 — 3x 2 — 3x — 2 

20. / = / = r dx. The degree of the numerator is x + 1 

J x- 3 - x z - 2x " 

x — x — 2x 

greater than that of the denominator; long division gives 



/ = [ ( x + 1 5 - "t 2 | dx. Now 

i \ x 3 -x 2 -2x/ 



x 4 - 3x 2 - 3x - 2 
x 4 - x 3 - 2x 2 

x 3 - x 2 - 3x - 2 

3 v 2 



x + 2 x + 2 x + 2 * - x z - 2x 



x 



3 - x 2 - 2x x (x 2 - x - 2) x (x - 2) (x + 1) -x -2 



_ A B C A (x - 2) (x + 1) + Bx (x + 1) + Cx (x - 2) 



x x — 2 x + 1 x (x — 2) (x + 1) 

A (x 2 - x - 2) + B (x 2 +x) + C (x 2 - 2x) (A + 5 + C)x 2 + (-A + 5 - 2C)x - 2A 



x(x-2)(x + 1) 



x (x - 2) (x + 1) 
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=>A + 5 + C = 0, — A + 5 — 2C = 1, and — 2 A = 2. The third equation gives A = — 1. Adding the first two equations 
gives 25 - C = 1, and so 5 + C = 1, 5 - 2C = 0, C = and 5 = |. Thus, 



/ = 




1 



2 
3 



* + 1 + 

x x — 2 



3 

* + 



L-^Jx = ^x 2 + x + ln|jc| - |ln|jc -2\ - ^ln\x + 1| + C 



x 2 1 

= T + x + 3 to 



(jc - 2) 2 (jc + 1) 



+ C. 



r /*4x 2 + 3x + 2 j xt 
21. / = / = = — Now 

4x 2 + 3x + 2 4x 2 + 3x + 2 _ A + 5 C Ax (x + 1) + B (x + 1) + Cx 



x 3 +x 2 x 2 (x + \) x x 2 x + 1 x 2 (x + \) 

^ A (x 2 + x) + B{x+\) + Cx 2 _ (A + C)x 2 + {A + B)x + B 

x 2 (x + 1) x 2 (x + 1) 

A + C = 4, A + B = 3, and 5 = 2, leading to A = 1 and C = 3. Thus, 



f / 1 2 3 \ 2 
= / (- + ^r + )djt=ln[jt| + 31n|jt + l| + C = ln x (x + l) 3 

J \x x l x + 1/ X 



22. / = 



4 3i-5 , XT 3x - 5 

ax. Now 



A 



+ 



5 



A (x - 1) + B Ax + (B-A) 



2 (x - l) 2 ' (x - l) 2 * - 1 (* - l) 2 

A = 3 and 5 — A = —5, so 5 = —2. Therefore, 



Cx — 1) 



7 = 



2 



(x — 1) 2 _ 



<£x = I 3 In |jc - 1| + 




= (31n3+ §) - (3 In 1 + 2) = 31n3 - 



3- 



23. / = 



v 3 + l 
v(v- l) 3 



dv. Now 



C 



D 



A (v - l) 3 + Bv (v - l) 2 + Cv (v - 1) + Dv 



v 3 + 1 _ A B 
v (v - l) 3 ~ v o-l (v - l) 2 (p - l) 3 ~ v(v- l) 3 

A (a 3 - 3u 2 + 3v - ij + B (v 3 - 2v 2 + vj + C (d 2 - + Dd 
~ o (u - l) 3 

_ (A + 5) /; 3 - (3A + 2B - C) v 2 + (3A + B - C + D) v - A 

~ v (v - l) 3 

=> A + 5 = 1, 3A + 25 - C = 0, 3A + B - C + D = 0, and -A = 1. We find A = 

C = 3A + 25 = -3 + 4 = 1, and D = -3A -5 + C = 3- 2+ l=2. Therefore, 



-1, 5 = 2, 



I = 



-1 2 

+ r + 



1 



+ 



= In 



_ V V - 1 " ( v - 1)2 ( 0 _ 1)3 _ 
(o - I) 2 ' 



do = -ln|o| +21n|o - 1| - 



1 



1 



v - 1 (o-l) 



+ C 



0 



(o - 1) 2 



+ c 
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u r I" 2 * 2 + 10* -36 , XT 
24. / = / — dx. Now 

J I x(x- 3) 2 

x 2 + lOx - 36 _ A B C _ A (x - 3) 2 + Bx (x - 3) + Cx 

x (x - 3) 2 ~~ x-3 ( x - 3) 2 ~ jc (x - 3) 2 

A (x 2 - 6x + 9) + B (x 2 - 3s) + (A + B)x 2 _ (6A + 3B _ c)x + 9A 

~ a: (x - 3) 2 ~ x (x - 3) 2 

=>A + 5 = l,6A + 3£-C = -10, and 9A = -36. Solving, we find A = —4, 5 = 5, and C = 1, so 

/ = ^ — + — -— + — - dx 



= ^-41n|jc| +51n|jc - 3| - — ^| 



x x-3 (x-3) 2 _ 
= (-41n2 + 51nl + 1)- (-4 In 1 + 5 In 2 + ±) = \ -91n2 



25. / = 



x — x + 2 



x 



3 + 2x 2 + 



dx. The degree of the numerator is equal to that of 



the denominator; long division gives / = 



Now 




i 2x 2 + 2x - 2 
1 ~ * lax. 

x- 3 + 2x z + x 



1 



x 3 + 2x 2 + x 



x 5 — x + 2 

x 3 + 2x 2 + x 

-2x 2 -2x + 2 



2x 2 + 2x - 2 _ 2x 2 + 2x-2 _ 2x 2 + 2x - 2 _ A B C 
x 3 + 2x 2 + x ~ x(x 2 + 2x+ 1) ~ x(x + l) 2 ~x x+1 (x + l) 2 



A (x + l) 2 + Bx (x + 1) + Cx 



x 



3 + 2x 2 + x 



_ A(x 2 + 2x + \)+B(x 2 +x)+Cx _ {A + B)x 2 + ( 2A + B + C)x + A 

~ x 3 + 2x 2 + x ~ x 3 + 2x 2 + x 

A + 5 = 2, 2A + B + C = 2, and A = -2, so B = 4 and C = 2. Thus, 



-/ 



2 4 2 
1 + 

x x + \ (x + 1) 2 



j dx = 



x + 21n|x| — 4 In I jc + 1| + 



x + 1 



+ C = 21n 



x 



(x + 1) 



+ 



x+ 1 



+ x + C 



26. / = 



4x 2 dx 
(x 2 - 4) 



4x 



. Now 



4x 



(x 2 - 4) 



+ 



B 



C 

+ + 



D 



(x-2) 2 (x + 2) 2 x-2 (x-2) 2 x + 2 (x + 2) 2 
A (x - 2) (x + 2) 2 + B (x + 2) 2 + C (x + 2) (x - 2) 2 + £> (x - 2) 2 



(x 2 - 4) 



2 



A (x 3 + 2x 2 - 4x - 8) + B (x 2 + 4x + 4) + C (x 3 - 2x 2 - 4x + 8^ + D (x 2 - Ax + 4) 
" (x 2 -4) 2 

_ (A + C)x 3 + (2A + B - 2C + D)x 2 + (-4A + 4B - AC - AD)x - 8A + 4B + 8C + 4D 

" (x 2 -4) 2 
A + C = 0, 2A + B - 2C + D = 4, -4A + AB - AC - AD = 0, and -8A + AB + 8C + AD = 0. Solving, we find 



A = A, B = 1, C = - A, and D — 1, so 



1 



/ = 



dx 



x — 2 



+ 



2 

dx 



1 



dx 



(x-2) 



x + 2 



+ 



dx 



(x + 2) 



= If In |x - 2| l — - \ In |x + 2| j— + C 

x — 2 z x + 2 



1 



x — 2 



2x 
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27. / = 



dx 



x (x 2 - 1) 



. Now 



1 



1 



X 



A B C 

~x + x - 1 + ( x - 1)2 ' x + 1 ' (x + 1) 2 



D 

+ — — + 



(*2 _ 1)2 , ( X _ 1)2 + 1)2 

A (x 2 - l) + Bx(x- 1) (x + l) 2 + Cx (x + l) 2 + £>x (x - 1) (x 2 - 1 J + Ex (x - 1) 



(x 2 - 1) 



A (x 4 - 2x 2 + l) + B (x 4 + x 3 - x 2 - x) + C (x 3 + 2x 2 + x) + £> (x 4 - x 3 - x 2 + x) + E (x 3 - 2x 2 + x) 



2 



x (x 2 - 1) 

=>A=l,A + £ + D = 0, £ + C- £> + £ = 0, -2A - £ + 2C - D - 2E = 0, and -B + C + D + £ = 0. Solving, we 
obtain A = 1, B = C = |, D = and £ = -|. Therefore, 



1 = 



1 



1 

2 



+ 



1 

4 



1 

2 



5 



X X - 1 ( X - l) 2 X+1 + 1)2 

= In 1*1 - A In I* - 1| + - - 1 - - Aln|x + 1| - 

L 4 (x — 1 ) z 

= In \x\ — A In x 2 — I 



dx 



1 



4 (jc + 1) 



+ C 



- 7 f — — r l —r) + C = In |x| - A In 

4 \x-l x+lj 2 



x 2 -l 



1 



2 (x 2 - 1) 



+ C 



28. / = 



x 2 dx 



x 



(x 2 + 4x + 3) 

2 



. Now 



+ 



B 



C 

+ r + 



( JC 2 + 4x + 3 ) 2 (x + l) 2 (x + 3) 2 x + 1 (x + 1) 2 * + 3 (x + 3) 2 

_ A (x + 1) (x + 3) 2 + B (x + 3) 2 + C (x + 3) (x + l) 2 + D (x + l) 2 

(x 2 + 4x + 3) 2 

_ (A + C)x 3 + (7A + £ + 5C + Z))x 2 + (15A + 6B + 7C + 2D)x + (9A + 95 + 3C + Z)) 

(x 2 + 4x + 3) 2 

=> A + C = 0, 7A + B + 5C + Z) = 1, 15A + 6B + 7C + 2D = 0, and 9A + 9B + 3C + Z) = 0. Solving, we obtain 

A = -|, £ = |, C = |, and Z) = |. Therefore, 

dx 1 3 f dx 9 f dx 



j _ 3 f dx 1 
~ ~4./ x + 1 + 4 J (x + 1) 2 



+ 



= -§ln|x + l|- 



1 



+ f ln|x + 3| - 



4 



X + 3 
X + 1 



4 (x + 1) 
(x + 3) + 9(x+l) 3 
4(x + l)(x + 3) 4 n 



9 

* + 3 47 (x + 3) 2 

9 + c 



4(x + 3) 



x + 3 
x + 1 



5x + 6 



29. / = 



6x 2 + 28x + 28 
x 3 + 4x 2 + x - 6 
6x 2 + 28x + 28 A 



dx = 



6x 2 + 28x + 28 
(x - 1) (x + 2) (x + 3) 



2 (x 2 + 4x + 3) 



dx . Now 



+ C 



5 c 

+ r + 



(A + 5 + C) x 2 + (5 A + 2Z? + C) x + (6A - 3B - 2C) 



x 



3 +4x 2 + x- 6 x - 1 x + 2 x + 3 



x 3 + 4x z + x - 6 



2 



, SO 



31 



A + B + C = 6, 5A + 2£ + C = 28, and 6A - 3B - 2C = 28. Solving, we obtain A = £ = |, and C = - 
Therefore, 



1 

1 



I = 



31 /• Jx 



Jx 



4 

6y x— 1 3J x + 2 2J x + 3 
= \ (3 1 In |x - 1 1 + 8 In |x + 2| - 3 In |x + 3|) + C 



1 



dx 



= ^ In |x - 1 1 + \ In |x + 2| - \ In |x + 3| + C 
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30. / = 



x 2 + I6x + 7 
x 3 -x 2 + x + 3 

x 1 + \6x + 7 A 



-/ 



+ 16* + 7 



dx . Now 



+ 



(x + 1) (x 2 - 2x + 3) 
£x + C (A + 5) x 2 + (-2A + £ + C) x + (3 A + C) 



3 - x 2 + x + 3 x + 1 x 2 - 2x + 3 



3 -x 2 + x + 3 



, so A + B = 1, 



-2A + 5 + C = 16, and 3A + C = 7. Solving, we obtain A = -|, B = and C = 11, so 



4 

/= "3 



dx 



X + 1 



+ 



j^x + 11 

- 2x + 3 



= -|ln|jc + 1| + - J 



80 



7 /" (2x - 2) + ^ 



x 2 - 2x + 3 



dx 



4 7 
= -Sln|* + 1| + - 



2x - 2 40 r dx 

x 2 -2x + 3 X TJ ( x - l) 2 + 2 



= -f ln|x + l| + gin (x 2 -2x + 3) + 



40 1 



3 V2 



tan 




x — 



V2 




+ C 



1 

6 



(x 2 - 2x + 3) 

In ^— + 40V2 tan 

(x + l) 8 



_! V2(x- 1) 



+ C 



31. / = 



+ 3 



(x + 1) (x 2 + 1) 



dx — 



1 - 



+ x — 2 
(x + 1) (x 2 + 1) 



dx — x — J , 



x 5 +x z +x + 1 



where J = 



x 2 +x-2 



(x + 1) (x 2 + 1) 



dx. Now 



x 2 + x - 2 



A 



+ 



£x + C 



1 



x 5 +3 
x 3 + x 2 + x + 1 
-x 2 - x + 2 



(x + 1) (x 2 + 1) x + 1 x 2 + 1 

= (A + ff)x 2 + (g + C)x + (A + C) 

(jc + 1) (x 2 + 1) 

so A + B = 1, B + C = 1, and A + C = -2. Solving, we obtain A = -1, B = 2, and C = -1, 

f xdx f dx 



so J = — 



x + 1 



+ 2 



/ = x + tan 1 x + In 



x 2 + 1 
x + 1 



x 2 + 



j = - In |x + 1| + In (x 2 + l) - tan -1 x + C\. Finally, 



x 2 + l 



+ C. 



f 2r 2 - 3r + 4 2r 2 - 3r + 4 Ar + £ Cr + Z) Ar 3 + £r 2 + (2A + C) r + (25 + D) 
32. / = / ^— Jr. Now r— = — = 1 =■ = = 

i (r 2 + 2) 2 (r 2 + 2) 2 >* 2 + 2 (r 2 + 2) 2 (r 2 + 2) 2 

so A = 0, B = 2, 2A + C = -3, and 25 + Z) = 4. Solving, we find A = 0, B = 2, C = -3, and £> = 0, so 

. 2dr f 3r dr r- , /o 3 
/ = / — / ^ = VStan" 1 + — + C. 



r 2 + 2 J ( r 2 + 2 ) 2 2 2(r 2 + 2) 



M r /* 5x 3 - 3x 2 + 7x - 3 J XT 
33. 7 = / = dx. Now 

^ (x 2 + l) 2 

5x 3 - 3x 2 + 7x - 3 _ Ax + B Cx + D _ Ax 3, + Bx 2 + (A + C)x + £ + £> _ 

(^ 2 + i) 2 ^ 2 + i (^ 2 + i) 2 (^ 2 + i) 

5 = -3, A + C = 7, and 5 + D = -3. Solving, we obtain A = 5, B = -3, C = 2, and D = 0, so 

, 5x dx f 3dx f 2x dx c , / 0 _ \ 1 1 _ 

/ = / —~ - / -r, -+ / T = 5ln(x 2 +1 -Stan" 1 ^:-^ - + C. 

x 2 + 1 i i 2 + l 7 ( x 2 + !) 2 2 V / x -\- 1 
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34. / = 



(13* +4) dx 



(x - 2) (x 2 + 2x + 2) 
13;t + 4 A 



. Now 



+ 



Bx + C 



(A + B)x 2 + (2A - IB + C)x + 2A - 2C 



0 - 2) (x 2 + 2x + 2) x - 2 x 2 + 2x + 2 (x - 2) (x 2 + 2x + 2) 

2A - 2B + C = 13, and 2A - 2C = 4. Solving, we find A = 3, B = -3, and C = 1, so 



, so A + B = 0, 



/ =3 



x — 2 



3x-l 3 2x + 2 - f 
dx = 3 In |jc - 2| - - / -= - 

x 2 + 2x + 2 2,/ x 2 + 2x + 2 



dx 



3 f 2x + 2 
3 In \x - 2\ - - / -= dx + 4 

2,/ x 2 + 2x + 2 



(x + l) 2 + 1 



= 31n |x - 2| - § In (x 2 + 2x + 2) + 4 tan -1 (x + 1) + C = | 



In 



(x-2) 



x 2 + 2x + 2 



+ 4tan _1 (x + 1) + C 



35. / = 



(8 - 3jc) dx 



(jc + 1) (x 2 - 4x + 6) 
8-3x A 



. Now 



+ 



£x + C 



(A + £) x 2 + (-4A + £ + C)x + 6A + C 



(x + 1) (x 2 - 4x + 6) x + 1 x 2 - 4x + 6 (x + 1) (x 2 - 4x + 6) 

-4A + 5 + C = -3, and 6 A + C = 8. Solving, we obtain A = 1, B = —1, and C = 2. Therefore, 

dx f (x — 2)dx , , 1( 1 / o , \ _ 1 (x + l) 2 



, so A + 5 = 0, 



/ = 



x + 1 / x 2 - 4x + 6 



36. / = 



x 2 + 1 



X 



3-1 



dx = 



= In |x + 1| - \ In (x 2 - 4x + 6) + C = X - In -f^- 
(x 2 + l) dx 



x z - 4x + 6 



+ C. 



(x - 1) (x 2 + X + 1) ' 



x 2 + 1 



+ 



Bx + C (A + B)x 2 + (A-B + C)x + A-C 



(x - 1) (x 2 + x + l) x - 1 x 2 + x + 1 (x - 1) (x 2 + X + 1) 

and A — C — 1. Solving, we obtain A = |, 5 = ^, and C = — ^. Therefore, 
dx 1 /* 2x + 1 1 dx 



, soA + £ = l,A-£ + C = 0, 



2 

' = 3 



x - 1 



1 

+ - 



2x + 1 , 1 

, > dx - - 

6 J x 2 + x + \ 2 



, 3 
+ * 



2 1 

= - In |x - 1 1 + - In (x 2 + x + l) - 



3 
1 
6 



V3 _! V3|2x + l| 

— — tan h C 



In (x - l) 4 (x 2 + x + l) - 2V3 tan" 1 ^1 + 1! 



+ C 



37. / = 



x dx 

X 



x dx 



(x + 1) (x 



2 _ 



x 



Now 



A 



Bx + C (A + £)x 2 + (5 + C - A)x + A + C 



+ 



(x + 1) (x 2 - X + 1) x + 1 x 2 - x + 1 (x + 1) (x 2 - X + 1) 

-A + 5 + C = 1, and A + C = 0. Solving, we obtain A = and B = C = Thus, 



, so A + B = 0, 



1 

7 =" 



dx 1 
x + 1 + 3 



(x + 1) dx 



x 



2 _ 



x + 



L=4ln|, + l| + -/^ 



(2x - 1) + 3 
x+ 1 



dx 



= -. lnlJ1+ll+ '/_£ 



2x - 1 f 1 

7 dx + - 

x+ 1 2 



dx 



M) 



= -iln|x+l| + iln 



x 2 -x+ 1 



+ 



1 2V3\_-1 x-1/2 

V3/2 



2 ' "3 



tan 



+ C 



1 

6 



x 2 - 



in ^V+^tan-l^-^ 
(x + l) 2 3 



+ C 
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38. / = 



x 1 -x -21 



2jc 3 - x 2 + 8jc - 4 
x 2 -x-2l A 



dx. Now 2x 3 - x 2 + 8jc - 4 = jc 2 (2* - 1) + 4(2* - 1) = (2x - 1) (jc 2 + 4), 



so 



+ 



Bx + C (A + 2£)jc 2 + (2C - £) jc + 4A - C 



2jc 3 - jc 2 + 8jc - 4 2x-\ jc 2 + 4 (2jc - 1) (x 2 + 4) 

-B + 2C = -1, and 4A - C = -21. Solving, we obtain A = —5, 5 = 3, and C = 1, so 



, giving A + 2B — 1, 



J 2x-l 



+ 



3* + 1 
i^+4 



djc = -§ln|2jc-l| + 3 



x Jjc 



x 2 + 4 



+ 



dx 



jc 2 + 4 



= -| In |2jc - 1| + \ In (jc 2 + 4) + \ tan -1 ^jc + C = ]- 



In 



3 



(x 2 + 4) 



(2jc - l) 5 



-1 



x 



+ tan 2 



+ C 



39. / = 



3jc : 



_ 9 

5jc z 



5jc + 1 



0 (jc + l) 2 (* 2 + 1) 
3jc 3 + 5x 2 + 5jc + 1 _ A 
(jc + l) 2 {x 2 + 1) " 



dx. Now 



+ 



+ 



Cx + D 



x + 1 ' (jc + l) 2 * 2 + 1 

_ (A + C) + (A + 5 + 2C + D) x 2 + (A + C + 2D) jc + A + 5 + D 

~ (jc + l) 2 (x 2 + 1) 

Thus, A + C = 3, A + £ + 2C + Z) = 5, A + C + 2D = 5, and A + B + D= \. Solving, we get A = 1, B 
and D = 1, so 

1 7 1 1 2jc 

" + 72 



= -l,C = 2, 



7 = 




x + 1 



jc 2 + 1 



(x + l) 2 

= (in 2 + \ + In 2 + f ) - 1 = 21n2 + f - £ 



- — ^ dx = [in (jc + 1) H ! h In fx 2 + l) + tan -1 jc] 

+ 1/ . * + 1 V / o 



40. / = 



(3x - jc 2 ) 



dx 



(3jc — jc 2 ) Jjc 



. Now 



Ajc + £ Cx + D (A + C)jc 3 + (£ + Z))jc 2 + (2A + C)jc + 2£ + Z) a „ n 
H o — = — , ^ - , so A + C = 0, 



(jc 2 + 1) (jc 2 + 2) jc 2 + 1 jc 2 + 2 (jc 2 + l) (* 2 + 2) 

B + D = -1, 2A + C = 3, and 2B + D = 0. Solving, we find A = 3, 5 = 1, C = -3, and D = -2, so 



3jc 



+ 



1 



3jc 



jc 2 + 1 jc 2 +1 jc 2 + 2 jc 2 + 2/ 

= I In * + + tan -1 jc - V2tan _1 ^jc + C 

jc + 2 z 



j Jjc = \ In (jc 2 + l) + tan -1 jc - \ In (jc 2 + 2^ - V2tan _1 ^jc + C 



41. / = 



3jc 



jc + 2 



(x 2 + x + 1) 



Jjc. Now 



3jc 2 + jc + 2 



Ajc + B Cx + D _ Ajc 3 + (A + B)x 2 + (A + B + C) x + B + D _ _ 



A + B + C = 1, and B + D = 2. Solving, we find A = 0, B = 3, C = -2, and D = -1, so 

3Jjc f (2jc + 1)Jjc f 3dx 1 



/ = 



JC 2 + JC + 1 



(x 2 + x + 1) 



+ 



= 3.^Itan-l^ + 

3 V3/2 



jc + jc H~ 



+ C = 2V3 tan" 1 (2x + 1)) + 

jc + 1 V J / 



1 



JC 2 + JC + 1 



+ C 
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42. / = 



dt 



(f+l)(,-l)(f2+i) 



. Now 



1 



A B Ct + D 

+ r + 



(t + 1) (t - 1) (t 2 + 1) t + 1 ' t - 1 f 2 + ! 

_ (A + 5 + C) + (5 - A + D) ? 2 + (A + 5 - C) f + 5 - A - D 
~ It + 1) (f - 1) {t 2 + 1) 

We have A + £ + C = 0, -A + £ + D = 0, A + £ - C = 0, and -A + £- £> = 1. Solving, we get A 

C = 0, and D = Thus, 



1 D 1 

# - 5, 



1 



dt 1 
+ " 



1 



dt 



I In 

4 



4J t + \ 4J t-1 2 J t 2 + 1 
r- 1 



+ f = -1 ln|f + 1| + \ \n\t - 1| - ^tan -1 t + t + C 



t+ 1 



- Jrtan -1 ? + ? + C 



43. / = 



3x 2 - * + 4 



(2x 3 - x 2 + 8x + 4) 

1 / Jm 1 
/ = -/— = -— + C = - 



rfjc. Let u = 2x 3 - x 2 + 8x + 4, so = (6x 2 - 2x + 8^ = 2 ^3jc 2 - * + 4) J*. Then 



1 



u 



2u 



2 (2x 3 - x 2 + Sx + 4) 



+ C. 



44. / = 



cosxdx . f du f du 

. Let u — sinx, so du — cos x dx. Then I = — « = / — 

-sinx-6 J u l -u-6 J [u - 3) (u 



• 2 

1 



+ 2) 



. Now 



+ 



B 



(A + B) u + 2A - 3B 



(u — 3) (u + 2) w — 3 u -\- 2 

1 

w — 3 57 w + 2 



0 - 3) (u + 2) 



, so A + 5 = 0 and 2A - 3B = 1. We find A = ± and 



1 



1 



B = -i, so / = - 



= £ In |u - 3| - ± In 1 21 + 2| + C = ^ In 



w — 3 
w + 2 



_ 1,3 — sin* _ 

+ C = - In : — + C 

5 2 + sin x 



45. / = 



sin x dx 



Now — 



cos 3 x + cos 2 x 
1 



. Let u — cosx, so du = — sinx dx. Then I — — 



du 



du 



u + w 2 



W (k + 1) 



U 2 (U + 1) 



A 5 C (A + C)M 2 + (A + i?)a + £ 
= 1 — - -\ = — , giving A + C = 0, 



u u 



u + 1 



u 2 (u + 1) 



A + B = 0, and B = -1. Solving, we find A = 1, B = -1, and C = -1. Thus, 



/ = 



du 



u 



du 



u 



du 1 

= ln|w|H ln|w + 1| + C = In 

u + 1 u 



u 1 

+ _ + C = ln 

M + 1 U 



COSX 



COS X + 1 



+ secx + C. 



46. / = 



sec 2 6 dO 



tan 0 (tan 0 - 1) 
1 A 5 



. Let u — tan0, so = sec 2 OdO. Then / 



-/ 



du 



u(u — 1) 



Now 



_ A 

w (w — 1) u u — 1 



(A + 5) u - A 

M — 1) 



, so A + 5 = 0 and -A = 1 ^ B = 1. Thus, 



/du 
u 



+ 



w — 1 



= - \n\u\ + \n\u - 1| + C = In 



u — I 



u 



+ C = ln 



tan0- 1 
tan0 



+ C 



47. / = 



. Let u = e l , so = Then / = 



(J - 1) (e* + 2) 
1 A 



(m - 1) (u + 2) 



. Now 



+ 



5 



(A + B) u + 2A - B 



(u — 1) (u + 2) w — 1 u -\- 2 

--I 

u — 1 3 / w + 2 



(11 - 1) (11 + 1) 



, so A + 5 = 0 and 2A — B = 1. Solving, we find A = ^ and 



1 



1 



B = -4, so / = - 



= ±ln|w-l|-iln|w + 2| + C = ln 



u — I 

u + 2 



+ C=iln 



^ + 2 



+ C. 



Section 7.4 The Method of Partial Fractions 525 



48. / = 



? x d. 



x 



e 2x + 2e x - 8 
1 A 



. Let u — e x , so du — e x dx. Then I = 



du 



du 



u 2 + 2u — 8 



(u - 2) (u + 4) 



. Now 



+ 



5 



(A + B)u + AA — 2B 



(u - 2) (w + 4) u - 2 u + 4 



(w - 2) (w + 4) 
du 



, giving A + Z? = 0 and A A — 2B = 1 . Solving, we find 



i , ™ 1 ™ r I f du \ ( du 
= i and 5 = -A. Thus, / = - / - - / 

5 5 6 J u-2 6 J u + 4 



1 



= - In 

+ 4 6 



u — 2 
u + 4 



+ C = - In 
6 



-2 



e x + 4 



+ C. 



49. / = 



(e' + 2) (e 2t - 1) 



e 3r • e* dt 



(e* + 2) (e 2 * - 1) 



. Let u = e l ', so = df. Then 



7 = 



W 3 



w 3 du 



Now 



(w + 2) (u 2 - 1) 
-2m 2 + u + 2 



w 3 + 2u 2 — u — 2 

ABC 

+ T + 



1 + 



-2w 2 + u + 2 



du — u -\- 



^—2u 2 + u + 2^du 
(u + 2) (a + 1) (u - 1) ' 



(w + 2) (w 2 - 1) 

(A + 5 + C) w 2 + (£ + 3C) w + (—A - 2B + 2C) 
0 + 2) (w + 1) (u - 1) w + 2 ' w + 1 ' u - 1 (w + 2) (m + 1) (u - 1) 

have A + B + C = -2, 5 + 3C = 1, and -A - 25 + 2C = 2. The solution is A = -§, B = \, and C = \, so 

8 f du 1 f du I f du o , i i 

I =11-- — + — TT + Z/ r = w-§ln| M + 2| + ^ln|w+l| + £ln| M -l| + C 

3j u -\- 2 2J u+\ 6J u—l 3 z ° 



. We 



= w H — In 
6 



(a + l) 3 - 1) 
(w + 2) 16 



+ C = <?' + - In 



1 



(^ + 1) 3 (^-1) 



(*' + 2 ) 



16 



+ c 



50. / = 



e x dx 



. Let u — e x , so du — e x dx. Then 7 = 



e-) 



Now 



(l + £ 2x 
1 

u 2 (\+u 2 ) 



2x (! + 



— 



a 2 (l + M 2 )' 



Au + B Cu + D (A + C)w> + (B + D)u 2 + Au + B 

H ■ — = 7T-r. — , so A + C = 0, 



u 



1 + u 



u 2 (\ + u 2 ) 



B + D = 0, A = 0, and B = 1, giving A = 0, B = 1, C = 0, and D = -1. Therefore, 



I = 



1 + u 



= -- - tan -1 u + C = - tan -1 + C. 



u 



51. / = 



\+x 

3w 3 



Let u = x 1 / 3 , so = 2 / 3 <ix <=> = 3u 2 du. Then 



/3w J <3M f 



3w 3 



-3 



+ 1) (u 2 - u + 1) 

A £m + C 

+ 



3 + 



-3 



du. Now 



(w + 1) (u 2 - u + 1) 
(A + B)u 2 + (B + C - A)u + A + C 



(u + 1) (w 2 - u + 1) a + 1 ' w 2 - u + 1 O + 1) (u 2 - u + 1) 

-A + 5 + C = 0, and A + C = -3. The solution is A = —1, B = 1, and C = -2, so 



-/ 



» du f (u — 2)du „ , it l 

3Jw- / h / = 3u-]n\u + l\ + - 

u+\ J u 2 - u + l 2 



2w - l , 3 

<2W 



U 



2 _ 



w + l 



1 f (2u - l)du 
= 3u-\n\u+l\ + - ^ } -— - 

2 J u L — u + l 



3.2VI tan -l^ 



= 3w + - In M "^^l 1 - V3 tan" 1 (2u - l)) + C 
2 ( u + l) 2 V 3 V 

= 3*V3 + I In ^ 2/3 -^ 1/3 + 1 _ ^3 tan -l / V3 ( 2x l/3 _ A\ _|_ q 

2 ( x i/3 + i) 2 v 3 v 



, so A + B = 0, 



du 



(-*) 



, 3 
+ 5 
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x * 1 

52. Let u — tan — . Referring to the figure, we see that cos — — . 

2 2 yr^i 



and 



. x 
sin — 
2 



. Then 




u 



+ w 



1 



= 008(2- I) = 



X 



cos * = cos 1 2 • - ) = 2 cos z - — 1=2 




- 1 



1 + u 



1 — u 
1 + w 



and 



sin* = sin ( 2 • -) = 2 sin - cos - = 2 ( . ) ( . | 

V 2^ 2 2 VvT+^Av^M2/ 



2w ^ x 

T . Thus, w = tan - 

1 + u 2 2 



x _i 

- = tan w => ax = 2 • r 

2 1 + w 2 



(sin * , cos x) dx = 



1 2 

= s- dw. Making these substitutions, we obtain 



1 + u 



2 



) W*(t^'7^)(tT^) 



dw. The integral on the right is an integral involving a rational 



function of u . 



53. / = 



dx 



1 + cos* 
2 



x I — u 

Let w — tan—, so cos* = ~ and d* 

2 1 + u z 



I = 



1 + W 



2 



1 + 



1 — u 
1 + u 



— I du — 



x 



u + C = tan - + C. 

2 



2 

1 + 21 



. Then 



54. / 



/dx 
3 sin* — 



-/ 



4 cos* 
2 



Let u = 



1 + w 



du 



sin* * 

= tan-, so 

1 + cos* 2 



du 



(i + ul) 4 (i+ M 2) 



2u 2 + 3u — 2 



(2u - 1) (u + 2) 



Now 



1 



+ 



5 



(2w - 1) (w + 2) 2m - 1 

and 5 = — ^ . Therefore, 

2 C du I f du 
5 1 2u - 1 5 J w + 2 
2 tan (* /2) - 1 



u + 2 



(A + 25) w + 2A — B 
(2u - 1) 0 + 2) 



, so A + 25 = 0 and 2A - B = 1. Solving, we get A = § 



/ = - 



= ^ln|2w-l|-^ln|w + 2| + C = 



I in 

5 



tan (*/2) + 2 



1 



+ C = -ln 



cos * — 2 sin * + 1 
2 cos * + sin * + 2 



+ C 



1 

S 1 " 



2u - 1 

m + 2 



+ C 



55. / = 



dx sin* * ^ 
. Let u — — tan -. Then 

5 + sin * — 3 cos * 1 + cos * 2 



/ = 



1 + W 



du 



5 + 




2u 



+ u 



2 



-3 




— u 



4u 2 + 



1 C du 1 
+ « + l = 47 M 2 + l M+ 1 ~ 4 



+ M 



, 15 
+ 64 



1 8VT5 i ( m + k) 8 2^15 , vH(8sin* + cos* + 1) ^ 

— tan -1 — -J— + C = — — tan -1 + C 

4 15 yi5 15 15 (1 + cos*) 
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56. / = [ -. 

J si 



dx 



-J 



sinx (2 + cosx — 2 sinx) ' 

2 

du 



Let u — 



sinx x 

= tan — . Then 

1 + cos x 2 



\ + u 



u 2 + 1 



2u I 1 — u 

n I 2 + 

1 + w 2 y 1 + W 



-2- 



2w \ 
l + u 2 ) 



u(u — \)(u — 3) 



. Now 



u 2 + 1 



5 



_ A 

w (w — 1) (u — 3) w u — 1 



+ 



C _ (A + 5 + C) w 2 + (-4A - 3B - C) u + 3A 
u — 3 w (w — 1) (w — 3) 

4A + 35 + C = 0, and 3A = 1. Solving, we find A = ^, B = -1, and C = f . Therefore, 

I f du f du 5 f du i c 

/ = -/ / - + -/ - = iln ii - In ii-ll + f In m-3 + C 

3J u J u — l 3J u — 3 3 J 



, so A + B + C = 1, 



I in 

3 



u (u — 3) 5 

(« - 1) 3 



sinx (sinx — 3 cosx — 3) 5 
(cosx + l) 3 (cosx — sinx + l) 3 



+ C 



. ™l 2 dx sinx x 
51. I — I : — . Let u — = tan—. Then 

0 1 + cosx + sin x 1 + cosx 2 



1 



du 



j _ i 1 + u 



0 1 -u 2 2u 
1 + r + 



= / 1 ^ i T = ln|^ + l|li = ln2. 
70 u + 1 u 



1 + w 2 1 + w 



58. / = 



n ^ tanxdx 



. Let u = 



smx 



x 



0 1 + cosx 
2u 1 1 " 2 



1 + cosx 



= tan — . Then the indefinite integral is 



J = 



1 + u 



1-w 2 \l 



+ w 



2 



/ = - In 



1 + 



sinx 
1 + cosx 



1 — u 



= -2 



udu 
u 2 ^! 



= -In 



u 2 - 1 



+ C, so 




7T/4 




= - In 


2-2V2 


0 





-2>/2| = -In ^2>/2-2^. 



dx /* cosxdx sinx x 

59. / - / = / : — . Let u = - = tan-. Then 

1+tanx J cosx + sinx 1 + cosx 2 

l-u 2 2 

rrza±Z_ r 2u2 - 2 M 

I = I = = / — 0 0 — — du. Now 

l-u 2 2u J (\ + u 2 )(u 2 -2u-\) 

\ + u 2 l + u 2 

2u 2 -2 A B Cu + D 



+ ; 7- + 



u 2 



(A + B + C) u 3 + [- (l - V5) A - (l + V5) 5 + 2C + £>] 

+ (A + £ - C - 2D) w + [(-1 + A - (l + V2£) - d] 

(1 + M 2) [ M _( 1 + V2)][ M -(l-V2)] 
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We have A + 5 + C = 0, - (l - V^) A + (l + V2) 5 - 2C + D = 2, A + 5 - C - 2D = 0, and 
- (l - >/2) A + (l + V2\ B — D = —2. Solving, we find A = B = ±, C = -1, and D = 1, so 



/ = - 



1 

2 



-(1 + V2) 



1 

+ - 



du 



u 



u - (l - V2) 



1 + U 



+ 



1 + u 



2 



\ In (\u - (l + V5)J - (l - V^)]) - I In + w 2 ) + tan -1 u + C 



I in 

2 



it — 2w — 1 
1 + u 2 



+ tan 1 u + C = ^ (In |sinx + cosx| + x) + C 



60. / = 



sinxJx . sinx 

: . Let J be the corresponding indefinite integral and let u — 

0 cosx (1 + sinx) 1 + cosx 



x 

— tan — . 

2 



Then 



2u 



1 + u 2 \ + u 



du 



J = 



4u du 



—An du 



l-u 2 / 

1 + m 2 V 1 



2m 



(1-M 2 ) (w+1) 



(w - 1) ( M + l) 3 



. Now 



+ W 



-An 



(u - 1) (w + 1) 



A £ 

+ + 



C 



+ 



D 



u-l u + 1 ( u + l) 2 ' (k + l) 3 
(A + 5) w 3 + (3A + £ + C) u 2 + (3A - 5 + D) u + A - B - C - D 



(u - 1) (u + l) 3 

We have A + B = 0, 3A + B + C = 0, 3 A - B + D = -A, and A - B - C - D = 0. Solving, we find A 
C = 1, and D = —2, so 



- - 1 « - I 



1 1 1 

= ln|w - 1| + ^ In |w + 1| 



+ 



1 



u + 1 (u + 1) 



2 



1 

+ C = - In 



2 



w + 1 



w- 1 



u 



(w+1) 



2 



Now x = 0 



w = 0 and x = ? 



u — 



1 

2 



1 



1 + 



V3 2 + V3 



, so 



/ = 



iln 

2 



u + 1 
u — 1 



« -]l/(2+V3) 1 V3 + 3 2 + V3 

= - In 



(" + l) 2 Jo 



2 V3+1 



(3 + Vfj 



2 



0.108. 



61. A = 



d * _ / f 1 
I x(x + \) Ji \x 

[lnjc-ln(jc + 




4 



= (In 2 - In 3) - (0 - In 2) = In Z 
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62. A = 



2 x 3 dx 

0 * 3 + l 

2 

1 - 




0 



1 



1 



*3 + l) 



dx 



(x + 1) (x 2 - x + 1) 



dx 



Now 



1 



A Bx + C 

+ 



0 + 1) (x 2 - X + 1) x + 1 ' - X + 1 

_ (A + £)x 2 + (£ + C- A)x + A + C 
~ (x + 1) (x 2 - x + 1) 

so A + B = 0, -A + B + C = 0, and A + C = 1. Solving, we find A 




1, B = — ^, and C = I, so 



A = 



0 



1 - 



1 

1 



+ 



x + 1 x z -x + 1 



2 



7 



dx = 



0 



1 - 



1 

3 



1 

+ - 



2x - 1 



i 

2 



x + 1 6 x 2 - x + 1 



+ 1 



|x - \ In |x + 1| + \ In (x 2 - x + l) - 



2 



(-1) 

-^(ln3 + V37r) 



63. a. 



3 



2 — 



1 -- 



0 



-1 




0 



1 



Using a graphing utility we find the x -coordinate of the point of 
intersection to be about 2.144. 



2.144 r 



b. A 



x + 3 



1 _x(x+l) 
Example 7.1.6, we find 



— lnx 



dx . Using the results of Exercise 9 and 



A 




-.2.144 



— x (lnx — 1) 



0.892. 



_ 1 



64. a. 



1.0 



0.5 



0.0 



-0.5 




0.0 0.5 



1.0 



1.5 



2.0 



Using a graphing utility we find the x -coordinates of the points of 
intersection to be 0 and about 1.118. 



1.118 



[f(x)-g(x)]dx* f 



1.118 r 



b. A & 

'o JO 

the result of Exercise 37, we obtain 



x 



x- 3 + 1 



l r 3 



dx. Using 



A 



l 

6 



In 



x 2 - x + 1 
(* + I) 2 



+ 2V?tan-l^- 1) 



1 r 4 



1.118 



0 



0.300 
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65. V = 



■2 

7T / y 2 dx 



7T 



dx 



1 



A 



1 x 2 (x + l) 2 



x 2 (x + l) 2 



B C 



+ 



. Now 



* ' jc z ' * + 1 " (* + l) 2 
Ax (jc + l) 2 + B (x + l) 2 + Cx 2 (x + 1) + Z)x 2 

x 2 fx + n 2 



A 



x 2 (x + l) 2 

(x 3 + 2x 2 + x\ + 5 (x 2 + 2x + l) + C (x 3 + x 2 ) + Dx 2 

x 2 (x + l) 2 



X + 5 




x 2 0 + l) 2 

_ (A + C)x 3 + (2A + 5 + C + Z))x 2 + (A + 2£) 

~ x 2 (x + l) 2 

A + C = 0, 2A + B + C + £> = 0, A + 25 = 0, and B = 1. Solving, we find A — — 

' 2r -2 1 2 

+ 



V = 7T 



1 2 1 



7T 



/ 1 

dx = 7T I —2 lnx h 2 In (x + 1 ) — 

Jl L x * + i (x + 1)^J V * 

[(-21n2- £ + 21n3- ^ - (-1 + 21n2- ^1 = ?f (1 + 3 In 3 - 6 In 2) 




= 2, and D — 1, so 



66. V = 7T J 0 2 v 2 dx = 4tt I 



X 



(x 2 + 1) 



Ax + B 
x 2 + 1 



+ 



2 x dx 

(x 2 + 1) 

Cx + D 
(x 2 + l) : 



2 



. Now 



(Ax + 5) (x 2 + l) + (Cx + D) 

(x 2 + I) 2 

Ax 3 + £x 2 + Ax + 5 + Cx + D Ax 3 + £x 2 + (A + C)x + £ + D 




9 



2 



(x 2 +l) z (x 2 + l) 

A = 0, 5 = 1, A + C = 0, and B + D = 0. Solving, we find C = 0 and D = -1, so 



2 x dx 

0 (x 2 + 1) 

2 



2 



2 



= 47T 



0 



1 



1 



_x 2 + l (x 2 +l) 2 _ 



dx 



= 1 47r tan 



■* - 



47T 



dx 



= 4-7T tan 1 2 - 47r 



2 



dx 



0 (x 2 +l) 2 "' Jo (x 2 + \f 

To evaluate the remaining integral, we use the substitution x = tan 0, so dx = sec 6d6 andx 2 +l = tan 2 0 + 1 — sec 0 
Then 



dx 



sec 2 0 d0 



(x 2 + 1) 



7 



sec 



4 0 



= / cos 2 6 dO = 




l + cos20\ „ 0 sin 20 



0 sin 0 cos 0 i i i 

- + + C = $tnT l x + 1 



x 



1 



2 



Vx 2 + 1 Vx 2 + 1 



+ c 




1 



\ tan 1 x + 



x 



2 (x 2 + 1) 



+ C 



Therefore, 



V = 4tt tan - 1 2 - 4tt 



n2 



2 tan 1 x + 



x 



2(x 2 + l) 



_ 0 



47rtan _1 2 - 4n T| tan -1 2 + ^5 ] 



= 47r(ltan-l2-l) 
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67. y = 2 In 



4 



4-x 2 



= 21n4 - 2 In 



-2(-2x) 
4-x 2 



1 + (/) 2 = 1 + 



16x 



(4 - x 2 ) => y = 

16-8x 2 +x 4 +16x 2 (* 2 + 4 ) 



4x 



4-x 2 

2 



, so 



(4 - x 2 ) 



1 - CJ^* - j£ 



(4-x2) 2 

1 jc 2 + 4 , /" 1 jc 2 + 4 , 
dx = — —x ax 



4-x 2 



0 X 



2-4 



(4-x 2 ) 2 



. Thus, 



1 + 



x 



)dx. 



Now 



8 



A B 
+ 



(A + 5)x + 25-2A . 
v 7 gives A + 5 = 0 



x 2 -4 x + 2 x-2 x 2 -4 
and -2A + 25 = 8. Solving, we get A = — 2 and B = 2, so 



L — — 




i 2 

x + 2 x 



^2) ^ = ( " 



x + 21n|x + 2| -21n|x 



- 2 Dlo = (" 



x + 21n 



x 
x 



— Plf 

-2I/I0 



= 2 In 3 - 1 



68. m = 



M v = 



y 



M 



x — 



y 



2 2xdx / 9 \ |2 

-= = ln(x 2 + l = In 5, 

0 x 2 + 1 V /In 

2 , r 2 2x 2 dx 
dx = / "T77 

4-2tan _1 2 




y = 



In 5 

, *(5tan-l2-2) 



1 Z* 2 / 2x 
% 1.11. M A - = - 

2 Jo U^ + 



- I dx = 2x - 2 tan -1 x 2 = 4 - 2 tan -1 2, so 
1/ 0 

)2 
dx = ^ ^5 tan" 1 2 — 2 j (see Exercise 66), so 



In 5 



0.44. Therefore, the centroid is approximately (1.11, 0.44). 



69. a. Using the long division below, we find 

x 4 + 6x 3 + 12x 2 + 1 lx + 6 = (x + 2) (x 3 + 4x 2 + 4x + 3) = (x + 2) (x + 3) (x + x 2 + l). Now 

x 2 + 1 



A 5 Cx + D 

+ — + 



x 4 + 6x 3 + 12x 2 + llx + 6 x + 2 x + 3 x 2 + x + l 

A (x + 3) (x 2 + x + l) + B (x + 2) (x 2 + x + l) + (Cx + D) (x + 2) (x + 3) 

(x + 2) (x + 3) (x 2 + x + 1) 
(A + 5 + C)x 3 + (4A + 35 + 5C + D) x 2 + (4A + 35 + 6C + 5D) x + (3A + 25 + 6D) 



Equating coefficients, we have 

A + 5 +C =0 

4A + 35 + 5C + D = 1 

/(*) = 

4A + 35 + 6C + 5Z) =0 

3A + 25 + 6D = 1 



(x + 2) (x + 3) (x 2 + 1) 



Solving, we find 



x + 2 



x 3 + 4x 2 + 4x + 3 

x 4 + 6x 3 + 12x 2 + llx + 6 

x 4 + 2x 3 



A = Z,B 



4x 3 + 12x 2 
4x 3 + 8x 2 



/ = 



5 



/ 



dx 10 



x + 2 



/ 



21 

dx 



1 



2T ' so 
5x + 4 



x + 3 2Ux 2 +x+l 



dx 



4x 2 + 1 lx 
4x 2 + 8x 



dx 



3J x + 2 



10 r dx 1 
~J x + 3 ~ 21 



5 [ (2x + \)dx 3 
x 2 + x + 1 + 2 



dx 



(* + *) 2+ w - 



3x + 6 
3x + 6 
0 



= § ln|x + 2|- ^ m|x + 3|- ^||ln(x 2 +x + l) + \ • ^ tan" 1 ^±^J + C 
= \ In |x + 2| - ^ In |x + 3| - ^ [5 In (x 2 + x + l) + 2^3 tan" 1 + C 
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b. 



jc 2 + 1 



10 



5jc + 4 



jc 4 + 6jc 3 + 12jc 2 +11jc + 6 3(jc + 2) 7(jc + 3) 21(jc 2 +jc+1) 



| -2^3 tan" 1 ^^-^-^ + 701n + 2) - 5 [l21n (x + 3) + In ( 



x 2 + jc + 1 




70. a. Using a calculator or computer, we find 

785 13,404 

fix) = 



+ 



2 (232* + 255) _ 4 (184* - 2793) 

961(2jc-3) z 29,791 (2x - 3) 2883 (3x 2 + l) 2 89,373 (3x 2 + l) 

b. Using a calculator or computer, we find 

1 

2x _.. . _ 

112?+ 135 \ 



/ = 



219,015 62(765^- 232) _ / ? \1 

27^3 3^2 — i + 6534 ^ tan ~ (v^Jcj - 120,636 In (2jc - 3) - 736 In (l2x 2 + 4J . 



71. P av = 



536,238 

1 r 1() 3? 2 + 130? + 270 



10 Jo 

io y 0 



dt = — 

t 2 + 6? + 45 10 



3 + 



56 for + 



135\ 
56 ) 



t 2 + 6? + 45 



^ = 3 + 



> 2 + 6r + 45 
28 /*1° 2? + 6 



5 Jo ? 2 + 6? + 45 



dt 



201 



10 



10 Jo 0 + 3) 2 + 36 



= 3 + 



28 



In (t 2 + 6t + 45) 



-1 10 



-0 



201 1 _! t + 3 

• - tan 1 

10 6 6 



-1 10 



. 0 



9.231 



72. 



or about 9,23 1 people. 
W = J^F(x)dx = 



2 T 2x-3 
k 



1 _x 2 (x-3) 2 _ 



dx . Now 



2jc-3 



A B C 

— + r + r + 



(A + C)jc 3 + (-6A + B - 3C + D)jc 2 + (9A - 65) jc + 9B 



, so 



x 2 (x-3) 2 * x 2 x-3 (x-3) 2 x 2 (x-3) 2 
A + C = 0, -6A + B - 3C + D = 0, 9A - 6B = 2, 9£ = -3. Solving, we get A = 0, B = C = 0, and D = so 



- t Jf[-^+i«-^]*- t (E-nrn5)t-'[(* + *)-(* + *)]- 1 



73. False. Since the degree of the numerator is greater than that of the 
denominator, we perform the long division at right to find 

jc 3 + 2x , 5x + 2 



x + 1 



2 

JC Z — JC 



-2 



+ 2jc 



(jc + 1) (x - 2) 
5jc + 2 



= * + ! + 



A 



+ 



x 2 — x — 2 
B 



. We then write 



jc jc 



(jc + 1) (x - 2) x + 1 x - 2 



and determine A and 5 . 



x 1 + 4* 
x 2 - x - 2 
5x + 2 



74. True. 



4x 2 - 15* - 1 Ax 2 - 15jc - 1 



5 



_ _ A 

jc (jc 2 - 4x - 5) * (x - 5) (* + 1) jc jc 5 



+ 



jc + 1 



75. False. 



1 



JC (jc - l) 2 x ' x - 1 (jc - 1) 



A 

= - + 



B 



+ 



C 



76. False. 



4jc 3 - jc 2 + 4jc + 2 



{x 2 + 1) 



Ajc + B Cx + D 



(* 2 + 1) 
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1. J x^/l + 2x dx. We use Formula 27 with a = 1 and b = 2, giving 

f xVT+2xdx = — 7 p£r [3 (2) x - 2 (1)] (1 + 2x) 3 / 2 + C = ^ (3x - 1) (1 + 2x) 3 / 2 + C 

15 (2 J 



2. 



V2 + 3x 
x dx 2 



. Use Formula 28 with a — 2 and Z? = 3 to obtain 



V2 + 3x 3 (3 2 ) 



[3x - 2 (2)] V2 + 3x + C = ^ (3x - 4) V2 + 3x + C. 



x dx 



(l+2x) 2 ' 

x 2 dx 
(1 + 2x) 2 

dx 



Use Formula 22 with a — 1 and = 2 to obtain 



1 



^- ( 1 + 2x - - ^ 

2 3 V 1 + 2x 



— 2 In 1 1 + 2x| ) +C = - ( 1 +2x - 



■i 



1 



1 + 2x 



-21n|l+2x|) + C 



V4 + 
dx 



x 



Use Formula 30 with a = 4 and b = 1, giving 



xV4 + x V5 



V4+7- V4 
V4 + x + V4 



+ c = Ii„ 



V4+x -2 



V4 + x + 2 



+ C 



V3 + 2I [J3 + 2I V3 + 2I 2 / dx 
5. / ~ dx. Use Formula 32 with a = 3 and b = 2, giving / = dx = 1 — / — . 

x 2 S J x 2 x 2 J xV3T2^ 



. Then use 



Formula 30 with a = 3 and /? = 2 to obtain / ^ "t ^* dx — — ^ ^ + ^ In 



x 



x 



V3 + 2x - V3 
V3 + 2x + V3 



+ C. 



6. 7 = 



x 2 dx 



V9 + 4x 2 



. Let u — 2x, so dw = 2dx. Then 



x 2 dx 



(*•) 



V9 + 4x 2 



79 + 



(dw\ 



1 

8 



Now use Formula 42 with a = 3, giving - 



1 f u 2 du 



87 S 



+ u 



1 

8 



^79 + w 2 - - In (u + 79 + w 2 ) 



u 2 du 

y/9 + U 2 ' 



+ C, so 



7 = 1 J* V9 + 4x 2 - \ In (2x + v / 9 + 4x 2 ^j + C. 



7. / = 



dx 



x V3 + 2x 2 



Let w = V2x, so du — +J2dx. Then J 



dx 



x V3 + 2x 2 



_ /' i du _ r 

~ J 1 uy/3 + u 2 V2 ~7 i| 



dw 



Formula 43 with a = V3, giving 



du V3 
— = In 

U\J 3 + w 2 3 



V3 + w 2 + V3 



V2 

V3 

+ C, so 7 = In 



. Use 



+ u 



y/3 + 2x 2 + V3 



V2. 



+ C 



x 



8. / = J x 2 y/4 — 3x 2 dx. Let w = V3x, so dw = V3 dx. Then ^ — J -^-\/4 — w 2 ^ 
use Formula 47 with a — 2io get J u 2 yfA--u 2 du — — (2u 2 — 4j y/4 — u 2 + 



dw 

7! 



V3 



J u 2 \] \ — u 2 du. Now 



16 • -1 u , ^ 
— sin — + C , so 

8 2 



/ = 



V3 



V3. 



X 



8 



(6x 2 -4) V4-3x 2 + 2sin 



. _j V3x 



+ C = ±x (3x 2 - 2^ V4 - 3x 2 + ^2 S i n -1 ^ x + c 



J2- x 2 

9. 7 = / — dx. Use Formula 48 with a = V5, so 7 = y/2-x 2 - ^2 In 



x 



V2 + V2-x 2 



x 



+ C. 
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10. / = 



V9 - 2x 2 



x 



/v 9 - 
— p- 



y/9 — du 



V9 - M 2 



Now use Formula 49 with a = 3. Then 



79^2 



u 



du = — —y/9 — u 2 — sin 1 ^- + C, 

w 3 



so 



/ = V2 



V^x 3 



+ C = - 



V9 - 2jt 2 . _j V2x 



-V2 



sin 



+ C. 



/y/x 2 3 "v/3 
<ix. Use Formula 57 with a — -\/3 to get I — \/x 2 — 3 — V3 cos -1 — — + C. 
x " \x\ 



12. / = 



dx \j x^* 5 

. Use Formula 61 with a — y/5 to get I — h C. 



x 2 ^2^5 



5x 



13. / = 



^/jc (* dvt 

Tr~nr . Let u — e x , so du = e x dx and the integral becomes / ^-^ . 

(l-e^) V2 J (1 - M 2)3/2 



Now use Formula 54 with 



a = 1 to obtain I — 



u 



s]\-U 2 



+ C = 



■sj\ - e 2x 



+ C. 



14. 7 = J jc sinx dx. Using Formulas 77 and 78 repeatedly, we obtain 

I = — x 4 cos x + 4 J cos x dx = — x 4 cos x + 4 |^x 3 sin x — 3 J x 2 sin x dx J 



4 



+ 4x 3 sinx — 12 ^— x 2 cosx + 2 / x cosx dxj 



= —x cos x 

v-4 „™ i ~ i io„2 



= —x 4 cosx + 4x J sinx + 12x z cosx — 24 (cos x + x sinx) + C (using Formula 76) 

= —x 4 cosx + 4x 3 sinx + 12*2 cos* — 24cosx — 24x sinx + C 
Where we have used Formula 83 in the last integral above, we could also have written 

/ = - (x 4 - 12x 2 + 24^ cos* + Ax (x 2 - 6) sinx + C. 
15. I = fx cos -1 2x dx. Let u = 2x, so du = 2dx. Then I = ^ J u cos -1 u — \ J u cos -1 u du. 



Now use Formula 9 1 to obtain J u cos x udu — 



2u l -\ 



1 \ — u 2 ^ 

cos 1 w - h C, so 



cos 1 



1 

2x dx = — 
4 



8x 2 -l _, 2x^1-4x2 

: COS 2x : 



+ C = ± [(Sx 2 - l) cos" 1 2x - 2x^1 -Ax 2 j + C 



16. 



— 1 3 f 

I = f esc 5 0 d0. We use Formula 86 to obtain f esc 5 6 d6 — cot 0 esc 3 0 + - / esc 3 0 dO. Now use Formula 83 to 

J J 5 — 1 4J 



write 



/ = -^-cot0csc 3 0+ I [-^csc0cot0 + ^In|csc0-cot0|j + C 
= -^-cot0csc 3 0- |csc0cot0+ |ln|csc0-cot0| + C 

17. / = J x 3 sin ^2 + l^Jx. Let w = x 2 + 1, so du = 2xJx. Then 

J x 3 sin ^x 2 + 1^ dx = ^ J (w — 1) sin u du = ^ J w sin m — ^ J sin w Jw. 

Now use Formula 75: fusinudu = sinw — ucosu + C, so 

/=1 |^sin ^ 2 + l) - (x 2 + l) cos (jc 2 + l)] + \ cos (x 2 + l) + C = \ sin ^ 2 + l) 



^x 2 cos ^jc 2 + lj + C. 
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18. / = J x 2 tan -1 3x dx. Let u — 3x, so du — 3 dx. Then / = ^ J u 2 tan -1 u duj = ^ J u 2 tan -1 u du. Now use 
Formula 95 to write 



/ry i 1 o _ , f u 3 du u 5 1 1 /* / w \ , 
w z tan 1 udu — - u 3 tan 1 u — = — tan 1 w / | w ^ I aw 
3 i l + « 2 3 3 J V w 2 +l/ 

= ^w 3 tan -1 w - ^u 2 + ^ In (w 2 + + C 
Thus, I = jj [9x 3 tan" 1 3x - \x 2 + ^ In (9.x 2 + l)] + C = ^x 3 tan -1 3x - ^x 2 + ^ In (9.x 2 + l) + C. 

19. / — Jq sin -1 yfxdx. Let w = • v /!x, so dw = ^ dx — 2udu, x — 0 => w = 0, and 

x = 1 => w = 1. Then Jq sin -1 «Jxdx — 2 Jq u sin -1 wdw. We use Formula 90 to obtain 

2ft 2 — 1 1 Wa/1— /l 7r\ 7T 



I — 2\ ■ sin 1 u + 



4 



cos ^ /^t ^/jc 
20. / = / — — dx. Let u — *fx, so du — — — . Then by Formula 88, 



I = 2 J cos ^ u du — 2 ^xcos 1 ^/x — a/1 — + C. 



21. / = J e 2x sin 3.x Jx. Use Formula 98 with a — —2 and b = 3 to obtain 
7 = ( 2) 2 + 3 ^~ 2sin3;c ~ 3cos3;c ) + c = ~h e ~ 2x ( 2sin3 -* + 3 cos3x) + C. 



22. / = J <? 2 * sin 1 e x dx. Let u = e x ,sodu = e x dx. Then / = J <? x sin 1 (e x dx) — J u sin 1 w dw. Using Formula 90, 

2e 2 * - 1 . ety/l-e 2 * „ 

we get / = sin <? A H h C. 

4 4 

23. I = J x 3 e~ 2x dx. Use Formula 97 with ft = 3 and a — —2 to get 

/ = — ^x 3 *? -2 * + | J x 2 e -2 * dx. Then use the same formula with n — 2 and a — —2: 

I = -\x 3 e~ 2x + \ ^-\x 2 e~ 2x - jSj) I xe ~ 2x dx \ = -\x 3 e~ 2x - \x 2 e~ 2x + | / .xe -2 * dx. Use the formula one 
more time: / x 3 e~ 2x dx = -\x 3 e~ 2x - \x 2 e~ 2x - |x^~ 2 ^ - |^~ 2x + C = -^e~ 2x (4x 3 + 6x 2 + 6x + 3^ + C. 

T / ' dx f dx f dx f e~ x dx _.. _ Y f _ 

24. / = / — = / — ^^^=^^^= — I , : = / =. Let u — e , so du — — e dx. Then, 

Vl + ^ 2x J Je 2x (\+e- 2x ) J e x yj\+e- 2x J V 1 + e~ 2x 

-j U = = — In (e~ x + V 1 + e~ 2x ^ + C. 

/sin a: dx 
— . Let u — cosx, so du = — sinx dx. Then using Formula 17 with a = 1, we get 
1 + cos z x 

/du __ , 
y = — tan 1 (cosx) + C. 
1 + u l 

f sec 3 ^Vx _ dx 

26. I — j — — dx. Let u = v*, so = — — . Then by Formula 82, 

x 2+Jx 




I — 2 J sec 3 u du = 2 ^ sec tan V-* + 2 m l sec + tan J + C = sec ^/i" tan + In |sec + tan *fx \ + C. 

21. I — J x 3 In 5* dx. Let w = 5x, so du = 5dx. Then / = J m " ■ (5 = ^5 J* ^ 3 Inudu. Using Formula 102 

1 (5jc) 4 jc 4 
with n = 3, we obtain / = — • -^f- [41n5* - 1] + C = — (41n5x - 1) + C. 

625 4 Z 16 
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28. / = 



/ = 



dx dx 

. Let u — Jx, so du — — — . Then / = 



1 dx 



x In «Jx 
2 In I In *Jx \ + C. 



2^/x 



= 2 



du 



u In w 



. Now use Formula 1 03 to obtain 



x -3 



29. I — J y/ 6x — x 2 dx. Use Formula 1 15 with a = 3 to obtain / = — - — y/6x — x 2 + 2 



cos 




3 — jc 



+ C 



30. / = 



xAx - 2x 2 , /- f yjlx - x 2 



x 



dx = V2J 



x 



dx. We use Formula 117 with a = 1, giving 



/ = JlVjlx -x 2 + cos _1 (1 -jc)J + C. 



31. / = 



x 2 dx 



\/3 /" x 2 ^/x 



4 



/ = 



V3 
3 



- 3x 2 3 



x + 4 



. Use Formula 121 with a = ^, giving 



3* 



— x 2 + I cos 



4-3* 




8V3 
+ C = — — — cos 



4 - 3jc \ x + 4 



78x - 3x 2 + C 



32. / = / e 2 * In (l + e 2x ^j dx. Let w = 1 + e 2x , so = 2e 2 * </jc. Then by Formula 101, 



/ = 



jjhiudu = 2 [( 



1 + e 



2* 



W 



2x 



)-( 



) 



1 + e 2x ) I + C = A I 1 + e 



2.v 



)['-( 



1 + e 



2x 



)-■] 



+ c. 



33. / = 



el \wtdt dt 9 ^ Z* 2 wdw 

. Let w = In?, so aw = — , t = 1 => w = 0, and £ = e => u = 2. Then I — I — . Now use 



1 ^Vl + lnf 



0 vT+w 



Formula 28 with a — b — 1 to obtain / = 4 (w — 2) vl-N 



2 _4 



34. / = 



7T/4 



sec 2 x dx 



2™2 



0 cos^ x + Z? 2 sin" x Ji) 



2 



u — 



0, and x = ^ 



w = 1. Then / = 



a 2 + fr 2 tan 2 x 
1 tfw 



Let w = tanx, so du — sec 2 * dx, x = 0 



1 



0 a 2 + b 2 u 2 b 2 Jo a 2 /b 2 + u 2 



. Using Formula 17, we get 



/ = 



1 b 
-y - - tan 

b l a 



1 ( hu \\ - 1 
\ a / |q a/? 



-1 * 

- — tan 1 -. 

a 



35. / = J e sin 



_ / ~ cosx ~[ n 2x dx. Let w = cosx, so = — sinxdx. Then / = 2j e cos * sin x cos x dx = —2 f ue u du. Using 
Formula 96 with a = 1, we get I = —2 (cosx — 1) e cosx + C. 



36. 



/ = Je 2x In (1 + e*) dx = J e x In (l + e x ) (e x dx). Let u = 1 + e*, so = e x dx. Then 
/ = J (u — 1) In w du = f ulnudu - Jlnu du. Using Formulas 102 and 101, we get 

1 9 1 

/ = (21nw — 1) — u In w + u + Ci = [2 (w — 2) \nu — u + 4] + C\ 

= |(1 + ^) [2 (e* - 1) In (1 + e x ) - e x + 3] + C x = \ (e 2 * - l) In (l + e x ) - \e x (e x - 2) + C 
where C — C\ + ^. 



37. A = ffx 2 kixdx 

x 3 

= — (31nx-l) 



y4 



(by Formula 1 02) 



1 



5- 



1 

= _(31ne-l)--(-l) 



_ 1 (n3 . A 
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1 .... , 2 _, J 1 _ * 2 + l 

v 2 " 



38. / (a) = In a =* f (a) = so 1 + [/' (a)] z = 1 + — = 



Therefore, L = / ^ 1 + [/' (a)] 2 dx = 
Formula 39 with a = 1, giving 



6?a . We use 



x 



L = 



Vl+X 2 -!!! 



1 + V1+* 



= y/l + e 2 - In 



l+yr 



^- V2 + ln(l + V5) 



2.0035 




39. V = Jq 1 ^ 2 Try 2 dx — iz (cos 2 a^ £/a = 77 /J^ 2 cos 4 a Ja. Using 



Formula 70 with n = 4 gives 



V =7T 



• M 71 "/ 2 , 3 2 j 3tt r 71 "/ 2 2 j 

COS A" Sill JC I | + 2f Jq COS^AtfA = J Q cos^a^a 



/I0 



^-fo^l C 1 + cos 2a) dx = If (x + \ sin2A) 



7T/2 

0 



37T 2 




40. V = 27r Jq av <^a = 27T Jq 1 a sin 1 a dx. Using Formula 90, we obtain 



V = 2n 



2x 2 - 1 
4 



sin 1 a + 



A 



yr^ 2 



= 2tt 



0 



ft?) 



7T 



C3 



i 



o 




x 



41. m = Jq^ 2 cos 2 x dx = j Sq^ 0 + cos 2*) dx — ^ ^a + g sin 2a ^ | ~ T" = Jo^ 2 * cos2 * Letting w 
and dv = cos 2 x dx, so du = dx and y = ^ (a + ^ sin 2a ^ , we have 



M, = i 



jx (x + ^ sin 2a ^ | ^ — j Jq 1 "^ 2 ( x I sin 2a ^ dx — ^7r 2 — ^* 2 — \ cos 2a ^ 



tt/2 
0 



_ 1_2 1 _2 1 _ 
-f* ~ T6 " 4 ~ 



7T 2 -4 

16 



My 

and so a = — - 

m 

i r*/ 2 



7T 2 -4 4 7T Z -4 



16 7T 



4-7T 



My = - 



1 I" 71 "/ 2 /l + cos2a\ 2 



2 



so y = 



cos 4 a dx — — 
2Jo 2Jo 

1 f*/ 2 

3tt 4 3 _ . , / 7T 2 - 4 3 

— • — = — . The centroid is thus I , — 

32 7r 8 \ 4?r 8 



^ dx = — /J 1 "^ 2 ^1 + 2 cos 2a + cos 2 2a ^ Ja 



i - + COS4a\~| 37T 

1+2 cos 2a + I - I | dx = 





^ /* 4 a 2 Ja 
42. W = / F (a) dx = / Using Formula 22 with a — \ and b = 2, we find 

7o (1+2a) 2 

4 



W = - I 1 + 2a l — 2 In 1 1 + 2x\) I = 20 g ln3 % 0.562 ft-lb. 

8 \ 1 + 2x / I o 
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4 r4 6Q dt 

43. The number of visitors admitted by noon is N = / R{t)dt — J - 2 ^ 3 / 2 ' ^ s * n ^ Formula 45 with a = V5, we find 

= 60 - = 60 ( -4= I 

V2718/ 



AT 



= 60 / 

Jo 



dt 



t 



(2 + t 2 ) 



2^3/2 



2V2 + t 2 



28.284, or approximately 28,284 people. 



0 



44. Using Formula 41, 

f 5 3000 

N (5) — N (0) = / ■ dt = 3000 In 

JO y/A + t 2 

Thus, N (5) % 4942 + 20,000 = 24,942. 



t + V4 + f 2 q = 3000 [in (5 + V29) - ln2j % 4941.69 



45. We use Formula 100 with a = 0.02 and b = 24. Over the first 10 days, 



1 r 10 1000 dt 



10 



lOJo 1 + 24<?- 0 - 02 ' 



= 100 



dt 



0 1 + 246>-°- 02 ' 



= 100 [t + ^ In (l + 24^- () 02? )] 



10 
0 



44.0856 



or approximately 44 fruit flies. Over the first 20 days, 



1 f 2Q 1000 dt 



20 



20 Jo 1 + 246>-°- 02 ' 



= 50 



dt 



0 1 + 24e-°- 02 ' 



= 50[r+^ln(l + 24^-° 02 ^ « 49 fruit flies 



46. m av = 



1 



«2 



mo do 



°2 J D 



m av = 



V2~viJ Vl jl-v 2 /c 2 V2-v\Jvi Vc 2 - v 2 

= sin 1 — - sin 1 — I. 

V2~ v\ I c c J 



. Using Formula 15, we find 



cmo . 1 v 

sin 1 - 

1)2 — V\ c 



47. y = x 2 => y' = 2x, so 1 + (/) 2 = 1 + 4x 2 and ds = + (y'f dx = J\+Ax 2 dx. 
Thus, 5 = 2-7T fo yds = 27r Jq 1 x 2 \/ 1 + 4x 2 dx. Let u = 2x, so dw = 2dx. Then 

S = 27T Jq Vl + ^ = Jq u 2 \/l + w 2 dw. Using Formula 38 with a — 1, we obtain 

5 = f [| (l + 2w 2 ) Vl + w 2 - \ In + v / 1 + m 2 )] o = f (9) V5 - \ In (2 + v^)] = £ [l8V5 - In (2 + v^)] 



48. y 2 = — => y = xyfx^x 2 . m — 2 jj y dx — 2 Jq 1 xy/x^x 2 dx. Using Formula 1 15 with a = ^, we obtain 



ra = 2 



2* 2 - Ax - 3 



-x 2 + cos -1 ^^~r~~^j = f [ cos_1 - cos_1 C 1 )] = M - x = 0 b y s Y mmetr y 

and My — 2 Jq 1 xy dx — 2 Jq 1 x 2 \j x — x 2 dx — 2 Jq 1 x^I^*J\ — x dx. Using Formula 33 with a = 1, & = — 1, and n = ^, 

x 5 / 2 (1 - jc) 3/2 1 - § Jq 1 x 3/2 ^/T^7Jx = I Jq 1 x 3 / 2 VT=xdx. Using Formula 33 again with 



we obtain M y — 



n = |, we get M y = | • ^ |^x 3 / 2 (1 - ^) 3/2 |^ - | Jo a: 1 / 2 ^/!^^ = § Jq 1 x x l 2 «JT^idx. Now put x = t 2 , 

so dx = It dt, x = 0 => r= 0, and x = 1 => t = 1. Then M-y = | Jq 1 2r 2 Vl - t 2 dt = | Jq 1 ?Vl - r 2 J?. Using 
Formula 47, we obtain Af y = | [$t (2t 2 - y/l - t 2 + ^ sin -1 ^ = ^ sin -1 1 = ^ • ^ = Therefore, 



- 5tt/64 5 

x ~ 7T 



^ = I and the centroid is 0^. 
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_ d I V a 2 — u 2 

49 - t\ 

du \ u 



— sin 1 — 



d 



du 



u 



1 (a 2 - u 2 ) 



1/2 



d 



-1 



u 



sin — 

du a 



-u~ 2 (a 2 - w 2 ) 1/2 + u~ l • \ (a 2 - u 2 ^ 1/2 (-2u) 



»- ! (« 2 -»r" 2 [(« 2 -» 2 ) + « 2 ]-^ 



1 



1 



yj 1 - (u/a) 



2 a 



u 



a 



a 2 — u 2 s] a 2 -u 2 



u 2 \/ a 2 — u 2 \J a 2 — u 2 u 2 y/ a 2 — u 2 
which is the integrand of the given integral, so the result is verified. 



u 



50. 



d 



du 



\ au a 1 



In 



a + bu 



u 



) a du ^ ) 



1 



, , ,+-*■— (In |a + fcw| — In |w|) = — - + 

du \ / a z du 



b 



b 



1 6 

+ 



— £/ 



<2W 



1 



<2W 2 <2 2 \ fl + ^ M 

a + bu — bu 




1 



2 a 2 \_u(a + bu) _ au 2 au {a + aw 2 (a + bu) u 2 (a + bu) 



which is the integrand of the given integral, so the result is verified. 



*i d \ 1 ( 

51. — - I u 

du n + 1 \ 



n+x tan" 



/ u n+\ \~| j I" 
T I = (n + 1) u n tan -1 21 H ~ 
l + u 2 J J n + 1 v 1+ M 2 



n+1 



1 + 21 



= u n tan 1 w, which 



-1 



is the integrand of the given integral, so the result is verified. 



52. 



d 



du 



u 



n+1 



(n+1) 



2 



[(w + l)lnw-l] + Cl = 



w + 1 
(n+1) 



u n [{n + \)\nu- 1] + 



n+1 



w + 1 



— ,,n 



(n + 1) 



lnw, which is the 



integrand of the given integral, so the result is verified. 



2 (x + Ty > l 2 4 (x + 2) 3 / 2 

53. / = / x^/x + 2dx. Maple gives / = — - , Mathematica gives I = ^(2 + x) 3 l 2 (-4 + 3*), and 



the TI-89 gives / = 



2 (x + if I 2 (3x - 4) 



15 



54. / = 



x 



VI +2x 



(l + 2x) 3 / 2 VTT2I 1 , 

dx. Maple gives / = , Mathematica gives / = 4 (— 1 + x) V 1 + 2x, and the 



TI-89 gives / = 



(x - 1) V2x + 1 



55. / = 



Xy/x + 2 



dx. Maple gives / = 2^/x + 2 — */2 arctanh 

■s/2 + x 

Mathematica gives / = 2«J2 + x — V2 arctanh — — , and the TI-89 gives 

\J2 

V^ln(|v* + 2-\/2|) - \/2m(|V*T2 + V3|) + 4 V* + 2 



56. / = 



x L + x + 1 
x 3 + l 



dx. Maple gives / = | In (x + 1) + ^ In (x 2 - x + l) + |V3 arctan^ — ^ — J, 



2 arctan 



Mathematica gives / = 



(* (-1 + 2*)) 

+ \ In ^1 + x 3 ), and the TI-89 gives 



In (|(jc + 1) (x 2 - x + l) |) 2V3tan" 1 ^^3(2x - 1)) 



3 3 
SI. I — J cos 4 x dx. Maple and the TI-89 give I — \ cos 3 x sin* + | cos* sin* + -%x and Mathematica gives 

/ = |x + ^ sin2x + j!j sin4x. 
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58. / = 



4 cos 4 x In |cosx| + sin 2 x (3 cos 2 * — 1 ) 
/ = — In (cosx) — sec 2 x + i sec 4 x, and the TI-89 gives / = -. 



4 cos 4 x 



59. / = fx*e x dx. Maple gives / = x 5 e x - 5x 4 e x + 20;cV - 60x z e x + I20xe x - I20e x , 
Mathematica gives I = e x (-120 + 120* - 60x 2 + 20x 3 - 5x 4 + x 5 ^, and the TI-89 gives 

/ = (jc 5 - 5x 4 + 20x 3 - 60x 2 + 120* - 12o) e x . 



60. / = Jx 3 e 2x dx. Maple gives / = — \x 3 e 2x — \x 2 e 2x — |*<? 2x 3 - 2x 



/ = -\e~ 2x (3 + 6x + 6* 2 + 4.x 3 ), and the TI-89 gives / = (-^c 3 - \x 2 - \ x - |) e 



, Mathematica gives 
-2* 



2.v 



61. / = 



TI-89 gives / = 



dx. Maple gives / = § (e x + l) 3/2 - 2Ve* + 1, Mathematica gives / = | (-2 + ^) VI + e x , and the 
2 (e x - 2) v^TT 



62. / = /* sin 1 xdx. Maple gives / = ^x 2 arcsin* + ^xy/ 1 — x 2 — ^ arcsin*, Mathematica gives 
/=! ^xy/ 1 - x 2 + (-1 + 2* 2 ) arcsinjt], and the TI-89 gives I = ^x 2 - £j sin -1 * + \xj \ - x 



63. / = 



I = 



* dx 



2 — u 



. Let u — 2 — x, so du — —dx. Then 



(-du) = / (u 2 ^ - 2m- 1 / 3 ) = fa 5 / 3 - 3w 2 / 3 + C = \ u 2 ' 3 (u - 5) + C 



«V3 

§ (2 - x) 2/3 (2 - jc - 5) + C = -| (jc + 3) (2 - *) 2 / 3 + C 



64. / = 



t 5 dt 



yr^T 2 

sin 3 0 



. Let t — sin 0, so = cos 0 d6. Then 



/sin 
_J}^ = cos 0 d o= f sin 3 0d0= f (sin 2 0) sin 0 d0 
VI - sin 2 0 V } 

= J ( 1 - cos 2 0^ sin 0 dO = - cos 0 + ± cos 3 0 + C 

= cos 0 ^3 - cos 2 0) + C = -^Vl -f 2 [3 - (l - / 2 )] + C 

= -\ (t 2 + 2)JV^l 2 + C 




65. / = 



cos(l/*) I dx r 

^ dx. Letw = -, so du — j. Then / = — J cosudu = — sinw + C = — sin(l/*) + C. 



x 



66. / = / V 1 + 2 cos 2 x sin2x<ix. Let w = cos 2 *, so du = — 2 cos x sin x <ix = —sin2xdx. Then 



/ = -/ (1+2M) 1 / 2 d W = -^- 2 (l + 2w) 3 / 2 + C = -^(l + 2cos 2 ;t) + C. 



67. 



V2 



0 yr^ 2 



1/2 



0 



-1/2 



V2 dx 



0 71^2 



(-««(•- 



-,1/2 



+ 



. 0 



[sin-^] o 



1/2 




1/2 



+ 1 



+ sin -l(l) = 1 + f _^ 
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. (x + 3) dx f (x + 3) dx . . 

68. I = / - = / t upon completing the square in the radicand. Let u = x + 2, so du = dx. Then 

-4r - r 2 J 



/ = 



^5-4x-x 2 J ^9 _ (jc + 2 ) 2 
JL^l= du = Ju(9-u 2 y 1/2 du + J - j= 2 = (- j) ( 2 ) (9 -w 2 ) 1/2 + sin" 1 + C 



= sin" 1 " V5-4x-x 2 + C 



69. I — I —. . Let w = x 2 , so = 2xdx, x = 0 => w = 0, and x — 1 => w = 1. Then 

0 * 4 + 3 



\ r \ du 1 1 _j w 



2 J0 «2 + 3 2 V3 V3 



'_ V37T 

0~ 36 



2 



1/V2 (sin 1 x| ^ 
70. / = / — dx. Let u = sin -1 x, so du = ■ x = 0 => « = 0, and x = 4= => u = Then 



7 = J^^u^du — ^w 3 



7T/4_ J _ 3 

0 _ 192 71 " ' 



dx dx 
11. I — I — - - Let u — lnx, so du — — . Then, using Formula 41 or the substitution x — tan0, 

xJ\ + (\nx) 2 X 



I = 



du 



JT+u 2 



= In (u + Vl + w 2 ) + C = In ^ln* + yfl + (lnx) 2 ^ + C. 



72. / = Je^dx. Let w = ^/x, so = — — and dx = 2udu. Then, integrating by parts or using Formula 96, 

L<\J X 

7 = 2/ ue 11 du = 2 [(u - 1) e u ] + C = 2 (^c - l) e^* + C. 

73. / = / dx. Let w = lnx, so — dx/x, x — 1 => m = 0, and * — e ^ u — 1. Then 

71 



Vlnx + 3 



1 * 



dx = [\u + 3) 1 / 2 dw = | (k + 3) 3 / 2 
JO 3 



0 



3 3 



74. / — / ■ Let m = so du — e x dx. Then 



du 

I = 



= = / (l_ w )-l/2j M = _2(l- w )l/2 + C = -2v1^ :F +C. 
— w J 



3 

(3 \ 1 3 
3* +1 )dx. Letw = x 3 + 1,so</k = 3x 2 dx. Then / = A f 3 U du = 3 M + C = + C 
/ 3 3 In 3 In 3 



dx 



76. I — f tan 1 xdx. Let w = tan 1 x and du = dx, so dw = T and y = Then 

J l+x 2 

I — x tan -1 x — J ^- X 2 = x tan -1 x — ^ In ^1 + x 2 ^ + C. 
11. I — fx sin -1 x dx. Let w = sin -1 x and = xdx, so = — —£^= and u = ix 2 . Then 

J yr^2 2 

1 f x 2 dx 

I = uv — J vdu = j* 2 sin -1 x — - . To evaluate the integral, we can use the substitution x = sin 0 or 

2j _ x 2 

Formula 50 to obtain 7 = \x 2 sin -1 x - \ ^-\xyj \ - x 2 + ^ sin -1 xj + C = \ ^2x 2 - 1^ sin -1 x + xVl - x 2 j + C 
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78. / — fi sin (lnx) dx. Let u — lnx, so du — dx/x => dx = e u du, x — 1 => « = 0, and 



x = 



e => w = 1. Then / = jj <? w sinwdw. Integrating by parts or using Formula 98, we obtain 



1 1 11 

/ = ±e u (sin w — cos u) = (sin 1 — cos 1) — ^ (— 1) = ± (e sin 1 — e cos 1 + 1). 

79. / = Vx 2 — 4 dx. Using Formula 55 with a = 2 (or using the substitution x = 2sec0), we obtain 

/ = [£W* 2 - 4 - £ In J* + V* 2 - 4|]^ = ^ -21n (^5 + l) + 21n2 = 2 In + ^ = 2 In ^± + ^ 

80. I — j x 2 e 3x dx. We can integrate by parts twice, or use Formula 97 twice, obtaining 

/ = \ x 2 e 3x - ^Jxe 3x dx = \x 2 e 3x - § [%xe 3x - \ J e 3x dx] = \x 2 e 3x - \xe 3x + ^e 3x + C 

= ^ (9x 2 - 6x + 2) e 3x + C 



2 



lnx dx 1 



81. / = / —^r-dx. Let u — lnx and dv — so du = — and u = . Then 

1 x z x z * * 



/ = uv\ 2 — ffvdu = — 



lnx 



x 



2 dx ln2 



rp2 



\ )\ x 1 2 _x_ j 2 2 



In 2 



-1 + 1= 1 (l_ln2). 



82. J sin 2 x cos 5 x dx — J (sin 2 x^ ^cos 4 x^ cosx dx = J (sin 2 x^ ^1 — sin 2 x^ cosx dx 

= J (sin 2 x — 2 sin 4 x + sin 6 x^ cos x dx = ^ sin 3 x — | sin 5 x + 7 sin 7 x + C 

83. / = J x tan 2 x dx = fx (sec 2 x — ij dx = J* x sec 2 x dx — J* x dx. We integrate the first integral 
on the right-hand side by parts with u — x and dv — sec 2 xdx, so du — dx and v = tanx. Then 

/sin jc 
dx — Ax 2 = x tanx + In |cosx| — Ax 2 + C. 
cosx z z 

84. / = J e x sin 2 xdx. Let u = sin 2 x and du = dx, so dw = 2sinxcosxdx and v = e x . Then 

I — uv — j v du — e x sin 2 x — / e x sin 2x dx. We can integrate by parts again or use Formula 98 with a — 1 and b — 2 to 
obtain 

I =e x sin 2 x - |~5<r* (sin 2x - 2 cos 2x) j + C = ^e x (2 cos 2x - sin 2x + 5 sin 2 x) + C 
= \e x (l + sin 2 x - sin 2x) + C 

85. / = ft* VT^sTdx. Now 1 - cosx = 2sin 2 *x, so 

/ = £ /3 V2sin^xdx = -2V2COS \x^ /2> = -2V2 (^- - l) = V2 ^2 - V3). 

86. J sin 3x cos 4x dx = ^ J* [sin (3 — 4) x + sin (3 + 4) x] dx = ^ J (— sin x + sin 7x) dx — ^ (cos x — 7 cos 7x^ + C 

= (7 cos x — cos 7x) + C 

/* dx /* dx , „ , dx 

87. / = / = / , -. Let u = V^+l + 1, so du = — , Then 

x + 1 + + 1 y V-^ + 1 (V* + 1 + 1) 2V^c + 1 

/ = 2 / — = 21n|w| + C = 2 In ( v / ^l r T+ l) + C. 
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88. / = 



dx 



1 + tanx 



cos x dx x 

— . Use the substitution u — tan — . This gives 1 — 2 

sin* + cos* 2 



(- 2 - 0 



du 



( M 2 + i) ( M 2 _ 2u - 1) 



Now the method of partial fractions gives 



/ = 



1 

2 '2 



-w + 1 



du + 



w — 1 



u 2 - 2u - 1 



dw 



) 



2 In (m 2 + 1 ) + tan -1 u + A In 



w 2 - 2w - 1 



udu 
u 2 + \ 

+ C = ^ In 

2 



+ 



dw 



+ 



u 2 - 2u - 1 
w 2 + l 



(w — 1) du 
u 2 — 2u — 1 

+ tan _1 « + C 



I in 

2 



9 /-» - A - 

tan z 2 tan — 

2 2 

/~\ X 

sec z - 



89. / = 



dx 



- 1 



+ — + C = ^ In |sinx + cosx| + + C 



dx 



\l x 2 — 6x 



(x - 3) 2 - 9 



. Let u — x — 3, so du — dx. Then / — 



du 



. Now use the substitution 



u = 3 sec 0, or apply Formula 59 to get / = In 



x 



-3 + jx 2 -6x 



+ C. 



90. / = 



7r / 2 sinxdx 



I = - 



o l + V cos -* 

®2udu f^2udu 



. Let u 2 — cosx, so 2m du = — sinx dx, x = 0 => w = 1, and x = ^ => ^ = 0. Then 



1 1 + u Jq u + 1 



jf ^2- — = 2(w-ln|w + l|)|l =2(1 -ln2). 



91. / 



J cot 4 2xdx. Let u = 2x, so dw = 2dx. Then using Formulas 84 and 80, we obtain 
2 / cot 4 udu — cot 3 u+ ^ cot w + ju + C = — ^ cot 3 2x + j cot 2x + x + C. 



92. / 



-/ 



V9 - 4x 2 



dx. Let u = 2x, so du = 2dx. Then 



V9 - 4x 2 , /" V9 - u 2 



dx 



x 



du. Using Formula 48 with a = 3, 



we obtain 



in J ^ 9 x 4 * 2 dx = V9^4x 2 -3\n 



3 + ^9 _ 4^2 



2x 



+ C. 



93. / = 



7*^+9 



dx. We can use the substitution x = 3 tan0, or we can apply Formula 39 with a = 3 to get 



/ = y/x 2 + 9 - 3 In 



3 + sjx 2 + 9 



+ C. 



94. Jq^ 4 tan 3 / 2 x sec 4 xdx = /J 1 ^ 4 (tan 3 / 2 x^ (sec 2 x^ (sec 2 * dx^ = Jq 71 ^ 4 (tan 3 / 2 x^ (l + tan 2 x^ sec 2 xdx 



= J^ 4 (tan 3 / 2 x + tan 7 / 2 x) sec 2 x dx = ( 2 tan 5 /2 * + 2 tan 9/2 ^ 



^/ 4 _ 2 , 2 
0 " 5 + 9 



28 
45 



95. / = 



dx 



dx 



xi-\ 



/ = l/(^T- 



(x - 1) (x 2 + X + 1) 

x + 2 



. Using partial fraction decomposition, we can write 



1 



= i In |jc - 1| - - 



x z + x + 



)dx = A 
3 



3 J x z +x + 1 



37 x 2 + jc + 1 



1 

dx — - 



3 
2 



+ 



= £ In \x - 1| - ^ • ^ In (x 2 + x + l) - \ • \ • ^ tan" 1 (2x + 1)) + C 
= ^ In |x - 1| - \ In (x 2 + x + l) - ^ tan" 1 (2x + 1)) + C 
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96. / = 



x 



/ * f X . We write — — 

'0 (x + l) 2 (x 2 + x + 1) (x + l) 2 (x 2 + x + 1) 



B 



= C = D = -1. Thus, 7=2 



1 dx 



x + 1 
1 x+ 1 



B _„ , _ 

+ o + "o 7 

(x + l) 2 x 2 + x + 1 



CX + D A A A 

and nnd A 



= 2, 



f 0 X + l 



[2 In | jc 



/ (x + 1)~ 2 dx - / -= dx 

JO JO x z + x+ \ 

+ r m 1 -/ 1 dx .j 

.* + 1. 0 Jo x l + x + 1 Jo 



21n2 - 1 - [ \ In + , + x)\ - [ J • 2£ (2£ + ^ 



21n2 
21n2 



l _ l l n3 - f [tan" 

~y~ It " 



10 

^-tan" 1 ^ 3 ] 
• f ) » 0.0347 



97. / = 



dx 



dx 



x 4 + x 2 + 1 
1 



x 4 + 2x 2 - x 2 + 1 J ( x 2 + 



dx /* 



dx 



(x 2 + x + 1) (x 2 - x + 1) 



. We write 



I = - 



(x 2 + x + 1) (x 2 - X + 1) X 2 + X + 1 

1 

2 

1 

2 



Ax + B Cx + Z) , , 

+ — and find that A = B = D = J and C = so 



x^ — x + 



x+l _ 1 /" x - 1 

x 2 + x+ 1 2j x 2 -x+l 



dx 



x + I J 1 
- dx + - 



1 



1 



-In 

4 



x z + x + 1 



X Z + X + 1 

x 2 - X + 1 



, 3 
+ 4 



dx — - I —= dx + - 

x 2 -x + l 4 



1 



dx 



, 3 
+ 4 



+ 



V3 



_ , V3(2x+ 1) _ , V3(2x - 1) 
tan 1 h tan 1 



+ C 



98. / = 



x dx 



x dx 



X 



(1-x) 3 J (x-1) 3 
4 6x 2 - 8x + 3 



. By long division, 



x + 3 



x 3 - 3x 2 + 3x - 1 



= x + 3 + 



(x - l) 3 



, and 



A 



+ 



B 



+ 



C 



(x - l) 3 

6x 2 - 8x + 3 

(x - l) 3 ~ x-1 ' (x-1) 2 ' (x-1) 3 
A = 6, 5 = 4, and C = 1, so 



x 



x 



- 3x 3 + 3x 2 - x 



3x 3 - 3x 2 + x 
3x 3 - 9x 2 + 9x - 3 
6x 2 - 8x + 3 



I = - 



x + 3 + 



+ 



+ 



1 



x-1 (x-1) 2 (x-l) 3 _ 



dx = — 



Ax 2 + 3x + 61n|x- 1| - 



1 



x-1 2(x-l) 2 _ 



+ C 



„ , x 4 + 4x 3 - llx 2 -2x + 7 
-61n|x- 1| : + C 



2 (x - l) 2 



99. / = J* jce* 2+c * dx — J xe* Z • ^ dx. Let w = x 2 , so du — 2x dx. Then / = ^ / e M ^ e " dw. Now let v = so 



do = e M Jw. Then / = \ f e v dv = \e X) + C = + C = 



^ +C. 



100. / = 



sinxdx 



/ = - 



0 1—4 cos 2 x 



. Let u — cosx, so du — — sinx dx, x = 0 => u = 1, and x — ^ 



^. Then 



V2/2 



l-4w 2 



(1 - 2w) (1 + 2k) 



1 

2/1 



V2/2 




1 1 \ 

- 2k + 1 + 2k / 



du 



V2/2 



= -\ ^ In 1 1 -2k| + ^ ln|l +2k|)| = -| ln 



V2+1 
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1. a. See page 655, Definition 2 



b. See page 655, Definition 1 



c. See page 655, Definition 3 



2. a. See page 660, Definition 1 



b. See page 660, Definition 2 



c. See page 660, Definition 3 



3. See page 664. 



7.6 Improper Integrals 

1. A= [*-^= = lim f r Ux-\)- l/2 dx= lim 2(^-l) 1 /2 = i im \ 2 (3 1 / 2 ) - 2 (a - 1)1/2] = 2 ^ 



4 



2. A = 



exist. 



dx 



1 (4-x) 3 / 2 



= lim / (4 - x) 3 / 2 dx = lim 
b->4~Jl b^4~ 



V4^c 



b . 2 
= lim 

l ^4- y/4-b 



2V3 



= 00, so the area does not 



3. A = / ( 



_ roc -2x Av _ 



e -~ dx — lim L e 
u *->oo JU 



h o- 2x dx = 



lim ( 



-2x 



) 



b 



0 



lim (-1 



p -2b , l\ _ 1 



4. A = 



- (e 2x - e*) dx = - Jim (e 2 * _ ^ = _ j^ ( 1 ,2* _ 



0 



= _ lim 



— 1 1 — ( ^ -e a )\ = 1 



5. A = 



7-oo \ !+* 2 



OO 



dx = 



dx 



0 



= lim 



+ lim 



dx 



-00 1 + X 2 a ->-°°Ja 1+X 2 b^ooJo 1+X 2 



= lim [tan 1 x] + lim [tan 1 x] 



= lim f — tan 1 a) + lim (tan 1 b] — 

0 <Z— >— CO \ / h—>no \ / 



0 



Note that we could have used symmetry: A — 2 



dx 



0 



6. A — 



dx 



-co 1 + x 



= 2 



b — > 00 

00 



= "(-?) + ? = 



7T 



0 1+x 



2' 



-2 (x + l) 2 / 3 
b 



r-\ rO 

= J (x + I)" 2 / 3 dx + J (x + I)" 2 / 3 dx 



= lim / (x + 1)~ 2 / 3 dx + lim / (x + l)" 2 / 3 dx = lim [3 (x + l) 1 / 3 !^ + lim [3 (x + l) l / 3 ]° 

b^-l-J-2 a^-l+Ja b^-1- L J-2 fl ->-l+ L \a 

= lim [3 (Z? + I) 1 / 3 — 3 (—1)1 + lim [3 - 3 (a + l) 1 / 3 ] 



=3+3=6 



00 



7. 



dx 



6 



1 x 



lim 

/?— >co 



1 



x 3 dx = lim 

fr— >co 



L- LI* - h L + Lul 

2*2 bToo\ 2b 2 2) 2 



8. 



00 dx 

1 X 0 " £->CO 



[ b x-°"dx= lim [lOOx 0 01 ]^ = lim (lOOZ? 0 01 - IOO) = 00, so the integral diverges 
J 1 b— » 00 L J 1 fr— > cxd V / 



00 



9. 



dx 



1 * 



1.01 



lim / x 

b^> 00 .7 1 



-1.01 ^ 



dx = lim [-lOOx -001 ] = lim (-lOOJT 0 - 01 + 100) = 100 

/?— > 00 L J 1 b^> co V / 



10. 



00 dx f . ^ 

-~ = lim 
0 (x + l) z ^00 



(x + I)" 2 dx = lim I" L_l 

JO b^ool x + lj 



b 

— lim 

0 b—>oo 



00 



11. 



dx 



1 (x + 2) 3 / 2 



= lim f b (x + 2)" 3 / 2 dx = lim [ L_l = n m 

00 J 1 b^> 00 [ 



(x + 



2Hl 



b—>oo 



-2 



+ 



2V3 



(/7 + 2) 1 /2 3 



2V3 
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oo 



12. 



dx 



2 ¥x~=\ 
diverges. 



= lim f b (x - l)" 1 / 3 dx = lim |~| (x - l) 2/3 f = lim \l (b - l) 2 / 3 - f 1 = oo, so the integral 

fc-> oo .72 &->oo L z J2 /?_>ooL z Z J 



13. / 



00 e" 2 * dx 



lim f, c 

b^oo Jl 



b „-2x Av _ 



dx = lim \-l e - 2x ] b = lim (-he~ 2b + Ae" 2 ) = — „ 

b^ool 2 Jl b^oo\ 2 2 / 2e 2 



oo 



14. 



-2 



( x In 2 a 



lim / — dx — lim 

b—> oo .7^ X b—>oo 



1 



lnx 



- e 



= lim 

b—>oo 



(~i + 1 ) = 1 



15. Jq 00 sinx dx = lim Jj? sinx dx = lim [— cosx]£ = lim (— cos b + 1), which does not exist. The integral diverges. 

b—>oo /?— >oo b—>oo 



b 



b -r ■ 



16. / = L e x sinxdx = lim f n e * sin xdx. Using the result from Exercise 7.1.16, we find 

JU fc->oo JU 

/ = lim [— le~ x (sinx + cosx)l = lim |~— le~ b (sin/? + cosZ?) + Al = A. 
Z?^ooL 2 7 Jo &->oo L 2 2 J 2 



_ , 00 x f b xdx 
17. / =- - hm 



Jo i 



+ X 2 b->ooJo 1 + x 2 



= lim [A In ( 1 + x 2 )] = lim [A In f 1 + b 2 X] = oo, so the integral diverges. 
fc->ooL z V /JO b^oo L z V /J 



dx 



0 



= lim 



dx 



ooX 2 + 2x + 5 a^-ooJ a ( x + l) 2 + 4 

= Jffix, ft tan_1 ft) " 2 tan_1 ft + = I tan_1 \ ~ \ ("f ) = 2 tan_1 3 + f 



19. 



oo 



— oo 



dx 



0 



dx 



oo 



x 2 + 4 



-oo* 2 +4 



+ 



dx 



oo 



0 x 2 + 4 
[tan- («*) - o] = 



= 2 



7T 

2 



dx 



= 2 lim 



dx 



0 X z + 4 b^oojQ x L + 4 



= 2 • A lim tan 

z &->oo 



b 



0 



20. J^o xe"^ dx = £ 



0 



oo 



xe 



* 2 dx + ff?°^^ xl dx — lim f?*e * 2 dx + lim fnxe * dx 

1 - fa /^oo JU 



6 .-r 2 



lim 

a— >— oo 



£7— >— OO 



\-ke-* 2 ] 0 + lim r-l^ 2 l 6 = lim (-7 + 7^) + lim (- 

L 2 Ja &->oo L z JO fl->-00\ 2 2 / Z?->00\ 



l„-& 2 _l_ 



- 1 4. 1 

2+2 



= 0 



00 „x 



21. 



e x dx 



-00 1 + e 



2x 



f° e x dx f b e x dx „ „ . . 1T /* dx f e x dx 

lim / + lim / 7T- . Consider the indefinite integral / = / ^- = / ~ . 

a^-ooJ a \ + e 2x b^ooJo I + e 2x b J \ + e 2x J \ + (e x ) 2 



Let u = e x , so du = e x dx. Then / = 



dw 



-1 



= tan 1 u + C = tan 1 + C. Using this result, we find 



1 +u 



00 



^ x dx 



-00 1 + e 

77 _ 7T 

T - T- 

00 



2x 



= lim [tan" 1 e x ]° + lim [tan" 1 e x f = lim f f - tan" 1 e a ) + lim (tan" 1 e b - f ) = 0 + 

a— >— 00 L \a b—>oo L JO >— 00 V ^ / b—>oo V / 



22. j^QQ cos 2 x dx = J^ oc cos 2 xdx + Jq 00 cos 2 x dx, provided both integrals exist. But 



cos 2 x dx = lim f? A (1 + cos 2x) dx = lim [ Ax + A sin 2x1 — lim (— la — A sin 2a) = 00, so the 

^ a^-00 "^^ z fl^-00 L z ^ J« a^-oo V z ^ / 



0 



23. 



integral diverges. 

00 xdx 



0 



x dx 



00 



-00 (x 2 + l) 3/2 



+ 



x dx 



= lim 



0 xdx . f b xdx 

+ lim 



-oo(x 2 +l) 3 / 2 JO (x 2 + l) 3/2 (x 2 +l) 3/2 b^ooJo (x 2 +l) 3/2 



= lim J (-2) (x 2 + l) 

a— >-oo z V / 



no 

1 



+ lim I i (-2) (x 2 + l) 2 



b—>oo 



a 



_ 0 



lim (-1+ . 1 = )+ lim ( + 1 ) 



a—> —00 



+ 1 =-1 + 1 = 0 
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24 



. f^e-Wdx = (°^e x dx + (Z° e~ x dx = lim f° e x dx + lim $ e~ x dx = lim (\ - e a ) + lim + A 

=1+1=2 



25. lim f 1 *" 2 / 3 ^ lim (V^l 1 = lim 3 (i _ fl l/3\ = 3 



1 d* r0 rl 



26. — = / x 2 dx + / x 2 dx — lim f fl 0 i 2 <ix + lim x 2 dx — lim [— l/xl <3 0 + lim f— 1/xlJ 



= J5S-H-j) + A(- 1 + i) = 00 



so the integral is divergent. 



MJ U1C llllCglcll 1J> UlVClgCIll. 

27. /2 8 (1/^5) rfjc = jc- 1 / 3 djc + /J jc 1 / 3 djc = lim J^x' 1 ^ dx + Yim + x~ 1 / 3 dx 

- JS- [ 3 * 2/3 L + A H' v t - JS- ( 3 " 2/3 " 5 ' 4 ) + JS. 0 " 3 " 2 ' 3 ) - " 6 + 3 

» / 2 * , * + f 2 * Since 

J 0 2x - 3 Jo 2x - 3 J3/2 2* - 3 



9 
2 



,3/2 = nm f a _dx_^ ^ [ 1 in |2jc — 3|l a = lim ( A In |2a - 3| - A In 3) = 00, we 

conclude that the integral is divergent. 



29. / ^-777 = lim / (4 - *)" 2 / 3 dx = lim [-3 (4 - *) 1/3 1* = lim [-3 (4 - 6) 1/3 + 3 (3 1 / 3 )! = 3^3 

Jl (4-x) 2 / 3 /7^4-L Jl V /J 



™ f z dx f z dx f z /-1/2 1/2 \ , 1 f 2 dx I f 2 dx n 

30. / — — = / — = / ( + -!— ) dx = - - / — + - / -• But 

JO x z -2x Jo *(x-2) Jo \ x x-2J 2 Jo x 2 Jo x - 2 

2 r 2 ^ x 9 

— — lim / — = lim [ln*]„ = lim (In 2 — In a) — 00, so the integral is divergent. 

0 X a ->0+ a x a ^0+ a^0+ 

f 4 dx f l dx f 4 dx 

31. / —= = / —= h / —= . For the first integral, put u = - s /x, so 

Jo V* - 1 JO V* - 1 Jl \l x - 1 

dx 

du — — — dx = 2udu, x = 0 => u = 0, and x = 1 => u = 1. Then 

2v* 



1 



f l 2udu 1 1 / 1 \ 1 

- = / = 2 / I 1 H I = [2w]A + 2 lim [In \u — lift = —00, so the integral diverges 

1 Jo u-l Jo V u-lj u c^l- u 



0 V*- 

32. Using the result of Example 6, we find 

fn\nxdx= lim f^\nxdx= lim [xlnx — x]^= lim [0 — (alna — a)] 

JU A->0+ Jfl «^0+ «^0+ 

1 — ln^ 

= lim [a (1 — lna)] = lim (an indeterminate form; use l'Hopital's Rule) 

a^0+ a^0+ 1 /a 

— lim ~~^r — lim a — 0 

^0+ -1/a 2 «^0+ 

33. Using the result of Example 2, 

[}xlnxdx= lim f /7 1 xlnxJx= lim \\x 2 (21nx — 1)1 — lim [— i — \a 2 (2\na — 1)1 

1 1 . 21na-l 
= — - — - lim ^ — (an indeterminate form; use l'Hopital's Rule) 

4 4 fl ->o+ 1/a 2 

1 1 r 2 / a 1 ■ 1 r 2 1 

= ---- lim r = -z + z lim a = -z 

4 4 fl _> 0 + -2/a 3 4 4 a^0+ 4 
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34. Jq sec z x dx — f. 



0 



sec 2 x dx + sec2 xdx — lim Jq sec 2 * dx + lim Jj 1 " sec 2 x dx, but 

c-»(7~/2)~ c->(7~/2) + 



lim /Jf sec 2 x dx — lim tan c = oo, and the integral diverges. 
c-Ktt/2)- c->(7t/2)- 



35. 



"^Z 2 cos x dx 



= lim 



c cos x dx 



/, — , /i ^ = lim [-V1 - sin*j< 6 = -2(0) - (-2) (^) 

tt/6 Vl-sinx c^(tt/2)- Jtt/6 V 1 - sinx c^(7r/2) 7 v ' 



= V2 



36. tan 2 x dx — lim fn tan 2 xdx— lim fn (sec 2 x — 1 ) dx = lim [tan*— xYk 

JU C^(7T/2)- U C^(7T/2)- JU V / C^(7T/2)- 0 



c ^ Jl 



— lim (tan c — c) — oo 
c-Ktt/2)- 

so the integral diverges. 



37. 



00 lnx /•* lnx 

— r-^y dx = lim / q~7o" " x — nm 

1 x J / z »oo J \ x 5 ' 1 /?— >oo 



-1/2 



1/4 



(-'lnx-l) 



(by Formula 102) = lim 



_ 1 



±lnb - 1 



) + 4. 



38, 



0 



^Vtan^t J /M tan *) J 

^— dx = lim / x dx — lim 

1 + x l b^> oo .7o 1 + * b-»oo 



2 
3 



(tan _1 x) 



3/2 



-0 



lim ^(tan- 1 ^ 372 -!^ 



2 /tt\3/2 V2_3/2 

- i ItJ - "6" 77 



oo 



39, 



dx 



-1 



-oo ^4/3 



— OO 



/0 /"l roo 

x -4 / 3 dx + / x -4 / 3 dx + x -4 / 3 provided all four integrals exist. But 
-1 JO J\ 



f° { x- 4 / 3 dx= lim J^x-^dx^ lim 

c->0 _ c->0~ 



jcV3 



1 = lim (- 

_ _i c^o- V 



1/3 



+ 3^ = -oo, 



so the integral diverges. 



oo 



40, 



dx 



1 dx f°° dx , 

+ / — r, but 



0 e x — 1 Jo e x — \ Ji e x — 1 



f { _dj^ = Um f _dx = Um f { e *dx = Hm nN.^nl lim r m A _ -A _ ln /- _ -a\] 



= oo 



so the integral is divergent. 



lnx 



41. Working with the indefinite integral / = f — = dx, we use parts with w = hut and dv — x ^l 2 dx => 
dw = dx/x and o = 2v / x: / = 2,>/x lnx — J* 2x -1 / 2 dx — 2.^* lnx — 4^/x + C — 2^* (lnx — 2) + C, 
lnX dx = lim [2V^(lnx - 2)]* = lim [-4 - (lna - 2)] = -4 since, by l'Hopital's Rule, 



o V* 



a^0+ 



a^0+ 



1/0 



lim — ■r-pr — lim - 1 

a->0+ a -1 / 2 «^0+ -i a ~ 3 / 2 a^0+ 



= lim (-2Va) = 0. 



oo 



42. 



dx 



1 Xyfx 2 



1 

2 dx 



X 



Vx 2 



- 1 ^ \l 



oo 



dx 



= lim - 2 ^ , lim ^ dx 



— lim 



W-^ 2 - 1 a^\+Ja x^Jx 2 - 1 b-+OOj2 X y/x 2 - 1 
2 r . -ft 



[sec 1 + lim [sec 1 x\ = lim f sec 1 2 — sec 1 a] + lim ( sec 1 Z? — sec 1 2^ 

L \a b^oo I J2 «^l+V / b^oo V / 



= sec -1 2 + ^ - sec" 1 2 = ^ 
43. Let / (x) = 4t and g (x) = — -— Then both / and g are continuous on [1, oo), and furthermore f (x) > g (x) 



x 



\+x 



on 



f°° f°°dx f b -o ( 1\ 

[1, oo). Since / f (x)dx = I — =■ = lim / x L dx — lim I 1 — — 1 = 1 is convergent, we see that 

Jl Jl x l b^ooJx b-^oo \ b) 



f°° dx 

fl° g(x)dx = J — — T is convergent also. 



+ x 
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44. Let f (x) = —~i7s and g (x) = Then both / and g are continuous on 

x 3/Z Vx 3 + 1 

[l,oo). Furthermore, g (x) = < — — = —^p? = f (x) on [1, oo). Since 

Vx 3 + 1 Vx 3 X 3 / 2 

00 Z 100 dx _ %n ( 2 \ Z 100 dx 

/ (x) dx = J — j-py — lim / x D / L dx — lim ^2 — ^/=J = 2 is convergent, so is 



1 7i x 3 / 2 b->ooJ\ b^>oo\ *Jb) ' Jl y/x 3 + 1 



1 COS X COS X 1 

45. Let /(*) = — and g (x) = — = — . Then both / and g are continuous on [1, oo), and furthermore g (x) = — = — < 



x 2 x 2 
on [1, oo). Since JJ 30 f (x) dx is convergent by Exercise 43, so is g (x)dx. 



x 2 x 2 



46. Let / (x) = and g (x) = — 1 — . Then both / and g are continuous on [1, oo), and furthermore f (x) > g (x) on 

x + sin z x x+l 



f°° f°° dx f°° 

[1, oo). Since / g (x) dx = / is divergent, so is / / (x) dx. 

Jl Ji x + \ " J i 



2 + cos x 1 

47. Let / (x) = — — and g (x) = ——. Then both / and g are continuous on [1, oo), and furthermore f (x) > g (x) on 

V X s/ X 

POO rOO 

[1, oo) since 2 + cosx > 1. Since / g (x) dx diverges, so does / / (x) dx. 



48. Let / (x) = . and g (x) = 4r. Then both / and g are continuous on [1, oo), and furthermore, since 

y/x*+x 2 +l x 2 



roo roo 

\/x 4 + x 2 + 1 > V? = x 2 , we see that f (x) < g (x). Since J g (x) dx is convergent, so is J f (x) dx. 



49. Let us consider the indefinite integral / = J x 5 e~ x dx. Integrating by parts with u — x 4 and dv = xe~ x => du = 4x 3 dx 
and w = — , we find I — — jx 4 e~ x + 2 f x 3 e~ x dx. We integrate by parts again with U — x 1 and dV = xe _ * dx 

=>dt/ = 2xdxand V = -\e~ xl \ I = -\x A e~ xl +2 ^-\x 2 e~ xl + / xe - * 2 dx] = - (±x 4 + x 2 + l) e _A " 2 +C. Thus, 

R°x s e- x2 dx= lim x 5 e"* 2 dx = - lim f A x 4 + x 2 + l) e'^ * = lim [- ( lb 4 + £ 2 + l) + ll = 1. 
We have used l'Hopital's Rule to evaluate the limit of the first term. 



50. A = p^ydx = J^ydx + tfydx 

.q dx 



= lim Sal 



+ lim 



dx 



±x 2 - x + 1 ' b^oo 1 x 2 - x + 1 



lim f 0 — -= — =■ + lim ■= — 

+ \ [(x - l) 2 + l] [(x - l) 2 + l] 

0 r , ib 



dx 



dx 



= 2 lim [tan" 1 (x - 1)1 +2 lim [tan -1 (x - 1)1 
= 2 lim [tan -1 (-1) - tan" 1 (a -1)1+2 lim [tan" 1 (b - 1) - tan" 1 (-1)1 
= 2[(-f)-(-?)] + 2[(f-(-f))]=2 7 r 







-10 


0 


10 x 
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oo 



51. V = 



2 



y dx — 77 



= 47T 



= 4tt lim & ( 



X 



- 4 -2* 




- 6 + x~ 8 )(ix 



= 47T lim — i 



JX- 3 + §x- 5 



= 4-7T lim 



.( 36 



2 

3Z? 3 + 5^" 



) 

-\>-t i 2 

~7p")~(~3 + 5~ 




32tt 




52. j = e~ x => / = -e - *, so 1 + (/) = 1 + e~ lx . Thus, 

A = 2tt Jo 00 Vl + (y'fdx = 2tt Jo 00 + e~ 2x dx. Let w = 



so du — —e x dx. Then 



/ e~Vl + <?- 2x dx = -/ y/l + u 2 du 

= -\ [ldy/l + U 2 + In (u + y/l + W 2 )] + C 

Therefore, 

A = 2tt lim fn VT+T"^ dx = -tt lim \ e~ x y/ \ -\- e~ 2x + In 




— A' 



-2a 



)] 



0 



-tt lim [{e-by/YVP 2 ^ +\n(e- b + J\ + e- 2b 



b—>oo 



)] - V2 - In (l + V5) } = tt [72 + In (l + V^)] 



53. V = TT Jo 00 V 2 dx = TT /°° dx — 7T J™ 6>" 2 * dx 



-a\2 » roo -2x 



= 7T lim fn <? 2 * dx = 7T lim \—\e 2x I 

fc->oo u 2>->ooL z J 



0 



= 7T lim ( — i 



e-*> + \) = f 




54. V = 27T Jq°° x j dx 



2tt C?° xe Y dx = 2-7T lim f/? xe x dx 



27T lim [— (x + l)e (by parts) 



27T lim ( i — 



+ 1 ) = 2tt 




1 



55. A = 



dx 



0 y/\ -X 2 



= lim 

c-»l" 



dx 



0 Vl -x 2 



im [sin 1 xl = lim sin 1 c = 
>1-L Jo c _>i- 



lim 

c— > 



7T 

T 
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oo 



56. V = 7T / y L dx 



-re) 



-I <7x = 77 lim / x 2 dx — 7T lim ( 1 — - | = 7r. To find 

£->oo \ b J 



b^ oo ,/ 1 



1 . 1 , .9 1 Jt 4 +1 



the surface area, note that y — - => y f = so 1 + (/) = 1 H — j = 



X x 2 ' ' V " X 4 * 4 



. Thus, 



S — In I yds — 2-Kl — J — dx — 2'Kl 

i 7i ^ V * 4 7i 



vV+i 



dx. Let w = x 2 , so = 2x dx, x = 1 => u = 1, and 



x — > oo => w — > oo. Then 



S — lit I - = — du = 7T lim / = du — -k lim 



1 2 



b—>oo 



In 



(by Formula 40) 



_ 1 



= 77 lim 

fr— >oo 



In (fc + v^TT) - - In (l + V5) + V2 



= CO 



The surface area is infinite. 



f l x 3 / 2 dx f b ' x^/ 2 dx dx 

57. A — 2 I —== — 2 lim / / Let w = y/x, so <7w = — — ^ dx — 2u du, x — 0 => u = 0, and x = Z? => 

.70 VI - JC b^\~ JO y/l-X 2y/X 

rVb u 3 py/b u 4 ^ u 

u — \fb. Then A — 2 lim / -2udu — A lim / Now let w = sin 0, so = cos 0 dO, u = 0 

fe^l-Jo Vl - b^l-Jo y/l-u 1 

=> 0 = 0, and u = Vb => 0 = sin -1 *fb. Then 



A — A lim r n sm_1 ^—^i£ = .cos0^ = 4 lim f n sin ~ 1 ^ sin 4 0 dO 



i i ism v» 

f 6 - \ sin 20 + ± sin40j o (see Example 7.2.3) 

= 4 lim_ [§ sin" 1 *Jb- \ sin (2 sin" 1 v^) + ^ sin (4 sin" 1 V^)] = 4 [§ (f ) - \ suitt + ^ sin27r] = ^ 



58. * 2 / 3 + // 3 = a 2 / 3 



y = [a 



y/2 



_ t n 2/3_ x 2/3y - y = 3 ( fl 2/3 _ /2 (-§*-V3) f 



so 



l + (yf = l + 



( fl 2/3 _ ,2/3) 1 / 2 



-.2 



1/3 



=4 £y/ 1 + (yf dx = 



a\2/3 



. By symmetry, 




1/3 



^=4aV3 lim ff x -l/3 j x = ^1/3 lim [3^2/31° 



= 4aV3 lim ( 3 « 2 / 3 - 3 c 2 / 3 ) = 4^/3 (3^2/3^ = 6a 



59. W = f°° F (jc) Jjc = / = • lim / x- 2 Jx = . lim — 

Aires J a X 1 47T£() b^ooJ a 47T£ 0 ^->oo _ X _ h 

qQ . / i i\ qQ 




Atteq b^oo \ b a J Anaeo 
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Pol 



60* y — ~rr e (cos ax + sin a \x\). For x > 0, y = 



2k 



Pol 
~2k 



— OCX 



(cos olx + sin ax), 



Pol 

oo 



e a * sin ax, and y" — 



ii 



Pol 



e ax (sin olx — cos ax), so 



poo poo 
W = EeJ (y"y dx = EeJ 



Pol 



-.2 



e ax (sin olx — cos ax) 



dx = 



EeP OL 



2 ~,6 /*oo 



— 2co" 



EeP 2 OL 6 



k 2 



rb 

lim / <? -2qly (1 — 2 sin ax cos ax) dx — 



EeP 2 OL 6 
k 2 



k 2 
b 

lim / e 

b^ocJo 



0 



(sin ax — cos ax) 2 dx 



— 2cu: 



(1 — sin2ax) dx 



EeP 2 OL 6 
k 2 

EeP 2 OL S 
4k 2 



— lOLX 



Act 



-\b 



(2 — sin 2 ax — cos 2ax) 



_ 0 



EeP 2 OL S 
4k 2 



lim [l - 



-lab 



(2 - sin lab 



— cos 2a/?) j 



61. W = f™F(x)dx = 



qQ 



qQ 



■oo 



dx 



qQ 



b 



lim 



dx 



lim 

47T£() b—>O0 

qQ y 

lim 

47T£Q b—>oo 



47r£oJ a Xy / X 2 + c 2 47TSQ b^ooJa Xy J x 2 + c 2 

(by Formula 43) 

_i a 



I in 



\/x 2 + c 2 + c 



X 



I in 



VP" 



+ c z + c 



H-iln 

c 



Ja 2 



+ c A +c 



a 



qQ 



47TEQC 



In 



Jo 2 



+ c z + c 



a 



62. W = 



00 mgR 2 [ b mgR 2 2 

— = — dr = lim / — 7z — dr — mgR lim 



/?— >oo 



1 

r 



- R 

2 . 



value of W with the initial kinetic energy, we obtain mgR — ^mt) 0 



mgR lim 

b—>oo 

VQ = sJlgR. 




= mgR. Equating this 



63. a. CV % f n °° dt = R lim C? e"''' dt = -- lim |V' 7 f = -- lim (e~ ib - \) = 



10,000 „ 

b. Letting R = 10,000 and / = 0.1, we find CV = = $100,000. 



64. Pav = lim lf b P(t)dt= lim lf b VIdt= lim i Jj? (V 0 cos wf) f/ 0 cos (wf + 0)1 ^ 

/?— >oo £>— >oo £>— >oo 

— Vo/o nm £ Jo ( cosw 0 (cos cjf cos 0 — sin u;J sin </>) = Vo^O nm i Jo ( cos 0 cos 2 u;/ — sin^coscjr sinc^n dt 

b—> oo b—>oo V / 

= Vo/o nm i Jo ( cos < t ) ' t (1 + cos 2cjf) — sin <j> cos cj? sin ojt \ dt 

b—> oo V / 

= VqA) ^ nm ^ [ cos 0 (2^ + 4^7 snl — sin 0 • sin 2 u>?J 



^7 
0 



— Vq/q ^lim ^ [cos sin 2u>bj — ^ sin 0 sin 2 u>b^ = j VqIq cos <j> 



2 

65. Using a calculator or computer, we find P = J 2 ^ 0 g -(l/2)[(j:-160)/20] dx % q.02275, that is, about 2.3%. 
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Jx 

66. 3y 2 = x (x — l) 2 => y = ±— — (x — 1). The required arc length is 



V3 

L = 2 Jq ^1 + (y') 2 dx, where y = -j=^fx(x 



-1) = 



-L( X 3/2_,V 2 ) 



' = A0* 1/2 -i*- 1/2 ) = 



3x - 1 

2*j3jx 




i / a2 , / 3jc — 1 \ 2 , 9x 2 -6x+ 1 



1 + 6x + 9x 2 (3x + 1) 



L —2 



1 3jc + 1 
0 2^/3y/x 



— = I = 1 H = = — , so 

12x 12x 12x 

dx = ^jT 1 (^1/2 + x -l/2)^ = ^3 ^ j4 ( 3jc l/2 +JC -l/2j rfjc 



_ V3 



hm r2x 3 / 2 + 2x 1 / 2 l 1 = ^ Mm (2 + 2 - 2a^ - 2a 1 / 2 ) = ^ 



67. f°°(-L---^ = \dx= lim / rjc _1 / 2 -C(x+ 1)- 1 / 2 1^jc = lim [2X 1 / 2 - 2C (x + I) 1 / 2 ]* 7 

= 2 lim IV/2 _ C (fc + 1) 1/2 - 1 + V2C] 

The limit clearly diverges to infinity if C < 0, so assume that C > 0. Then the right-hand side of the expression can be 
written 



2 lim 



fe l/2_[ c 2 ( ^ +1) ] 1 / 2 j_ 2 (i_V2c) 



fcl/2 _ [c 2 (ft + 1)] 1/2 ^/2 + [ C 2 (fc + 1} ] 



= 2 lim 



1/2 



*->oo fcl/2 + [ C 2 (Z?+l)] 1/2 

= 2 lim [(l -C 2 ^b- C 2 J -2 + 2V2C 



1 



- 2 + 2 V2C 



From this, we can see that 



[°° ( 1 



C 




00 



if C < 1 
2^V2- l) if C = 1 
-co if C > 1 



Thus, the integral converges if 



C = 1, in which case its value is 2 — 1^ . 



1 , 
68. a. Let w = -, so du = T , x — > (V => w — > 00, and x — > 00 => w — > 0. Then 



/ = 



x 

00 x 2 Jx 



0 * 4 +l 



, 00 x 2 dx 
21 = I —. + 



x^ 

0 X du 

u 

OO -T + 1 

U 

00 dx 



00 



du 



00 



dx 



0 1 + u 



00 Jl 



0 x 



4 + l 



. Adding I to both sides of the last equation gives 



x z + 1 



0 x 



4 +l 



1 



0 x 



4 +l 



0 x 



4 + l 



Jx => / = - 



1 r 1 + 4, 



2Jo x2 + 4, 



Jx. 



a: 



b. Let 0 = x , so Jd 

x 



X 



— > O - ' - => w — > —00, and x — > 00 => t) — > 00. Also, 



2 



o 2 + 2 = 



c. / = 



00 x 2 Jx 1 



1 11 Z^ 00 Jo 

-| + 2 = x 2 -2+^ T +2 = x 2 + ^ T .Thus, / = - 



x 



X 



2J_ 00 v 2 + 2' 



00 



dv 



00 



dv 



0 * 



4+1 2j_ OQ v 2 + 2 



b dv 

I = lim / — lim I -j= tan 

b^ooJo v z + 2 /?— >oo V V 2 



0 t» 2 + 2 



because the integrand is even. Continuing, 



l JL) = V2 Um (tan-l^.o) 



_ V2 7T _ V2^_ 

— "3" * T — 1~ 
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dx 



oo j„ rb 

69. If p = 1, then / — = lim 

1 * /?— >ooJi * 



lim (ln/7-lnl) 

/?— >00 



= oo, so the integral diverges. If p ^ 1, then 



oo 



dx 
x~P 



lim 

/?— >oo 



x P dx — lim 

/?— >oo 



1- 



1-p 



= lim 



1 



if /? > 1 




The integral converges if /? > 1 and diverges if p < 1 . 



70. a. 



b. Let us write 




0 1 2 3 4 5 6 



c. Since f (x) < g (x) = 



3V2 



fix) = 



1 



1 



1 



H)H) 



x3/2 



H)H) 



and 



12 2 1 
note that if* > 3, then 1 > - and 1 > -. Thus, 

x 3 x 3 



K)( 



V2 



- ) ( 1 — - | >/-•- = - — , and we see that 
x / ~ V 3 3 3 



/(*)< 



1 



_3_ 3V2 

^72 ' 7f " 2^372 



for all x in [3, oo). 



on [3, oo) and 



372 



3^2 r°° dx 



2x3/2 

Comparison Test implies that / converges. 



71. Observe that if 0 < * < 1, then 0 < 



sin (l/^x) 




< — — . Since 



1 



dx 




x 



o V* 



converges, the Comparison Test implies that 



1 



o 



sin (l/V*) 



1 sin (\/y/x) 

dx converges, and so / ^= — - converges as well 

0 V* 



2 



2 2 2 2 

—A- tu.,., +-•„.. .. ^ i /. / ..\ / ,.\ .- ..—A- ..—A"- / .. i \ „— AT > Q 



72. a. Let f (x) — e x and g (*) = * . Then for x > A, h {x) — g {x) — f (x) — xe x — e x — {x -\)e 
showing that f (x) < g (x) on [0, oo). Thus, 



f?° e-* 2 dx < f?° xe~* 2 dx = lim fj 7 xe'* 1 dx = lim [- le^f = lim (- \e~ b2 + \e~ l6 \ 



= ±e -16 % 5.63 x 10" 8 < 10~ 7 



2 2 2 2 2 

Writing Jq = Jq dx + J 4 e~ x dx , we see from the previous result that Jq e~ x dx ~ f n dx. 



4 _r 2 



b. Using a calculator or computer, we find f^e x dx % 0.8862. 



o 



,3 _ t 2 . 1 ,3/2 

73. a. Let / (0 = < 



P + t + 2 



— t 7 / 2 for t > 1 . This suggests 



joo ^-7/2 df as the u test mtegral " 



c. Since t 7 / 2 dt is convergent (see Exercise 69), so is the original 
integral. 



b. 



04-- 



0.2- 



0.0 




1 



1 — 4 sin 2x 
74. a. Let / (*) = < 



1 — 4 sin 2x 



< 



1 +4|sin2x 



< 



for x > 1. This suggests the "test integral" J^ 00 5.x 3 j x 

c. Since J^ 00 5.x: -3 dx is convergent (see Exercise 69), so is the original 
integral. 



b. 



Section 7.6 Improper Integrals 5! 



1 



0 



-1 




1 



OG rb 

75. F(s)= I 1 • e - ^ </r = lim / dt = lim 

0 b^oojQ /?— >oo 



1 

<? 

5 



St 



oo rb 

76. F (s) = I e at e~ st dt = lim / e^'^ dt = lim 

0 /?— >ooJo b—>oo 




-sb 



+ I ) = I if s > 0. 

S / 5 



- (5 - 



_ 0 



1 1 

= lim = if s > a. 

b^> oo s — a s — a 



rOO pb 

77. F (s) = J te~ st dt = lim / te~ st dt = lim 



b-^oo J{) 



b—>oc 



1 



{-st -\)e 



-st 



-ib 



- 0 



(by parts) — lim 

/?— >oo 




(sb + \)e 



-sb 



if s > 0. 



OO 

78. F {s) — I e~ st cos ojt dt = lim / e~ st cos ojt dt = lim 

0 » oo .7() fr - * oo 



Z? 



s 2 + u; 2 



(—5- cos + u> sin Cctf) (using a table) 



0 



= lim 

/?— >oo 



e ^ (—5 cos u>b + cj sin u>&) 



S 2 + LO 2 



S 2 + CJ 2 



s 2 + u 2 



if 5 > 0. 



79. G (s) = Jq 00 /' (0 e~ st dt = lim ffi f (t) e~ st dt. Let us calculate the indefinite integral I = f f (t) e~ st dt 

/?— >oo 



Integrating by parts with u — e st and dv = f (t)dt, so that du — —se st dt and o = f (t), we find 
/ = e-"f (t)-ff (0 {se-«) dt = e~ st f (t) + sff (t) e~ st dt, so 

b ■ ^ ' - = lim (fc) - / (0)1 + sJS° f (t) e~ st dt 



G(s)= lim \e~ st f (t)]° + s £ f (t) e~ st dt = nm i e 
6— >oo /?— >oo 



= lim (b) - f (0) + sF (s) = 0 - / (0) + sF (s) (using the given condition) = sF (s) — f (0) 

/?— >oo 

80. False. Consider f {x) — x. f is continuous on (— oo, oo), and by definition, / (x) dx = f®^ x dx + Jq° x dx 

Now ft x dx — lim [A* 2 1 = lim f— ka 2 } = —oo, so the integral diverges. On the other hand, 

00 a— >-ool_ z J a fl^-oo \ z / 



lim ( t t xdx= lim [A* 2 ]' = lim [ i r 2 - i (-r) 2 l = lim 0 = 0. 
->oo J-f r^oo L z J-/ r-^oo L z z J ?->oo 



f->oo 

81. False. Let f (x) — — 1 — . f is continuous on [0, oo) and lim fix) = lim — 1 — = 0, but 

jt+l x^oo J x^oo^+1 

00 f°° dx f b dx 

f (x) dx — I — lim / = lim In (b + 1) = oo. 

0 70 * + 1 b^ooJo x + 1 Z?->oo 

82. False. Let f (x) — x and g (x) = — Then Jq°° [/ (x) + ^ (x)] = (x — x) dx = Odx = 0, but 

Jo°° / ( x ) ^ x — Jo° xdx = oo. 



83. True. Since f 0 °° f / (jc) + g (x)] dx = lim $ \f (x) + g (*)1 dx = lim C? / (x) dx + 

b^oo /?— >oo 



lim g (x)dx = Jq°° / (*) + g (x) dx, its convergence follows from that of the other two integrals. 

b— >oo 

84. False. Take / (jc) = |, g (x) = -±, and a = 1. Then both J^ 0 ^ and Jj 00 diverge, but 
Jj 00 [/ (x) + g (x)] <ix = Jj 00 0 evidently converges. 
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85. True. Take / (x) = and g (x) = j for all x in [1, oo). Then / (x) < g (x) on [1, oo), but g (x) dx diverges and 
Jl° f (x)dx converges. 

86. False. Take / (x) = 4y and g (x) = i for all x in [1, oo). Then f (x) < g (x) on [1, oo) and J,°° / (x) dx converges, but 
f\° S OO dx diverges. 

87. True. We have f (x) dx = f5 f (x) dx + fj? f (x) dx. Because the first integral on the right is a proper integral and 
J f (x) dx always exists by assumption, f% f (x) dx exists. 





Concept Review 




h 



1. product; uv — j v du;u; easily integrated; / (x) g (x)|jj — f a g OO f' (x) dx 



2. a. cos x; odd 

3. a. sec x ; odd 



b. sinx; odd 
b. tanx; even 



c. 2" (1 — cos 2x); 7(1 + cos 2x) 



4. j [cos (m — n)x — cos (m + n)x]; j [sin (m — n) x + sin (ra + ri) x]; j [cos (m — n) x + cos (ra + n) x] 



5. a. a sin 0 



b. a ten 6 



c. a sec 0 



A B C Dx + E Fx + G 
6. rational; less; linear; quadratic; + — + — H — ^ 1 2 ' mte § ratm § 



x- \ ■ (x-l) 2 ■ (*-l) 3 X^ + X+l ( x 2 +x+1 ) 
7. lim J* / (x) Jx; lim /* / (x) dx; /f ^ / (x) rf* + / c °° / (x) dx; lim £ / (jc) dx; £ / (x) rf* + /* f (x) dx 



a— >— 00 

00 



8 - L°° ^ oo dx 'i L°° / oo Jx 




1. 



2* J r 2(x + l)-2 J 

dx — \ dx = 

1 J 




2- 




dx = 2x - 2 In |x + 1| + C = 2 (jc - In |jc + 1|) + C 



x+l " x + 1 J \ x + 

2. I — Jx 2 cos3x dx. Let u = x 2 and do = cos3x dx, so du — 2x dx and v = |sin3x. Then 

I — uv — j v du = 3-x 2 sin 3x — ^ J x sin 3x dx. Next, let U — x and d V = sin 3x, so d£/ = dx and V = — ^ cos 3x 
Then 

/ = ^x 2 sin 3x — | ^— ^x cos 3x + ^ J cos 3x dx^ = ^-x 2 sin 3x + |x cos 3x — sm 3jc + C 
— yx cos 3x + yj ^9x 2 — 2^ sin 3x + C 



3. / = 



/ = 



y^c 2 

27 sin 3 0 
3 cos 6 



. Let x = 3 sin 6, so dx = 3 cos 0 d# and 9 — x 2 = 9 — 9 sin 2 0 — 9 cos 2 0. Then 
(3 cos 6 dO) = 21 J sin3 0d0 = 2lJ (l - cos 2 fl) sin 6 dO 



= 27 y (sin 0 - cos 2 0 sin 6>) = 27 ( - cos 0 + ^ cos 3 0^ + C 

= 21 cos 0 (I cos 2 8 - l) = 27 {^~~) 
= -\ [x 1 + 18^ v / 9-x 2 + C 




- 1 + C 
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4. 



COS 3 X 



smx 



cosx 



dx — 



(l — sin 2 .*:^ 



dx — 



smx 




cosx 



smx 



— smx cosx^j dx = In |sinx| + ^ cos 2 x + C 



5. I = J x 2 \nxdx. Let u = \nx and dv = x 1 dx, so dw = dx/* and v = ^x 3 . Then 
I — uv — j vdu — ^x 3 lnx — ^ J x 2 dx — ^x 3 lnx — ^x 3 + C = ^x 3 (3 lnx — 1) + C. 



6. / = 



2x - 1 



dx. Now 



2x - 1 



5 



A 

jc (jc 2 - 4) ™" x (jc 2 - 4) ~ x + x + 2 ' x - 2 ~~ jc (jc 2 - 4) 

-4A = — 1, 2C — 25 = 2, and A + B + C = 0, giving A = \, B = -§, and C = §. Thus, 



+ 



C 



(A + Z? + C)x 2 + (2C - 2B) x - 4A 



7 = 




1/4 



5/8 3/8 
x + 2 x 



1 



| In |*| - | In |* + 2| + | In |jc - 2| + C = - In 



x 2 (x - 2) 3 
(x + 2) 5 



+ C 



7. / = 



d0 



(1 + cos0) d0 



1 — cos 0 



(1 -COS0)(1 + COS0) 



(1 + cos0)d0 
1 — cos 2 0 



1 + COS 0 

sin 2 0 



d0 = / (CSC 2 0 + COt 0 CSC 6>) d0 



= -cot0-csc0 + C 



8. 



dx 



(1 + sinx) dx 



1 — sin x 



(1 — sinx) (1 + sinx) 



1 + shut 
cos 2 x 



dx — J (sec 2 x + tan* secx^ dx — tan* + sec* + C 



9. I = 



(x + 1) dx 



x 4 + 6x 3 + 9jc 2 
jt + 1 A 5 



Now 



(* + 1) J* 
* 2 (jc + 3) 2 ' 

Cx + D _ (A + C)jt 3 + (3A + £ + 6C + D)jt 2 + (9C + 6D)jt + 9Z) 
x 2 (x + 3) 2 ~ * + 3 ' ( x + 3) 2 ~ x 2 (x + 3) 2 

A + C = 0, 3A + B + 6C + £> = 0, 9C + 6£> = 1, and 9D = 1, which has the solution A = - ^ = -|, C 

D = I . Thus, 



= ^7, and 



27 V 



-1/27 



2/9 



jc + 3 



(* + 3) 
6 



1/27 
+ - — + 



x 



In|jc + 3| 
27 



2 In jc 1 
H 1 — hC 

9 (* + 3) 27 9jc 



+ 



jc + 3 




+ C 



2 

10. J sec 3 x tan 5 xdx — J sec 2 x tan 4 x (sec x tan* dx) — J (sec 2 ^ (sec 2 x — \ j (sec x tan* dx) 

= J (sec 6 x — 2 sec 4 x + sec 2 x^ (sec * tan x dx) = j (u 6 — 2w 4 + u 2 ^ du (put u — sec x) 



_ 1..7 2„5 , 1„3 



1 



7 — + ^u J + C = 7 sec 7 x — I sec 5 x + ^ sec 3 x + C 



11. I^J^ 2 — 4dx. Let x = 2 sec 0, so dx = 2 sec 0 tan 0 d0. Then 

I = f yj '(2 sec 0) 2 - 4 (2 sec 0 tan 0 d0) 
= 2/ tan 0 (2 sec 0 tan 0 d0) = 4 / tan 2 0sec0d0 
= 4/ (sec 2 0-l) sec0d0 = 4/ (sec 3 0 - sec0) d0 

= 4 (I sec 0 tan 0 + j In |sec0 + tan0|) - In |sec 0 + tan0| + C (see Example 7.1.5) 




/X\ ( y/x 2 — 4\ 

2secxtanx + ln|secx + tanx| + C — 2 y-j I I + In | — + 



X y/x 2 -4 

2 + ' 



+ C 



*-\lx 2 - 4- 21n jc + Vx 2 -4 



+ C 
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f l 4 , Z* 1 / l + cos2ttjc\ 2 7 1 f 1 / ^ ^ 2 , \, 

12. / cos^ Tzxdx — I ( I dx — - I I 1 + 2 cos 2nx + cos^ 27rx I ax 

JO JO \ 2 / 4Jo V / 

= ^/q 1 + 2cos27rx + 2 (1 + cos47rx)j dx = ^ Jq + 2cos27rx + ^ cos47i\x) 



= I ^j* + ^ sin27TX + ^ sin4-7rx)|^ = 



3 
8 



d0 0 2 

13. 7 = f 0sin _1 0d0. Let u — sin -1 0 and dv — OdO, so = , and o = — -. Then 

I — ui) — f v du — — sin -1 0 / - To find J — I , let 6 — sin to. Then 

2 2 J /] _ q2 J ^\-e 2 

f sin 2 to . 2 

J = / — (cos id dto) = J sin to <i to 

J VI — sin 2 to 
= ^ / (1 - cos2w)dw = ^(w- ^sin2to^ + C 

= £ (sin -1 0 - 0VT^0 2 ) + C 

Therefore, / = \Q 2 sin" 1 0-\ (sin" 1 0 - 0a/i - 0 2 ) + C = \ [(20 2 - l) sin" 1 0 + 0>/l - 0 2 ] + C. 




14. 7 = J v 4 + x 2 dx. Let x = 2 tan 0, so = 2 sec 2 0 J0. Then 
/ = / V4 + 4 tan 2 0 (2 sec 2 0 dfl) =4/sec 3 0d0 

= 4^ sec 0 tan 0+ £ In |sec 0 + tan0|j + C\ 




= 2 



V4 + x 2 




- +21n 



2 + 2 



= |\/4 + jc 2 + 21n (>/4 + * 2 + jc) + C, where C — C\ -21n2. 



15. 7 = cos (lnx) dx. Let 0 = lnx, so dO — dx / 'x => dx — x d6 — e® dO, x = 1 => 0 = 0, and x — e 11 ^ 6 — 7r. Then 



7 = cos 0 dO. Integrating by parts twice, we find I = (cos 0 + sin 0) 



10 



7T 



0 



(_!)_ 1 = _1 + 



16. / = 



x 2 + 4.x) rfjc 



— x 2 + x — 1 

x 2 +4x A 



(x 2 + 4*) dx 
Oc - 1) (x 2 + 1) " 



Now 



+ 



Bx + C _ (A + B)x 2 + (C-B)x + A-C 
(x - 1) (x 2 + 1) ~ x - 1 ' x 2 + 1 ~ (* - 1) (x 2 + 1) 

A - C = 0. We find A = §, 5 = -§, and C = §. Thus, 

dx 3 x dx 5 dx 
~ 2 



, so A + 5 = 1, -B + C = 4, and 



7 = 




= § In |jc - 1| - I In (jc 2 + l) + § tan -1 x + C = -1- 



1 5 

~ 2 TI + 2y x 2 + 1 

In- 10tan _1 x 

L (^ 2 + i) 



+ c 
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, , , <i+gg , / <" + 2 >j' . Now 



(x 2 + jc) (x 2 + 1) y JC (jc + 1) (x 2 + 1) ' 



x + 2 _A + 5 + Cx + D (A + B + Qx 3 + (A + C + D)x 2 + (A + B + D)x + A 



x {x + 1) (x 2 + 1) x x + 1 + 1 x (* + 1) (x 2 + 1) 

A + B + C = 0, A + C + £> = 0, A + 5 + D = 1, and A = 2. We find A = 2, B = -\, C = -§, and £> = so 

,.2 — 7 + 7 \ , ^ f dx I f dx 3 f x dx If dx 
I = / I - + — ±- - ±= I dx = 2 





x x + 1 x 2 +\ I J x 2 J x + l 2y ^ 2 +l 2j i 2 + 1 

8 



= 21n - | ln|jc + 1| - | In (x 2 + l) - ^tan -1 x + C = - 



In ^- — 2 tan x 

L (*+l) 2 (;t 2 + l) 3 



+ c 



18. J, sin (lnx) = lim J. sin (lnx) <£x. To evaluate the indefinite integral / = / sin (In x) dx, we let w = hut, so 

b—>oc 

du = dx/x. Then we can integrate by parts twice or use a table to find / = J (sin w) e u du — je u (sin u — cos w) + C. 

Then f, 00 sin (lnx) dx — lim [A (sin u — cos w) e M l = lim [A (sin b — cos b) e b + A el, which does not exist. The 
J1 fc->oo L 2 Jo 2>->oc L 2 2 J 

integral diverges. 



19. / = f sec 4 2x tan 6 2* dx. Let u — 2x, so du = 2 dx. Then 

/ = ^ J sec 4 w tan 6 udu — ^ J sec 2 w ^tan 6 ^sec 2 uduj = ^ J ^1 + tan 2 tan 6 w ^sec 2 w dw^ 

= \ J (tan 6 u + tan 8 uj sec 2 udu = j(j tan 7 w + ^ tan 9 + C = \ (j tan 7 2x + £ tan 9 2x) + C 



20. / = Jq yj Ax — x 2 dx. Using Formula 113 in the Table of Integrals, we find 



/ = 



X 2 j4x-x 2 + 1 cos" 1 (^)] 2 = 2 (?) " 2 (°) = 7r - 



2 



2^ ^ f cos * dx /" cos x 1 — cos x /* cos x — cos 2 x /" / cos x cos 2 x 

y 1 + cosx y 1 + cosx 1-cosx y l-cos 2 x y ^sin 2 * sin 2 x 

= f ^cotxcscx — cot 2 x^ dx — j ^cotxcscx — csc 2 x + 1^ dx — — cscx + cotx + x + C 
x sin x + cos * — 1 



sin* 



+ C 



22. / = J e x cos2x dx. Let u — e x and Jo = cos2*<ix, so du — e x dx and v = ^sin2x. Then 
/ = uv — J vdu = £e* sin 2* — j J e x sin 2* Jx. To find J — j e x sin 2* Jx, let U — e x and 
= sin2xJx, so Jf/ = e^rfx and V = — ^ cos 2.x, so J — — je x cos2x + j J e x cos2x dx. 

Therefore, / = je x sin2x — ^ ^—je x cos2x + 5/^, giving |/ = ^sin2x + ^ cos2x^ + C\, and so 

/ = ±e x (2sin2x + cos2x) + C where C = ^C\. 



(XvixS^ dx 
23. / = / — dx. Let u = \nx, so du = — . Then / = / u 3 du = \u A + C = \ (lnx) 4 + C. 



X X 
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f dO i 2u l-u 2 

24. I — l -. Let u — tan 4^- Then sin0 — -, cos0 — -, and 

J 3sin0 + 4cos0 2 1 + u 2 1 + u 

du 



2 f 1 _i_ j.2 f —du f —du 

dO = T du, so / = / = / — = = / — — — . Now 

1 + w 2 J / 2u \ /l-u 2 \ J 2u 2 -3u-2 J (2m + 1) (m - 2) 

+ 4 



/ 2u \ 




+ u 2 



— 1 A B (A + 2B) u + (-2A + B) 

+ = J - gives A + 2B = 0 and -2A + B = -1. Solving, we 



(2k + 1) (k - 2) 2w + 1 2i - 2 2w 2 - 3u - 2 

9 i 

find A—^ and 5 = — ^, so 

/= / (J^ + ll^\du = i In |2w + 1| — ^ln|w-2| + C 



= Iln 
5 



2w + 1 




2tan±0 + 1 


+ C = iln 


tan ^0-2 


| w — 2 





+ c 



25. / = / — T==- Usin S Formula 30, we obtain / = 2 tan -1 7^ — ^ + C = 2tan -1 V4* - 1 + C 

J x^/Ax — 1 V — (—1) 

26. I — J tan 3 * sec 3 xdx — J tan 2 x sec 2 x (sec x tan*) dx — j (sec 2 * — 1^ sec 2 * (sec x tan*) d* 

= J* (sec 4 x — sec 2 *^ (sec x tan*) = ^ sec 5 * — ^ sec 3 x + C 

21. I — J sec 2 * In (tan *)d*. Let w = tan*, so du = sec 2 xdx. Then 
/ = Jlnudu = w (In |w| — 1) + C — tan* (In |tan*| — 1) + C. 

f dx f dx 
28. / = / — = / . Let u = x + 2, so du = dx. Then 

* 2 + 4* + 20 J (x + 2) 2 + 16 



u 2 -\- 4 2 



= | tan" 1 + C = | tan" 1 (| (jc + 2)) + C. 



29. J sin* cos 3* dx — i? J [sin (1 — 3) x + sin (1 + 3) x] dx = ^ / (— sin 2* + sin 4*) dx — ^ cos 2* — | cos Ax + C 

= | (2cos2* - cos4*) + C 

dx 

30. / = J cosh -1 *d*. Let w — cosh -1 x and — dx, so = —^=^ and u = *. Then 

V* 2 — 1 

I — uv — f vdu = x cosh -1 x — f * = — x cosh -1 x — i? (2) V* 2 — 1 + C — x cosh -1 x — V* 2 — 1 + C. 

J y/x 2 — 1 

/" d* 1 f du i i i I 

31. / = / Letw = 2* + 3, sodu = 2dx. Then / = - / ——= = ^sin -1 u + C = ^ sin -1 (2jc + 3) + C 

l-(2* + 3) 2 2,7 vI-m 2 

r ^/ x 2 _j_ 4 y/_x: 2 + 4 / / \ 

32. I — I ^ — dx. Using Formula 40, we obtain / = h In \x + V* 2 + 4j + C. 



/ 9 4 sin £ COS t I f a 
sin z r cos^ r dt . Using Formula 79, we find / = h - / cos* t dt. Then, using Formula 79 again, we get 

/ = — ^ sin r cos 5 r + ^ ^ cos 3 r sinf + | J cos 2 1 dt~^ = — ^ sin r cos 5 r + cos 3 r sinr + -j^ J (1 + cos2t) dt 
= — ^ sin r cos 5 r + ^ sin r cos 3 t + ^ sin 2? + ^ + C = — ^ sin t cos 5 f + sin t cos 3 f + -j^ sin t cos ? + -j^r + C 
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34. / = . 

2 



^ dx — ^ / (x + x cos 2x) dx = ^-x 2 + ^ f x cos 2x dx. 



To find J xcos2xdx, let u — x and Jo = cos2xdx, so dw = dx and v = ^sin2x. Then 
J * cos 2* = jx sin 2x — ^ / sin 2x = ^x sin 2x + | cos 2x + ^T. Therefore, 

/ = ^-x 2 + ^ ^^si 11 ^ + ^cos2x^ + C\ — \x 2 + ^x (2 sin x cos x) + | (cos 2 x — sin 2 x^ + C\ 

19 1- 1 / 9 9 \ 191 19 1 

= ^x + sin x cos x + I I cos x — 1 + cos x 1 + Ci = \x + jx sin x cos x + ^ cos x + C where C = C\ — g . 

/fx dx 
— = . Let u = - s /x, so x = w 2 and dx = 2wdw. Then 



w (2w dw) /" 2w 2 dw 1 1 2 
w — 1 / u — 1 




+ 2H dw = u 2 + 2u + 2\n\u - 1| + C = x + 2Vx + 2 In | ^fx - l| +C 



36. / = / (x + l)*? 2 * dx. Let w = x + 1 and dv = e 2x dx, so du — dx and v = \e 2x . Then 

/ = uv - J v du = \ (x + 1) e 2x - \ j e 2x dx = \ (x + 1) e 2x - \e 2x + C = \ (2x + 1) e 2 * + C. 

37. / = f xcos -1 2xdx. Let w = cos -1 2x and dv — xdx, so du — . and 0 = Ax 2 . 

„ 10 1 1 f x^ dx f x^ dx 

Then / — uv — J v du — ^x z cos 2x — j (—2) / • To evaluate J = / 

J y/l— Ax 2 J V 1 - 4x 2 

1 rU 2 Uduj l j- u 2 du 
let w = 2x. Then J — - j — . v = - / - Using Formula 50, we obtain 

7 = £ (-£i*>/l - w 2 + j sin -1 H- AT = -\xyj\ - Ax 2 + ^ sin -1 2x + K. Thus, 

/ = ^x 2 cos _1 2x - ^x V 1 - 4x 2 + 16 sin -1 2x + C. 

f 4 eV x 1 dx 1 

38. / = / — dx. Let w = — , so dw = x = 1 => « = 1, and x = 4 => w = 4-. Then 

Jl x z x x z * 

I = - / V4 e « jM = j 1/4 = _ e l/4 + e = e _ ,1/4 



39. 



e~ x coshx dx = y e~ x { *—^ dx = \J {} + ^" 2 "") ^ = 1 (* " I^" 2 '") + C = ^x - ^" 2x + C 



40. I — j esc 4 2x dx. Let m = 2x, so d« = 2dx. Then 

/ = 2/ cs ° 4 u du = j f esc 2 m ^csc 2 w dw^ = j / ^1 + c °t 2 M ^ ^csc 2 w dw^ 
= ^ / ^csc 2 w + cot 2 u esc 2 dw = ^ ^— cotw — ^ cot 3 uj + C = — j cot2x — ^ cot 3 2x + C 

/dx 1 f dx 1 I f du 

. = - / , Let w = x + 4, so dw = dx. Then I — - l — Using 

Formula 4 1 , we get 




+ Q = 



= \ In (^2x + 1 + y/Ax 2 + 4x+ 10^) + C, where C = Cj - In 2. 
/ . _i \3/2 

^-1 I sin x I j x 
42. / = / - — , — dx. Let m = sin -1 x, so rfw = . x = 0 => w = 0, and x = 1 => « = Then 

io Vl-x 2 Vl-x 2 



I=I ^ u V2 du= 2 u5/ 2^ = 2 m 5 / 2 = ^ 5/2 _ 
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43. f ° e x dx = lim f° e x dx = lim \e x f = lim (l - e a ) = 1 



44. / 

Jo 



OO 



«^ — oo 



a^> — oo 



dx 



^ = lim / (x + 1)~ 3 / 2 dx = lim I" — 1 = lim f — + 2^ = 

0 (x+ly/ 2 b^ooJo fc->oo|_ V*+ 1 Jo ^00 \ v^+i / 



00 



45. 



x dx 



0 



00 



+ 



x dx 



46. 



-00 1 + x z J-ool+^ z Jo 1+* 
integral diverges. 

3 dx rb 



2". But neither integral on the right exists (see Exercise 7.6.17) and so the given 



0 V3 



= = lim / (3-x)-'/ 2 dx = lim [(-1)(2) V^^ln = lim ( -2^T=b + 2^3) = 2^3 
-x b^3-J() b^3~ l JU fc-»3" V 7 



/l /|y /"0 /*1 />! 

— = / x~ l / 3 dx + / x~ l / 3 dx= lim / x^^n- lim / x~ x l 3 dx 
-8V* Js JO b^O-J-8 a-^O+Ja 



= lim \%x 2/3 ] + lim 
b->Q- L z J -8 fl _>n+ 



[ 3 * 2, 1 - „S- O 2 ' 3 - M +»& (i - 3 » 2 ' 3 ) - - + 3 -i 



00 dx 
48. / -r- = lim 

e xln 4 X b^ooJ e 



h In" 4 x 



dx — lim 



1 



= lim 



2>->oo _ 3(\nx) 3 _ e b^oo _ 3(\nb) 3 3_ 



1 



1 

+ - 



1 

3 



M , e dx r(lnjc)- 1 / 3 , 
49. / r-pr = lim / dx = 

1 x(lnx) i/j a^l+Ja 



X a-> 
-1/2 



lim + [ 3 (mx) 2 / 3 ]^ = ^Um + [ 3 (1) - 3 (\na) 2 / 3 ] = 3 



1 /2 b 
(4 - x 2 y dx = hm_ (2) >/4-jc 2 ]^ = ^lim_ (-^4 - b 2 + 2) = 2 



In 



u + 



V^ 1 



+ u 



+ C, so in this case, we have 



50. / X ^ X — lim / x 

JO J4-X 2 b^2~Jo 

2 

51. Observe that if we write 3 as (V^j , then 3 + x 2 has the form V a 2 + u 2 with a = V3 and w = x. Now Formula 38 

states that J* u 2 \/a 2 ~+~u 2 du — — (a 2 + 2w 2 ^ y/a 2 + u 2 — 

/ xV3 + x 2 dx = I ^3 + 2x 2 ) y/3 + x 2 - I In |jc + \/3 + x 2 

52. Let u — e x , so du — e x dx. Then the given integral can be written J* V5 + 2e x (e* dx) = J u^/5 + 2m du. 

2 

Formula 27 states that J u^/a~T~budu = j (3bu — 2a) (a + bu) 3 1 2 + C, so with a — 5 and = 2, we have 

15Z? Z 

2 

/ w V5 + 2u du = (6w - 10) (5 + 2u) 3 < 2 + C = ^ (3w - 5) (5 + 2w) 3 / 2 + C. Finally, recalling the substitution 



+ C. 



15-4 



u = e x , we findfe 2x ^5 + 2e x dx = ^ (3^ x - 5) (2e* + 5) 3 / 2 + C. 

J ulnu' 

du f 

— — = ln|ln«| + C. Thus, / — — - 

umu J (x + 1) In (x + 1) 



53. Let u = x + 1, so du = dx. Then 



(x+l)ln(x + l) 

J * =ln|ln(jc + l)| + C. 



Use Formula 103 with w = x + 1 to obtain 



54. Use Formula 104 with n — 3 to write f (lnx) 3 dx — x (lnx) 3 — 3 J* (lnx) 2 dx. Then using Formula 104 again with 

n — 2, we obtain J* (lnx) 3 dx — x (lnx) 3 — 3 |^x (lnx) 2 — 2 J lnx dxj. Using Formula 104 once again with n — 1 gives 

/ (lnx) 3 dx = x (lnx) 3 — 3x (lnx) 2 + 6 (x lnx — x) + C = x (lnx) 3 — 3x (lnx) 2 + 6x lnx — 6x + C. 

55. Using Formula 85 with n = 4, we have 



f sec 4 x dx = tanx sec 2 x H f sec 2 x dx = i tanx sec 2 x + 2 tanx + C. 

4-1 4-l J 3 3 



56. Let m = 2cosx, so dw = — 2sinxdx. Then 

tan x dx f sin x dx If du f du 

VI + 2cosx J cos x VI + 2cosx 2j ^uy/\ + u J wVl + u 



. Using Formula 30 with a — 1 and b = 1 , 



we have 



tan x dx 



VI + 2cosx 



= - In 



VI + u - 1 
VI + u + 1 



+ C = - In 



VI + 2cosx — 1 
VI + 2cosx + 1 



+ C. 
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57. Let u — e x and dv = f' (x)dx, so du — e x dx and v = f (x). Thus, 

je x f 0) dx + ff (x) e x dx = Je x f (x) dx + e x f (x) - f f (x) e x dx + C = e x f (x) + C 



58. A = 




x 



x 



2 



dx . Using Formula 40, we find 



A = 



V4 + 



x 



X 



+ In (x + x/4 + Jt 2 ) 



-.2 



_ 1 



= [-^ + In (2 + Vs)l - [-V5 + In (l + 



1.22 




59. A = 



0 dx r l dx 
+ 



= 2 Jq 1 x 2 ^ dx (by symmetry) 



2/3 



0 * 



2/3 



2 lim f 1 *- 2 / 3 dx 
2 lim (3 -3a 1 / 3 ) 



2 lim 



= 6 



60. A = ^sin 2 x — sin 3 x^ dx 

= \j (1 ~~ cos 2j 0 — — cos2 sm *l dx 

-( 



^■x — ^ sin 2jc + cos x — 



1 3 \r 

4 cos X ) 

3 / lo 



(f-i+O-O-j) 



_ 7T 4 _ 1 /o_ 

- T ~ 3 - 6 (37r 



-8) 





61. 



2 



9x z + 4y 2 = 36 => y = ±^36 - 9x 2 , s 
2 x/36 - 9x 2 ' 2 



so 



A =4 



dx — 2 / y/36 — 9x 2 dx. Let w = 3.x, 
JO 



0 2 

= 3 dx, x = 0 => w = 0, and x = 2 => u = 6. Then 



so 



A = § / 0 6 ^36 - u 2 du = \ r^«V36 - k 2 + 18 sin" 1 



6 
0 



2 
3 



(lSsin" 1 l) = § (18) (f ) = 6tt 




62. a. 



20 



10- 



0 




-4 -2 



0 



b. Using Formula 50 with a — 4 and taking symmetry into account, we have 

4 x 2 dx f 4 x 2 dx f b x 2 dx 

= 2 / — = 2 lim 



-4^/16-JC 2 Jo y/\6-x 2 b^4~Jo V16-JC 2 



= 2 lim 

fc->4" 

= 2 lim 

b^4- 



v t 16 . _\ x 

sin 1 — 



-ib 



--\/l6-/7 2 + 8sin _1 - 
2 4 



_ 0 



= 2 • 8 • f = 8tt 
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63. a. 



2-- 



1 



0 



-1 




2 . 9 1 . 
1 — cos — — 2 sin — . Since sin x < x for x > 0, we have 



x 



x 



z • 9 

1 — cos — — 2 sin z 

x 



2" 



oo 



c. Since 



2 



dx converges (p = 2 > 1), the Comparison Test implies 



1 x 
that / converges. 



0 



1 



4 



64. V = 7T /j 7 y 2 dx = 7T J^ 4 tan 2 x dx 



— 7T 



/(T^ (^ sec2 * ~~ 1 j dx = 7r (tanx — x)\q^ 



= 7T(l-f) = f (4-7T) 



65. V — 2iz f xy dx — 2n x (x lnx) dx 

= 27r/f x 2 \nxdx = 2tt [|x 3 (3 lnx- 1)]^ 



2^*3 (2) _(_!)] 



2tt 
"9" 



(2, 3 + l) 



66. V = 2ir flf xy dx = 2ir Jq x tan 1 x dx. Let u = tan 1 x and dv — x dx 

dx 



du — 



1 9 

■ and v = ix . Then 

x 2 + 1 z 



V =2tt 



(5 



o _ 

2* tan 



1 x 2 dx 
x 2 + 1 



= 2tt 



g 




x tan 



27r|^^ 2 tan 1 x- jx + l tan A xJ* 

2»(j-5) = 5»<<r-2) 



H* 2 +') 



= 2tt U (x z + 1 ) tan -1 x 



-h: 



67. y = 



! r 2 

^x 



v 



' = x, so ds = yfl + (y') 2 = Vl + x 2 and 



L = Xf ds = jy 5 ^H^dx = [^xy/TTx 2 + 1 In (x + v / T+^ 2 )] o = ^ (2) + \ In (7-3 + 2) 






±ln + + V3. 



1 + 2cosx 1 + 2 
68. -Z < 



x 3 + Jx 



X 



X 



for x in [1, oo). Now 



oo 



=■ dx — lim fi 3x 3 dx = lim |~— Sx 2 1 = lim (—ib 2 + 4l = 4, and because this integral converges, so 
1 x 3 b->oo J1 fc-»oo L 2 Jl fc-»oo V 2 1)1 

does the given integral. 
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69. Using Formula 96, 



D = tfv (f) dt = / 0 10 S0te~°' 2t dt = 80 [ ^-L (_o.2f - 1) e" 0 - 2 '] 



10 

o 



80 



0.04 



(-3e~ 2 + 1187.99 ft 



70. C av = 



^ti 2 2te-^dt=l[^(-lt-l)e-^] 



12 
0 



3 



(-5e- 4 + l) 



1.36 mg/mL. 




1. Let j = 



[n (n - 1) (n - 2) • • • (3) (2) (l)] 1 /" 



(n w )V 




lny = 



= !(,„! 

ft \ ft 



2 3 
+ In - + In - H 

n n 



. Then 



ft — 1 ft \ 1 77 A: 
+ In h In — I = — y\ In—. The expression on the right-hand side is the 

n n J n k=\ n 



Riemann sum of / (x) = In x on (0, 1], so 



lim lny = lim I — 



( — V In — I = lim f \nx dx — lim [x \nx — x]}. (by parts) 
\n k=l n ) a^0+ Ja a^0+ 



In a 

— lim (— 1— a\na-\-a) — — 1— lim 



= -1- lim 



1/fl 



a^0+ -\/a 2 



(by l'Hopital's Rule) 



= — 1 + lim a = — 1 

a->0+ 



Therefore, lim y = lim e^ ny — 



lim In y 

pn—too 



-1 



= g" 1 = 1/e 



2. / = f In (Vl — x + VI + x ) dx . Let w = In (VI — x + VI + x) and dv = dx 

1 



VI - JC + VI + x 



I ( l-y/l-x 2 

2\ ^yr^ 



( 2vr= 



x + 2Vl 



■ +*) 



_ Vl - x - Vl + * , 

dx — —\ , I ; . dx 

2\ ./i _ x 2 / VT^7+ VTTT 



and d = x . Then 



/ — uv — j v du — x\n («J\ — x + Vl + ~^~\J — ~/ X 

= xln (Vl - jc + Vl + *) + - / I 1 - 1 I dx 

= xln (Vl - * + Vl +*) + \ sin -1 x - ^ + C 



2 



x 



2 



dx 



3. a. lim x In 

x->0+ 



K) 



oo 



— ) has the form 0 • oo. Converting to the form — and using l'Hopital's Rule, we have 

oo 



lim x In ( 1 H — | = lim — — lim - — Q-l^l — \[ m — o. Since / (0) = 0, we see that / is 

jt-»0+ \ x) x ->o+ l/x x ^>0+ -l/x 2 x ^o+x + l 

indeed continuous at 0. Also, / is continuous for x > 0, so / is continuous on [0, 1]. 



In 



K) 



-l/x 



2 
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b. / = J x In ^1 H — j = J x ^ n — ~~~ dx = J x [In (x + 1) — lnx] dx = fx In (x + 1) dx — fx lnx dx 



= h-h 



To evaluate I\ , let u = In (x + 1) and do = x dx,so du = _!^L_ an d y — 1 ( x 2 _ A Then 

* + 1 z V / 

I x =f x \n(x + \)dx = \ (x 2 - l) ln(x + l)- \J^^} dx = \ ~ l ) ln (* + 0 ~ \ I ( x ~ l ) dx 

= \ (x 2 - l) ln (x + 1) - \x 2 + ^x + C x 

and 12 — jx lnx dx — i^x 2 lnx — \x 2 + C2, using u = lnx and Jo = dx. 
Thus, / = \ (x 2 - l) ln (x + 1) - ±x 2 lnx + ±x + C, and so 

Jo 1 / (x) dx = lim + /J / (x) = lim + [± (x 2 - l) ln (x + 1) - \x 2 lnx + ±x] 1 

=^U-[K fl2 -0 ln(a+1) -^ 2lna+ H) = 5-L^ + T7J 

1 1 l/a 11 -a 2 1 

= I-2 fl ^+^3 (using I'HSpital's Rule) =--- Q lim + _ = - 



4. a. 7 n = / ^z 2 — x 2 ^ dx. Let w = ^<2 2 — x 2 ^ and dv = dx, so du = — 2nx ^<3 2 — x 2 ^ dx and u = x. Then 

— uv — J vdu — x (a 2 — x 2 ^ + 2n fx 2 (a 2 — x 2 ^ dx 



x i a — x 



) + 2n f [a 2 - (a 2 - x 2 )] (a 2 - x 2 ) 



= x (a 2 - x 2 ) + 2n 

— x (a 2 — x 2 ^ + 2na 2 I n _\ — 2nl n 
(1 + In) I n =x (a 2 - x 2 )" + 2na 2 I n _\ 



dx 



J a 2 (a 2 — x 2 ^ dx — J (a 2 — x 2 ^ dx 



x 



In = 



(a 2 -x 2 ) n 
2n+ 1 



2na 2 



b. f \l a 2 — x 2 dx — J (a 2 — x 2 ^ dx — 



( 



x \ a — x 



2 



) 



1/2 




+ 





-j( a 2 -x 2 ) 



2 \(l/2)-l 



dx 



x\l a 2 — x 2 a 2 



dx 



x\l a 2 — x 2 a 2 



-1 x 



y/a 2 ^ 2 



+ — sin" 1 - + C 
2 a 



5. lim 



1 



1 



+ 



1 



n ^°°\y/4n 2 - 1 - 2 2 



+ ••• + 



/ 



v 7 ^ 2 - 



= lim — 



1 



+ 



1 



-(i) 



+ '•• + 



1 



4 " (I) 



1 " 

= lim ly 



1 



it=l /4- (^/n) 2 



z* 1 . _i ^ 

= / / = sin - 

Jo Ja^x 2 2 



1 

0 



. _1 1 7T 

sin - = — 

2 6 



Chapter 7 Challenge Problems 



6. Let / = 



dx 



I = 



(1 + V*) ^Jx-x 1 
dx 



. Let u — sin 1 V* => V* = sin u => x = sin w, so ox = 2 sin w cos u du. Then 



2 sin u cos w o*w 



(1 + V*) V*Vl~* y (1 + sinw)(sinw)v / T — sin 2 u 



du f 1 1 — sin u f 1 — sin u 
— 2 / — 2 / • du — 2 I du 



1 + sin u J 1 + sin u 1 — sin u 
— 2 J ^sec 2 u — sec u tan u^du — 2 (tan u — sec u) + C 



cos 2 w 




Referring to the figure, we see that / 




■sfx 



7. 



a cos bx 

0 i + * 2 



a** 



< 



0 



cos 

TT^ 2 



J* = 



2a 



8. A = 2 



y/x dx 



I = 



0 V2a — x 

x 3 / 2 Ox 



= 2 lim 



a |cosfot| 

o TT^ 2 " 



x 3 / 2 dx 



X 1 \ 

— X y/\ — X J 



+ c = 



2 (VI- 1) 



+ c. 



dx 



0 1+* 2 



= tan 1 x 



x 



a 



0 



— tan 



-1 



7T 

fl< 2 



b^(2a)-J0 (2a -x) 1/2 



. Let m = 2a — x, so du = —dx. Then 



(2a -x) 1/2 



/ (2a - w) 3/2 j xt , 1/2 
= — / rr-pz du. Next, let v — w A/ , so dv — 

J w 1/z 



du 



2 M l/2 



<^=> — 2vdv. Then 



(2a -d 2 ) 3/2 (2d) 



/ = - 



dv — —2 J ^/2aj — v 



-.3/2 



dv 



= -2 



-~ (2d 2 - 10a) V2a - d 2 + 



3 M -i o 



V2a" 



+ C 



Therefore, 



A = -4 lim 



= -4 lim 

b^2a~ 



V2a — x 



8 



(4a — 2jc — 10a) V2a - (2a - x) + \ 



o . _i / V2a - x\ 
a z sin 1 1 — — I 



0 



V2a — b 



- (2b + 6a) V2a - (2a - b) + la 1 sin -1 ° 

8 z 



3a 2 



2a 



7T 

2 2 



- = 37ra 2 



9. Using the result from Exercise 4a, we have 



••-!( 



2 2 
a z — x A 



\n 

I dx — 



x 



(a 2 -, 2 )" 
2n+ 1 



2ft a 2 

H 4 

2/2 + 1 n 



2ft a 



2a 2 (n - 1) 
2ft + 1 ' 2(n - 1)+ 1 



4-2 



0 



2a z ft 2a 2 (n - 1) 2a z (n - 2) 



2n +1 2(ft-l) + l 2(ft-2) + l 



4-3 



2a 2 ft 2a z (n - 1) 



2 



2a 2 (3) 2a z (2) 



2 



2n +1 2(w-l)+l 
2a 2 n 2a 2 (n - 1) 



2(3) + 1 2(2)+ 1 
2a 2 (3) 2a 2 (2) 2a 2 • 1 



2ft +1 2(ft-l) + l 

But Iq — Jq (a 2 — x 2 ) dx — Jq dx = a, so 

2a 2 ft 2ft 2a 2 (ft - 1) 2 (ft - 1) 
n " 2ft + 1 ' 2ft" ' 2 (ft - 1) + 1 ' 2 (ft - 1) 

_ 2 2 "a 2 "+ 1 (ft!) 2 
~ (2ft +1)! 



2(3) + 1 2(2)+ 1 2(1) + 1 



2a 2 (3) 2 (3) 2a 2 (2) 2 (2) 2a 2 • 1 2 (1) 



2(3) + l 6 2 (2) + 1 4 2(1) + 1 2 



a 
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= 0 => 



10. 2x 2 + V3xy + y 2 = 20 => y 2 + V3;t;y + 2 (jc 2 — lo) 

-V3x±y3x2- 8(^-10) ± y 80 _ 5x 2 - + 75716^2 

v = = — , — 4 < x < 4. We seek the area 

2 2 2 

of the region bounded by the graphs of y\ — ^ (— ^/3x + V5\/ 16 — x 2 ^ and y2 = ^ (—V3x — \/5V 16 — x 2 ^ for 
-4 < a- < 4. Thus, 

A = $ A _ A \ U-V3x + Wl6-Jt 2 ) - - VVl6-* 2 )] 

= jj 4 V5Vl6-x 2 ^ = 2V5 J 0 4 y/\6-x 2 dx = 2V5 (I • 7T ■ 4 2 ) (using a geometric interpretation of the integral) 
= 8V5tt 



1 dx x m+l 

11. Write / = L x m {\nx) n dx. Now let u — (\nx) n and dv — x m dx, so du = n (lnx) n 1 • — and v — 

JU x m + 1 



. Then 



/ — uv\i — v du = lim 



x 



m+1 



il 



m + 1 



(lnxf 



1 



x m (lnx)" _1 dx. The first term is 0, by l'Hopital's Rule. 



_ a 



m + 1 Jq 



Therefore, 
n 

I = - 



1 



, , x m (\nx) 
m + 1 Jo 

{-l) n n\ f l 



m + 1 



n - 1 



1 



x m (In*)"- 2 dx 



x m dx= ( 1)Ww ? 1 x"+ 1 
(m + lf +1 



1 (-l) n n! 



(-l) 2 rc(n- 1) 



x m (\nx) n ~ 2 dx 



0 (m + If +1 



(m + 1) 



0 



°°ln;tdjt fMnxJi f^lnxdx 1 . 1 du 
12. / = / — — T = / — — T + / — — T = /j + ^2- Put u — — m I2, so x = — , = 2", * = 1 => w = 1, and 



0 1 + x 2 jo l+i 2 il l+i 2 * w // 



x — > 00 => m — > 0. Then h — I ' ' -> I r ) — ~ I n (—du) = — / — ^ = — /j. Therefore, 



A i + (i/ M ) 2 V u 2 ) io 1 + M 2 



o i + * 2 



/ = /!-/]= 0. 



13. a. 



J-oof ( x ) ^ - J-00 1/ Wl d x - Since the integral on the right converges, the Comparison Test for Integrals implies 
that the given integral exists. 



b. 



JZo f to 8 to dx ^ J-00 1/ to 8 tol ^ = Ho 1/ tol I* tol dx < M I / (*)| dx and so, by the Comparison 
Test for Integrals, the given integral converges. 



c. Let / (x) = — 2 and g (x) = sin*. Since \g (x)\ < 1 for all x and / (x)dx 

exists because / — = lim / —= — lim I tan 1 b — 0 1 = — , the result 

JO ^ 2 + l b^ooJo x 2 +\ b^oo\ / 2 



x sinx sinx 



f 

of part b shows that / dx exists. Since h (x) — —= is odd, we see that 

JO x 1 + 1 x z + 1 

00 sinxdx f° s'mxdx f°°smxdx f°°smxdx f°°sinxdx 

+ / — . = 0. 



/°° sinxdx r v smxdx f°°smxdx f 
-oc x 2 + 1 ~ J-oo x 2 + 1 Jo x 2 + 1 Jo 



x z + 1 Jo ^ z + 1 
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. 4x 2 + y 2 = 4. Differentiating implicitly with respect to y, 8x^y + 2y = 0 
| = - £, so * = Jl+(%) 2 dy = Jl + ^rdy and 



5 = 2 • 2tt / x ds = 4tt [ x Jl + — 

o Jo V 16x 



= 77 J 2 V); 2 + \6x 2 dy = TV J 2 Vy 2 + 16 - 4y 2 dy = tt J q 2 y/\6-3y 2 dy 
Let w = \/3y, so = ^/3dy, y = 0 => w = 0, and y = 2 => w = 2\/3. Then 



5 = 



Vl6 — w 2 du — 



V3 



sin — 
4 



-0 



7T 



V3 



2V3 



V16- 12 + 8 sin 



1 + 



4^3 



9 




t/ sinx sin x 
15. a. /] = / dx. Since lim 

0 x jc->0+ * 



oo 



b. h = 



sinx 



dx — lim 



sini 



7T/2 



h — lim 

/?— >oo 



COS X 



X 



b rb 



= 1, /j is a proper integral, and thus the integral exists. 



1 . dx 
dx. Let u — — and dv — sin* dx, so du — ^ and u = — cosx. Then 

x x z 



cosx 



tt/2 Jir/2 x 



dx 



— lim 

/?— >oo 



cos/? 



cosx 



dx 



7T/2 * 



OO 



cosx 



dx. Now 



-7T/2 X 



COSX 



X 



oo 



cosx 



1 f°° dx 

< and / converges, showing that . 0 

X Z Jtt/IX 1 " " J-7T/2 -x 2 



dx converges. So /2 converges. 



c. Since I\ exists and I2 converges, 



00 sinx 



0 x 



dx = I\+ I2 converges. 



1 f°°smu 



16. Consider ( n sinx dx. Letx = w => x = vw. Then dx = — — , so / sinx dx — - , _ 

J0 Jo 2 J 0 



da. Now 



00 sin w 



du = I —— du + / 



sinw sinw cosm _ 

du = I\ + I2. Now lim — — = hm -j — lim 2^/ucosu = 0, 

TT 2 V " W->0+ V W W->0+ III" 1 / 2 U^0+ 



OO 



, sinw f D s'mu t 1 . dw 

so exists. Next, write h—\ — — du — hm / — — du. Let U — — = and dV — smudu, so dU — ^-pr 

tt/2 V m b^>ooJ n /2 +Ju ^Ju 2u 5 l l 



and V = — cos u. Then /2 = lim 

/?— >oo 



COS W 



1 r b 



7T/2 



7T/2 



COS W 



du 



1 



00 



cosw cos/? 
^ n du because lim — — — 0. But 

2 In/2 u ' b^oo «Jb 



since 



cos u 



coswl 1 

< , the last integral on the right is absolutely convergent, and so 



00 sin w 



uV 2 ~ uV 2 



L 



0 \[u 



du is convergent, 



00 



L 



00 



17. a. If we put x 2 = u, then 2x dx = du and f£°2x cos x 4 dx = cos m 2 dw. Using the result of Exercise 16, we see that 
the given integral is convergent. 

b. If we denote the integrand by / (x) = 2x cosx 4 , then / (y/rnr) — ±2^/nix{n — 0, ±1, ±2, . . .), which is unbounded. 
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18. a. Refer to the figure in the solution to Exercise 19. The slope of the curve at (x, y) is y' — tan 6, and by the 



Pythagorean Theorem, we have tan 6 = — 



V40 2 - x 2 y/\600-x 2 



X 



X 



. Thus, the equation y = / (x) satisfies 



dy V1600-X 2 



dx 



x 



f V 1600 - x 2 f y/40 2 - x 2 
b. y = — I dx = — dx. Using Formula 48 with a = 40 and u = x, we find 

J x J x 

1 « 40 + Vl600-x 2 

y = -V1600 - x 2 + 40 In + C. When * = 40, y = 0, so 0 = -40 + 40 + C <^ C = 0. Thus, 



/— — y 40 + V1600-X 2 „ 

y = - V 1600 - x 2 + 40 In , 0 

x 



< x < 40. 



19. When the boat is at the point (0, 100), we have 
100 - V1600-X 2 = y = -V1600- x 2 + 40 In 



40+ x/1600-jc 2 



x 



y = M 



In 



40 + V1600-X 2 100 



5 40 + V1600-X 2 _ 5/2 



x 40 2 

^5/2 _ 40 = 71600 -x 2 => 

1600 



x 



V40 2 - a- 2 



- x 2 = (*e 5 / 2 - 40) = e 5 x 2 - 80e 5 / 2 x + 1600 => 

(e 5 + l) x 2 = 80^ 5 / 2 x => [(e 5 + l) x - SOe 5 / 2 J x = 0^x = 0or;t% 6.52. 
Since x > 0, we have x « 6.52. Using the result of Exercise 18, we find 




40 x 



40 

« / Jl + 

6.52 



{dx) 



2 f 40 / 1600 - x 2 f 40 40 

dx = I J I + = = / — dx- 40\nx\ 4 ° = 40 (In 40 - In 6.52) % 72.6 ft. 

76.52 V x 2 J 6.52 X o:5Z 



8.1 Concept Questions 




1. a. See page 676. 

dy f (x) g (y) 

b. Yes, because it has the form — = , which is a product of a function in x and a function in y. 

dx F(x)G(y) H y 



2. a. x + y — e y 

dx 



dy dy \ , . 

x—— — e y — y => — — = — \e y — y), and so the equation is separable. 

dx dx x 

dy 



b. This is not separable because it cannot be written in the form — = / (x) g (y). 

dx 



3. See pages 678 and 679. 



dy 

4. a. — = ky, y (0) = yo- We have exponential growth if k > 0 and exponential decay if k < 0. 
dx 

b * - « O - ,„) whe re y . U .. KmP e raUre „, fc s—, E „, « ,s fc c„„ S „„, „, prop—,, Also 

y (0) = yn, the initial temperature of the object. 
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13 . . ,6 

1. The function y — — H — ^ is differentiable in any interval not containing x — 0. Also, y = Now 

/ 6 \ / 1 3 \ 

xy +2y = xl j J —|— 2 f — H — ^ J — 1 > so the equation is satisfied and y is indeed a solution of the differential 

equation. 

2. y = Ce -2 * + e x is differentiable on (— oo, oo) and y' — —2Ce~^ x + e x , so 

y' + 2y = — 2Ce~^ x + e x + 2 (ce~^ x + e*^ = and the given equation is satisfied. Thus, y is a solution of the 
differential equation. 

3. y = + is differentiable on (— oo, oo) and y' = 4x 3 + 9x 2 , so xy' — 3y = * ^4x 3 + 9x 2 ^ — 3 ^x 4 + 3x 3 ^ = x 4 and 

the given equation is satisfied. Thus, y is a solution of the differential equation. Also, y (1) = 1 4 + 3^1 3 ^ = 4, and so the 
initial condition is also satisfied, y is thus a solution of the initial value problem. 

4. y = sin* — cosx is differentiable on (—00,00) and y' — cosx + sinx, so 

cos x + y sinx = cos* (cos* + sinx) + (sinx — cosx) sin* = cos 2 x + sin 2 x — 1 and the given differential equation 
is satisfied. Also, y (0) = sin 0 — cos 0 = — 1 , and so y is a solution of the initial value problem. 

571 
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5. a. y = Ce mx => y — mCe mx . Since y is a solution of y' — 3y, we 
have mCe mx = 3Ce mx o m = 3. 

c. y (0) = 2 => Ce° = C = 2, so the solution is y = 2e 3x . This is 
among the family of solutions in part b. 



b. 



l -- 



0 



-1 -- 




-2 



-1 



0 



1 



6. a. y = e mx => y' — me mx => y" — m 2 e mx . Substituting into the equation y" — y' — 2y = 0 gives 



m 2 e mx _ me mx _ 2e >nx 



= (m 2 - m - 2) e mx = 0. 



b. m 2 — m — 2 = (m - 2) (m + 1) = 0 <^> m = — 1 or m = 2. 



c. vi = £ * and y 2 — e AX . 



2x 



d. To verify directly that y\ is a solution, we find = — and y" = Substituting into the equation 

y" — y' — 2y = 0, we obtain — (— e - *) — 2 (e~ x ) = 0 and the given differential equation is satisfied. Thus, y\ is a 
solution. Similarly, we find that y 2 — e 2x is also a solution. 



7. a. y = 



C = 



C x J 

_ + andy(l) 
x 4 

1 

Usoy = - + — - 
x 4 



5 
4 



C 1 
T + 4 



5 

4~ 



b. 




-2 -- 



-3-2-10123 



8. a. y 2 = e 2x + C and y (0) = 1 => e° + C = 1 + C = 1 
<=> C = 0, so the solution is y 2 = £ 2 * . 

b. 



0 



-2 




-2 -1 



0 



1 



dy 2y 
9. — = — is separable: 

dx x 



dx 



x 



dy 

2y 



ln|x| = |ln|y| - ln|Ci| ^ \ In |y| = In \C\x\ => lyl 1 / 2 = C\x => y = Cx 2 , 



where C = C 2 . 



10. 



dy x + 1 . 



is separable: fy z dy = J (x + 1) => 3-y 3 = + x + C. 



dx 



y 



dy 9 
11. — = x z y is separable: 
dx 



dy 



= /x 2 dx ^ In |y| = |x 3 + Ci => \y\ = e(-* 3 / 3 )+ c i = C 2 e x ^ 3 where C 2 = e Cl . Thus, 



y = C^ 3 / 3 , where C = ±C 2 . 



12. 



dy 
dx 



In 



*^ is separable: ' ^ 

y 



x + 1 



x dx 
x + 1 



dy 

y 



= -J ^l--^-^dx^ln|y| = -x + ln|x + l| + Ci 



y 



= -x + C\ 



x + 1 
y = C (x + 1) e~ x 



y 



X + 1 



= e ~ x + Ci = C 2 e~ x (where C 2 = e Ci ) 



y 



= Ce~ x (where C = ±C 2 ). Thus, 



x+ 1 
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dy 2 y + 3 f dy f dx i 

13. — — = r — is separable: / = / => ^ In |2y + 3| = — l/x + C\ => In \2y + 3| = — 21 x + C 2 (where 

;t 2 J 2y + 3 J x z z 

C 2 = 2Ci) => |2y + 3| = ^(-2A)+C 2 = c 3 ^" 2 / x (where C 3 = e C2 ) => 2y + 3 = C 4 e -2 /* (where C 4 = ±C 3 ). Thus, 
y = Ce~ 2 > x - |, where C = ^C 4 . 

14. — = = — is separable: J e y dy = f e x dx => e y = e x + C <^ y = In + C). 

dx @ y 

15. cos = sec 2 x is separable: /cos y dy = J sec 2 x => siny = tan* + C <=> y = sin -1 (tan* + C). 

/df* C sin $ 
— = / -7—— — -d0 => ln|r| = ln|l -cos0| +ln|C| ^ 
r J 1 — cos 0 

In \r\ = In |C (1 - cos 0)| <=> r = C (1 - cos 0). 

/^/ /* In 11. 11 
-4 = I — dx ^ = - (hue) 2 + Ci ^ = - |~(lnx) 2 + cl (where C = 2C\). 
y z J x y 2 y 21 J 

2 

Thus, j = - 



(lnx) z + C 



18 



. ^ = 1 + t + y + ry = (1 + 0 + y (1 + 0 = (1 + y) (1 + 0 is separable: J = J {\ + t)dt 

ln|l + y\ = t + \t 2 + Ci |1 + y| = g'+(' 2 /2)+Ci = C 2 ^ + ^ /2 ) (where C 2 = e Cl ) 1 + y = Ce? + (* 2 / 2 ) (where 
C = ±C 2 ). Thus, y = C^ /+ ( ?2 / 2 ) - 1. 

19. = 3xy - 2x = x (3y - 2) is separable: J = J* dx => \ In |3y - 2\ = \x 2 + C\ => In |3y - 2| = §;t 2 + C 2 

(where C 2 = 3C0 |3y - 2| = C 3 e 3jf2 /2 (where C 3 = e c 2) => 3y - 2 = C 4 e 3 * 2 / 2 (where Q = ±C 3 ). Thus, 
y = I + Ce 3 * 2 / 2 , where C = \C A . Finally, y (0) = 1 => § + C = 1 => C = \. Therefore, the solution is 
y = 2 + 1 ,3,V2. 

20. ^ = is separable: / dy = J x dx => e>' = £ x 2 + C => y = In (^x 2 + c) and y (0) = 1 => In C = 1 
Thus, the solution is y = In {^x 2 + 

21. ^ = x 2 y~~ l l 2 is separable: Jy 1 / 2 dy = j x 2 dx =1 \y 3 l 2 = \x 3 + C and y (1) = 1 => \ = % + C => C = ^, so we 
have 2 v 3 / 2 = I (* 3 + l) => y 3 / 2 = \ {f + l). 

22. — = is separable: / y~ 2 dy = ( => -- = In |jc - 2| + C and y (3) = 1 => -1 = In |1| + C => C = -1, 

^ — 2 y J x — 2 y 

so — - = In 1^: — 2| — 1 <=> y = 



C = 



y 1 — In |jc — 2| 

23. ^ = 3x 2 e~y is separable: \ dy = f 3x 2 dx =^> = x 3 + C and y (0) = 1 => e = C, so e>' = x 3 + e <=> 



y = In ^x 3 + e). 



24. sin 2 y + cos 2 x dy = 0 is separable: J sec 2 xdx + j esc 2 y dy = 0 => tan* — coty = C and y (^) = ^ 
tan ^ — cot ^ = C => C = 0, so coty = tan* <=> y = cot -1 (tanx). 

25. — + 2/ = 4 => — = 4 - 2/ = 2 (2 - /) is separable: f J^— = I 2dt => - In \2 - I\ = It + C\ 
dt dt J 2 — I J 

\2 - I\ = C 2 e~ 2t (where C 2 = e~ Ci ) => 2 - / = Ce _2? (where C = ±C 2 ) <=> / = 2 - Ce~ 2t . Now / (0) = 0 
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26. cos O^jg = u tan 0 is separable: 



du 



u 



= / sec0tan0d0 => ln|u| = sec0 + C\ => \u\ = C 2 e sece (where C 2 = e C[ ) 



u = Ce SQc0 (where C = ±C 2 ) and u (f ) = 2 => 2 = c<? sec ( 7r / 3 ) = Ce 2 => C = 2^" 2 , som = 2e sec °- 2 . 



d 3X 2 

27. — = — => [2ydy = f 3x 2 dx => y 2 = x 3 + C and y (1) = 3 => 9 = 1 + C => C = 8, so the required function is 

2y 

f (x) = y/x 3 + 8. 



|y 2 + 2x 2 = Ci => 9y 2 +4x 2 = C (where C = 2C\). If x = 2, then y = ^2 



and 9 (^) 2 + 4 (4) = C <=> C = 36, so 9y 2 + 4x 2 = 36. 



29. xy = c => xy' + j = 0 => y' = —y/x, so the family of orthogonal curves 



satisfies d ± = -_L_ 
dx — y/x 

y 2 - x 2 = C, where C = 2Q. 



= - => / ydy — J x dx ^y 2 - ^x 2 — C\<^> 



y 





IS 


-X/T.^l \\1 


1/ / > i"- 



-4 -2 0 



30. y 2 = cx 3 



2yy' — 3cx , but c = — so y = 



3x z y 2 3y 



2y 



X 



= — . The 

2x 



dy 2x 

family of orthogonal curves satisfies — — = 

dx 3y 

J3ydy + J 2x dx = 0 => \y 2 + x 2 = C { <^> 3y 2 + 2x 2 = C (where 
C = 2Ci). 



5 l\l \ l \ 



0 



-5 




-4 -2 0 



31. y = ce* y' = ce x , but c = ye x , so y' = [ye x ) e x — y. The family 



dy 1 

of orthogonal curves satisfies — = = 

dx y 

ly 2 + x = C\ => y 2 + 2x = C (where C = 2C\). 



Jydy + J dx = 0 



0 



-2 





V 


/ 7 / 


J V, 



-2 -1 



0 



1 
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32. y — In (cx) => y' = 1 /x . The family of orthogonal curves satisfies 

= => fdy + f xdx = 0^ y + jx 2 = C ^ y = -\x 2 + C. 



0 



-2 





— 1 y+ 

/ \ . 




1 / N V 

1/ S\ 

- — -N — 



-2 



-1 



0 



1 



33. The slope of the tangent line to a curve in the family x 2 + ay 2 = C\ is given by 2x + 2<2vy / = 0 ^> y f — . The slope 



ay 



« ? ^2 y~* / 

of the tangent line to a curve in the family y = C2X is 3y y = C2 o y' — zr~^- But C2 = ' 



1 



, so y = 



3y z jc ' ' x 3y 2 3jc 

If the two families are orthogonal, then the slope of a tangent to one of the curves found earlier is the negative reciprocal of 



x 1 
the other; that is, — — 

ay 



x 3x 1 
— <=> — = — o a = -. 

y/Qx) a y y 3 



34. a. Let y (?) denote the number of bacteria present in the culture at time t. Then we have ^ = ky, where k is the constant 
of proportionality. Solving, we find y = y$e kt . But yo = 600, and so y = 600^ ? . Next, y (3) = 10,000 

3k 



600e JK = 10,000 e 3k = ^ <^ e k = 



= (f) V3 . Thus, y(0 = 600 (f)' /3 . 



5/3 



b. Af(5) = 600(f ) % 65,248 

r/3 



c. We solve 24,000 = 600 (^) ?/ ^ => 40 = (^)' /3 => \t In (^f) = In 40 



? = 



3 In 40 



In 



3.93 hours. 



35. Let y (t) denote the number of bacteria present in the culture at time t. Then we have ^ = ky, where k is the constant of 
proportionality. Solving the equation, we find y (f ) = y§e kt . Using the conditions y (2) = 800 and y (4) = 3200, we obtain 



y 0 e 2k = 800 
y 0 e 4k = 3200 



Ak 

2k 



3200 
~800~ 



e 2k _ 4 Substituting this into the first equation gives 4yo = 800 o yo = 200, so 



there were 200 bacteria present initially. 



36. Let y (t) denote the number of bacteria present in the culture at time t. Then we have ^ = ky, where k is the constant of 
proportionality. Solving the equation, we have y = y$e kt . Now the given condition says that y (j) = |yo, so we have 



|yo = JO^ 2 <=> ^ 2 = \ <=> ^ = (|) • Thus, y (?) = yo .To find the time it takes for the population to triple in 

size, we solve X) (§) = 3yo <^> (^) = 3 <=> 2/ In = m 3 <=> r = ^ ^ 



21n| 



1.35 hours. 



37. Let L (x) represent the proportion of incident light absorbed by a layer of material x inches thick. Then we have ^ = kx, 
where k is the constant of proportionality. Solving the equation, we have L = L§e kx . The given condition says that 

L (j) = jLq, so jLq = L§e k l 2 <=> e k — (j) . Thus, L (x) = Lq ^) • To find me tota l amount of material it takes to 

reduce the intensity to one-fourth of its initial value, we solve ^Lq = Lq (^) <=> ^ = (l?) <=> x = 1. Thus, an 
additional ^ inch of material is required. 
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38. a. Let A (t) denote the accumulated amount after t years. Then using the result of Example 9, we have 

A (t) = A (0) e kt = Pe kt = 10,000^ (because P = 10,000). Also, k — 0.1, and we find A it) = 10,000e 01? . The 
accumulated amount after 5 years is A (t) = 10,000e 01(5 ) % $16,487.21. 

In 2 

b. We solve the equation 20,000 = 10,000e 01 ' <=> e ou = 2 <=> O.lf = ln2 <^=> f = % 6.93 or approximately 7 years 

\J • J. 



39. Let y (t) denote the amount of the first substance remaining after t hours. Then ^ = ky 2 , where k is the constant of 

—?r= I k dt => — kt -\- C, where C is an 

y J y 

arbitrary constant, y (0) = 50 => -— = C, so - = —kt + — . Next, y (1) = 10 => — = — k + — = - — . 

50 y 50 10 50 50 

1 4 1 At + 1 50 

Thus, — = — M = => y = . The amount of the first substance remaining after 2 hours is given by 

y 50 50 50 7 At + 1 6 6 3 

y(2) = 4(2)TT" g - 



40. Let y (t) denote the amount of phosphorus-32 present after t hours. Then ^ = ky, where k is the constant of 

proportionality. Solving, we find y = Ce kt , where C is an arbitrary constant, y (0) = 1 00 => 1 00 = Ce° = C, 
so y (t) = \00e kt . The half-life of phosphorus-32 is 14.3 days, so y (14.3) = 50 <^ \00e UM = 50^ 

e i43k = 1 ^ e k _ ^y /14 ' 3 . Thus, y(0 = 100e*' = 100 = 100 (j)^ 14 ' 3 . The amount left after 

/ , x 7.1/14.3 

7.1 days is given by y (7.1) = 100 1^1 & 70.9 g. The amount of phosphorus-32 is changing at the rate of 

dy ( 1 \ V14-3 1 2 

= fcy = In I ^ I y = — 733}' g/day on the f th day. So when f = 7.1, it is changing at a rate of approximately 

In 9 

"173 (70.9) « —3.44 g/day; that is, it is decaying at a rate of about 3.44 g per day. 



41. 



Let y {t) denote the amount of strontium-90 present after t years. Then £fe — ky, where k is the constant of proportionality. 
Solving, we find y = ye , where y (0) = yo is the amount present initially. The half-life of strontium-90 is 28.9 years, so 
y (28.9) = \y 0 o y 0 e^ = \y 0 o ,28.9. = 1 0 e k = ( 1 J Thus , y {t) = y ^ = yQ ^ = yQ ( l)'/ 289 

Suppose the safe level of y2 units occurs in year t2 and the level is four times the safe level in year t\ , with t\ < t2- Then 

fi/28.9 



we have 



4y 2 = yo (2) 

(0 



/ 2 /28.9 



= yo 



Dividing the second equation by the first gives ^ = ^) 



fe/28.9)-fo/28.9) 



*2 ~ * 1 
28.9 



In 



1 



In ^ = In ^ <=> ?2 — *1 = 28.9 • — y- — 57.8 years. The required time is 57.8 years 



In 



42. Let y (t) denote the amount of carbon- 14 present after t years. Then ijj — ky, where k is the constant of proportionality. 

Solving, we find y = y$e kt , where y (0) = yo is the amount present initially, y (5730) = ^yo <=> yoe 5730 ^ ^^O^ 

, / A 1/5730 /.w/5730 /,x 7/5730 

e K = I % J , so y (t) = yo ( j ) • Suppose that y (7) = 0.2y 0 . Then we have 0.2y 0 = yo ( 2 ) 

(2) 7/5730 = 0.2 <=> In \ = In 0.2 <^> T = 5730}^| % 13,305 years. So the tree died about 13,305 years ago. 
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43. Let y (t) denote the amount of carbon- 14 present t years after it first found its way into the system of "Pittsburgh Man." 
Then ^ = ky$, where k is the constant of proportionality. Solving, we find y — y$e kt , where y (0) = yo is the 

amount present initially. The half-life of carbon- 14 in 5730 years, implying that y (5730) = ^yo => yo g573 °* — \yo 
, /j x 1/5730 , / ,\t /.xr/5730 

• K = 1 1 j , so y (t) = yoe KI = yo [e J = yo ( j) • When "Pittsburgh Man" was discovered 

r/5730 



e 



at time T, 100 - 82 = 18% of the carbon-14 remained, so y 0 ( j J = 0.18yo o 57^ In j = In 0.18 <^> 

T = 5730 • % 14,176, so the bones are approximately 14,176 years old. 



44. Let y (t) denote the temperature of the horseshoe t minutes after it was immersed in the water. Then by Newton's Law 

of Cooling, we have ^ = k (y — 30), where k is the constant of proportionality. We find / — — — = / kdt <=> 

ai J y-30 J 

In |y — 30| = kt + C\, where C\ is an arbitrary constant. Thus, y = 30 + Ce kt (where C — ±e C{ ). Next, y (0) = 600 
=> 30 + C = 600 => C = 570, so y (t) = 30 + 570e kt . Also, y (2) = 70 => 30 + 570e 2 * = 70 => 510e 2k = 40 <=> 

e k = (^) 1/2 ,soy(0 = 30 + 570e*' = 30 + 570 (e*)' = 30 + 570 (37) ' /2 - The temperature of the horseshoe 3 minutes 
after its immersion is y (3) = 30 + 570 [jjf 12 - 41°C. 



45. Let y (?) denote the temperature in degrees Fahrenheit t minutes after the cup of coffee is left on the counter. By Newton's 



I^Ti= ikdt 



<=> ln|y - 72| = fa + Q <=> y = 72 + Ce*' (where C = ±e c ^). y (0) = 212 => 72 + C = 212 => C = 140, 

1 /2 

so y (0 = 72 + 140e kt . Next, y (2) = 140, so 72 + U0e 2k = 140 => U0e 2k = 68 => e k = (jfc) , 



y (f) = 72 + I40e kt =12+ 140 = 72 + 140 (35)^ • Suppose the temperature of the coffee is 1 10°F 
Then y (T) = 72 + 140 [g) T/2 = 110<=> 140 (g) 772 = 38 « (g) 272 = ^ = » « \ In (g) = In » 



at time T . 



r = t^t- ^ 3.6 minutes. 

In l/ 



46. Let y (?) denote the temperature of the thermometer t minutes after it is taken to the patio. Then, by Newton's Law, we have 



dv f dy 
-f- — k(y — yo), where yo is the outdoor temperature and k is the constant of proportionality. We find / — 

J y-yo 



= kdt 



ln|y - y 0 | = kt + C\ => y = y 0 + Ce kt (where C = ±e Cl ). y (0) = 70 => y 0 + C = 70 => C = 70 - y 0 , so 



yit) = 



y 0 + (70 -y 0 )^. Next, 

y(2)=40^y 0 + (70-yo)^=40 



The first equation gives e = 



k_ 50 ~yo 



70-yo' 



/50-y 0 \ 2 9 
and substituting this into the second equation gives (70 — yo) ( ) = 40 — yo => (50 — yo) = (70 — yo) (40 — yo) 

\70-y 0 / 

=> 2500 - 100y 0 + y^ = 2800 - 1 10y 0 + y^ => 10y 0 = 300 => y 0 = 30. Thus, the outdoor temperature is 30°F. 
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47. Let v (t) denote the speed of the boat t seconds after the motor is cut off. By Newton's Second Law of Motion, 

F — ma — mjfj-, where m is the mass of the boat. But F — —kv, where k is the (positive) constant of proportionality. 

Thus, we have m^- = —kv <=> ^ — — j^v. Separating variables and integrating, we have J — = J ^— — ^ dt => 

ln|o| = -— + Ci <=> d (0 = Ce~ kt l m (where C = ±e c i). v (0) = 12 => C = 12, so o (t) = \le~ kt l m . Next, noting 
m 

that 20 seconds is equal to 3^ = ^ hour, we find v (j^j = 8; that is, i2^-^/( 180m ) = 80 e -k/(lS0m) = | => 

e -k/m = ^ 180 Then v (?) = l2e -(k/m)t = 12 (e-k/™y = 12 (|) 180/ . Thus, the speed of the boat 2 minutes h) 

/ . x /9 x 180(1/30) /9 \6 

after the motor is cut off is v Ijq) = 12 ( | J = 12 ( | J % 1.05 mi/h. 



48. — (80 - Q) 



dQ 



— n^—kt 



= I kdt ^ - In |80 — 2| = kt + C, => In |80 — 2| = -kt - C\ => 80 - 2 = 



^ J 80 - 2 

(where C = ±e c i) => 2 (t) = 80 - Ce"*'. Now Q (0) = 0 => 80 - C = 0 => C = 80, so Q (t) = 80 (l - 



Also, 2(10) = 50 



80(l-e- 10k ) = 50=>l-e- 10k = g 



„-10* 3 



e -k = 



- * 



1/10 



. Therefore, 



2 (0 = 80 



2 (20) = 80 



1 



1 - ftf 



= 80 



1 



-ft) 



r/10 



. So upon completing the course, the speed of the average student is 



— 80 (il) = 68-75', that is, approximately 69 words per minute. 



dP f dP f 1 

49. a. — = jfcP + / => / = / dt => - In \kP + / | = t + Ci => In \kP + /| = kt + C 2 (where C 2 = &Q) => 

J kP + 1 J k 

kP + I = C 3 e kt (where C3 = ±e C2 ) => P (t) = Ce kt - I/k (where C = C3/*). The condition P (0) = P 0 gives 
C - //* = P 0 => C = P 0 + so P (f) = (/>o + //jfc) e kt - I/k. 
b. With P 0 = 226.5, = 0.008, and / = 0.5, we see that the U.S. population in 2010 will be 
P (30) = ^226.5 + jftjfe) ^0.008(30) _ _05_ % 3Q4 9 minion 



50. 



dy 
dt 



= k(N-y) (M-y) 



dy 



(N -y)(M- y) 



find that 



(N 



= kdt. Using partial fraction decomposition, or otherwise, we 



= 1 (— 1 — V Thus, 1 / (— — 1 — ) dy = [kdt 

-y)(M-y) M-N\N-y M-y) M - N J \N - y M-y) J J 



N \ N 



[ (— — - — ) dy = (M - N) k [dt => - In \N - y\ + In \M - y\ = (M - N) kt + C\ 

J \N-y M-y) J 



In 



M-y 
N -y 



= (M-N)kt + C x 



¥—±\ = C 2 eW- N W (where C 2 = e c i) => = Ce( M ~ N ) kt (where 



N -y 



N-y 



C = ±Co). The condition y (0) = 0 gives — = C, so we have — = — N)kt s 0 i v i n a for y, we obtain 

1 N N -y N 5 y 



y(t) = 



MN[e kMt -e kNt ^ 
Me^Mt _ jy e kNt 
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51. a. ^ (mv) = ra^j- + u^p so the given differential equation ^ (my) = rag is equivalent to ra^y- + o^l = rag. Since 

^ = km, where & is the constant of proportionality, we obtain ra^y- + v (km) — mg <^> j®. = g — kv as the required 
equation. 



b. — = g — kv 



dt 



dv f 1 

— = / dt => - t ln|g - kv\ = t + C\ => In \g - kv\ = -kt + C 2 (where C 2 = -kC\) 

g — kv 1 k 



\g — kv\ = (where C3 = e C2 ) o g — kv = C\e kt (where C4 = ±C^)- Solving for v, we find 



v (f) = Ce - *' + I (where C = -C 4 /k). The condition v (0) = 0 gives C+ | = O^C = -|, so 



c. lim v (0 = lim |~- ( 1 - = 

r->oc r->oo LA: V /J 



d/z £ __ 
52. a. — = V 

dt A 



dt A v 6 



*V2 = _ 



5 



^ => 2/z 1 / 2 = --rV2g + Cl 

A 



2A 



tjlg + C 2 (where C 2 = |Cl). The condition h(0) = H implies that C 2 = # 1/2 , so 

2 



Bis a mr 

b. We solve /z (7) = 0, obtaining -T /| =J~H<^T = - 

A V 2 5 v g 



1 4 /2-16 

c. Substituting A = 4, B = -j^ , i/ = 16, and g = 32, we have T = -j— . / — = 576 s or 9.6 minutes 



T44 



32 



53. a. — = kP im 
dt 



dP 



pl.01 



= kdt => - 



100 



= A:? + C 



Using the initial condition P (0) = 1, we have — 100 = C, so 



100 

P(t) = 



= kt- 100 => P om = 



1 



100 



1 



100 -kt 1 - 0.01^ 



(1 -OMkt) 100 ' 



1 



c. Observe that lim P (t) = lim 

f->iooo- f->1000- (1 - 0.0010 100 



= 00. 



This differential equation is called the "doomsday equation" 
because the population grows without bound after a finite period 
of time. 



b. If* = 0.1, then 



P(t) = 



1 



(l -0.0010 100 ' 



le+199 



5e+198" 



0 




0 



500 



1000 



54. ^ =k(T*-T*) =k(Tl + Tl)(Tl-Tl) 



dT 



1 



2T 



In 




1 



2 
m 

T -T 



T 2 - T 



m 



f r 2 ) 



(t 2 + r 2 ) (r 2 - r 2 ) 



= / kdt 



m 



T + T 



m 



- 2 tan 



T 2 + + m 
T 



= / kdt 



1 



2T, 



In 



m 



T -T, 



m 



t + t. 



m 



1 



T 



tan 



T 



m 



T, 



= 2T 2 kt + C x 



m 




T 



= 4T^kt + C 2 (where C 2 = 2T m C { ) 



In I I + 2 tan 



m 



T — T, 



m 




T 



-4T^kt + C 



m 



(where C = -C 2 ) <^ In (L±In) + 2tan _1 ( — ) = -4J^A:r + C (for T > T m ). 

\T — T m / \ T m ) 
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55. a. Let y (t) denote the concentration of the drug in the bloodstream. Then ^ — —ky, where k > 0 is the constant of 



proportionality. Solving the differential equation, we have 



dy 

y 



= - / kdt =^ \n\y\ = -kt + C\ => \y\ = C 2 e 



(where C 2 = e Cl ) => v = Ce - *' (where C = ±C 2 ). Next, the condition v (0) = C 0 gives C = C 0 , so y (0 = C 0 <r*'. 
Therefore, the concentration at the end of T hours is y (T) = C()e~ kT . 
b. The concentration of the drug at time f = T is the sum of the residual amount from the first dose plus the 

newly injected dose of Co g/mL; that is, in this situation, y (T) = C§e~ kt + Co = Cq (\ + e~ kT ^. 
Therefore, y (t) = C 0 (l + e~ kT ) e~ k < for t > T, and so the concentration at the end of IT hours is 



e -kT +e -2 kT y 



y(2r) = C 0 (l + e-* r ) e~ kT = C 0 (. 
c. If this process were continued, then the concentration at the end of NT hours would be 



y (NT) = C 0 (e~ kT + e~ 2kT + • • • + e~ NkT y 
d. The concentration of drug in the bloodstream in the long run would be 



lim y(NT) = lim C^e~ kT \\ + e~ kT + • • • + e -(N-l)kT~\ = li m C 0 e 



-kT 



iV— >oo 



56. We have ^ = kx (N — x), where k is the constant of proportionality. Then J 




^Pr g /mL 



— / | - H — ) = [kdt ^ — (\n\x\ - \n\N - x\) = kt + Ci => — In 

NJ \x N-xJ J N ' 17 Af 



x (iV - jc) 



= / kdt 



N-x 



= kt + C\ 



In 



x 



N-x 



= kNt + C 2 (where C 2 = NC\) 



x 



N-x 



= Ce kNt 



(where C = e Cl ) 



x = NCe kNt - Cxe 



kNt 



(l + Ce kNt } x = CNe kNt =>*(*) = 



CM? 



1 + Ce kNt 



. Using the condition 



CN Net 
x (0) = Af 0 gives = N 0 => CN = N 0 + CN 0 => C (iV - N 0 ) = N 0 => C = u „ . Thus, 



1 + C 



N -N 0 



x(t) = 



CN 



NqN 
N - N 0 



N 



C + e ~ kNt A + e~ kNt 1 + (^) ^ ' 



57. a. Using the result of Exercise 56 with N = 8000 and No = 400 gives x (t) = 



8000 



8000 



i , 8000-400 .-8000^ 1 4. \Q e -&O0Okt 
1 "I 400 * 



The condition x (1) = 1200 gives 



8000 



1 + i9e -mok 



= 1200 => 1 + I9e- m0k = f§|g = f or = 4 ■ ¥ = 



TO T - 37 



Thus, x (t) = 



8000 



1 + 19(|2) 
* (3) ^5319, and* (4)% 6955. 

b. Noting that 80% of 8000 is 6400, we solve the equation 



j, and the numbers contracting the flu after 2, 3, and 4 weeks are given by x (2) & 2974, 



c. 



10000 



8000 



1 + 19 



(JO 



T = 6400 for t, and find 1 + 19 = 



8000 _ 5 
6400 - 4 



5000 - - 



In 76 



In 



3.6, so it takes approximately 3.6 weeks for 



0 




0 



6 



8 



80% of the student population to be infected. 
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dx 

58. a. — = k (L — x) 

at 



dx 



— I kdt => — In \L — x\ = kt + C\ =» In |L — x\ = —kt — C\ => |L — x\ = C^e 

L — x 

(where — e~ Cl ) => L — x = Ce~ kt (where C — ±C2) <=> x (t) = L — Ce~ kt . The condition x (0) = g ives 
L — C = <^=> C — L — xq, so x (t) = L — (L — xq) 



b. We are given that xq = 0.4 and * (1) = 10. Using this 

information, we find x (1) = L — (L — 0.4) e - ^ = 10 <^> 
L — 10 



c. Taking L = 100 and jcq = 0.4, we have 

x (o = ioo -(ioo -o.4) (^5$)' 



L-0.4 



, so 



100 - 99.6 (0.9036)' 



* (0 = L — (L — x 0 ) (e- k )* — L — (L — 0.4) (^3^) ■ 



100 



d. If* = 40, then we have 100 - 99.6 (0.9036)' = 40 



(0.9036)' = 



60 



1 



99.6 



<^=> t = 



x — 60, then we have t — 



In 0.9036 
1 



In 



In 



(—) 

\99.6/ 

(—) 

\99.6J 



4.9998. If 



50" 



8.9997. So, on 



In 0.9036 

average, the haddock caught today are between 5 and 9 years old. 

dy 



0 




0 



10 



20 



30 



59. False. Consider the first-order differential equation ^ = 2x. Then / (x) = x 2 is a solution of the differential equation, but 
the function g (x) = 4f (x) = 4x 2 is not a solution of the equation ^ = 2x. 

60. False, y' — x — y — (x + y) (x — y) cannot be written in the form y' — f (x) g (y). 

61. True. y' = xy + 2* - y - 2 = * (y + 2) - (y + 2) = (* - 1) (y + 2) is clearly separable. 



62. True, ex 2 + y 2 = 1 => 2c* + 2yy' = 0 => y' = - 
2x + 2yy' - — = 0 => xy + y' (j 2 - l) = 0 =J 



cx 



y 



y =- 



x l - y 2 y 2 - 1 



y x 



xy 



. Next, x 2 + y 2 - In y 2 = & => 



xy 

y = ^ 7 . Since the slopes of members of the first family of 



y \ / y 2 - 1 

curves are negative reciprocals of the slopes of members of the second family, the families are mutually orthogonal. 



1. a. See page 691. 
b. See page 692. 

2. See pages 694-696 




1. The answer is a. Note that y' — 1 for all points lying on the x-axis and y' — 0 for all points on the line y = 2. 

2. The answer is c. Note that y' — 1 for all points lying on the x-axis and y' is positive and increasing in the first quadrant as x 
and y increase. 

3. The answer is b. Note that for each fixed y, the slope y' increases as x increases, and for each fixed x, y' increases as 
y increases. 

4. The answer is d. Note that for each fixed y, the slope y f fluctuates between —1 and 1. 
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13, 




14 



I / / / / /y 
I I I I I / • 

\ i i i / /r 



T \ \ \ 



\ \ \ \ \ \ 1 




15, 




16 




17. y' = f (x, y) = x + )>, *o = 0, y 0 = 1, and = 1. 

a. n — A ^ h — = ^, so = a = 0, x\ — |, ^2 = ^, = |, and x^ — \ — b. Therefore, yo — 1, 

y\ = yo + V bo, yo) = i + J (0 + i) = §, y 2 = yi + hf (pc u yi ) = § + + §) = f , 

J3 = *2+ V(*2,3S) = T + 1 (2 + t) = I' and ^ = ?3 + Vfe,>'3) = f + ? (| + f) = jf- Thus ' 



y(i) 



^~s_/ 369 /-s_/ 



128 



2.88. 



b. n = 6 => h = j;, so xq = a = 0, x\ = \,x 2 = \, X3 = ^, X4 = \,x$ = ^, and x^ — \ — b. Therefore, 



yo 



= i, yi = yo + hf(x 09 y 0 ) = i + £(o+i) = J,y2 = yi+Vfri,yi) = 5 + 5(5 + 5) = i' 



73 = + hf (x 2 , y 2 ) = f| + I (5 + fl) = IM' ^4 = )>3 + V (*3, = 



181 ,1/1 1 181 
108 6 \ 2 108 



)- 



1321 

648 



Thus, y (1) » 3.04. 

18. y' = f(x,y) = x- 2y, x 0 = 0, y 0 = 1, and 6 = 2. 

a. n = 4 =^> = ^ = so xq = a = 0, x\ — j 9 X2 = 1, #3 = ^> and = 2 = /?. Therefore, yo — 1» 



3.043 



1 

4 



yi = x> + V (*o, w) = 1 + 2 (0 - 2 - 1) = 0, >2 = = -2.0) = 

B = J2 + V fe, y 2 ) = I + 2 (l - 2 • I) = |, and y 4 = y 3 + */ (* 3 , y 3 ) = 2 + £ (§ - 2 • = § = 0.75. Thus, 
y (2) % 0.75. 



b. n = 6 => /z = 



2-0 



1 19 

= o , so xq — a — 0, x\ — 4,^2 = t, ^3 = 1, *4 = 



3' *5 



5 
1 



g— _ ^, su — u — u, — ^, ^-2 — J 

and x 6 = 2 = b. Therefore, yo = 1, yi = yo + V (*o> Jo) = 1 + 5 (0 - 2 - 1) = ^, 

= yi +hf(x uyi )= 1 + 1 (1-2.^) = § fW =y 2 + Vfe,y2) = g + l(§-2-§) = ^, 



J2 



J4 



= + V (*5> )>5) = Ml ■ + J " 2 " ^) = 72§ ^ °- 752 ' Thus ' y ( 2 > % °- 75 ' 
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19. y f = / (x, y) = 2x — y + 1, = 0, yo = 2, and b — 2. 

o o i i 3 

a. ft = 4 => ft = = ^, so iq = a — 0, x\ — x<i — 1, x 3 = j, and 

x 4 = 2 = b. Therefore, y 0 = 2, y x = y 0 + hf (x 0 , y 0 ) = 2 + | (2 • 0 - 2 + 1) = §, 

= yi + V C*l, 3>l) = 2 + \ (2 4 " 2 + 0 = ?• 3>3 = + V (*2, J2) = J + 2 (2 • 1 - J + l) = f, and 
y 4 = )>3 + hf(x 3i y 3 ) = f + i (2. § - f ■ + l) = § = 3.1875. Thus, y (2) « 3.19. 

b. ft = 6 => ft = = 3, so = « = 0, — ^, X2 = |, x 3 = 1, X4 = 3, = |, 
and x 6 = 2 = ft. Therefore, y 0 = 2, yi = y 0 + V (*o, yo) = 2 + 5 (2 • 0 - 2 + 1) = § , 



J2 



= + */ fo, = f + i (2 • i - § + 1) = § , y 3 = y 2 + hf (x 2 , yi) = § + \ (2 • § - § + l) = ^, 

= J3+Vfe,J3)= ^ + ^(2.1-^ + 1) =^ f y5 = y4+Vfr4,y4) = 27 + l( 2 "^"2T + 1 ) = 



221 
81 



and y 6 = y 5 + ft/ (* 5 , y 5 ) = ^ + * (2 • § - ^ + l) = ™ w 3<2 634. Thus, y (2) « 3.26. 

20. y' = / (x, y) = 2xy, xq = 0, >'o = 1, and b — 0.5. 

a. ft = 4 => ft = 0 = so = a = 0, x\ — g, X2 = 5, ^3 = |, and = ^ = 0.5 = /?. Therefore, 

yo = Uyi =yo + hf(x 0 ,yo)= l + 1 (2-0- 1) = l, y 2 = yi + */C*i,yi) = l + | (2. | • 1) = §, 
y3 = y 2 + V(* 2 ,)>2) = ^ 

Thus, y (0.5) » 1.20. 

b. ft = 6 => ft = 0 = so x$ = a = 0, x\ — , *2 = ^, X3 = ^, X4 = 3, JC5 = and = ^ = 0.5 = /?. 
Therefore, y 0 = 1, y\ = yo + hf (x 0 , y 0 ) = 1 + ^ ( 2 • 0 • 1) = 1, y 2 = y\ + hf (x u y { ) = 1 + ^ (2 • ^ • l) = ^, 

y3=y 2 +V(x2,)'2) = ^ + n(2-^^) = S^^4 = 3'3H-^^ 
^5=^4 + /z/ (jc 4 , y 4 ) % 1.0855 + t2 (2 • ^ ■ 1.0855) % 1.1458, and 

J6 = y5 + (x 5 , y 5 ) % 1.1458 + ^ (2 • ^ • 1.1458) % 1.2253. Thus, y (0.5) « 1.23. 

21. y' — f (x, y) — —2xy 2 , xq = 0, yo = 1 5 an( l & = 0-5. 

a. n = 4 => /* = 4~ = |, so xo = a = 0, = |, X2 = ^, X3 = |, and 

x 4 = \ = 0.5 = b. Therefore, y 0 = 1, y\ = y 0 + (x 0 , y 0 ) = 1 + £ (-2 • 0 • l 2 ) = 1, 

y2 = Jl+V(^l,yi)=l + ^(-2-^l 2 ) = ^,y 3 =y2 + Vfe,J2) = i2-l 2 -|-(i) ^ 0.9101, and 
y 4 = y 3 + (x 3 , y 3 ) % 0.9101 - 1 • I • (0.9101) 2 ] « 0.8324. Thus, y (0.5) * 0.83. 

b. ft = 6 => h = Q 5 6 ~ 0 = j^, so xo = a = 0, xi = X2 = ^, X3 = \, X4 = |, = and 
x 6 = £ = 0.5 = ft. Therefore, y 0 = 1, yj = y 0 + /*/ (x 0 , y 0 ) = 1 + ^ (-2 • 0 • l 2 ) = 1, 

y2 = yi+V(^l,Jl) = l + n(-2-n-l 2 ) = 72^3 = J2 + Vfe,y2) = 77-n[2.^.(^) 2 J ^ 0.9591, 

J4 = J3 + V fc, « 0-9591 -^[2.1. (0.9591) 2 ] « 0.9208, 

y 5 = y 4 + ft/ (x 4 , y 4 ) % 0.9208 - n [2 • 5 • (0.9208) 2 ] % 0.8737, and 

y 6 = y 5 + ft/ (;t 5 , y 5 ) % 0.8737 - ^ |^2 • ^ • (0.8737) 2 j % 0.8207. Thus, y (0.5) % 0.82. 
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22. y' — f (x, y) = 1 + xy 2 , xq = 0, yo = 1, and ft — 0.8. 



a. ft = 4 => ft = °- 8 4 0 — 0.2, so = a — 0, .x^ = 0.2, X2 — 0.4, x 3 — 0.6, and X4 = 0.8 = ft. Therefore, yo = 1, 
Jl = yo + V (*o, JO) = 1 + 0.2 (l + 0 • I 2 ) = 1.2, y 2 = y\ + hf (x uyi ) = 1.2 + 0.2 [l + 0.2 • (1.2) 2 ] = 1.4576, 

= y 2 + hf (x 2 , y 2 ) = 1-4576 + 0.2 [l + 0.4 • (1.4576) 2 ] « 1.8276, and 



y3 = 



-y 4 = -y 3 + hf (x 3 , y 3 ) « 1.8276 + 0.2 [l + 0.6 • (1.8276) 2 ] « 2.4284. Thus, y (0.8) « 2.43. 
b. ft = 6 => ft = °- 8 6 ~° = so xq = # = 0, = ^, x 2 = 75, *3 = 5, *4 = 75, *5 = §, and 
x 6 = £ = 0.8 = ft. Therefore, y 0 = 1, 71 = ?D + */ (*0> >0) = 1 + J5 {} + 0 " l2 ) = 15' 



yi = y\ +hf(x { ,yi) = U + X 



1.2895, 



y3 = yi + hf (x 2 , y 2 ) « 1-2895 + ^ [l + £ • (1.2895) 2 ] « 1.4820, 
y 4 = y3 + V 33) « i.4 8 20 + £ [l + 2 . (1.4820) 2 ] « 1.7325, 

y 5 = y 4 + ft/ (jc 4 , y 4 ) % 1.7325 + [l + b • (I- 7325 ) 2 ] % 2.0793, and 

y6 = y5 + ft/ (x 5 , y 5 ) % 2.0793 + ^ [l + § • (2.0793) 2 ] » 2.5969. Thus, y (0.8) % 2.60. 

23. / = / (x, y) = <Jx + y, *o = 1> JO = 1> and & = 1.5. 

a. ft = 4 => ft = 15 4~ 1 — 0.125, so xq = a — 1> *1 = 1-125, x 2 = 1-25, X3 = 1.375, and 

x 4 = 1.5 = ft. Therefore, y 0 = 1, yi = y 0 + V (jcq, yo) = 1 + 0.125V1 + 1 % 1.1768, 

y 2 = yi +hf(xi,yi) « 1.1768 + 0.125 VI. 125 + 1.1768 « 1.3664, 

J3 = yi + V (*2> J2) % 1-3664 + 0.125VL25+ 1.3664 % 1.5686, and 

y 4 = y 3 + /2/(x3,y 3 )% 1.5686 + 0.125VL375 + 1.5686 » 1.7831. Thus, y (1.5) « 1.78. 

b. n = 6 => h = L5 6 ~ 1 = so = a = 1, ^1 = ||, x 2 = |, = |, x 4 = |, x 5 = and 
x 6 = \ = 1.5 = b. Therefore, y 0 = 1, yi = y 0 + /i/ (x 0 , yo) = 1 + ^Vl+1 « 1.1 179, 

J2 = y\+hf(x uyi ) « 1.1179+ ^711 + 1.1179 « 1.2415, 



1 /7 



B = J2 + hf(x 2 ,y 2 ) « 1.2415 + + 1.2415 « 1.3708, 



y 4 = y 3 + hf(x 3 ,y 3 ) « 1.3708 + + 1.3708 « 1.5057, 

y 5 = y 4 + /i/(jc 4 ,y 4 ) % 1.5057 + i^yi + 1.5057 % 1.6461, and 

y 6 = y 5 + /j/ (jc 5 , y 5 ) % 1.6461 + ^ + 1-6461 % 1.7919. Thus, y (1.5) « 1.79. 

24. y' = / (x, y) = (x 2 + y 2 ) \ x 0 = 0, y 0 = 1, and ft = 1. 

a. n = 4 => /z = = 0.25, so = a = 0, = 0.25, x 2 = 0.5, x 3 = 0.75, and 



jc 4 = 1 = ft. Therefore, y 0 = 1, y x = y 0 + «/ (jc 0 , yo) = 1 + 0.25 (o 2 + l 2 ) 1 = 1.25, 

y 2 = yi +hf(xuyi) = 1.25 + 0.25 [(0.25) 2 + (1.25) 2 J _1 « 1.4038, 

y 3 = y 2 + ft/ (x 2 , y 2 ) % 1.4038 + 0.25 [(0.5) 2 + (1.4038) 2 ]" 1 » 1.5164, and 

y 4 = y 3 + ft/(x 3 ,y 3 )% 1.5164 + 0.25 [(0.75) 2 + (1.5164) 2 ]" 1 % 1.6038. Thus, y (1) % 1.60. 
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b. n = 6 => h = 1 6 Q = ^, so xq = a — 0, ;q = & x 2 — ^ x 3 — \-> x 4 — §» *5 — and jtg = 1 = b. Therefore, yo = 1, 



= yo + ^/(^o,yo) = i + s(o 2 + i 2 ) ' = 5,y 2 = yi + V(^i,yi) = 5 + 5 (5)' + 

= )>2 + hf (x 2 , yi) « 1.2867 + ^ T(^) 2 + (1.2867) 

r 2 

)>4 = (*3>3*)« 1.3810+ i (y +(1.3810) 

= y 4 + hf (* 4 , y 4 ) « 1-4583 + £ [(§) 2 + (1.4583) 2 ] 



J3 



-i-l 



1.3810, 




-1-1 



-1 



1.4583, 



-1 



1.5231, and 



y6 



= y5 + hf(x 5 , y 5 )v 1.5231 + i 



2 



-1 



f) +(1-5231) 



1.5784. Thus, y (1) % 1.58 



1.2867, 



25. / = / (x, y) = x/y, x 0 = 0, y 0 = 1, and = 1. 

a. n — A ^ h — -^-^ = 0.25, so xq = fl = 0' x \ — 0-25, *2 = 0.5, xi, — 0.75, and x^ — \ — b. Therefore, 

yo = h yi = yo + V (*o, ?o) = 1 + °- 2 5 'T = hn = yi+hf = l + 0.25 ■ = 1.0625, 

J3 =yi + hf(x 2i yi)= 1.0625 + 0.25- « 1.1801, and j 4 = >3 + V (*3, B) « 1.1801+0.25 • « 1.3390. 

Thus, y (1) % 1.34. 

b. n = 6 => A = i^-^ = ^, so *o = a = 0, x\ = ^, ^2 = 3, ^3 = ^, X4 = ^, x$ = |, and *6 = 1 = 
Therefore, y 0 = 1, ^ = y 0 + /*/ (* 0 , y 0 ) = 1 + 5 • j = U yi = yi + V Jl) = 1 + \ ' \ = 35' 

35 = + V J2) = i + 5 ' 5 • 37 % L0818 ' ^4 = J3 + hf (x 3 , y 3 ) « 1-0818 + J - ^ « 1.1589, 

?5 = J4 + hf (* 4 , J 4 ) « 1 • 1589 + £ • jrrrm % 1 - 2547 ' and ^6 = ^5 + hf {x 5i y 5 )K\ .2547 + \ • 6 . 1 5 1547 « 1 -3654. 
Thus, j (1) « 1.37. 



26. / = / (*, y) = xtyy, x 0 = 0, y 0 = 1, and = 1. 

a. n = 4 => /z = — ^, so — a = 0, x\ — |, ^2 = ^, = |, and = 1 = b. Therefore, yo — 1, 

y\ =yo + hf(x 0 ,y 0 ) = i + ^(o-^T) = 1, y 2 = yi + hf(x l9 yi ) = 1+1 (1^1) = 17, 

J3 = yi + hf fe, J2) = H + \ (2^8) % L1901 ' and ^ = 3^3 + V (*3> J3) « 1-1901 + \ (|^U90T) « 1.3888. 
Thus, y (1) « 1.39. 

b. n — h — = ^, so = « = 0, x\ — ^, ^2 = j, X3 = ^, X4 = ^, X5 = |, and x§ — 1 = b. Therefore, 

yo = hyi = yo + hf(x 0 ,y 0 ) = i + £(o.<yi) = i,>a = yi + Vfri^i) = 1 + £ (^) = i' 

^3 = yi + V fe, yi) = I + J (l/l) « 1.0838, j 4 = J3 + V fe, W) « 1.0838 + ^ (^^L0838) « 1.1694, 

J5 = y 4 + fc/ (jc 4 , y4 ) % 1.1694 + \ ^^Tl694) % 1.2865, and 

y 6 = y 5 + /j/ (x 5 , y 5 ) % 1.2865 + I (|^1.2865) » 1.4376. Thus, y (1) % 1.44. 
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27. a, c. 



28. a, c. 




b. 



b. 



dy 
dx 



x 

y 



y dy — — I xdx 



\y 2 + \x 2 = C. The condition y (2) = 2^3 gives 



\ (2V3) 2 + \ (2) 2 = C ^ C = 8. Therefore, the 
solution to the initial-value problem is 

\x 2 + \y 2 = 8 <^> x 2 + y 2 = 16. 



rfy 



= y + xy = (1 + x)y 



dy 

y 



= I (\+x)dx^>\n\y\=x+} 1 x 2 + C\ 



\ y \ = C 2 e x +( x2 / 2 ) (where C 2 = e Cl ) ^ 

y = Ce x+ ^ 2/2 ) (where C = ±C 2 ). The condition 

y (0) = 1 gives Ce° = C = 1, so y = 6>*+(* 2 / 2 ) . 



29. a, b. If a = Z? = 1, then we have P' = P (1 - In P) 



p 
4 
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c. lim P (t) % 2.72 



1 



t 



30. a, b. If a = 2 and b = 1, then we have P' = P (2 - P) 
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c. The limit exists if c > 0. If c = 0, then 

lim P (t) = 0, and if c> 0, then lim P (t) 

t—>oo t—>oo 



= 2. 



31. 



a. Here n = 10, t 0 = 0, and b = 2, so /* = = 0.2 and / (?, 0) = 32 - ^v. t 0 = 0, *i = 0.2, t 2 = 0.4, ? 3 = 0.6, 
t4 = 0.8, ?5 = 1, f 6 = 1.2, ? 7 = 1.4, = 1-6, ?9 = 1.8, and t\o = 2. Thus, 

30, vi = v 0 + V (?o, ^o) = 30 + 0.2 ^32 - i (30)] = 35.2, 
v { + hf (fuDi) = 35.2 + 0.2 ^32 - ^ (35.2)] = 40.192, 
v 2 + hf (t 2 , 02) = 40.192 + 0.2 [32 - ^ (40.192)] % 44.9843, 



y 0 = 



^2 = 



y 3 



?; 4 = V3 +hf (t 3 , v 3 ) % 44.9843 + 0.2 [32 - ^ (44.9843)] % 49.5849, 
U5 = 04 + hf (r 4 , 04) » 49.5849 + 0.2 [32 - ^ (49.5849)] « 54.0015, 
y 6 = v 5 + V (r 5 , v 5 ) % 54.0015 + 0.2 [32 - ^ (54.0015)] * 58.2414, 
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Dl = v 6 + hf(t 6 ,v 6 ) » 58.2414 + 0.2 [^32 - ^ (58.2414)] % 62.3117, 
y 8 = Vl + hf(t l9 v 7 ) « 62.3117 + 0.2 [32 - i (62.3117)] % 66.2192, 
y 9 = y 8 + /j/ (? 8 , y 8 ) % 66.2192 + 0.2 [32 - £ (66.2192)] % 69.9704, and 
vi 0 = v 9 + hf (t 9 , v 9 ) % 69.9704 + 0.2 ^32 - £ (69.9704)] % 73.5716. 

Therefore, v (2) % 73.6 and the velocity of the parachutist 2 seconds after deployment of her parachute is about 73.6 ft/s 



dt 3 



dv 



32 -it, 



= / => — 5 In 



32- i» 



= t + Ci =^> In 



32 -k 



= — + C2 (where 



C 2 = -3C1) =>32- jv = C 3 e - '/ 5 (where C 3 = ±e Cz ) => o (f) = 160 - Ce~'/ 5 (where C = 5C 3 ). The initial 

condition v (0) = 30 gives 160 - C = 30 <=> C = 130, so v (f) = 160 - 130e~' /5 . The velocity of the parachutist 
2 seconds after deployment of her parachute is v (2) = 160 — 130e -2 / 5 « 72.9 ft/s. 



32. a, b. The differential equation is 50^ + oTOffi = 100 ° ^ = 2 ~~ 20 6- See § ra P h below - 

c. Here n = 10, f 0 = 0, and b = 0.1, so h = - 0.01. Also, / (f, 0 = 2 (1 - 100, f 0 = 0, fi 

f 3 = 0.03, . . ., f 10 = 0.1 = b. Thus, Q 0 = 0, 0 = Q Q + hf (t 0 , Q 0 ) = 0 + (0.01) (2) [1 - 10 (0)] 



0.01, t 2 = 0.02, 
0.02, 



0 
0 
0 

fie 
fiy 

fis 

fi9 



fii+ft/(fi,0) 

fi2 + hf fe, 0) 

fi3 + V fe> 63) 
fi 4 + ^/ ('4, fi4) 
fi5 + hf (f 5 , 0) 

fie + A/ (fe. fie) 
fiv + hf (tj, 0) 

fis + V fe, fis) 



\\\\\\\\\\\\\ 



i\\\\\\\\\\\\\ x 



= 0.02 + 0.02 [1 - 10 (0.02)] = 0.036, 
= 0.036 + 0.02 [1 - 10 (0.036)] = 0.0488, 
= 0.0488 + 0.02 [1 - 10 (0.0488)] * 0.0590, 
= 0.0590 + 0.02 [1 - 10 (0.0590)] = 0.0672, 
= 0.0672 + 0.02 [1 - 10 (0.0672)] % 0.0738, 
= 0.0738 + 0.02 [1 - 10 (0.0738)] % 0.0790, 
= 0.0790 + 0.02 [1 - 10 (0.0790)] = 0.0832, 
= 0.0832 + 0.02 [1 - 10 (0.0832)] % 0.0866, and 
2i 0 = Qg + hf (t 9 , Q 9 ) * 0.0866 + 0.02 [1 - 10 (0.0866)] « 0.0893. 
Therefore, Q (0.1) & 0.0893 and the charge 0.1 second after the switch is closed is about 0.09 coulomb. 

d. The solution is Q (t) = 1 - e~ 2t . 



/ ///////////// 

//*/////////// 
¥////////////// 
///////////// 

f /////////////// 
{({<<({{({(({■* 



1 



t 



33. False. This comprises only a subset of the direction field. 

34. False. It is true only if the solution curves of the differential equation form a family of straight lines 

35. True. This follows because the slope y' — f (y) is independent of x . 

36. True. This follows because the slope y' — f (x) is independent of y. 




Concept Questions 



1. a. k is the growth constant; L is the carrying capacity of the environment. 

b. See page 702. 

c. See page 706. 
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L 

2. a. Let us write c = 1. Then 



o 



e Kl = - . On the other 

(l + ce-*'r 



/ 



hand,^(l-f) = ( T 



—kt 



L - 



L \ 



1 + ce kt 



JcL 



L (l + ce~ kt - 



kLce 



-kt 



\ 



J 



l + ce~ kt L{l + ce~ kt ) (\ + ce~ kt ) 



2' 



b. See page 706. 




1. a. Comparing with Equation 2, we see that k = 0.02. 
b. Comparing with Equation 2, we see that L — 1000. 

2. We rewrite the equation as = 0.03 P - 0.000006P 2 = 0.03 P (l - ^ p). Then, comparing with Equation 2, we find 
that a. k = 0.03 and b. L = 5000. 

3. We rewrite the equation as = P ^0.5 — jqqqP^ = 0.5 P (l — ^ p)- Then, comparing with Equation 2, we find that 
a. k = 0.5 and b. L = 500. 

4. We rewrite the equation as 150,000^- = 3P(2000- P) o 

w = 5om p ( 2000 - V = mm p { l ~ mo p ) = T5 p ( l ~ mo p )- Thus ' a - * = 25 and b - L = 2000 - 



5. a. L = 100 



6. a. L = 100 



The constant solutions are P (t) = 0 and 
P (0 = 100. 



The constant solutions are P (t) = 0 and 
P (0 = 100. 
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7. P (0 = 



8000 



4000 



4000 



2 + 798<?-°- 02 ' 1 + 399<?- ao2 ' i + ^4000 _ ^ e -omt 



,soa^ = 0.02, b. L = 4000, and c. P (0) = 10 



8. P (0 = 



100e 0 - 2 ' 



100 



100 



e 0.2t + 19 i + i9^-0.2r 1 + ^ioo 



-0.2/ 



, so a. = 0.2, b. L = 100, and c. P (0) = 5. 
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9. a. P" (0 = 4-1 kp 

dt 



K)B("-^H'-^-'('-?) 



= k 2 P 



(-r)(- 



L 

Setting P" (0 = 0 gives P = 0, P = \l, or P = L. Now recall that P (t) = 0 and P (t) — L are constant solutions of 

the logistic differential equation, so only the point P — jL, which lies in the interval (0, L) along the P-axis, is of 
interest in the case where 0 < Pq < L . 

From the sign diagram, we see that P" (f) > 0 for P e (0, ±LJ and 

v / + + + 0 signofP" 

P" (t) < 0 for P g ( JjL, L) . This shows that P' (t) has a relative (and — ( . ) — ► p 

therefore absolute) maximum if P = ^L; that is, P (?) grows most rapidly 
when P = jL. 

b. To find the time when P — iL, we solve the equation 7 — - — r — ^-fort: 1 + ( — — 1 ) e - *' = 2 <=> 

— : . 



0 \l 



" 0 e ~ kt = 1 ^ e ~ kt = ~ 0 ~ kt = _in ( 




A) 

10. a. The number of children stricken by the flu after the first day is Q (1) = ^ ^ 1 1.06; that is, 1 1 children. 

1000 

b. Q (10) = =■ % 937.42; that is, 937 children. 

l + 199e- 8 

1000 

c. lim 7\~o~r — 1000 children 

t^oo 1 + i99^-0.8f 

98 

11. a. The percentage at the beginning of 1990 is / (3) = =■ % 86.12%. 

1 + 2.77<? 5 

b. We use Equation 8 with k = 1 and - 1 = 2.77, giving T = | In - I J = { ln2.77 % 1.02, so the percentage of 
lay teachers was increasing most rapidly in the year 1970. 

39.88 

12. a. N (0) = rr = 2; that is, 2 million people were living with HIV at the beginning of 1985. 

1 + 18.946* 0 F K 5 5 5 

39.88 

TV (20) = /n ^c^/orvN % 37.939; that is, approximately 37.94 million people were living with HIV at the 

1 + 18.94<?~ (0-2957)(20) J fe 

beginning of 2005 . 

39.88 

b. N (23) = - — — — 2957) (23) % 39.057; that is, approximately 39.06 million people were living with HIV at the 
beginning of 2008. 

13. a. We are given that Pq = 10, L = 100, and P (30) = 34. The first conditions can be used to write 

P (f) = 7 — I —— = 7 — ]00 = 100 T he condition P (30) = 34 gives 1Q ° anf = 34 

l + i + (Up_i) e -to l+9«-*' 1 + 9,-30^ 

- 1 + = HX) = 50 ^ ,-30, = 11 ^ = (11) I/** ^ p ( „ = 100 



l+9( 



5i; 



100 /liW 30 1 

lon 7T7v73o =80o9 (5t) = l~' = 

! + 9 (5f) 



b. We solve the equation / - - nn = 80 <=> 9 ( ^- ) = ^ <=> f = 30 "~TT % 10 - 09 - Thus ' il takes approximately 

ln 5T 



70 days for the population to reach 80. 
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14. a. Let h (t) denote the height of the plant t days after the beginning of the experiment. Using Equation 5 with L = 30 and 

L 30 30 
h (0) = ho = 5, h (0 = r = r = j— . The condition h (20) = 12 gives 

1 + {k - 0 1 + (f - 0 e ~ kt 1 + 

^_ = 12 => Se" 20 * = | => e~ k = U) 1/20 , so h (t) = ^— m . 

l + 5 e -20k 2 \\0J 1 + 5 ^J_y /20 

30 

b. The height of the plant after 30 days is given by h (30) = : — ^0/20 % * n ' 



1 + 5 



4 



30 

c. We solve the equation -^o = (0 - 8 ) (3 °) = 24 ° 1 + 5 (°- 3 ) ?/2 ° = | (0.3)'/ 20 = 0.05 <=> 



In 0.05 

r = 20 — — — % 49.76; that is, it took about 50 days. 
In 0.3 



15. The condition P fa) = P\ gives - ^— = P x => P\ + Pi (— - 1 ) e" ktl = L 

P\ ( — — 1 | e~ kt{ — L — P\ => e~ kt{ — — ^ ~1T\ = 7~ — ~r ^° (1). The corresponding calculation using the 
V Po / Pj (^g 31 ) (L ~ Po) p i 

(L-P 2 )P 0 e~ kti (L-Pi)P 0 (L-P 0 )P 2 

condition P te ) = P 2 leads to ^ = ^— ^ (2). Dividing (1) by (2) gives = ^ _ p ^ • ^ _ ^ p 2 

^ g *(,-*i) = .ft - , fe _ ri) = ln ^ f ~ * > ^ k = _^ ^(L- P,) 

Pl(L-P 2 ) Pi(L-P 2 ) t 2 -h P\(L-P 2 ) 



16. We use the result of Exercise 15 with L = 600, t\ = 14, P { = 76, t 2 = 21, and P 2 = 167 to find 

1 , 167(600-76) 

k = ln % 0.1397. 

21 - 14 76(600- 167) 



17. With k — 0.2, L = 800, and c — 30, the equation becomes 



a, c. 



800 

\\\\\\\\\\\\\\\ X 



600 



400 



200- 



0 



■* y 
" y 


y y y ^ 

/ / / y> 


Sy y s 


'yyyyyyy^ 
'yyyyyyy^ 


' y 
' y 


y yy^y * 
y* y y , 


' y y s 
" y y s 


'yyyyyyy^ 
'yyyyyyy^ 











\\\\\\\\\\\\\\ x 
w \, \ \ \ , \ \ \ ,\ \ \ ,\ \ \ 



10 



20 



30 



40 



50 t 



dP 

dt 



= 0.2P (1 - 

V 800 




If the initial fish population is 100, then it will be gone after 5 weeks. 

If it is 300, then it increases to 600 over time. If it is 700, then it 
decreases to 600 over time. 

b. The equilibrium solutions seem to be P (t) = 200 and P (t) = 600. 

dP 

To algebraically verify the results observed earlier, set — = 0« 

dt 



0.2P 




0.2P-^P 2 -30 = 0^ 



P 2 - 800P + 120,000 = 0 o (P - 200) (P - 600) = 0^ 
P (0 = 200 or P (0 = 600. 
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18. a. = cPlnf = 0 



In y = 0. The latter is true if y — 1 <=> P = L, so the equilibrium solution of the Gompertz 



differential equation is P (t) = L. 
b. i. If Pq > L, then for L < P < Pq we have y < 1 => 

P' (t) — cP In -p- < 0, and so P is a decreasing function. 

ii. If P 0 = L, then P (0 = 0 for all values of t. 

iii. If 0 < Po < L, then for Po < P < L we have P' (?) > 0, and so P is 
an increasing function. 



o 



\\\\\\\\\\\\\\ 

s\ \ \ \ \ \ \ \ \ \ \ \ \ \ 

\\ \ \\ \\ \\ \\ \\ \ 





/ / /(iii)^>^ y / / / / / / / 

-" / / / / / / / / / / / / 

- / / / / / / / / / / / / / / 

/ / // // // // // / 



> 

t 



19. a. For L = 1000 and c = 0.02, the Gompertz differential 
equation is ^ = 0.02P In 



a, c, 



p 4 



,\\\\\\\\\\\\\\ x 
\\\\\\\\\\\\\\ x 



b. The equilibrium solution is P (t) = 1000. 



1000 




0 



///////////// 
/ / / / /// / // // // // 
/ / / /// / // // // // / 
/ / /// / // // // // // 
/ /// / // // // // // / 
'/ / // // // // // // 



■\ — ► 



100 



200 



dP t f 1 f j i fdu f 

20. a. — — = cP In => / =- dP — / cdt. Let u — In -fe. Then du = —jj dP, so we have — / — — I cdt 

dt F J P\nk J F F J u J 



du 



u 



= - / cdt => In \u\ = -ct + Ci => \u\ = C 2 e~ ct (where C 2 = e Cl ) => u = Ce~ ct (where C = ±C 2 ). Thus, 



In ^ = Ce~ ct . At t = 0, In = C, so we have In ^ = In -^- c ' ^ = e ln ( L / p ^ e " ^ P (t) = Le~ ln ( L / p o)* ct . 



b. lim P (0 = lim Le- ln ( L / p °)e =Le° = L 

c. P'(f) = cPln^ = cP(lnL-lnP) => 

p" (t) = c [V (In L - In P) + = cP' (in £ - l) = c 2 P In £ (in ^ - l) . Setting P" (0 = 0 gives P = 0, 

In = 0 J? = 1 <=> P = L, or In — 1 = 0 In ^ = 1 <^ ^= ^ <^ P = ^ . 
Since P (r) = 0 and P {t) — L are equilibrium solutions of the differential 

equation, we need only consider the case where 0 < P < L, and from the Slgn ° 

j —i ; ) — *- P 

sign diagram, we see that P has a maximum at P = that is, P (r) is 0 

L 



e e 

increasing most rapidly when P = ^ . 

-ct 



e 

d. Substituting the value of P found in part c into the expression for P found in part a, we have j = Le~ ln ( L / p o)^ 

In In ^ 

e = e WL/P 0 )e-« ^ 1=ln L —ct ^ e ct = ^L 3L. 

Po Po Po ^ 
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21. Let P (?) denote the population of goldfish ? months after they were introduced into the 
pond. The using the result of Exercise 20 with L = 200 and P (0) = Pq = 20, we have 

P (?) = Le- x < L l p ^ e ~ c ' = 200e- ln ^ 200 ^ e ~ ct = 200e-^ n 10 > _£ \ The condition P (1) = 80 gives 200e"( ln 10 ^~ c = 80 

= Thus, P (?) = lOOe'^ I0)[(ln2.5)/(ln !())]'_ The number 0 f goldfish in the pond after 



(ln I0)e~ c _ 5 



—c 



3 months is given by P (3) = 200e _(ln 10) [(In 2. 5) /(In 10)] 3 % m 



22. a. 



^ = (k cos 0 P => f ^p- = J k cos tdt 

InP = &sin? + Ci (P > 0) => P = Ce* sin ' 
(where C = e Ci ). The condition P (0) = P 0 
implies that C = P 0 , and so P (f) = P 0 ^ sin/ . 

c. P (?) oscillates between Pq*? -0 ' 2 and Pne 0,2 for 
all values of 



b. With A: = 0.2, we have P (f ) = P 0 e 



_ D„^0.2sinr 



y 

700 



/ / / \ \ \ 
/ / \ \ 



/ / 




23. True. The equation is a logistic differential equation with carrying capacity L = 100. Since the initial population 
P (0) = 150 > 100, we see that P (t) is decreasing and approaches P (t) = 100. 

24. False. The equation is a logistic differential equation. Since P (0) = 0, we conclude that P (?) = 0 for all ? > 0. 

25. True. The equation is a logistic differential equation with carrying capacity L = 50. Since P (0) = 10 lies strictly between 
0 and 50, the graph of P does have an inflection point where P = = 25. 

26. True. The equation is a logistic differential equation with L = 1000. The function P (?) = 1000 is a constant 
solution of the equation. Since P (0) = 1000, the solution is P (?) = 1000 for all ? > 0 and so, in particular, 

lim P (?) = lim 1000 = 1000. 



1. a. y' + P (*) v = Q (x) 

b. Yes. Write it in the form y' + = l&L. Then P (x) = ^7 and Q (jc) = g W 



00 to ao to 



00 to 



00 to 



2. a. An integrating factor is a function which, when multiplied by both sides of a differential equation, makes that differential 
equation more amenable to solution by integration. 

b. See page 714. 




1. No. The presence of the term y 2 makes the equation nonlinear. 

2. Yes. It has the form (1) with P (x) = e x /x 2 and Q (x) = 4/x 2 . 

3. No. The term cos y is nonlinear. 

dx 3 

4. Yes. It has the form — + P (y) x = Q (y), where P (y) — —= - and Q (y) 



dy 



y 



tany 

-yT 



, and is thus linear in x 
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5. ^ + 2y = e 2x . Here P (x) = 2, so u (x) = el 2dx = e 2x , so ^ (e 2x y} = e 2x -e 2x = e 4x , ye 2x = J e 4x dx = \e 4x + C, 
andy = \e 2x + Ce~ 2x . 

6. x% + 3y = 2 => ^ + §y = §. M (*) = = e 31n * = * 3 , so £ (* 3 y) = * 3 (|) = 2x 2 , 



x 



3 y = f 2x 2 dx = ^x 3 + C, and y = \ + Cx~ 3 . 



7. */ + y = jc 3 => y' + ly = x 2 . u (x) = e f( l M dx = e lnx = x, so £ (*y) = x (x 2 ) = x 3 , xy = / x 3 dx = \x A + C, 
andy = ^ 3 + §. 

8. y sinx + y' cos* = 1 => y' + y tan* = sec*, w (x) = e I tanxdx — ^- In cos* _ secx? so (-y S ecx) = sec 2 *, 
y sec * = J sec 2 * J* = tan x + C, and y = sin x + C cos 

9 # ^ - -y = * 2 cos3x. w (jc) = e -iiVx)dx _ e -2\nx _ _L so ( J-y ) = -L 2 cos 3.x) = cos 3.x, 
d.x x x z dx \x z ) x z V / 

L-y — J C os 3xdx — A sin 3.x + C, and y = Ax 2 sin 3x + Cx 2 . 



x 2 



10. + ycotx: = cos*, w (x) = e I cotxdx — gin sin x _ s i n<Xj so ^_(-y S i n ^) — sinxcosx => 
y sin x = J* sin x cos * d.x = ^ sin 2 x + C, and y = ^ sin x + C esc 

11. xy' — y = 2x (ln.x) 2 => y - -y = 2(lnx;) 2 . « (*) = g-JOAK* = -, so — |-y ) = - [2(lnx) 2 l => 

x .x dx \.x / .x L J 

1 /* (lnx;) 2 o a o -2 

-y = 2 — dx = i (\nx) 3 + C => y = 4jc (lnx) 3 + Cx. 

x J x 3 3 

12. (cos y — xe y ) dy — e y dx = cos y — .x => = ^ _:y cos y. This is a first-order linear differential equation 
in* with u (y) =ef dy = e y , so ^ {e y x) = cos ;y => = / cos y <iy = siny + C ^> x = siny + C^ _>? . 

13. (, + 1) + y = t=> *Z + = _L.. M ( 0 = = ,ln(r+l) = t+ h 

dt (ir f + 1 t+\ 



so 

2 



14. jcy + (1 + x) y = (1 + cos2x) => y + f 1 + - ) y = -e~ x (1 + cos 2.x). u (t) = e f[W/x)]dx = e x+hix = xe x ^ 

\ X ) X 

so — (xe x y) = (xe x ) —e~ x (1 + cos2x) = 1 + cos2x => xe x y — f (1 + cos2x)<£x: = x + A sin2x + C =^> 

dx x z 

-x 1 -x - ^ Ce ~ X 
y — e + —e A sin2xH . 

2x x 

15. xy' + (2x + l)y = xe~ 2x => y' + ^2+ ^ y = e~ 2x . u (*) = J[ 2 +dA)]^ = ^x+lnx = xe 2x ^ 



so 

2 v ri —2x 



^ (xe 2x y"j — (xe 2x ^j e 2x — x =^> xe 2x y = fxdx = ^- + C^y = ^-e 2x + ^ 



1^ ^ dx x + y 3 dx l 2 _ f (l/y w y _ lnv l d (\ \ l / 2 \ 

16. -— = -^-— = =^ ^ = y. w(y) = e JV/y) ay = e my = -,so — I -x ) = - (y z ) = y 

dx x + y 5 dy y dy y y dy \y ) y \ / 

^ = Jydy = \y 2 + C => x = ^y 3 + C>. 

17. ^ + y = 1. M (jc) = ef ldx = e x , so £ (ye x ) = e x => ye* = J e x dx = e x + C and y = 1 + C«" x . y (0) = -1 => 
1 + C = -1 <=> C = -2, so y = 1 - 2e~ x . 
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18. xy' - 3y = x 4 => / - -y = x 3 . u (x) = e - f(Vx)dx = e -3\nx = _L so A. ( A- y ) = .1^3 = j 

x jc- 5 ax \x J / x 5 



y 



X 3 



= f \dx = x + C^y = x 4 + Cx 3 . y(l) = 5=>l + C = 5<^>C = 4, so y = x 4 + Ax 3 . 



19. $2- + 2xy = x. u (x) = e f 2xdx = e* 2 , so £ {ye x ^ = xe* 1 => ye* 2 = / xe* 2 dx = \e %1 + C => y = \ + Ce 
y(0) = l=>^ + C = l<=>C=^,soy = h( l + e ~ x2 )- 

20. — — ■ — 0 — — — => — — + — — r — 0. u (0) — J[l/(30)]<*0 = e 0n*)/3 = #1/3 so A ( r fll/3\ = #4/3 ^ 
rfl 1 / 3 = / 0 4 /3 dO = IjO 1 ' 3 + C => r = jO 2 + ^ . r (1) = 1 => ^ + C = 1 C = so r = ^0 2 + . 



-x 2 



21. x (jc + 1) y' + xy = \nx => y 1 + — - — y = ^ . m (jc) = = e Wx+l) = x + i ? so 

x + 1 x (x + 1) 

r, ,x l ln * / ^ /* ln ^ i i „ (In*) 2 C 1 C 1 



dx 



r , -i In x flnx 1.0 (lnxr 

[<? + l)y] = -** + l)y= -dx = fax? + C*y = ±^ + x + 1 



• y(i) = «=»-s- = ««* 



(lnx) 2 1 (lnx) 2 + 2 

C = 1, so y = = 

y 2 (jc + 1) jc + 1 2(x + l) 



22. (1 + **) ^ + e*y = sinx => ^ + f y = M (*) = e !W+*W* = = 1 + e\ 

dx dx \ 1 + e x / 1 + 



so 



^ r/, Y \ 1 /, v\ r • ^ C — cosx 1 C— 1 1 

— - [(1 + <rj yj = sin x ^ ( \ -\- e x )y — J sinx dx — — cos x + C => y = — . y (0) = - =^> = - o 

£Z.X 1 i~ £ £ J* 

„ ^ 2 — cos x 

C = 2, so y = 



1 + 



23. a. If n = 0, then we have + P (x)y = which is evidently linear. If n = 1, then we have ^ + P (x) y — Q {x) y 

<=> ^ + [P (x) — Q (x)] y = 0, which is also linear. 

b. Let o = y l ~ n . Then ^ = A fj 1 -") = (1 - w ) y _n ^ <^> ^ = - g^Z^ — , Substituting into the given 

dx dx \ / dx dx (1 — n) y n 

dv/dx dv i _ 

equation, we obtain — h P (x) y = Q (x) y n <^> — + (1 - n) P (x) y l n = (1 - n) Q (x) 

(1 — n) y~ n dx 

dv 

— + (1 - n) P (x) v = (1 - n) Q (x). 
dx 

24. y f — y = xy 2 is a Bernoulli differential equation with n — 2. So, putting d = y 1-2 = - and using the result of 

y 

Exercise 23, we obtain - — h (1 — 2) (— 1) v = (1 — 2) x ^> - — h o = — x. w (x) — e-f dx = e x , so — (^o) = — =^> 

ai Jx 

e^y — — J xe* dx = — (x — 1) e x + C. o = 1 — x + C*? - *, sou = - = 1— x + Ce _x =^> y = 



1-x + Ce 



—x 



2 4 

25. x 2 y' — 2xy — 4y 3 => y ; y = -^-y 3 is a Bernoulli differential equation with n — 3. So, putting 



^ x 2 



1-3 

v — y 



1 Jo / 2\ 
= and using the result of Exercise 23, we obtain - — h (1 — 3) ( \v = (1 — 

y z dx \ x ) 



dV + 1 0 = _ JL „ ( X) = e /(4/x>fa = e 41n^ = so A ^4^ = _g x 2 ^ x 4„ = _ f 8x 2 dx = _ 8^3 + Q 
xx z dx \ J 



dx x x l dx 

1 8 C 3C-8x 3 /ix r- 1 3C-8 „ n 1 9-8x 3 V5. 

y = = + -r = — — : — . y (1) = V3 => - = — - — => C = 3, so = 



2 



y 2 3x x 4 3x4 • ^ v ^ 3 3 y l 3x 4 ' y 9 _ Sx 3 ' 
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26. a. Let y — e v . Then v = In y and ^ = e° ^ . Substituting into the given equation, we obtain 

e v $jz + P (jc) = G to *°© => ^ - 2 to o = -P (jc), a linear differential equation, 
b. — 2x 2 y = v In y => y' — 2xy = 7 lny. Letting y = e v and using the result of part a with P (x) = — 2x and 
2 (*) = I we obtain **L-l v =2x.u (jc) = e" I^ dx = I so ^ (§) = 2=> § = /2</jc = 2* + C => 
0 = 2x 2 + Cjc. Thus, 0 = lny = 2x 2 + Cx => y = e 2 * + Cx . 

27. yV=l + |^y-Iy = l. MW = e/-(V^ = ,-ln^^ 
y = x \nx + y (1) = 1 => C = 1, so / (x) = x \nx + x. 



28. a. Let y (t) denote the amount of salt in the tank at time t. Then 

^- = (rate of salt entering) — (rate of salt exiting) = 6- 2— ^ • y • 2 = 12 — |y, and the initial value problem is 

^ + |y = 12,y(0) = 4. 

b. f£ + ly = 12. u (0 = Jd/S)^ = ^/8 f so ^ ^/8j = i 2e t/* ye t/% = 12 JJ/*dt = 96e t l* + C and 

y = 96 + Ce - '/ 8 . y(0) = 4^96 + C = 4<^C = -92. Thus, y (f) = 96- 92^ _/ / 8 , and the amount after 5 minutes 
is y (5) = 96 - 92e" 5 / 8 % 46.8 lb. 

c. The amount of salt in the tank after a long time is given by lim y (t) — lim (96 — 92e -? / 8 ) = 96 lb. 

29. a. Let y (t) denote the amount of salt in the tank at time t. Then we have y (0) = 0 and ^ = 3 • 2 — • y • 2 => 



^ + X =6 . M(0 = e /(l/15)^ = ^/15 5 



(ye'/ 15 ) 



= 6e 



f/15 



ye 



f/15 _ 



= f6e'/ 15 dt = 90^/ 15 + C 



y = 90 + Ce"'/ 15 . y(0) = 0=>90 + C = 0=>C = -90, so y (0 = 90 (l - e"'/ 15 ) . 

b. We solve the equation 90 (l - e - '/ 15 ) = 80 <^=> 1 - e _/ / 15 = § <=> e~^ 15 = \ <^ t = -15 In \ % 32.96, 
approximately 33 minutes. 



^/ 3 

30. a. Let y (f) denote the amount of salt in the tank at time t. Then — = - (2) 

dt 2 10 — t 



(3) = 3 - 



10 -t 



y 



dy 
dt 

d 



+ 



10 -t 

y 



y = 3 with y (0) = 2. u it) = = e -3In|10-f| = 



1 



(10 -o 3 



for 0 < t < 10. Thus, 



dt (10-0 3 . (10 -o 3 (10-0 



^—3 =3/(10- 0" 3 dt = 3 (-1) (4) (10 - f)- 2 + C 



y = |(io-o + c(io-o 3 . y(0) 

C = - T ^ 0 ,soy(0 = |(10-0- 



= 2 => ^ + 1000C 

itoj(io-o 3 - 



= 2*5 



3 



13 



b. y(10) = f (0)-^(0) = 01b 



d. The amount of salt in the tank is greatest when 

(10 - o 2 = 0 <=> (10 - o z = § • 



dy _ 3 , 39 
It - ~2 + TOT) 



2 3 1000 ^ 
39" 



10-r=(**>) 



1/2 



r ^ 3.8 minutes. The amount of salt in the 



tank at that time is approximately y (3.8) ^ 6.2 lb. 



c. 



6- 



4- 



0 




0 



8 



10 
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dy ^ 3 y 



31. a. Let y (t) denote the amount of salt in the tank at time t. Then —- = 2 • | — 

CI I 



40-1* 



•2 = 3- 



4y 



80 -t 



dy 4 
<-> — + 



d 



dt 80 - r 



j = 3 with y (0) = 0. u (t) = efWW-W* = e-41n(80-r) = 



1 



(80 - t) 4 



, so 



3 



y 



dt (80-0 4 - (80 -t) 4 (80-0 
y (0) = 0 80 + C (80) 4 = 0 o C = - 



= 3 / (80 - 0" 4 dt = 



1 



1 



512,000 



, so y (0 = 80 - t - 



(80 - 0 3 
(80 - t) 4 



+ C <^ y = (80 - 0 + C (80 - 0 • 



512,000 



(80 - 20) 4 

b. y (20) = 80 - 20 - v „ „ > « 34.7 lb 
/v 7 512,000 

c. The tank holds 20 gallons of brine at time t, satisfying the equation 40 — jt = 20 <^> t — 40 minutes. The amount of salt 
in the tank at that time is y (40) = 80 - 40 - (8Q ~ 40 ) = 35 lb . 



512,000 



d. The amount of salt is maximized when 



in the tank is about y (29.6) » 37.8 lb. 



dy , (80 -0 3 „ 

— = -l + - — = 0<=>* 

dt 128,000 



29.6 minutes, so the maximum amount of salt 



32. a. Here L = 4, R = 20, and £ = 24, so Equation 8 gives 



777 



+ 20/ = 24 
/ (0) = 0 



|f + 5/ = 6, sou(t) = ef 5dt 



e 5t . 



Thus, f f (/<? 5r ) = 6e 

no = l(i -e- 5 *). 



5t 



Ie 5t = J6e 5t dt = %e 5t + C <=> / = f + Ce~ 5t . I (0) = 0 



f + C 



= 0 => C = 



-f,so 



b. / (0.2) = 5 [l - e" 5(a2) ] » 0.76 amp 

c. The current after a long time is given by lim / (t) — lim 1(1— e~ 5t ) = § = 1.2 amp 



33. Here £ = 12, R = 10, C = 0.02, so we have 10 



d -Q + ^ 2 = 12 => ^ +5 2 = I with g(0) = 0.05. 



(Qe 5t ) 



Qe 5t = ^fe 5t dt = ^e 5t + k <=> Q = Jfe + Jce~ 5t . 



1 



Q (0) = 0.05 => % + £ = ^ 
/ (t) = Q' (t) = £ (o.24 - 0.19^- 5? ) = 0.95<?- 5 '. 



k = - i£ = -0.19, so Q (t) = 0.24 - 0A9e~ 5t . The current at time t is 



34. We have 10^ + 2 = 30<? -2 ' + 10e~ 6 ' <=> ^ + 52 = 3e~ 2 ' + e~ 6? . u (t) = e 5t as in Exercise 33, so we have 
£ ^Qe 5t ^ = 3e 3t + e~ l => 2^ 5 ' = / (3e 3/ + ^ = e 3t - e~ f + k <=> 2 (0 = e -2 ' - e _6? + ike" 5 '. But 2 (0) = 0 

=^ 1 - 1 + k = 0 => A: = 0, so 2 (0 = ^~ 2 ^ - e~ 6t ■ To find the maximum value of Q, set 2' (0 = -2e~ 2t + 6e~ 6/ = 0 
=> 2e~ 6t (-e 4t + 3^ = 0^ f = I In 3. Since Q" ^| ln3^ = 4e~ 2t - 36e" & ^ ^ « -4.6 < 0, we see that 2 has a 

relative maximum at t = ^ In 3 ~ 0.27. Therefore, the maximum charge is 2 (| m 3j = ^ _2r — e~ 6t % 0.385 coulomb. 



so 



35. a. Here m = ^ = ^ slugs, so the equation of motion is \^ = 8 - v <^> ^ + 4y = 32. u (t) = e/ 4 ^ = ^ 4? , 

^ (ue 4 ^ = 32^ ^ oc 4 * = /32e 4 ' dt = Se 4t + C <^ 0 = 8 + C^" 4r . But 0 (0) = 0 => 8 + C = 0 => C = -8, so 

-4* 



v(t) = s(l-e~ 4t y 
b. 0 (1) = 8 (l - <T 4 ) «7.85ft/s 
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c. We solve the equation 8 (\ - e~ 4t ^j = 4 <=> 1 - e~ 4t = \ o e~ At = \ <^ t = -\ In \ % 0.17. Thus, it takes 
approximately 0. 17 s to reach 4 ft/s. 

36. Here m = = 6 slugs, so the equation of motion is 6^ = 192 - I2v => ^ + 2v = 32 with d (0) = 112. 

u (?) = ef 2dt = e 2t , so £ (ve 2t ^j = 32e 2t ve 2t = j32e 2t dt = I6e 2t + C <=> o = 16 + Ce" 2 '. 

y (0) = 1 12 => 16 + C = 1 12 => C = 96, so u (?) = 16 + 96e~ 2t . His position ? seconds after the parachute is 
deployed is x (?) = J (\6 + 96^" 2 ^ dt = 16? - A%e~ 2t + K. But x (0) = 0 => -48 + K = 0 <^> K = 48, so 

a: (0 = 16? - 48e~ 2 ' + 48. His limiting velocity is thus given by lim v (?) = lim (l6 + 96e -2 ') = 16 ft/s. 

/— >oo t—>oo \ / 

37. Here m = ^ = ±f - slugs, so the equation of motion is = 1000 - 200 - IOOd o ^ + fv = ^f-. 
u(t) = eSWW = e^i\ so £ (ve^l 5 ) = l§8 g l&/5 ^ y<? 16?/5 = 128 = 8 ^16r/5 + c 

^ v (?) = 8 + Ce~ l6t / 5 . But o (0) = 0 => 8 + C = 0 => C = -8, so v (?) = 8 (l - e" 16 '/ 5 ) 

* (f) = 8 (r + ^^~ 16 ^ /5 ) + £ and x (0) = 0 8 + & = 0 ^ £ = Thus, a: (0 = 8 (t + ^^ _16f/5 ) - §• The 
distance traveled by the boat after 4 seconds is \x (4)| = |8 |^4 + j^e~ 16 ^ 4 ^ 5 J - | ^ 29.5 ft. The limiting velocity of the 
boat is given by lim o(t)= lim 8^1- e' 16 ^ 5 ) = 8 ft/s. 

?— >oo t—>oo\ ) 

38. The equation of motion is m— — —mg — &?;<=> — + —v = — g. w (?) = e f(k/m)dt _ e kt/m^ so 

J? dt m 



— (ve kt / m ) = -ge kt l m => I m = _ g f e -kt/m dt = _ f m e kt/m + C ^ /; = - — + Ce~ kt l m . V (0) = 

dt \ / k k 

=> -— + C = o 0 => C = u 0 + — > so u (0 = -— + 6>0 + — ) e _/://m . Its position at time t is 
k k k V k / 

x (?) = -^? - — ( dq + — ) + D, where £> is a constant, jc (0) = 0 => -— (v 0 + — ) + D = 0 => 

k k \ k / k \ k J 

D — — \ vq + so ^ (0 — — -j^t + + ^1 — e~ kt l m y The object attains its maximum height at time 

r where r satisfies 0 (T) = 0 o + (v 0 + ^f] e~ kT l m = 0 o = ^ • — = , " g o 

k \ k ) k kvQ + m,g atdq + mg 

k T I YYl Q \ YYl f JcD Q ^ 

= In I )<=>r = — lnllH I . Therefore, using the notation exp (a) for e a , the maximum height is 

m \kvo + mg / k \ mg J 

mg m/, kvo\ m/ mg\ f / k m kvn 

-W = —r • T ln 1 + — " + T u 0 + -p 1 " exp -In 1 + - 

k k \ mg ) k \ k / i \ m k \ mg 

m 2 g ln L koo \ + ™( kv 0 + m 8 \ L _ m 8 \ = m ^0 _ ™h_ {n L kv 0 



»0 




k 2 \ mg ) k \ k ) \ kvQ + mg Ik k 2 \ mg 



dl . .... dl R E 0 

39. L— — h RI = Eq cos ojt with / (0) = 0. We first rewrite the linear equation in standard form: — — I / = — cos ujt. 

dt dt L L 

u (t) = efWW = eW^, so - \leW L A = ^ e W^< coswf =* IeW L )> = Elj e (R/Lyt C0&LJ tdt. Using the 



integration by parts formula or the table of integrals, we find le^ R l L ^ — — 

Is 



(R/L)t 

cos cot + (jj sin ujt 




+ c 



/ = - E ° n - (Rcosut + Lcosinu;?) + Ce~W L ^. I (0) = 0 ^ - E °* 0 + C = Oo C = --J***—, so 



R 2 + u? 2 L 2 7? 2 + u? 2 L 2 7? 2 + u? 2 L 2 

EqR 



R 2 + u; 2 L 2 



cos ujt + ^ sin u;t - e W L ) r 
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40. a. If market equilibrium prevails, then s (f) = d (t) => 22 + 2p (t) + 3p' (t) = 40 - p (t) + 2p' (t) o p' + 3p = 18. An 

integrating factor is m (?) = e/ 3 ^ = e 3t , so we have jj (pe 3r ) = 18e 3r => pe 3 * = 18 / e 3f dt — 6e 3t + C => 

p = 6 + Ce~ 3t . p (0) = 10 =» 6 + C = 10 => C = 4, so p (t) = 6 + 4e" 3? . 
b. lim p (?) = lim ( 6 + 4£ _3? ) = 6, so the limiting price is $6 per unit. 

41. Let y — c\y\ + c^yi- Then y' = c\ yj + QV^- Substituting this into the left-hand side of the given equation 

y' + Py = c\f + c 2 g (1), we obtain c x y[ + c 2 >2 + P (c\y\ + c 2 J2> = Q {y[ + P^l) + c 2 04 + P ^2) ( 2 )- But since y\ 
and V2 are solutions of y' + Py = / and y' + Py = g, we have y{ + Pyi = / and y^ + Py2 = g. In view of this, the 
right-hand side of (2) becomes c\ f + C2g, which is equal to the right-hand side of (1). This shows that y = c\y\ + C2y2 is 
indeed a solution of (1). 

, 2 e x , 2 e~ x 

42. a. y H — y = — (1) and y H — y = (2). Equations 1 and 2 are both first-order linear differential equations 

X X X X 

in standard form, and an integrating factor for both is u — e J(V x )^ x = £ 21n * = x 2 . To solve (1), we write 
(x 2 y^ — xe x => x 2 y — J xe x dx — (x — 1) e x + k\ => y = ^ - 2 J e x + To solve (2), we write 



x^' 



277 i^y) = xe x => x 2 y — J xe x dx — — (I + x)e x + k 2 ^> y = — f e * + 

e x , e~ x 

b. Using the result of Exercise 41 with f (x) = — , g (x) = , c\ = 2, and 

x x 

i , , , • r I 2 2 ^ 3 ^ _ "" • 

C2 = —3, we see that the general solution of y H — y — is 



C 

~2' 



x 



dx e y cos y . dx 
1 — -a' = , which has the form — 

dy y 1 y dy 

first-order linear differential equation in x . 



43. True. The equation can be written as — — I — ^ x — » which has the form - — h P (y) x = 2 (y) and is thus a 



dy n . 

44. True. The differential equation — =r is both a first-order linear differential equation and a separable equation. 

dx 

. dy (x) / (x) flj (x) 

45. True. Write the equation in the form 1 — = — - — . Here P (x) — . 

dx ciq (x) «o ( x ) ^0 ( x ) 

46. True: y\ is a solution of y' + Py = 0, so we have y^ + Pyi = 0. Also, y2 is a solution of y' + Py = /, 
so y^ + Py2 = /• So if y = cy\ + y2, then y' — cyj + y^, and substituting this into y' + Py = / gives 
cy[ +y' 2 + p (Wi + y 2 ) = c (y^ + Pyi) + (y£ + Py 2 ) = 0 + / = /, proving the result. 

47. True. / r (x) — y' — 2e x — j (— sinx + cosx), so y f — y — 2e x — ^ (— sinx + cosx) — ^2e x — j (cosx + sinx)j = sinx. 




1. a. derivative; differential; unknown 



b. highest 



2. a. open; equation 

3. g (x)h (y); separable 



b. curves; solution; integral curves 
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4. a. yne 



kt 



5. a. tangent line 



dP 

6. a. — = kP 

dt 



K) 



c. zero; increases; approaches; L; L; decreases; L 

7. a. ^ + P (x) y = Q (x) 

dx 

8. standard; integrating factor; integrate 



b. > 0; < 0 

b. slope; direction 



b. P (t) = 



L 



1 + 



(*-• 



e 



-kt 



b. u(x) = eS p to dx 




1. y = C cosx + sinx => y' — — C sinx + cos x. Substituting into the left-hand side of the differential equation gives 
(cos x) y f + (sin x) y — (cos x) (— C sin x + cos x) + (sin x) (C cos x + sin x) 

— — C cos x sin x + cos 2 x + C sin x cos x + sin 2 x = 1 
which is the right-hand side of the equation. Thus, y is a solution of the differential equation. 

2. y — —2 + 3e 3t => y' = 9^ 3? . Substituting into the given equation, we have y f — 3y = 9e 3r — 3 ^—2 + 3e***j = 6, so the 

differential equation is satisfied. Also, y (0) = —2 + 3^ = 1 and so the given initial condition is also satisfied. Thus, 
y = —2 + 3e 3t is a solution of the initial value problem. 



* dy n 2 
3. — — 2xy 



4. 



5. 



dx 

dy x 

dx y* 

dy_ 

dx 
dy 



dy f 1 9 

= l2xdx^--=x z + C^>y = - 



1 



y 



2 



y 



x 2 + C 



y 1 dy = I x dx => ^y 3 = ^x 2 + C\ or y 3 = |x 2 + C, where C = 3C\ . 



= = e y e - x 



Je-y dy = fe~ x dx =^> -e"? = -e~ A ' - C => e>' = 



1 



C + e"-* 1 + Ce 



A" 



6. x-f- = y 2 + 1 

dx 



^ d y 23 

7. — = x A y D 



dy 



y 2 +l 



dx 



tan 1 y = In |x| + C => y = tan (In |x| + C) 



1 

7 



dy 



y 



, = / x 2 dx => = Ax 3 + C. y (0) = i => -2 = C, so = ix 3 - 2 => 

' 2y z 2y z 



2 3 , -2x 3 + 12 2 
= -4* + 4 = =^> y l = 



8. — + 3y = 6 



dy 



3 



= 3(2-;y) 



12 - 2x 3 ' 

dy 



= / (-3) dx => In |2 - y | = -3x + d => 2 - y = Ce~ 3 * (where 



9. 



^/x J y — 2 

C = ±e c \)^ y = 2- Ce~ 3x . Next, y(0) = 0=>0 = 2- C=>C = 2, so y = 2 - 2e~ 3 * = 2 (l - e' 3 ^. 
dy 



x 



= —- f xdx + f ydy = Q=> \x 2 + \y 1 = C. Next, the condition y (0) = 2 implies that 0 + \ ( 2 2 j = C 

cue \ / 



C = 2, so the solution is x 2 + y z =4. 



2 _ 



10. 



dy 



1+x 



Je y dy = J (1 + x) dx => £- v = x + ^x 2 + C. Next, the condition y (1) = 0 implies that 



11. 



dx e y 

\-\-^-\-C — e^ — 1 <=> C = — ^, so the solution is = x + ^x 2 — ^. 

dy / 9 \ f dy 



dx 



y 2 + 1 



so y = 



= 4(y 2 +l) 



/ o_\ tan4x — tan 

= tan(4x-2f) = - 



= / 4dx =^> tan -1 y = 4x + C. Next, y ) = 1 <^> tan -1 1 = 4 (f ) + C <=> C = 



-1 



3?r 



1 + tan 4x 



+ (tan4x)(tan^) 1 



— tan 4x 
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1 



12. y l = x + C => 2yy' = 1 => y' = — . The orthogonal trajectories satisfy 



the equation y' — — 2y if J 



y = Ce~ 2x (where C = ±e Cl ). 



Jy 

y 



2y 



= / (-2)dx => \n\y\ = -2* + C\ 



0 



-2 



-4 



1 — ' — KH — 


— T 1 — 1 — 1 — h 


-7- 
— 1 1 '1 





-4 



-2 



0 



13. a. Let x (t) denote the number of bacteria at time t. Then we have ^ = kx and x (0) = 1000. The solution is 
x (0 = 1000e*'. Next, x (3) = 4000 => 1000*? 3 * = 4000 => e k = 4 1 / 3 , so x (t) = 1000 • 4'/ 3 . 
b. x (6) = 1000 • 4 6 / 3 = 16,000 



t 



c. We solve 1000 • 4 ? / 3 = 400,000 => 4 ? / 3 = 400 => - In 4 = In 400 

3 



3 In 400 
t = — * 13 h. 



In 4 



14. Let v (f) denote the amount of the radioactive substance present after t years. Then we have = ky, where k is 
the constant of proportionality. We find y = y$e kt , where yo = y (0) is the amount present initially, y (1) = 4 

=> y 0 ^ = 4 (1) and y (6) = 1 => y 0 e 

6 

y 0 = 4 6 / 5 % 5.28. Thus, the initial amount is approximately 5.28 g. 



• 6k = 1 (2). From (1), we have e k = — . Substituting this into (2) gives 



yo 



y 0 e 6k = y 0 (e k ) 6 = y 0 ^ =1 = 
Dividing (2) by (1), we obtain e 5k = \ => e k = (|) 1/5 , so y (0 = y 0 e kt = y 0 (e*)' = y 0 (l)^- To find the half-life of 



y 5 0 



(. x // 5 1 , 



1 51n 7 

4 => ? = ==■ = 2.5 years. 

lni 



15. Let y (t) denote the amount of radium-226 in year t. Then y (t) = yo<?^, where yo is the initial amount and k is the decay 
constant. Since the half-life of radium is 1602 years, we have yo<? 1602 ^ = ^yo => e l602k = ^ => 1602/: = In ^ = — In 2 = 



* ~ 1602 



-0.000433. 



16. We use the continuous compounding formula A = Pe r '. Since P = 4.5, we have A = 4.5e rt . Now the condition 
A (5) = 8.2 implies 4.5e 5r = 8.2 = 



e5r = | 2^ 5r = ln |2 



r — I In 44 0.12, representing 12% per year. 



5 111 33 



17. We have A = Pe rt , where A is the price of the house at time t. With P = 300,000, r = 0.03, and t = 4, we find 
A = 300,000<? 4 (°- 03 ) % 338,249.06. Thus, the Brennans can expect to pay about $338,249. 



18. Let y (t) denote the temperature of the thermometer t minutes after it has been taken into the room. Then 
dy f dy f 

— = k (y — 70), where k is the constant of proportionality. We find / = kdt ^> \n\y — 10\ = kt + C\ 

dt J y-70 J 

\ y - 70| = C 2 e kt (where C 2 = e Cl ) => y = 70 + Ce kt (where C = ±C 2 ). Next, y (0) = 40 <=> 



70 + C = 40 <^> C = -30, so y (f) = 70 - 30e Kl . y (1) = 52 «=> 70 - 30e K = 52 <=> e K = ^ = §, so 

y (r) = 70- 30^ =70-30 (e*)' = 70-30 . Setting y (?) = 64 gives 70 - 30 = 64 => = |j = 



1 

5 



rln 3 =lnl 



In 



1 



In 



3.15. Thus, it takes approximately 3.15 minutes before the thermometer reads 64° F. 
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19. a. We have ^7 = k (y — 70), where k is the constant of proportionality, f — = [ k dt => In \ y — 70| = kt + C\ = 

at J y-70 J 

\y - 70| = C 2 e kt (where C 2 = e Cl ) => v = 70 + Ce*' (where C = ±C 2 ). v (0) = 200 => 70 + C = 200 <^ 
C = 130, so y (0 = 70+ I30e kt . y (5) = 180 => 70 + 130^ = 180 => e 5 * = j± <=> ^ = ({^) 1/5 , so 

y (?) = 70 + 130^ = 70 + 130 (e^ = 70 + 130 (n)^ • The temperature of the coffee after 10 minutes is 

/ u \l0/5 

y (10) = 70 + 130 \U) « 163°F. 
b. We solve the equation 70 + 130 (jf)^ = 120 => (j^)^ 5 = n^5 ln n = ln n =>r = £^_13_ % 2 8.6 minutes 



20. Let 0 (0 denote the speed of the motorboat t seconds after the motor is cut off. Then we have m—- = —kv, where m is 

dt 

dv k fdv f / k\ Ic (h/ m \t 

the mass of the boat. — = v => / — = / ( ) dt => In \v \ = 1 + C\ => v (t) = Ce \ K l m ) 1 (where 

at m J v J \ m ) m 

C = ±e Cl ). Let us denote the initial velocity of the boat by vq. Then v (0) = Ce® = C — vq, so v (t) = VQe~^ k ^ m ^ . 
Since 10 seconds is equal to hours = ^ hours, we have v (3^) = U0g(~*/ w )(l/ 360 ) = 10 (1) and 

„ ( 1 ) = „ e (-*/m)0/lW) = 4 (2) From (lx we find e (-*/m)(l/360) = 12 e (*/m)(l/360) = £0 Substituting this 
into (2) gives v 0 = ^/"Od/lSO) = 4 [>/«)(l/360)] 2 = 4 (^T) 2 = 

=^> oq = 25 mi/h. 



^/ S f d S f 1 

21. a. — = rS + d => / = / dt => - In (rS + d) = t + Q => In (rS + J) = + rC\ ^rS + d = Ce rt (where 

dt J rS + d J r 

C = e rC \ ). Thus, S (t) = - (Ce rt - d). Next, S (0) = S 0 => - (C - d) = S 0 => C = rS 0 + J. Therefore, 

r r 

5(0 = - [(r5o + d) e rt — d\ 

b. Taking Sq = 10,000, r = 0.06, and J = 2000, we find 

S (5) = gjjg {[(0.06) (10,000) + 2000] g(° 06 )( 5 ) - 200o} % $25,160.55. 



22. 



[\ \ \ \ \ \ N 
\ \ \ \ \ \ 





0 



\ \\, \ \ \ \ 

N \ \ \ \\\ \ \ 
\ \ \ \ \ \ \ 



~U 

\ \ \ \ \ x 

\ \ \ \ \ \ x 

\ \ \ \ \ \ x 
\ \ \ \ \ \ 



23. a. 




/ A V - 

I / / S ' 

I / / / y 

I / / / / 

I/// _/j 



' s / / I I I 

/ / / / / / / 

////III 
///iii 



b. y (1)«0.6 
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24. Here n = 6, y (0) = 1, b = 0.6, and / (x, y) = y 2 - x, so h = = o.l, * 0 = 0, x\ = 0.1, x 2 = 0.2, 

x 3 = 0.3, X4 — 0.4, ^5 = 0.5, and x^ — 0.6 — b. Then yo = 1, y\ — yo + hf (*o, yo) = 1+0.1 (l 2 — 0^ = 1.1, 

y 2 = yi +hf(x u yi)= 1.1+0.1 (l-l 2 - O.l) = l.2U,y 3 = y 2 + hf(x2,y2)= 1.211 + 0.1 (l.211 2 - 0.2^ % 1.3377, 



0.6-0 



y 4 = y 3 + hf(x 3 ,y 3 ) % 1.3377 + 0.1 (l.3377 2 -0.3) « 1.4866, 

y 5 = y 4 + hf (x 4 ,y 4 ) % 1.4866 + 0.1 (l.4866 2 -0.4^ % 1.6676, and 

y 6 = y 5 + /z/ (x 5 , y 5 ) % 1.6676 + 0.1 (l.6676 2 - 0.5) % 1.8957. Thus, y (0.6) % 1.896. 

25. Here n = 5, y (0) = 1, 6 = 0.5, and / (jc, y) = 2x 2 y, so /z = = 0.1, x 0 = 0, x\ = 0.1, * 2 = 0.2, 

x 3 = 0.3, x 4 = 0.4, and x 5 = b = 0.5. Then y 0 = 1, yj = y 0 + hf (x 0 , y 0 ) = 1 + 0.1 [2 (o 2 ) (l)j = 1, 

yi = y\ + hf (x u yi ) = 1 + 0.1 [2 (O.l) 2 (1)] = 1.002, y 3 = y 2 + hf (x 2 , y 2 ) = 1.002 + 0.1 [2 (0.2) 2 (1.002)] 

y 4 = y 3 + hf(x 3 ,y 3 ) % 1.0100 + 0.1 [l (0.3) 2 (1.0100) j % 1.0282, and 

y5 = y4 + hf (x 4 , y 4 ) % 1.0282 + 0.1 [2 (0.4) 2 (1.0282)] % 1.0611, so y (0.5) % 1.061. 

3000 .... ... 3000 



1.0100, 



26. / (0 = 



- f(0) = 300 => 
1 + Be~ kt J J \ + B 



= 300 => 1 + 5 = 10 => 5 = 9, so / (0 = 



3000 



1 + 9e~ kt 



Next, / (2) = 600 



3000 



1 + 9e~ 2k 

-* = §,so/(,)= 3000 



= 600 



1 _l o„-2* 3000 c 



9e -2k = 4 



e~ 2k = i 



4 hours is / (4) = 



1 + 9(|) 
3000 



j. The number of students who had heard about the policy after 



= 1080. The rate at which the news was spreading after t hours was 



1 



/' (0 = 3000^ [l+9(§y 



= -3000 



1 



-1-2 



(27,000 in fj (§y 



(9) (in |) = — ^ y o 7 . Thus, the rate at 



1 



-\2 



(27,000 In (§) 

which the news was spreading after 4 hours was f' (4) = — 0 & 280 students per hour. 

27. jty' + 2y = 4x 2 => / + |y = 4x. Here P (x) = |, so an integrating factor is w (*) = e H 2 / x ) dx — ^lnx _ ^lnx 2 _ ^2 
Thus, we have ^ (x 2 y) = 4x 3 => x 2 y = / 4x 3 = x 4 + C ^> y = x 2 + (c/jc 2 ). 

28. y' + 2xy = 3x. Here P (x) = 2x and an integrating factor is u (x) = ef 2x dx — e* 1 , so we have ^ (y^ 2 j = 3xe x2 ^> 



= 3 / xe x dx = \e x +C^>y = \ + Ce 



—x 



29. ^ -\- y — e x cos 2x. Here P (x) = 1 and an integrating factor is u (x) = e-f dx = e x , so we have ^ (ye x ) = cos 2x 



ye x = J cos 2x ^ = ^ sin 2x + C ^> y = je x sin 2x + Ce x . 



30. 




+ x = 2y ^» + = 2. Here P (v) = y and an integrating factor is u (y) = — ^ ln J — -y 9 S o we have 

(xy) = 2y => xy = /2v Jy = y 2 + C => * = y + (C/y). 



31. 3^ - y = 0 => / ^ = / \ dx => In |y| = ^ + Q => v = C^/ 3 (where C = ±e c ^). y (-1) = 2^ C^" 1 / 3 = 2 
C = 2e 1 / 3 , so y = 2^/V/ 3 = 2e^ +1 )/ 3 . 
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32. y' — y — 3x 2 e x . Here P (x) = —1, so an integrating factor is u (x) = e~ -f dx = e~ x , so we have ^ (ye~ x ) = 3x 2 => 
ye~ x = /3x 2 <ix = x 3 + C => y = x 3 e x + Ce x . y (0) = 0 => C = 0, and so y = x 3 e x . 

33. xy' — y — x 1 cosx =^> y' — ^y = x cos*. Here P (x) = — |, so an integrating factor is w (x) = e~ K l / X ) dx — g~ ln * = I. 

Thus, we have ^ (j^) = cos * ^ x^ = / cos * — s ^ nx + C => y = x sinx + Cx. y (y) = 0 => y sin y + Cy — 0 
=> y(l+C) = 0<=^C = -1, soy — x sinx — x. 

34. xy' — v = * 2 e* y' — jy — xe x . Here P (x) = — |, so an integrating factor is w (x) = <?~ fO-M dx = e ~ ln * = i, 
we have " 



so 



^ ^lyj = e x => ±y = JV = e x + C => y = xe* + Cx. y (1) = e => e + C = e => C = 0, so y = xe x . 

35. a. Here L = 10,000, and so the population t years after the initial release of the 400 trout (Pq = 400) is 

L 10,000 10,000 , x 10,000 

P (t) = 7 r = -. r = j— . Now P (1) = 1000 => r = 1000 = 

l + (L_- X y-kt 1 + (i^00_i^-fa 1 + 24,-*' 1 + 24,-* 

Hb_in_-*_ 9 _3 — 10 > 000 10 ' 000 



1 + 24,"^ = 10 => = A = 4, so P (f) = '——- t 



1 + 24 (*-*)' 1 + 24(|) 



b. P (6) = — 10,000 7 » 9374 trout 



1+24 



(!) 



c We »lve -™5» - 8000 « 1 + 24 (§)' - Jjffl! . j » 24 (§)' . J » (|)' . £ « 

l + 24(|j V 7 W W 

f = — % 4.7 years. 
In | 

36. Let y (f) denote the amount of salt in the tank at time t. Then we have ^ =2-2 —A y, 

J J w 200 -t 200 - t 

dy 3 3 

y (0) = 20. Rewriting, we have — + — — y = 4. Here P (f) = — — , so an integrating factor is 

cl t vJ t 2* U \J / 



i 

7 



= 4 (200 - 0 



-3 



u (0 = J[3/(200-r)]* = ^-31n(200-0 = e ln(200-0" 3 = 1 ^, so we have - 

(200 -0 3 Jr .(200-0 3 

1 -y = U (200 - 0" 3 ^ => ry = 2 (200 - 0" 2 + C => y = 2 (200 - 0 + C (200 - f) 3 . Then 

(200 - 0 3 J (200 - 0 3 

380 380 

y (0) = 20 => 2 (200) + C (200) 3 = 20 => C = ^, so y(t) = 2 (200 - t) ^ (200 - tf. Thus, the amount of 

200 j (200) 

380 , 

salt in the tank after 20 minutes is y (20) = 2 (200 - 20) - (200 - 20) 3 % 83 lb. 
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dv . dv k f dv k 
1. The differential equation of motion is m — = —kv. The equation is separable: — = v => / — = / => 

dt dt m v m 



In \v\ = 1 + Ci => |u| = e -(k/m)t+Ci = c e -{k/m)t (where c 2 = e c \)^ v (t) = Ce~^ /m)t (where C = ±C 2 ). At 



/77 



t = 0, when the boat crosses the finish line, its velocity is oq- Thus, v (0) = = C = dq. So u = — = uq^ (^/ m ) f 
=> 5 (f) = v 0 f dt = _!^0^-(fe/m)i + C3 Xne condition s (0) = 0 gives 5 (0) = -— + C 3 = 0 => 

C3 = — p^, and so 5 (/) = —7-^ |^1 — e~ (^/ m )*l. The distance covered by the boat before it comes to a stop is 



ds 



k 



lim s (t) — lim 



mvQ 



r— >oo 



t—>oo k 



[■- 



-(k/m)t~\ _ ^0 



2. a. 



• fy\ y dy du . du 

f ( — ) (1). Let u = — . Then v = ux and — — = u + x — — . Substituting into (1) gives u + x —— — j (u) <=> 

\x/ x dx dx " dx 



b. 



dy_ _ 

dx 
du 

x — — — f (u) — u. This equation is separable in u and x: 

dx 

dy y — x 



du 



f(u)-u 



dx 



x 



1 /y\ y • • u — 1 

- = f I — \ = f (u) where u — —. Using the result of part a with / (u) = , 

1 \x/ X u + 1 



dx 



have 



y + x I + 



we 



^ — 1 

H + 1 



dx f u + 1 /" 
— <^=> / — du — — I — 



u du 



— u 



X 



u 



2 +l 



+ 



X 



u 2 + 1 / u 2 + 1 



f dx 
+ / — = 0^ 



x 



I In 



w 2 + 1 



+ tan -1 w + In |jc| = C\ <^=> ln( ^ + 1 I + 2 tan -1 - + lnx 2 = C (where C = 2C\) <=> 



x 



x 



\nx 



2 y 



2 



X 



+ 1^ + 2tan _1 ^ = C <=> In + y 2 ) + 2tan _1 ^ = C. 



3. a. P (0 = 



L 



'+(*-■) 

L 



-to 



(1), P (1) = Pi 



L 



1 + 



-A: 



= Pi (2), and P (2) = P 2 



1 + 



-2* 



= P? (3). We can rewrite (2) as - [l + (— - 1 ) = —<=>- + ( — - - | 



1 



Pi 



<^> \ e K e K — 



L Pi 



0 



L 



Pl L V / Pi 



can rewrite (3) as — ( 1 — e 2 ^ = 

L V / Po 



^1 ^0 

P 0 - P 2 ^ 



PoPi 



(4). In a similar manner, we 



-2k n n. .-2k 



l-e 



-k 



Po-P\e 
PqP\ 



-k 



P2 Po 

-k 



P0P2 
-k 



(5). Using (4) and (5), we obtain 



P 0 P2-PlP2e~ K _ l-e 

. But 



l-e 



-k 



1 



1 _ e -2k p 0 -p 2 e~ 2k p Q p { - p { P 2 e~ 2k ' l-e 



-2k 



P0P2 



(I - e~ k ) (I + e~ k ) l+e 



—k 



, so we have 



1 



—k 



P0P2 P\P2e ^ p Px p ie -k + p 0 p 2e -k _ p x p 2 e- 2k = P 0 P { - P x P ie - 2k <=> 



l + e~ k P 0 Pi - PiP 2 e~ 2k 

(P 0 P 2 - PiP 2 )e-* = P 0 Pi - P 0 P 2 ^ e~ k = p 1 ? 

P 2 (Pi - P 0 ) 



(6) as was to be shown. 
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Finally, substituting (6) into (4), we find — 

L 



i - 



P2-P1 



W2-Pl) l = J 

^2 (/*! - Po) . Pi Pi (Pi ~ Po) 



1 



PjP 2 - ^0^2 -fl) ^2 + ^0 Pi 



PlP 2 - P 0 P 2 -Pi P 2 + P 2 



L = 



Pi (Pi - Po) 

Pi P 2 - 2P 0 P 2 + Po Pi Pi P2 (Pi - Po) 



<=> 



Pi P 2 (Pi - Po) 

P 1 (P 0 Pl-2PoP2 + PlP 2 ) 



P2 (Pi " PO) 



Pf - P 0 P 2 



2 



Pf - P 0 P 2 



b. Taking P 0 = 76.21, P x = 151.33, and P 2 = 281.42, we find 

151.33 [(76.21) (151.33) - 2 (76.21) (281.42) + (151.33) (281.42)] 



L = 



(151.33) 2 - (76.21) (281.42) 



1168.60 and 



t (76.21) (281.42 - 151.33) n „ nM 
e - * = - . ) y . — ^ % 0.46897 



281.42(151.33 - 76.21) 
k » - In 0.46897 % 0.7572. Therefore, 

1168.60 

p(0 



1168.60 



1 + 



/ 1168.60 _A p 
{ 16.11 A j 





-0.7572? 1 + 14.334e-°- 7572 ' ' 



d. The population of the United States in 2020 will be approximately 

1168.60 



P (2.4) 



1 + 14.334 e -°- 7572 ( 2 - 4 ) 



351.06 (million). 



c. 



400" 



300 



200" 



100 



0 




0 



1 



4. x 2 + y 2 = 2<3x. Differentiating with respect to we obtain 2x + 2yy' = 2a, so 2x 2 + 2xyy' — lax — x 2 + y 2 <^> 



2xyy' = y 2 - O y' = 



y 2 -x 2 
2xy 



. The orthogonal trajectories of the family x 2 + y 2 = 2<2x satisfy the equation 



Jy 



2.x: y 



.X 2 — y 2 
2© 



. The last differential equation is homogeneous (see Exercise 2) as can be seen by rewriting it in the form 



2u y 

■w = ~ = / (u), where u — —. Using the result of Exercise 2, we have 

ax 1 _ (y\ z 1 — u 1 x 



du 



i- f) 



2w 



1- M 2 



— / 

— W 7 



X 



w 2 — 1 dx 

+ / — = 0. Using partial fraction decomposition on the integrand of the first integral, we obtain 



w 3 + u 



X 



/du „ f udu f dx 
— + 2 / -5 7+ / — 
W J U 2 +\ J X 

— In |w| + In (u 2 + 1^ + In \x\ — In |C| In 



(w 2 + l) JC 



u 



= In |C| <=> 



In 



z 



= ln|C|=>x+y=Cy, giving the desired equation 



for the family of orthogonal trajectories. 
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a. Since y\ and yi are solutions of ^ + P (x) y = 2 (x), we have yj + Pyi = 2 and y^ + Py2 = 2- Thus, 
(y2 — y\) f + P (y2 — y\) = 0. Letting z = y2 — y\, we have t! + Pz = 0. An integrating factor of this differential 

equation is u (x) = ef p ^ dx , so £ \ ze f p ^ dx ~\ = 0 => zef p ^ dx = C => z = Ce~ f p W dx => 
y 2 = yj + Ce" / But P = = 2. _ Zl so, using exp (a) for e a , 

Q to y[ to 



( r Q(x) \ r ( f Q(x) 

= yi + Cy, exp (-^ — ■ * j = y x ^1 + C exp (J — ^ 

b. y' + xy = + 1. Observe that y\ = x is a solution of the differential equation. Here P (x) = x and 2 (x) = x 2 + 1 
Using the result of part a, we find 




yi =x 




1 + C exp ( — / dx\\=x 



[l + Cexp (-| + = x (l + Ce -(-* 2 / 2 H njc ) 



= * 




c. Using the techniques of Section 8.4, we first find an integrating factor: u (x) = e$ p ( x ) dx = e fxdx _ e x /2^ SQ 
£ (ye* 2 1 2 ) = (x 2 + l) e* 2 l 2 => y^ 2 / 2 = / [x 2 + l) e^/ 2 = j£xe* 2 / 2 dx = xe* 2 / 2 + C, and so 

y = x + Ce~ x / 2 , as obtained in part b. 

<iy 9 1 1 
a. — = P (x) y z + g (x) y + P (x) (1). Let y = yi H — , where yi is a solution of (1). Then y' = y\ o~T- 

dx u 1 u l dx 

Substituting this into (1) gives 

1 du , / 1\ 2 , / 1\ 
yi ~ u2 ~dx~ =P (X) \ n + u) +Q W \ n + u) + R W 



= P (x) (y 2 + l yi + -i ) + 2 to (yi + ^ + R (x) 

= \P (x) y 2 + 2 (x) yi + P to] + -P (x) yi + ^P to + ~Q to 
L 1 J w u L u 

The expression inside the square brackets is equal to y' x because y\ is a solution of (1), so we have 

1 du 1 r -i 1 1 <iw 1 1 

y\ - —~r = y[ + - [2P (x)yi + Q (x)] + —P (x) => --— = - (2P yi + g) + _p =» 



du 

— + (2Py x + Q)u = -P. 

dx 



b. yi = — => y^ = 7T. Substituting into — = y 2 ^ (2), we obtain = I — ] = -, showing that y\ 

x 1 x l dx x l x l \x ) x l x l 

2 

is a solution of (2), as desired. Using the result of part a with P (x) — 1, Q (x) = 0, and R (x) — ^, and making the 

x l 

11 du ( 1 \ du 2 

substitution y — — I — , we obtain h (2 - 1 • - ]u = — 1 1 — w = — 1, a first-order linear equation with 

x u dx \ x ) dx x 

integrating factor u (x) = e S^ x ^ dx = e 2lnx = x 2 . Thus, ^ (x 2 uj = -x 2 =^> x 2 u = - fx 2 dx = -^x 3 + C\ =^ 



x C\ C — x 



-x 3 . 1 3x 2 

— ^ — (where C = 3Cj). Finally, y = — | T is the required general solution. 

3x z ' x C - x 5 
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7. We have the initial value problem ^ = - bB, A (0) = A 0 . But A = A 0 e~ at and so = -aAoe - ^. Thus, 
^f- = aA 0 e~ at -bB ^>^- + bB = aA 0 e~ at . The last equation is linear with integrating factor u (t) = ef bdt = e bt , so 

|- (Be bt> ) = aAoe^-^ and Be bt = aA 0 J rf/ = f^Le^^ + C ^ B = aA 0 f^ + Ce~ bt . B (0) = 0 => 



1 /** e x - 1 



1 



8. /(*) = -/ — dt-- 

2 JO * 2 JO * 



dt 



r w = 



i 



^ r - 

2 Jo t 



1 Pe* 

e~ x 

2 



— dt 

0 ' 



1 

2 



= -e x 



x e -t 



1 r e 

dt + -e x 

0 t 2 x 



-x ! f x e t 



X 



— dt e x • — 

0 £ 2 x 



2 € 



X 



x e -t 



1 f x e t 
dt + -<?~ x / —dt 
0 t 2 Jo t 



1 /^e - ' 

/" to = 5 «* 



— X 



1 r * 

rff + -e x 

0 t 2 x 



r e j 1 x e 1 x f 

/ —dt+-e x - — = -e x \ 
Jo t 2 x 2 Jq 



1 



x e" t J 1 _ [ x e* - 

dt e~ x I —dt + - 

t 2 Jo t x 



= /(*)+- 

Thus, y" — y = -, as was to be shown. 

x 



I 9.1 Concept Questions 

1. a. See page 730. Answers will vary, 
c. See page 732. Answers will vary. 

2. a. See page 739. Answers will vary. 



b. See page 732. Answers will vary, 
d. See page 733. Answers will vary, 
b. See page 738. Answers will vary. 




9.1 Sequences 



1. a i — 



2. a\ = 



1 + 1 2+1 

= 2, a 2 = 



2(1) -1 
(-1) 2 2 



1 + 1 

7T 



= 1,02 = 



2(2) -1 
(-1) 3 2 2 



2+1 



3+1 4 5 2 

:1 ' a3= 2(3y^T = 5' fl4= 7' a5= 3 

4 (-1) 4 2 3 o 16 16 

— — , #3 = — — = 2, #4 = — — , ^5 = — - 



3 



3+1 



3-7T 



3. a\ = sin y = 1, «2 = sin7r = 0, 03 = sin = — 1, #4 = 0, a$ = 1 

4. «| = — = 1, = 



1! 



1-3 3 

"2'" 3 = 



1-3-5 
3! 



1 • 3 • 5 • 7 35 



1 • 3 • 5 • 7 - 9 63 



= 2'* 4 



4! 



= T .05 = 



5! 



8 



5. a\ — 

6. a\ — 

7. a w = 



9. = 



11. a n — 



13. lim 



2 _ _ 2 2 _ 1 _ 2 3 _ 1 _ 2 4 
2! ~ ' ai ~ 4\ ~ 6' ^ 3 ~ 6l ~ 90' aA ~ 8T 
2, <2 2 = 3a 1 + 1 = 3 (2) + 1 = 7, a 3 = 3 (7) + 1 
n 



1 



2 5 



1 



,<2 5 = 



2520 " 10! 113,400 
22, a 4 = 3 (22) + 1 = 67, a 5 = 3 (67) + 1 = 202 

n + 2 



n + 1 
(-If 



8. a n — 



(n + 1) 



2 



1 



10. a n = (-If + 1 

1-3-5 {In - 1) 



n (n +1) ft + 1 



12. a n — 



2-4-6 {In) 



In 



— lim 



1 



= 2 



w— »oo /|-(-[ n—>oo 1 _i_ _l 



14. lim Jn + \ — 00, so the sequence diverges. 

«— >oo 



15. = 1 — 2 = — 1, «2 — 1 + 2 (— 1) = 3, «3 = — 1, a\ = 3, #5 — — 1, #5 = 3, The terms alternate between —1 and 3 

and so the sequence is divergent. 

16. lim [l + 1 = 1 + 0=1 

n — > 00 n^' z 



17. lim ( n -^l - * + 



2 o ! 1 _ 1 1 

72^ — 3n — 1 1 n „2 

— lim = = lim — 

n—>oo J 



18. lim 



n l - 1 



1 - 



77— >oo 

1 



n 



— lim 



/1 



1 



^00 2n 2 + 1 "^oc 2+4, 2 



2« 2 -3n + 4 2 ~i + ^ 2 
19. lim ~ = lim 



«->oo 3/i 2 +l 



n — > 00 



3 + 



1 

5? 
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20. lim - — - — ^ ^ does not exist. When n is very large, the terms alternate between roughly — A and A , so the sequence 
ft->oo 3n + 1 5 5 

diverges. 

21 . lim 2 = o 

ft— >oo n 



lim ^±I = lim v^i =V 2 

«— >oo ft— >oo 1 

= lim . = oo, so the sequence diverges. 

n-^oo j n + 1 n->oo ^ ~ j_ 



22, 



23. lim 



24 * I 1 + H)"] = 1+0 = 1 



25, 



26, 



„l/2 + „l/3 _ n-V2( n l/2 + n lM 
lim = lim — — lim 



1 + 



1 



-1/6 




ft^oo M l/2 + 2^1/6 



= 0 



27, 



28, 



lim (cos«7T + 2) does not exist. The terms of the sequence a\ — \,a2 — ^,cL^ — 1, a\ = 3, . . . alternate between 1 and 

ft— > oo 

3, so the sequence diverges. 

lim sin ^ does not exist. The terms of the sequence a\ — 1, ai = 0, = — 1, a± = 0, 05 = 1, = 0, 07 = — 1, 
ag = 0, . . . do not approach a single number, so the sequence diverges. 

H7T / .. tl7T \ . I 7T 



lim sin 

ft->oo 2n + 



- = sin ( li 

1 \ft- 



lim 

->oo 2n + 




= sin I lim 



1 



ft— > 00 2 -\- — 



= sin f = 1 



29, 



sin^/n 1 sin^n 1 

lim — -=— = 0 by the Squeeze Theorem: — < — — < — = and lim 

n^oo jn *Jn jn jn n^oo 

to 0. 



HO - »• 



= 0, so the sequence converges 



30. lim tan 1 n 2 — tan 1 ( lim n 2 ) = 5- since lim rc 2 = 00. 

ft— >oo Vft— >oo / z n—>OG 



31 



32, 



lim tanhw = tanh ( lim n) — \ since lim n — 00. 

ft— >00 \ft— >oo / ft^OO 



2 2 
lim -^L- = 0. By l'Hopital's Rule, lim 



l/x 



*->oo jx 



33. lim 



2 



— = lim 

ft— >oo 3^ + 1 ft— >oo 



In 

2 lim —r-pr = 2 lim - - — 



= lim 



= 0. 



/I 



= °=0 



34, 



an gl±l = ftn (')" + (') ° p 



ft ^00 



1 



1 



1C r /> r-r /-x r / y/n+\-y/n V«+ 1 

35. hm v» + 1 _ v") = lim I • . 

ft^oo v y ft^ool 1 ^/n + 1 



±> ) = lim * 



= 0 



36, 



f (x) = — for p > 0. Using the result of Exercise 6.4.72, we see that lim — - = 0, so lim — — 0. 



x^oo e x 



ft— >oo e n 











37. lim 




yA~ 


= lim 


*— >oo 






ft— >oo 



04) 



n l/(2ft) 



(where w = jjt) = 1° = 1 



{-2) n 

38. lim — lim 



(-If (2) (2) (2)-.. (2) 



ft^oo n\ ft->oo (n) (n — 1) (n — 2) • • • (1) 

(-2)" 



J&<-"-«(I)(!)-(^t)(:))™- 



0 < \a n \ = 



4 (-2) w 
< -. By the Squeeze Theorem, lim \a n \ = 0, and so lim — = 0. 

n «— >oo ft— >oo n\ 



39. 0 < 



sin 2 n 



< 



-^=. Because lim —— 



1 sin 2 n 

— 0, the Squeeze Theorem shows that lim — — - = 0. 

n-^oo jn 



Section 9.1 Sequences 



40. 



1-3-5 (2/i-l) 1-3-5 (2n - 1) 



n-1 



1-2-3 (ft) 





^lirn^ (j^j =oo, we see that the sequence diverges. 



n (n + 1) 



41. lim a w 



lim 

1 

2 



/ 1 2 3 

^ + ^r + -= 
\ft z ft z ft z 



+ ••• + 




l + 2 + 3 + ---+ft 
= lim = lim 



n 



lim + 



42. lim # w = lim 

n—>oo n—>oo 



/i+2 + 3 + -+«_«\ = ljm 

V ft + 2 2) n- 



n (ft + 1) ft 
n^oo |_ 2 (ft + 2) 2 



= lim = — lim 

rc->oo 2 (ft + 2) 2 «->oo ^ 2 

ft 



43. a. 



1.0 



0.5 



0.0 




0 5 10 15 20 25 



44. a. 



0 



-2 



H — 1 — l 
• 


! 1 1 1 1 1 1 J ^1 

4 • • 


-- • 






• 






1 1 1 


• T T • V i* " 



0 5 10 15 20 25 



b. The limit appears to be 1 . 



1 



c. lim = lim 4- = 1 



«->oc n + 2 



«— >00 1 _|_ £ 

ft 



b. The sequence appears to diverge. 

2ft + 1 

c. lim (—1)" does not exist because the 

«->oo n + 3 

{a n } alternate between roughly 2 (for even n) and 
—2 (for odd n) when n is large. 




b. The limit appears to be 0. 

c. Observe that a n satisfies 

0 nl = 1-2-3 (/i- !)•(/!) 

n n n-n-n n-n 



b. The limit appears to be approximately 1.6. 



c. lim 2 tan 

n—>oo 



_! ft + 1 _ 



ft + 3 





(—) < L 

\ n ) n 



= 2 tan 



= 2 tan" 1 1 = 2- f = f 



Thus, because lim - = 0, the Squeeze 

n— »oo # 

Theorem gives lim a n — 0. 
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47. a. 



i.o -- 



0.5 



0.0 











— 1 — 1 




— 




' — \ 






' — h 









■h- •— 1 


1 1 


— 1 — 1 



0 



10 15 20 25 



48. a. 




-0.5 " 



-1.0 -t*-i — I — ' — I — ' — I — ' — I — ' 

0 5 10 15 20 25 



b. The limit appears to be 1 . 

1 sin± 

c. lim n sin — — lim — r-^ 

n 



b. The limit appears to be approximately 0. 14. 



n 



r sinjc 
lim — 1 

x->0 x 



c. 



ln«„ = In (l -§)"=« In 



SO 



In ( lim a n \ — lim (\na n ) — 
Vz— >oo / n—>oo 

2/n 2 

= lim IBM 

n^oo -\/n 2 



lim 

n—>oo 



In (1- (2/n)) 



— lim 



2 



w^oc 2/n — 1 



= -2 



Thus, lim (l- |) W = 



-2 



49. Put / (jc) = 



-(•-*)■ 



Then 



1 



lim f (x) 



lim \ — — lim 



x—>oo 



1 



X— >(X> 



»('-*)'(*) 

1 



(by l'Hopital's Rule) = ^lirn^ 9 (l - ±) =9, so by 



. '-(■-*) 

Theorem 1 we have lim ; :— — 9. 



x—>oo 



1 



50. Write / (jc) = x ^1 - ^1 - I J . Then a„ = n ^1 - ^1 - £j = f (n). Now by l'Hopital's Rule, 



-6/7 



lim /(jc) = lim jc [l - fl - 



1/7 



x— >oo 



1 



x— >oo 



1 



lim 1 (l - I) 



-6/7 _ j 
7 



and so by Theorem 1, we have lim n 1 1 — Jl 1 — i 1 = A. 

n-»oo \ V nil 



3 £/ 
51. Let / (jc) = for jc > 1. Then /' (jc) = 3— (2jc + 5)" 1 = 3 (-1) (2jc + 5)" 2 (2) = - 



2jc + 5 



dx 



(2jc + 5) 2 



< 0, showing 



that / is decreasing. Thus, {a n } is monotonically decreasing. It is bounded above by y and bounded below by 0. 



52. Let / (jc) = for jc > 1. Then f (jc) = 2^- (^py) 



= 2- 



(jc + 1) - JC 



2 > 0, showing that / is 



x+1 " x "' dx\x+\J (x + 1) 2 (x + \) 

increasing. Thus, [a n } is monotonically increasing. It is bounded above by 2 and bounded below by 1 . 

53. / (x) = 3 — - => /' (jc) — —~ > 0 for jc > 1, showing that / is increasing on (1, oo). Thus, {a n } is monotonically 

* ;c z 

increasing. It is bounded above by 3 and bounded below by 2. 
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(— l) n 

54. a n = 2 H =>^i = 1,^2 = 4, 03 = 4,«4 = t, Evidently, the sequence is not monotonic. It is bounded above 

n 

by ^ and bounded below by 2. 

sin /? sin 1 nrxA * sin 2 sin 3 ^ _ sin 4 

55. a„ = => = — — % 0.841, a 2 = — r- % 0-455, a 3 = — — % 0.047, a 4 = — — % -0.189, 

n 1 2 3 4 

sin 5 sin 6 

^5 = % —0.192, ^6 = — — —0.047, . . .. Evidently, the sequence is not monotonic. It is bounded above by 1 and 

5 6 

bounded below by — 1 . 

56. Since / (*) = tan -1 x => /' (*) = — — « > 0 on (1, oo), it follows that {a n } — {tan -1 n\ is monotonically increasing. It 

l + x z I J 

is bounded above by y and bounded below by ^ . 

x 2 X (I) — x (In 2)2 X 1 — x In 2 

57. / (*) = — => f (x) = — — K - — - — = — <0forl < * ln2 <=> x > ^ % 1.44. This shows that / (and 

2 X (2 X ) 2 X 

therefore {a n }) is monotonically decreasing for n > 2. It is bounded above by ^and bounded below by 0. 

r . N In* . / x(l/*) — In* 1— In* ^ r ^, „. , . „ , 

58. / (*) = => / (*) = = = = — < 0 for * > e. Thus, / is decreasing for * > 3, showing that 

* x l x l 

{a n } is monotonically decreasing for n > 3. It is bounded above by ^, and in fact has an absolute maximum value of 
approximately 0.37 at * = e. It is bounded below by 0. 

59. a. A x = 10,000 (l + ^f^)* = 10,088, A 2 » 10,176, A 3 % 10,265, A 4 % 10,355, A 5 % 10,445, and A 6 % 10,537. As 

the length of time that the principal is invested increases, the accumulated amounts increase. 



b. lirn^ 10,000 ^1 + ^j^j = oo, so the sequence diverges. 



60. a. aio = 1 - (0.995) 10 % 0.0489, a m % 0.3942, a mo % 0.9933 

b. lim a n = lim [l — (0.995)"] = 1— 0=1. If a large enough sample is taken, at least one defective microprocessor 



ft— >oo n— >oo 

will be found. 



61. a. / (n) = 20,000 [(1.01)" - l] => / (24) = 20,000 [(1.01) 24 - l] « 5394.69. The amount of the annuity after 
24 months is about $5394.69. 

b. lim / (n) = lim 20,000 [(1.01)" — l] = oo. As the term of the annuity increases, the accumulated amount grows 



«— > oo ft— > oo 

without bound. 



/ f \ mt / f \ mt / f \ mt 

62. a. lim A m = lim P ( 1 + - ) = P lim ( 1 + - ) . Let y = ( 1 + - ) . 

/ft— >oo m— >oo \ m / wi— >oo \ m/ \ m/ 



Then In y = In ( ( 1 + 




r \mt\ / r \ 

— I ) = mt In ( 1 H ), so using l'Hopital's Rule, 

m' ) V mJ 



In A L\ ~ r/ml 
In ( lim vV= lim (lny) = lim , m - = lim 1 + ( r / m ) = lim r * r , Therefore, 

\m-^oo / m^>oo m—>oo I m—>oo I m—>oo ^ j 



In lim j , f 
lim y = <? = e n , and finally lim A m = Pe \ 

fti— >oo m—>oo 

b. As the frequency at which interest is compounded increases without bound, the accumulated amount approaches Pe rt 

c. The accumulated amount under continuous compounding is A = lOOOe 01 ' 3 % $1349.86. 



614 Chapter 9 Infinite Series 



63. Consider the continuous function / (x) = [l + (2/x)] x . Then 
In / (x) = In (1 + (2/x)) 3x = 3x In (1 + (2/jc)), so 



In lim f (x) 



= lim \nf(x)= lim 3xln(l+2/x) 

x^>oo x— >oo 

=3 Um L */ =3 lim 1 + y ) 



400 



300 



200" 



100 



0 




— 3 lim 



x->oo 1 + 2/x 



= 6 



0 20 40 60 80 100 



In lim f(x) f- 
Therefore, lim f (x) = e x ^°° — e° 



64. a. oq = 2, ai = V^O = V2 = 2 1 / 2 , 

.^ v ^rr = [ 2 ^- 1 ] 1/2 = 2^ 



lim | 

n— >oo y 




3n 



1 H — ) = e 6 . This is confirmed by the graph of /. 



c. 



b. lim a n = lim 2 1 / 2 " = 2"^°° 



lim (1/2") n 



= 2 U = 1 



0 




0 



8 10 



1 / A \ 1 / A 
65. a. lim x n +] — - lim ( x n H ) => lim l±| = - | lim x n H 

«->oo T 2 n-^oo \ x n ) n-^oo T 2 \ n^oo lim Jt„ 



-*K) 



2L 2 = L 2 + A => L 2 = A => L = VA 



2 



b. Pick xq = 2 as the initial guess. Then x\ = 2.25, x 2 « 2.2361 1, and * 3 % 2.23607 % x 4 . Thus, V5 % 2.2361. 



66. a. If / (x) = x — g (x), then / (x) = 0 => x = g (x). 

b. Suppose {Xft} converges and has limit r. Then lim x n — r — lim x n _i_\ 

n— »oo n—>oo 

lim = lim g (x n ) = g I lim jc^ ) = g (r) = r, since g is continuous. Since the equation x = g (x) is obtained 

«— >oo n—>oo \n—>oo / 

by rewriting / (x) = 0, we see that / (r) = 0 as well, so r is a root of / (x) — 0. 

c. We write / (x) = 3.x 3 — 9.x + 2 = 0 in the form x = ^ ^3x 3 + 2^ and perform the iteration using the formula 

= £ (3.x 3 + 2^ with = 0. Then jq % 0.22222, x 2 % 0.22588, jc 3 % 0.22606, and x; 4 % 0.22607. Thus, the 
required root of / (x) = 0 is approximately 0.2261. 

1 /2 

67. We rewrite the equation h 3 - 3h 2 + § = 0 in the form h 2 = £ (3/z 3 + 8^ => /z = ^ (3/* 3 + 8^ . Thus, we iterate using 

the formula h n+ \ = \^3hl + 8 with h 0 = 1. Then/zi % 1.1055, /* 2 ^ 1.1573, /13 » 1.1856, ^4 « 1.2018, /z 5 % 1.2114, 

/z 6 » 1.2172, /z 7 % 1.2207, /z 8 % 1.2228, h 9 % 1.2241, /i 10 * 1.2249, /zn % 1.2254, » 1.2257, /zi 3 % 1.2258, 
A 14 « 1.2259, and /i 15 « 1.2260 % /ii 6 . Thus, /i % 1.226. 

68. ai = V2 = 2V2, a2 = ^ = y^Tf = = 2 3 / 4 , a 3 = = ^2^74 = 2 7 / 8 , . . ., a w = 2^ "DA 2 "). Thus, 
lim a n = lim 2 1 "( 1 /2 n ) = 2 \ = 2 . 



n—>oo 



n—>oo 
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69. lim a n = L = lim a n _\ since {a n } is convergent, so L = lim 0 n = lim -/2 + 0«— i = /2 + lim <2„_i=V2 + L 

/-z— >oo /t— >oo " «— >oo n—>oo v V n—>oo 

=>L Z = 2 + L=>L 2 — L — 2 = (L — 2) (L + 1) = 0, so L = 2 because the limit must be nonnegative. Therefore, 

lim <a /7 = 2. 
w— »oo 

70. Let £ > 0 be given. Then lim ar n — L, so there exists a positive integer N\ such that whenever 2n > N\, it is true that 

n—>oo 

\ a 2n ~ L\ < £. Next, lim aon+i — L, so there exists a positive integer No such that whenever 2n + 1 > No, it is true that 

n—>oo 



a 2n+\ ~ L < e. Pick N = max 



#1 #2-1 
~2~' 2 



. Then n > N ^> \a n — L\ < e, and the result follows. 



71. a. = 1 + 4r + -L- + hin — r = H — r > for n > 1, showing that {a n } is increasing. 

2 Z 3 Z w z ( w + l) z (n + l) z 

b. If n > 2, then 4, < — — ^ = — - -, so 

n L n(n — 1) n — 1 



= 1 + 1 + 



H + 0 + H + 0 + - + (~^t + ^t) - ^ 



1 

= 2 < 2 for n > 2. 

n 

Thus, [a n } is bounded above by 2. 
c. Since [a n } is increasing and bounded above, the Monotone Convergence Theorem for Sequences (Theorem 6) implies 
that {a n } converges. 

72. a. a n +i — a n -\ — — j > a n for n > 1, so is increasing. 

1 1 1 1111 1 

b - a « - ITT + 22T2 + ¥T3 + " ■ + 2^+T - 2 + 22 + F + ' ' • + ¥ 



1 

3 /AB 2 



n+1 

1 



(sum of a geometric series) 



= 1 \-r < 1 for n > 1 . 

2/1+1 

Thus, {a n } is bounded above by 1 . 
c. Since {a n } is increasing and bounded above, the Monotone Convergence Theorem for Sequences (Theorem 6) implies 
that {a n } converges. 

73. a. a n = < %_i for n > 1, so {a n } is decreasing. Now because all the terms are positive, {a n } is bounded below 

2 + a n _\ 

by 0. By the Monotone Convergence Theorem for Sequences, the sequence converges. 

lim a n -\ r 
a n-\ «->oo n 1 L 



b. Suppose lim a n — L. Then lim a n _\ = L as well, so lim a n — lim 



«->oc ' n^oo " n->oo n^oo 2 + a n _\ lim (2 + a n _\) 2 + L 

L 9 

= L => L = 2L + Z/ => L (L + 1) = 0 => L = 0 or L = — 1. Because is bounded below by 0, we see 



2 + L 



that L — 0; that is, lim a„ = 0. 
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74. If n is sufficiently large, then - < a < n => — ^= < Jtja < y/n. Let b n = ^/n = n x l n and y = x x l x . Then lny = lnx 1 /* 

n yn 

=> In f lim y) = lim (In y) = lim In* 1 /* = lim Using l'Hopital's Rule, we have In ( lim y\ = lim — = 0 

\x^oo / x— >oo x-^og x— >oo x Vx— >oo / X^>OG x 

=> lim y = 1 => lim x 1 /* = 1, and so by Theorem 1, lim n^l n — 1. This shows that lim b n — 1 and lim a w = 1, 

X— »00 X— >00 ' ft— >00 ft— »00 ft— > OO 

where a n — -^-=. By the Squeeze Theorem, a — lim — != < lim 2[a < lim = 1, and the result follows. 



75. Let e > 0 be given. Since lim f (x) = L, there exists a real number M such that whenever x > M, it is true that 

1/ (jc) — L| < e. Let Af be the smallest positive integer greater than M. Then if n > N, we have \f(x) — L\ < e. But 

a n = f (n), so n > N => \a n — L\ < e, showing that lim a n = L. 

n— >oo 

76. Since lim \a n \ = 0, we have lim (— \a n \) = (—1) lim \a n \ = 0. Since — \a n \ < a n < \a n \, the Squeeze Theorem 

ft— »oo n—>oo n— >oo 

implies that lim a n — 0. 

n— >oo 

77. If \r\ < 1, then lim r n = 0. If r = 1, then lim r n = lim 1 = 1. If r > 1, then lim r n = oo. If r < -1, let /V = \r\, 

n^>oc n^>oc ft— >oo ft— >oo 

so that k > 1. Then lim r n = lim (-\) n k n diverges. 

n^>oc ft— >oo 

So {r n } converges for —1 < r < 1 and diverges for all other values of r. 

78. a n — n+l = — — - — 1 H = 1 H . Since {a n } is convergent, there exists a number L such that 

Fn F n F n /F n -\ an- 1 

( 1 \ 1 9 1+ 

lim a w = L. In fact lim a n — lim I 1 H ) => L = H =>L— L— 1 = 0=>L = 0 V . Since a n > 0 for 

ft— >oo ft— >oo n-^oo \ a n _ \ ) L z 

all n > 1, we see that L = 

79. False. Take a n = (—l) n and b n — (— l) w+1 . Then both {a n } and diverge, but [a n +b n ] = {0} converges to 0. 

80. False. Take a n — (— \) n . Then [a n ] is divergent, but {\a n \} = {1} converges to 1. 



81. True. By Theorem 2, lim a n b n — I lim a w ) ( lim b n ) 

n—>oo \n—>oo ) \n—>oo ) 



= L • 0 = 0. 



82. False. Take a n = 1/n and /3„ = 1/w . Then both and {b n } converge, but {a n /b n } = {«} is divergent because 

lim n = oo. 

ft— >oo 

83. False. Take a n — {—\) n and b n = 1. Then is bounded since |a w | < 1 for all n and {b n } is convergent. But 
{a n b n } = {(-1)"} is divergent. 

B a n B 

84. True. Since {fl^} is bounded, there exists a positive number B such that —B<a n <B. Then < — < — . Since 

n n n 

lim I — — 1=0= lim — , the Squeeze Theorem implies that lim — = 0. 



n—>oo 



/ B\ B a n 

( )=()= lim — , the Squeeze Theorem implies that lim — 

\ n J ft— >oo n n—>oo n 



85. False. Let a n — l/n and b n —n. Then a n b n — 1, so {a n b n } converges to 1, but lim b n = lim n = oo. 

ft— >oo ft— >oo 

86. False. Let a n — (— 1)". Then lim \a n \ — lim (—1)" = lim 1 = 1, but {a n } diverges. 



ft— > OO ft^OO 



ft^OC 




1. a. A sequence {a n } is an array of numbers a\ 9 a2, . . . ,a n , . . ., whereas a series is an expression of the form 



ZOO 
n= \a n =ai +a 2 -\ Ya n + 



b. A sequence {a n } is convergent if lim a n — L for some number L, whereas a series <3« is convergent if 

ft— ^oo " — 1 

lim S n = S, where 5 is a number and {S n } is the sequence of partial sums of the series — that is, S n = y?_ , av. 
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c. A sequence {a n } is divergent if lim a n does not exist, and a series YL— i a n is divergent if lim S n does not exist, 

where S n = YX=\ a k- 

d. Refer to part b. L is the limit of the sequence [a n }\ S is the sum of the series X^Li a n- 

2. a. ^ = 6 => lim Si = 6 




L * = i(t^-0 = ( 1 -0 + G-0 + """ + (^"^r) + (^i"i) = 1 " 

„? 2 (^T"«) = 

.. + (-! l -) 

\2n + 3 2n+\) 



1 

-, so 
n 



lim S w — lim 



= I--- + 




(H) 



+ 





+ 



1 1 

~3 + 2n + 3' 



Z( — ! — - — - — V= lim 5 W = lim (-- + — - — ^ 
n=1 V2n + 3 2n + l/ «^oo n n^oo\ 3 2n + 3/ 



1 

3 



n 



3. 



*«=z 



£f (2* + 3) (2k + 5) 

-(HMH) 



W / 



+ '•• + 



2A: + 3 2& + 5 
2 2 



so 



OO 



z 



4 



In + 3 2/i + 5 

2 



= lim S n — lim | - 

^-j (2n + 3) (2w + 5) n^oo n^oo 



)-!- 

-5/ 5" 



2n + 5 



4. 



-8 



4& 2 + Ak 



-3 §V2*-1 + 



2£ + 3 




+ 



-2 2 
+ 



so 



oo 



z 



-8 



5. 



z , — = Urn S 
An 2 + An - ?> n ^°° 

n=\ 



s = y\± L_l 

n ^|>* ln(*+l)J 



n = lim (-2- 



In - 1 

2 



2n + 3 



» 2 2 
-2 1 

3 2n + 3 



2 

3 + 2n + 3 



-4 



\ln2 ln3/ 




+ 



1 



1 



so lim S n — lim ' 

«->oo «->oo|l n 2 ln(n+l) 



ln(n - 1) 

oo 



Inn 



+ 



1 



1 



1 



1 



Inn ln(n + l) In 2 ln(n + l) 



= — — and V 
In 2 ^ 



«=2 - 



1 



1 



Inn In (n + 1)_ 



= lim S n 



1 



In 2 



6. 



_ y. 2 VkTT-Vk _ 



^2(vITT- V*) 



= 2 (V2 - l) + 2 (v5 - V2) + • • • + 2 (V^TT - VH) = 2 (- 1 + Vn~TT) 



00 



so 



lim 5 W — lim 2 (— 1 + + 1) — °o and ^ 



n—>oo 



n 



~j V« + 1 + V^" 



diverges. 
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oo /~ \ n— 1 



„ A 8 16 

7 - 4+ 3 + T 



32 ^ /2V"" 1 4 



oo / 1 \ / ! \ n—l l 



1 l_l 2_ _ _y / LW -V" - - 1 

2 + 4 8 + 16 -£tV V\ 2) 3 



5 5 5 5 5^/ IV" 1 f 5 



" + " - Si"') : 



3 9 27 81 3 

n= 



-H) 



4 16 64 ^ /A" -1 .... 4 



/4\ 

10. I + t + ttH - + ••• = \ I - J is divergent because r = - > 1 

3 9 27 - \ 3 / 3 

/7 = 1 X 7 

„ S./ 1\ B 2 2 2^2 V2-1 n \ ( 

1L X 2 Fl = 7 TT = r^^^'^F =2V2(V2-1)=2(2 



oo n -i oo , 

12 y^^ly e -\ = = 

3 W + 1 3 A V3/ 3 1-| 



^3/1+1 3^-[V3/ 3 1-S 3(3-e) 



oo OC' /n\ n 

h=0 n=() VJ/ 1 



oo oo / 

14. ^ 3 n 2 1 " w = ^ (-2) ( -- ) diverges because 



3 =9 



2 
3 



2 



1 o OC OO 

1 2 3 » n n ^-^ 

15. — | 1 1 = > . Since hm a n — lim = 1^0, > diverges 

n= 1 n= 1 

3 9 27 ^ / 3\"-l 

16. 1 — 2 + 4 — g~ ^ = / I i sa divergent geometric series since \r 

2n 2 

17. Since lim = - / 0, the series diverges. 

n^oo 3n + 1 3 & 

n 2 1 

18. lim a n = lim — ^ = - ^ 0, so the series diverges. 

«->oo n->co 2n 2 + 1 2 

19. ^ 2 (1.5) w is a divergent geometric series since r = 1.5 > 1. 
«=1 



-2- 

«=1 v 7 



3 
2 



oo / oo / 0 \ n 

eometric series since \r I = 



3 
2 



^ (_n«3 w ^ / 3\ w 

20 - Z H^r- = X 2 ( - 9 ) is a diver § ent * 

w =0 Z «=0 V z/ 

11 oo j 

21. lim = - ^ 0 and so ^ — diverges. 

n -^oo2 + 3-" 2^ ^2 + 3-" 6 

22. lim a n — lim . n : = lim , = ^= ^ 0, so ^ . n : diverges. 
w ^oo i-> ooy^ + l 72+^ ^2 ^ V2/2 2 + 1 
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23. a. Si = 3, S 2 = 4, S 3 = 4.5, S 4 = 4.8, S 5 =5,S 6 ^ 5.14, S 7 « 5.25, 
S 8 « 5.33, 59 ^ 5.4, . . ., 5i5 « 5.6, . . ., 5 30 ^ 5.8, . . ., S100 % 5.9, 



. . .. {S n } seems to converge to 6. 



c. 



fr{k(k + 1) 



k + 




SO 



»+l)] 

-0-iir) 

/ 1 \ ^ 6 
lim 5 W = 6 lim ( 1 I = 6 and > — 

z->oo «->oo \ n+\J ^— | n (n + 

N 7 n= 1 



= 6 



24. a, 



72 



5] = - 



1.4,S 2 = 4? + 4r^3.2, 



5 3 = 



2,4, 6 _ 



+ ~h + 



72 V5 VTo 

2/2 

lim <a n = lim 



V2 V5 

5.1, seems to diverge to 00. 

2 



= = lim 

//— >:x / /2 2 _|_ 1 «— >oc 



i + 4 



= 2 7^ 0, so the series 



is divergent. 



b. 



8 



4- 



2- 



0 




0 



10 15 20 25 



b. 



40 



30" 



20" 



10-- 



0 




0 



10 



15 



20 



25. a. Si = 3, S 2 = 3 + 3 = 5.625, S3 = 3 




7.922, b. 



c. 



S 4 % 9.932, S 5 % 11.690, . . ., S m « 17.686, . . ., S15 « 20.762, . . ., 

S20 « 22.239, . . ., S 25 % 23.148, . . ., » 23.563, . . ., 

S35 % 23.776, . . ., S 40 » 23.885, . . .. {5 W } seems to converge to 24. 

OO \ «— 1 

= 24. 

8 



oc /j\n—l ^ 

This is a geometric series and ^ 3 1 — 1 = y 

n=l 1 ~ 3 



30 



20 



10 



0 




0 



10 



20 



30 



40 



26. a. Si = 5, S 2 % 1-67, S3 » 3.889, S 4 % 2.407, 55 « 3.395, . . ., 
S i0 » 2.948, . . ., 5i 5 « 3.01, . . ., S 2 o % 3.00. {S„} seems to 



converge to 3. 



= 3 



b. 



6 



4- 



2-- 



0 




0 



10 



15 



20 



27. a. Si » 0.8415, 5 2 « 0.0847, S 3 % 0.4968, S 4 % 0.2089, S 5 % 0.0765, 
S 6 « -0.9152, S 7 % -1.869, S 8 » -0.9490, S 9 « -1.5789, 
5io ^ -2.0852, . . .. {£«} seems to diverge. 



c. lim sin« z ^ 0, and so T^— 1 sinrc z diverges. 



b. 



4- 
2" 

0- 

-2" 
-4-- 



0 



H 1 



H 1 



10 



15 



20 
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28. a. S\ » 0.1667, S 2 » 0.3056, S 3 % 0.3935, S 4 % 0.4437, S 5 % 0.4708, 
. . ., Sg » 0.4962, S 9 % 0.4981, 5 10 % 0.4990, . . .. {S n } appears to 

approach ^. 



b. 



0.6 



0.4 ~ 



c. 



n=\ v 7 «=1 x 7 n=\ x 7 



0.2" 



1 

2 



1 

3 



1 - 



1 



1 - 



1 



1 

2 



0.0 




0 



6 8 



oo 



29. Z 



1 



OO 



^.n(n + 2) 

n= 1 7 



= z 



w=l _ 



I I 
2_ _ 2 

ft ft + 2 



is a telescoping series. 



5w= K( l "9 + G"^ + G"0 

lim = lim - ) = - and so > — — = 

«->oo w->oo 2 \2 w + 1 ft + 2/ 4 _in(n + 2) 



so 



3 
4 



1 

2 



2 



ft — 1 ft + 1 



is a telescoping series. 



n=2 ft =2 

s " = K( 1 "9 + G"i) + G"9 + ''' + (^"^)] = K 1+ ^"^"^r)' 

1/11 1\3 OO j 

lim 5 n = lim — I 1 H | = - and so > —= 

^oo n^oo 2 V 2 n ft + 1 / 4 ^ ft 2 - 1 

N 7 «=2 



SO 



«— >oo 

oo 0 ft 



3 
4 



oo 2 „ oo / 2 \" 1 5 



rt = () //: 0 

OO a/2 + 1 V 



OO + 1 OO -1 



n=0 

oo 



«=() 

oo 



15 

y 



00 (—3)" 1 / 3\ n 

33. ^ — — = Z - I — - J is a divergent geometric series with |r| = 



3 
2 



= - > 1 

2 



00^ 00^ /5\ w 5 

34. Z 2~"5" +1 = Z 5 I - I is a divergent geometric series with \r\ = - > 1. 

»=1 n=l ^ 2 ' 2 



35. lim a n 



In - 1 2 ^ 2/2 - 1 
lim = - 7^ 0, and so > diverges by the Divergence Test. 

/7=1 



«->oo 3n + 



36. lim a w 

ft— >00 



r 2ft 2 +ft+l 2 +i + ^ 
lim ^ = lim — 

/1 — ^ 00 3^2 _|_ 2 n^>oo 



3+2 3 



2 °° 2ft 2 + n + 1 

= - zfz 0, so > — 0 — diverges 



«=() 



3ft 2 + 2 



00 



37. ^ 3 (1.01)" is a divergent geometric series because \r\ — 1.01 > 1. 

n=0 



T - 1 

38. lim a n — lim —r- 

/z->oo «->oo 3"+l 



= lim 

/i^oo 




1 \ 1 3 n — I 

~ ¥+1 ) = 3 * °' S ° 2- l^+i" divergeS ' 

00 1 00 /1 1 \ °°ri 11 

Z- = y ( 7 I = 1 by Example 9.2.1b, so V - 

t n(n + l) ^-jVft n + ll y F I 2 n n(n+\) 

n= 1 v 7 «=1 x 7 /?= 1 L v 7 - 



39. £ 

/2=1 L 



2" n (w + 1) 

00 



= 1 and 



= 1-1 = 0. 



10 



oo 



40.X 

n=\ L 



2" (-!)"-' 2" v/2\"_ 1 ^/_2\"_ ~f 
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= 6+ — = 



15 15 



2 2 00 



41. lim a„ = lim = lim — = 2 ^ 0, so 7 — — diverges by the Divergence Test. 

n->oo n /i->oo l + (0.2)' 1 «^oc 1+ l ^ Z^i + (o.2) w 5 J 5 

n 1 n 

42. S n = ^ In = ^ Dnik - In (* + 1)] = (In 1 - In 2) + (In 2 - In 3) + • • • + [Inn - In (n + 1)] = - In (n + 1) 

(X) 



Zft 
In diverges. 
n + 1 

«= 1 



1\ / 1 1\ / 1 1 \ 
43. 5 W = 7 ( cos cos ) = I cos 1 — cos - ) + | cos cos - ) H h I cos cos I 

g\ k k+lj V V \ 2 3/ V « « + 



1 

= cos 1 — COS 



n + 1 

oc 



lim S n — lim (cos 1 — cos — - — | = cos 1 — 1, so ^ (cos - — cos — 1 — | = cos 1 — 1 « —0.46. 
n^oo n^oo\ n+l/ -\\ n n + \J 

AA v y n\ n(n-\)(n-2)--.(3) (2) (1) n ~ n\ 

44. lim a n — lim — — lim > lim — = 00, so > — diverges. 

«->oo n^oo 2 n n->oo 2-2-2 2-2-2 «->oo 4 ^ 2 n 

n=\ 

00 00 / 1 \ n 00 / 1 \ n 1 _ 1 

45. X [2(0.1)" + 3(-l)» (0.2)"] = 2^ T7T + 3 Z K = 2.-^ + 3- ^ = 

«=1 /;=1 V 7 «=1 V J/ 1 _ TO 1 - 



2 _ 1 _ _ j>_ 
9 2 ~ 18 



S T/ 3\ n /«\«+n 3\ w 1 



1 77 C 

_ ^_2^ + 3 ' 1 - I = 7T + 3 + 3^ e 



_^2" + 3" S /l Y 7 1 1 3 „ 7 

Z o~ = Z oW +Z 0 W = TTT + TrT = 2 + 2 -2 

«=0 n=0 x 7 n=0 x 7 3 2 

2 n — 5 n [ /2\ n /5\ n ~\ 00 /2 n —5 n \ 

48. lim a„ = lim = lim ( - I — ( — I = —00. ^ ( ) diverges by the Divergence Test. 

fX — 1 

7T °° 

49. lim a„ = lim tan -1 n = — ^ 0, so by the Divergence Test, ^ tan -1 n diverges. 



«=1 

oo 



50. lim = lim sin 2 n does not exist, so lim a n ^ 0 and ^ sin 2 « diverges by the Divergence Test. 

n — ^ m « — ^ nn m — ^ nn < * 



1 sin I ~ 1 

51. lim a n — lim n sin - = lim — r-^ = 1 7^ 0, so > n sin - diverges by the Divergence Test. 
n— >oo n—>oo n n— >oo 1 -^-^ ^ 

00 

sin « -^-^ sin n 

52. lim tf,2 = lim does not exist, so lim a n ^ 0 and > diverges by the Divergence Test. 

n^oo n n^oo \ + e ~ n n^oo ^ ^-J 1 + e~ n 

00 

n ^—^ n 

53. lim a n — lim = 00 by l'Hopital's Rule, so 7 diverges by the Divergence Test. 

«-^oo n-^00 Inn \nn 

n=2 



54. lim a n — lim ( 1 + 

n—> 00 /i— >oo 



2\ n 0° / 2\ w 

- I = <? 2 ^ 0, so ^ I 1 H — I diverges by the Divergence Test. 
n / n= ] V n ' 
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56. -0.23 = - 



23 

Too 



i + 



(100) + (100) 



+ 



23 



1 



213 213 

57. 1.213 = 1 + — — + — -r + 

1000 10 6 



= 1 + 



213 

Tooo 



1 + 



100 



(io 3 ) + (103) 



23 
99 



+ 



= 1 + 



213 



1 



404 



58. 3.14234 = 



3142 34 34 

1000 + W + W + 
77,773 

24,750 



3142 34 
+ 



1000 10 5 



1 + 



(100) + (100) 



+ 



1000 1-^ 333 



3142 34 
+ 



1 



1000 100,000 1 _ 1 



100 



PC 

59. (— x) n is a geometric series with a — 1 and r — —x and so it converges if |r| = \—x\ < 1 => |x| < 1. In this case, 

n=0 

00 

Z( 

n=0 



-X) n = 



1 



1 



1 - (-x) 1 + X 



00 



60. ^ (x — 2) n is a geometric series with a — 1 and r — x — 2 and so it converges if |r| = \x — 2| < 1 <^> 1 < x < 3. In this 

n=0 



case 



oc 1 1 
, X (* - 2 ) W = 1—7 ~ = * • 

1 — 0—2) 3 — x 



OC (X) 

61. ^ 2" O — 1)" = ^ [2 O — 1)]" is a geometric series with a — 1 and r — 2 O — 1). It converges if \r \ = 2 \x — 1| < 1 

n=l n=\ 

00 20-1) 2(x-l) 



<=> 2 < x < |, in which case ^ 2 W (jc — 1)" = - — 

n=l ~ 



2 0-1) 3 - 2x 



oc 2* 



00 



n=0 



case 



«=() 
2n 




x 



x 



is a geometric series with a = 1 and r = —.It converges if |r| = — < 1 => \x\ < V3, in which 



00 2n 
'Xn ~ 



1 



3 



«=() 



1 T 



3-x 2 ' 




= 2 + 2- 



1 



1 - 



1 



= 2 + 4 = 6 m 



64. The distance traveled by the ball is D = 1 + 2r + 2r 2 + 2r 3 H = 1 + 2r (l + r + 



r 2 + 



\ 2r 1 + r 

) = 1 + T37 = T37- 



The ball travels a total distance of 2 meters, so 



1 + r 
1 -r 



= 2<^>l + r = 2 — 2r => r = ^. Thus, the coefficient of restitution 



/IN. 1/2 



V3 




1 

6 



1 + 




2 



+ 




-i2 



+ 



1 1 



6 



6 1-25 11 



66. The additional spending generated by the proposed tax cut will be 



S = (0.91) (30) + (0.91) 2 (30) + (0.91) 3 (30) + • • • = 0.91 (30) [l + 0.91 + (0.91) 2 + (0.91) 3 + 



] 



= 27.3 • 



1 

1-0.91 



303 billion dollars 
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67.a.V = p(l + ^)- 1 + p(l + -^)- 2 



/ r \-n 



-'» + s)" 



( 



1 + 



1 + T2 + ( 1 + T2) 



2 



+ 



( 



1 



12P 



1 - 



1 



1 + T2 



(l + fc)-l r 



12 • 150,000 

b. Here P = 150,000 and r = 0.09, so V = ^ = 20,000,000. The required endowment is 20 million dollars 



68. a. R = Ce~ kt + Ce 



-2kt 



+ Ce 



-3kt 



0.09 



-kt 



( 



-kt , -2&r 



+ . . . = Ce~ KI 1 + e"*' + e~ LKl + • • • = Ce 



-kt 



-fa 



1 - 



b. C + R < S => C + 



Ce 



-fa 



1-e 



-fa - 



< S 



C - Ce"*' + Ce~ kt 



-kt 



c s-c 



< 1 — = 
- s s 



. Thus, —kt < In 



1-e 
S-C 

S 



-kt 



< s 



c 



1-e 



—kt ~ 



< S 



kt > - In 



S-C 

s 



= In 



S-C 



1-e Kt > — 



1 S 

t > — In . Thus, the 

~ k S-C 



minimum time between dosages should be A In hours. 

5 * S-C 



69. A = Pe~ r + Pe _2r + Pe~ 3r + • • • = Pe _r (l + e" r + e 



-2r 



) 



+ ...) = p e ~ r 



1 + 



(7) ♦ (7) 



+ 



1 



r 



l-i e r -i 



70. Denote the squares by Si , S2, S3, . . ., with Si being the outermost one. Then the length of S\ is 2 with area 4; the length of 
S2 is V2 with area (^/^j — 2; the length of S3 is -^1 with area — 1; the length of S4 is -4= with area ^^j) 

.... The sum of the areas is thus ^ — 4^1 + 2 + ^ + ^ + ''') — j~ = 8. 



_ 1. 

~~ 2' 



71. We have /t 2 = l 2 — = ^, so /z = The area of the outermost triangle is 

1 (i) = >/I. Next, observe that r = \h = £ = ^2, so the 



A 1 = 



2 

area of the largest circle is C\ = irr 2 = iz (j^j — Therefore, the area of the 
shaded region is A\ — A \ — C\ — ^ — j^. Now notice that the length of one 



side of the second triangle is given by I — 2r cos 30° = 2 (^) 



~ T 




Repeating the process used earlier, we find the area of the next three shaded regions is A 2 = 



Continuing, we see that the required area is 



A — A\ + A2 + A3 H = 



4 



7T 

12 



1 + 




2 



+ 




2 



-i2 



V3 _ 7T 

~4~ 12 



V3 _ 7T 

~4~ 12 





1 



1 



-0) 



9 



3V3 - 7T 4 _ 3^3 - 7T 

12 3 ~ 9 



72. The assertion is false. Take a n — 1 and Z? /? = —1. Then both } \ n —\ an and Xl/?=i b n are divergent, but 
Y.T=\ ( a " + b n ) = S^zi 0 is convergent. 
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73. Since Y , a n is convergent, lim a n = 0. Therefore, lim (l/a n ) = ±oo. Since lim (l/a n ) ^ 0, the Divergence Test 

n ~ l n— >oo n— >oo ft— »oo 

implies that X^Li 0-/ a n) is divergent. 

74. Suppose on the contrary that X«*Li ( a n + b n ) is convergent. Then 

Z£Li ^ = Z^zi + M - a w ] = Y^L X ia n + M " HT=\ a n ™ convergent by Theorem 4. But then ^T=\ K is 
convergent, a contradiction. 

75. Suppose on the contrary that * s convergent. Then Xj^Li ca « — c a " which shows that X^Li fl « * s 
convergent, a contradiction. 

76. Suppose converges. Then there exists a number L such that lim a n — L. So the nth partial sum of 

ft— >oo 

Y%L\ - is Si = ZSLl K+l ~ = ( a 2 ~ a\) + (*3 ~ «2> + * ' * + K+l ~ %) = + and 

lim S n = lim (—a\ + = — a\ + L. Thus, (a n +\ ~ a n) converges. 

Next, suppose X^Li — a «) converges. Then lim (a n +i — = 0 => lim <2„+i — lim a n — 0 



ft— >oo ' ft— >oo ft— >oo 



lim «»7+i = lim « n => {%} is convergent. 

n—>oo n—>oo 



77. Observe that if n > 2, then < 4r < => — < < — — , 

n (n + 1) n z n (n — 1) n w + 1 n L n — 1 n 

w / 1 1 \ "1 " / 1 1\ 

| 2 G-FTr) = (H) + G" j) + ■ " + (i-^l) = 5 " ^TT ,nd 

T ( — | = ( 1 — - ) + ( - — - ) H h ( — 1 | = 1 — -. Now, adding 1 to each of the inequalities in 

k=2 \k-l k/ \ 2) \2 3/ \n-\ n) n 

1 1 n 1 1 3 1 " 1 1 

(1), we obtain - + 1 < X ^7 < 1 + 1 => < —~ < 2 (2). The nth partial sum 

2 n + 1 £ =1 & z n 2 n + 1 £ =1 & z n 

oo i n \ 1 

of X ~ o satisfies $n+\ — X ~T — $n H o > ^« an( ^ so f^«l AS increasing. Also, (1) shows that S n < 2, 

n=l n z k=1 k z (n+\y 

and so [S n ] is bounded above. Therefore, by the Monotone Convergence Theorem for Sequences, we see that [S n ] 

converges; that is, V?^i converges. Finally, from (2), we have lim ( | < lim S n < lim |2 | => 

n ~ l n z n->oo \2 n+lj n->oo n^oo\ n ) 

"111 1 

78. Here S n = V -j = + + • • • + . Since 

ik= 1 2^ + 1 2+1 2 2 + 1 2" + 1 

= 5 W H — , we see that S n +\ > S n , and so [S n ] is increasing. Next, 



m | _ 1 2 n 



Sn = ^ + ¥^ + ¥TT + --- + ¥T-i <l 2 + ¥ + ¥ + --- + ¥= ^TZy J = 1 ~ ^ < 1 ' showing 

that {5„} is bounded above by 1. Since is increasing and bounded above, the Monotone Convergence Theorem for 
Sequences implies that {S n } converges. 

79. False. Consider the harmonic series (I In). Here lim a n = lim (l/n) = 0, but V (1/n) is divergent. See 

1 ft— >oo ft— >oo ^ft— 1 

pages 752 and 753. 

80. True. See Exercise 76. 

81. False. If x = f , then ^ is in [0, 2tt] and ££Li sin" jc = 1 + l 2 + l 3 + l 4 + • • • which evidently diverges. 

82. True. Y£=p arH = arP + arP+X + arP+2 + ' ' ' = arP {} + r + r2 + * * ' ) = if |r| < L 
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83. False. Consider the series X^Li ( — l) w 1 • The sequence of partial sums is [S n ] = {1, 0, 1, 0, . . .} which is bounded above 
by 1, but X^li (-If -1 diverges. See Example 6. 



84. False. Take a„ = (-1)"" 1 and b n = (-l) n . XT=1 ( a n + M = Z^Li 0 = °' 80 ( a n + b n ) converges. But 

ZZl *n = TZl ("I)"" 1 Z^l = X^l (~l) n both diverge. 



9.3 Concept Questions 



1. a. fl 1 =/(l) = l,a 2 = /(2) = l 

«3 = / (3) = • • a n = f (n) = \ 

3 Z n L 




111 1 

Sn = — + — + — + ••• + 



< 



l 2 
1 

12 



22 ' 3 2 

+ / f(x)dx+[ f(x)dx + •••+/ 



1 



2 



= i+y /M«&=i+ y ^ 

— y = lim / x — ii m 

] jc fe— >ooj\ b—>oo 



< 1 + 



n-1 

00 



(-H- 

OC j 

so 5/7 < 1 + 1 = 2. By the Monotone Convergence Theorem, / -tt 



1 x^ 

— = lim 

x ] b—>oo 



converges. 



2. a. ai=/(l) = l,a 2 = /(2) = ^ 
«3 = / (3) = 5, . . a n = f (n) = \ 




111 1 
b. S n _ x = - + - + - + ... + 

12 3 n — 1 

> / f (x)dx + f (x)dx-\ h / f (x)dx 



n-\ 



n C n dx 

= ^ /wix= y ^ 

00 ^ 



c. 



1 x b-> 



f 1 

lim / — dx — lim [lnx]^ = lim (In/? — In 1) 



— 00, 



SO 



00 j 

lim 5/7 = 00 and 7 — diverges, 
n— >oo -^-^ n 

/7= 1 



9.3 The Integral Test 



00 j j 

1. — Let / (x) = Then / is nonnegative, continuous, and decreasing on [l,oo). 



1 n 

n= 1 

00 dx 



b 



4 



= lim 



x 



-4 



x ^dx = 



[ X~" b—>oo J \ 

series converges. 



r 1 ~\ b ( 1 1 \ 1 I" 00 *** 
lim =- = lim I =- H — ) = — , so / — T converges, and therefore the 

2>->oo . 3jc 3 _ x b^>oo\ 3b 3 3) 3 J\ x 4 5 
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00 3 3 

2. y . Let / (x) = . Then / is nonnegative, continuous, and decreasing on [1, 00). 

^— J 2n — 1 2x — 1 

00 3^. 2>dx 3 Z 100 3Jx 

= lim / — lim - [In (2b — 1)] = 00. So / is divergent, and thus the series is 



1 2x — 1 6->oc Ji 2x — \ l?->oo 2 Jl 2x — 1 

divergent. 

3. X^zi Let / (x) = e~ x . Then / is nonnegative, continuous, and decreasing on [1, 00). 

f?°e~ x dx — lim (*, e~ x dx — lim i—e~ b + ^ ) = ~. Since / e - * rfjc converges, so does Note that in 

(\ 
I J is a convergent geometric series and is equal to | • 1 _ \\j e ^ — 

4. Xj^Li Let / (x) = xe~ x . Then / is nonnegative, continuous, and decreasing on [1, 00). 

f?°xe- x dx = lim ffxe-* dx = lim [- (x + 1) e~ x t = lim [- (b + 1) e~ b + 2^" 1 1 = 2/e (using l'Hopital's 

Rule). Since /j 00 **? - -* converges, so does the series. 

11111 i* 3 , 1 1 

5. — I 1 1 1 1 = / —z . Let / (x) = —z . Then / is nonnegative, continuous, and decreasing on 

2 5 10 17 26 ~ n l + 1 x l + 1 

f°° dx dx / \ 7T 

[1, 00). / = / = lim / —z = lim (tan -1 b — tan -1 1 ) = — . Since / converges, so does the series. 

J\ x 2 + \ b^ooJx x 2 + \ b^oo\ ) 4 

11111 1 1 1 

6. - H 1 1 1 1 = — h 7 . Let / (x) = . Then / is nonnegative, continuous, and decreasing 

3 7 11 15 19 3 ^— (3 + 4w 3 + 4x 

f°° dx f b dx 1 

on [1, 00). / = / = lim / = lim - [In (3 + 4b) — In 7] = 00. Since / is divergent, so is the series. 

J I 3 + Ax b^oo J 1 3 + 4.x: b->oo 4 

00 

n x 

7. 2^ 3/2 • Let / (x) = jj^. Then / is nonnegative, continuous, and decreasing on [1, 00). 



/ jjj- Let / (x) = jj^. Then / is nonnegative, continuous, 

n=l (« 2 + 1) {x 2 + 1) 

r°° xdx r b ( 9 \-3/2 . r / \-l/2l^ . / 1 1 \ 1 

/= / _= lim / x(x 2 + l) dx= lim -U 2 + l) = lim ( ■ + — 1 = - 

)\ (^2 +1 )3/2 2>->oo./i V / ^00. V / _ x b^><x>\ V2/ V2 

Since / is convergent, so is the series. 



1 1 

8. "V — Let / (x) = — Then / is nonnegative, continuous, and decreasing on [2, 00). 

~2n^/\nn x^/lnx 

poo fl x rb ^ x j. -.fr . . 

I — I — = lim / — — lim 2Vlnx = lim (2Vln£ — 2Vln2) — 00. Since / diverges, so does the 

J2 xVinx b-^ooj2 x^/lnx b^oo L J2 b-^oo\ / 

series. 

9. ^ -j is convergent because p = 3 > 1 . 10. ^ -^yj is divergent because p = | < 1 . 



1 w 1 
1 n= 1 

00 1 00 



11. ^ — rrrr ^ s convergent because p = 1.01 > 1. 12. ^ — is convergent because p — e > 1. 
«= 1 «= 1 

OC OO j 00 oc^ 1 

13. ^ n _7r = ^ — converges because p = n > 1. 14. ^ n -0 - 98 = ^ Q 9g diverges because p = 0.98 < 1 



1 «= 1 «= 1 n= 1 

CXD 



15. / — ^^=. Let / (x) = - Then / is nonnegative, continuous, and decreasing on [0, 00). 



1 

„Tq V«+ 1 " " ' V-^"+ 1 

00 ^ 



/ = 



0 vx + 



= = lim / (x + 1) x l 2 dx — lim (2V^ + 1 — 2\f2 ) = 00. Since / diverges, so does the 
1 b^> 00 ,7o /?— >oo V / 



series. 
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Zn x 
, :. Let / (x) — :. Then / is nonnegative, continuous, and decreasing on [1, oo). 

n=i y/2n 2 + 1 y/2x 2 + 1 



00 xjl rb 

1 V2x 2 + 1 



/ = / _ jj m y x ^2x 2 + 1^ <ix = ^lim ^y/lb 2 + 1 — ^ >/3^ = oo. Since / diverges, so does the 



series. 

oo , -x 



17. ^ — = = ^ —^r is a p-series with z? = % > 1 and is thus convergent. 

n= 1 v 1 



OO OO j 

is a p-series with p = 0.75 < 1 and is thus divergent. 



n= 1 «=1 



oo / | 2 \ oo j oo j 

19. ^ I — — H — - I = ^ — — + 2 ^ — is the sum of a convergent p-series with p = | > 1 and a constant multiple of 

n= 1 x v 7 /?= 1 «=1 



another convergent p-series with p — 2 > 1, and is thus itself convergent. 

S ( 3 ) ~* — 372 = S ( 3 ) S * s ^ e sum °^ two conver § ent seri es, the first being a geometric series with 

9 • 3 

r = 3 < 1 and the second a /7-series with p — ^ > 1 • Thus, the series is convergent. 

00 In w In jc 

21. ^ . Let / (x) = . Then / is nonnegative, continuous, and decreasing on [2, 00). But 

n x 

n=2 

f°°\nx f b \nx n 91 9-1 

/ dx = lim / = lim i (ln&) z — i (ln2) z = 00, so the series diverges. 

J2 x b^ooJ2 x 6->oo L z z J 

00 In « hue /^lnjc 

22. ^ — Let / (x) = —2". Then / is nonnegative, continuous, and decreasing on [2, 00). We calculate / = / dx 



~i n" x 

n=2 



2 x 



dx f u du - _ 
using the substitution u = \nx => du = — and x — e u . Then / = / = ue u du — — (1 + u) e 11 + C (by parts) 

x .1 e u 



b 



\nx 



Therefore, / = lim / — =- dx — lim 

b^> 00 .72 X z b-^00 

Thus, the series converges. 



1 + lnjcl* 



— lim 



x 2 b^oo b 



\ + \nb l+ln2 
- + 



1 + ln2 

— by l'Hopital's Rule, 



1 1 

23. y. Let / (x) = y. Then / is nonnegative, continuous, and decreasing on [2, 00) 

^2 n (^ nn ) *(ln*) z 



00 dx r [ b dx 

y = lim / y = lim 

2 x(}nxY b^ooJ2 x(\nx) z b^oo 



1 1 

+ 



Inb In 2 



1 

= — — , so the series converges. 
In 2 



00 _\/n A/x 



Ze 1 e ■ 
— Let f (x) = — Then / is nonnegative, continuous, and decreasing on [l,oo). 

, n l x l 
n=\ 

P00 e l/X rb e l/x . . 

/ — 7T- dx — lim / — y~ dx — lim (—e l / b + e) = e — 1, so the series converges. 

J\ x z b^ooJ\ x z b^oo V / 

^ S in(l/n) , sin(l/jc) 

25. > = . Let j (x) = ^ . Then / is nonnegative, continuous, and decreasing on [1, 00). 

^— j n z x z 

n= 1 

^sinri/x) /-^ sin (1/jc) r „ „ n 

^ = lim / 7z dx = lim cos (1 /b) — cos 1 = 1 — cos 1, so the series is convergent. 

1 X z b^ooji X z b->oo 
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1 1 

26. ^ — — . Let f (x) — —= . Then f is nonnegative, continuous, and decreasing on [1, oo). 



To find / = 



dx dx 
, let u — +Jx + 4, so du — 



2+Jx 



dx — 2^/xdu — 2 (u — 4) du. Then 



I = 2 J - — - du = 2 



u 




1 - -\du = 2(u -41nw) = 2[VI + 4 - 4 In (V* + 4)]. Thus, 



00 dx 

= hm 



1 V^ + 4 b^ooJi +Jx+4 Z?->oo 

41n(V5 + 4) 



= lim [2V£ + 8-81n(v^ + 4) - 10 + 81n5] 



= lim « 



2v^ 



1 - 



+ 81n5-2 = oo 



00 j 

using l'Hopital's Rule on the expression within the brackets. Thus, ^ — — diverges. 



OO j OO 

1 n= 1 



1 



^ (2/i + 1) (2/i - 1) 




_1 1 \ 

^ + ^)i 

2n + 1 2/i - 1 y 



is a telescoping series: 



n / _1 



+ 



2*: — iy 2 LV 3 



(4 + 0 + H + 9 + '-' + ("2^ + 2^t)] 



1 1 1 

= - I 1 I — > - as /1 

2 V 2/i + 1 / 2 

OO ^ 

and so ^ — x converges. 

^ An 1 - 1 6 

n=\ 



— > OO 



OO 



Z/l X 
— . Let / (x) = — . Then / is nonnegative, continuous, and decreasing on [2, 00). To 

n=\ 2n 



2 X 



00 _ 2 _x 

find I — I x2 x dx, let w = x and du — 2 x dx ^ du — dx and 0 = — — -. Then 

1 In 2 

+ C = -(^ + hJ2)-^ + C ' S ° 



x 1 / v x 

I = -— + — / 2~ x dx = - 



2*\n2 In 2 



2 X In 2 2*(ln2) 2 



2* In 2 



00 



Jt2~* dx = 
1 »??— » 

series converges. 



lim / = lim [- (b + -i- ) ( ) + ( 1 + -i-) f-^r H = f 1 + A I I TT^ Y Thus ' the 

^00 Z?^oo|_ V In2/V2^1n2/ \ In2/\21n2/j \ In2/V 21n2 / 



29. X 



00 tan" 1 /! 



tan - 1 x 



• Let / (x) = 



tan 1 x 



x 



2 + l 



. Then / is nonnegative, continuous, and decreasing on [1, 00). 



OO 4- — 1 



/ = 



dx — lim 



^tan l x 



1 x 2 + 1 
showing that the series converges. 



1 dx = lim 

00 J 1 x z + 1 /?— >oo 



J (tan" 1 1.) - \ (tan" 1 1) - i ?) - i = 



1 /7T\2 1 /7T\2 37T 



32 ' 



30. lim .2,2 



— lim 



1 



00 



ra— »oo e~ n + 1 



= 1 7^ 0, so ^ diverges by the Divergence Test, 



00 



31. Z 



1 



00 



= Z 



1 



Let / (*) = 



1 



^-|/i 2 + 2/1 + 5 ^( n+ i)2 + 4 - - - — ( x + i)2 + 4 
Then / is nonnegative, continuous, and decreasing on [1, 00). 



/ = 



00 dx f b dx 

x = hm / x = hm 

1 (x+l) 2 +4 b^ooJ\ ( x +l) z + 4 b->oo 



1 

- tan 

2 



-1 



fc + 1 1 



- tan 

2 



-1 



1 + 1 



1 /7T 

2 



7T 



8' 



showing that the series converges. 
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oo 1 oo 1 oo / 2 1 \ 1 oo 



32. V — x = V = yi — ^ ^— I = - V ( ) is a convergent 

^ 2n 2 + 7/i + 3 ^ (2n + 1) (n + 3) ^\2n+\ n + 3) 5 ^\2n + \ n + ?>) 5 



telescoping series. 



oo j 

33. V — . Let/ (at) = 

f ^ n I In 



OO 

^ n(lnw)^ 

00 rfjt 



1 



/ = 



— lim 



x(lnx)/ ? 
& dx 



. If p > 0, then / is nonnegative, continuous, and decreasing on [2, oo). 



(ln/?) 1 "^ (In2) 1- ^ 



1-p 



1-/7 



(ln2) 1 "/ 7 . . f°° dx . 
, and if p < 1, the integral diverges. If p = 1, / — lim 



. If p > 1, then the integral converges to 



dx 



p-i 

Thus, / converges if p > 1, as does the series. 



= lim [In (In b) - In (In 2)] = oo 

2 Jtlnjt b->ooJ2 xlnx b—>oo 



oo j n ^ j n ^ 

34. — — . If p < 0, then lim a n — lim — — = oo, and so the series is divergent. For p > 0, let 



n=\ 



nP 



«— >oo 



«— >oo 



lnx 



/ (x) = . Then / is nonnegative, continuous, and decreasing on [1, oo). Using the table of integrals, we find 



oo 



Inx 

~xP 



xP 



dx — lim 



dx — lim 

b—> oo J i xP b—>oo 



b l ~ p 1 
j [-1 + (1 - p)lnZ>] + 



for p 7^ 1 . If p > 1 , then the 



(i - pY 1 ' " J (1 - p) 2 

integral converges, and if p = 1, then it diverges (see Exercise 21). If 0 < p < 1, then the integral also diverges. Thus, the 
integral is convergent only for p > 1, as is the series. 



35 -^=i(^-^) = (i4) + (^i) + (^0 + - + (^-^) + (^TT- 

' I 



a a — 1 a — 1 # — 1 1 

- + — ^ + ^^ + --- + 



2 3 4 N + l 7V + 2 

a / a — 1 a — 1 \ ( a — 1 a — 1 \ a — 1 a — 1 a — 1 1 

= - + I — + — — ) + ( — + — — ) + — — + — — + • •• + 

2V 1 1 / V 2 2/3 4 



W + 1 N + 2 

AH-1 




3 1 / nA 1 1 1 \ 3 1 , 1 

= a h fl- H 1 1 1 I = a 1- (a - 1) > - 

2 N + 2 ; I 2 3 N+lJ 2 N + 2 ^ n 



If a — 1, then lim S# — i. If ^ 0, then lim Sjy diverges (1/ft) is the harmonic series]. So the given series 

N->oo N->oo 

converges only if a = 1 . 



Ill 1 f n dx 

36. a. From the figure we see that — I 1 h 1 — < — 

2 3 4 n Ji x 



= Inn, 



1 1 1 



1 



soS„ = l + - + - + - + -- - + -<l + Inn. 

2 3 4 n 

b. S 10 6 < 1 + In 10 6 = 1 + 6 In 10 « 14.82 < 15 



0 



y = i A 




3 X 
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37. a. From the figure, we see that 

" +1 dx 1 1 

— = In (ft + 1) < 1 + - + ••• + -. Also, / (x) > 0 for 
l x 2 n 

x > 1, so In (ft + 1) > Inn. Thus, 

0 < In (n + 1) - In w < 1 + -H h--lnn. Since 

2 /i 

# w = 1-) 1 — .-) Inn, we see that [a n } is bounded below by 0 

2 n 

1 

b. From the figure, we see that < / — = In (ft + 1 ) — In n . 



n + 1 



n 



x 



Consider 



a n+\ ~ a n — 



1 



1 1 

1 + - + •■■ + - + _— 

2 n n + 1 



-ln(ft + 1) 



-H 



+ ••• + 



In n) 

n ) 



1 



n + 1 



— [In (n + 1) — In <0 




y = V* 




using the result of part a. Thus, a n +\ < a n , showing that {a n } is 
decreasing. 

c. Since {a n } is decreasing and bounded below, the Monotone Convergence Theorem implies that [a n } is convergent. 

oo oo y 

38. C to = X n ~ X = X "T for real 

x. This is a p-series which converges for p — x > 1. Therefore, the domain of £ is 

■ « 



n=\ 



(l,oo). 



39. a. From the first figure, we see that R n — a n +\ + a n +2 + * * J n f W dx. From the second figure, 
we see that R n = a n +\ + a n +2 + • • • > / (*) dx. Combining these two inequalities gives 
X ? °h / to dx <R n < f (x) dx. 



y a 



y = fix) 




n n + \ 



V A 




n n + 1 



b. If we replace R n by S — S n in the chain of inequalities obtained in part (a), we get 

Xi+l f(x)dx<S- S n < f (x) dx, from which the desired result S n + f™ { f(x)dx<S< S n + f (x) dx 
follows. 



1 



40. a. Here / (x) = so f 0 ?, / (x)dx = lim f?, , x 



^ dx — lim 

/?— >OC 



1 



-i/j 



= lim 

77+1 



( /? + ft + 1 / 



1 



ft + 1 



In a similar manner, we find that f 00 / (jc) = - 

J72 • n 



Using the result of Exercise 39b, we have 



1 



oo ] 



1 
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1 00 1 

b. Put n — 1 in the chain of inequalities obtained in part a to obtain S\ -\ — < X ~T - ^1 + ^- Since S\ = 1, we have 

2 n=l n z 

1 2° 1 



l + "< E "T < 1 + 1 => ^ < Z — < 2. 



3 99. 1 

2 ~ n 2 ~ " ' " 2 n=1 n 
c. Put n — 100 in the result of Exercise 39a to find J^ 0 f (x) dx < /?iqo < Jjoq f (x)dx^> < ^100 < i^j- 



41. 



OO 1 ^ 

d. Using a CAS, we find that V — — 

n=\ " l 6 

^ — . Let / (x) = — . Then / is positive, continuous, and decreasing on [1, 00), so 



n=\ 



n 



x 



co 



2 00 2 

^— ' ft z ^-f. ft z 740 * 



CO 



Z? 

^ dx — lim / 2x _2 = lim 
z /?— > co 740 b— » co 



' 2 2 
~& + 40 



1 



= — = 0.05. 
20 



CO j J 

42. — cTT - Let / (x) = — c~tt • Then / is positive, continuous, and decreasing on [1, 00), so 
^—f n?i z x^' z 



n=\ 

f°° dx f h _c /9 

E20 < / — F75- = lim / x J/Z dx = lim 
J20 x^' 1 b^ooJ20 



2 2 
+ 



&->oo _ 3& 3 / 2 3(20) 3 / 2 . 3(20) 3 / 2 



0.007. 



CO j 2 

43. / -= . Let / (x) = -= . Then / is positive, continuous, and decreasing on [1, 00), so 

^— \ n z + 1 x z + 1 



n=\ 



E 5 0< 



co 



dx 



+ 

b 



50 * 2 + 



/* dx IT 

- = lim / — = lim ("tan -1 & - tan -1 5ol = ^ - tan -1 50 « 0.02. 

1 /?— >coJ5() 1 + x z ^->oo L J 2 



CO 



44. y^flg 

«=1 

£3 < 



__ 2 __ 2 

w . Let f (x) — xe x . Then / is positive, continuous, and decreasing on [l,oo), so 



CO 



CO 



xe x dx — lim 



b— >co .73 



xe dx = lim 



[-1 



+ 



1.-91 _ 1 
2^ J - 2 



-9 



e - » 0.000062. 



CO j 2 

45. ^ Let / (x) = Then / is positive, continuous, and decreasing on [l,oo), so 
^— i n z x z 



n=\ 



Rn < 



co 



dx 



= lim / x 



-2 



n 



X z b^> 00 J n 



( 1 1\ 1 

dx = lim I - - + - 1 = - < 0. 

Z?->co \ b n ) n 



005 => ft > 200. 



-3 



1 1 

46. ^ Let f (x) — -5-. Then / is positive, continuous, and decreasing on [1, co), so 
^1 " * 

f°° dx rb 
Rn< = lim 

x J b->ooJ n 

~ tan" 1 /! 

47. Y— -r. Let /(*) 



/ 1 1 \ 1 
= lim I -—j + ~ r I = ~ r < 0. 

Z?^co \ 2/? 2 2n 2 / 2n 2 



005 o w > 10. 



tan 1 x 



l+x 



. Then / is positive, continuous, and decreasing on [1, 00), so 



00 tan" 1 x , 

Rn < I ~ T dx 

1 + x L 



— lim 



b tan" 1 x 



n 



1 dx — lim 

b^ooJ n 1 + x z b^oo 



X - ^tan -1 nj 2 < 0. 



005 



(^tan~ 1 



2 7T 2 

> — 0.01 =3> tan -1 n > 1.56761. Thus, we must take n > tan 1.56761 



-1 



314 



CO 



48- Z 



. Let / (x) = Then / is positive, continuous, and decreasing on [2, 00), so 



^2 n (In 

00 



x (lnx) 2 
b 



Rn < 



n X (1 



r d* 1. / 1 1 \ 1 1 

T = hm / T = hm --— + - — = - — < 0.005 <^> Inn > — — 

nx) z b^ooJn x(lnx) z b^oo\ mb inn/ Inn 0.005 



= 200 => ft > e 



200 
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OO j 2 

49. ^ — . Let f (x) = — . Then / is positive, continuous, and decreasing on [l,oo), so 



, rr x 

n=\ 



poo rf x rb / 1 1 \ 1 1 

R n < / — r = lim / x~ 4 dx = lim ( - -\ T I = — T < 0.0005 <=^> n 3 > <^> n > 8.75, so we take 

Jn * 4 b^ooJn b^oo\ 3b 3 3ft 3 ) 3ft 3 ~ "0.0015 



oo i 9 



11 11 1 

9 terms: V — ^V — = 1 + — + — H h — r ^ 1.082. 

^-(ft 4 ^ft 4 2 4 3 4 9 4 

«=1 n=\ 



oo j j 
50. ^ —on- Let / (x) = -577. Then / is positive, continuous, and decreasing on [1, 00), so 

Yt — 1 



roo rb / 2 2 \ 2 

R n < / -FT77 = lim / x~ 9/2 dx = lim ( =-pr H =777 ) = — =777 < 0.0005 => ft > 6.13, so we take 7 terms 

~ Jn x 9 / 2 b^ooJn b^oo \ lb 1 / 2 In 1 ! 2 ) In 1 1 2 ~ 



51. a. 



1 



1 



(ft + 2) - n 



2n (n + 1) 2 (ft + 1) (ft + 2) 2ft (ft + 1) (n + 2) 

b. S„ = ^ 



l 



I 



ft (ft + l) (ft + 2) 
l 



, proving the result. 



£j * (* + l) (* + 2) 2^L^(A:+l) (*+!)(* + 2) J 



2 {(l -2 2-s) + (2-3 3-4) + 

=iri — 

2 [2 (rc + lHrc 



+ 



1 



1 



_n(n + 1) (n+ l)(w + 2)_ 



1 



+ 2) 



1 



Thus, lim S„ = lim - 

'„_>oo n->oo2[2 (ft+l)(ft + 2)J 



1 



1 

4 



52. a 



00 ^ 



^(n-lMn + l) ^»3(»2-l) 



00 



«=2 



1 c . 2 1 

. Since —=■ — 



00 ^ °° w 2_j ooj 

" 5 ft 3 (ft 2 - I) = 1 + 5 n3 („2 - l) = S J 



00 2 _ j 00 
«=2 ' l V" / n= 1 



ft Z -2 



> 0 for n > 2, we 



^ „3 ( n 2 _ j) ' „5 n 3 ( n 2 _ !) n 5 ( n 2 _ „5 („2 _ ^ 

^2 2 

consider > -=-. Let / (x) = — p-. Then / is positive, continuous, and decreasing on [2, 00), so 

rfi x^ 

n=2 



00 



Rn < 



2dx 



= lim 2 ' -~ 5 



„ b->oo ., „ 



x 



dx = lim ( l -r + ) = —j < 0.00005 => w > 10. Using the result of 

Z?->oo \ 2/? 4 2n 4 / 2n 4 



Exercise 39, 

00 j 00 ^ 

^ ^ = 1 + ^ («- 1)B (« + 1) 



n=2 
1 

1 + 4" 



^1 1 40 1 

— > % 1 -| > 

^ ft 3 (ft 2 - 1) 4 n 3 (n 2 — 1 

1 



1 



+ 



(»2 - 1) 



2 3 (2 2 -l) 3 3 (3 2 -l) 



+ ••• + 



1 



10 3 (10 2 - 1) 



1.20213 
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oo 



1 



53 ' ^ n(lnn)[ln(lnn)F 



• Let / (x) = 



1 



oo 



p — 1 , then 



dx 



x(\nx) [In (\nx)]P 
b dx 



. Then / is positive, continuous, and decreasing on [3, oo), so if 



= lim 



— lim (In In In/? — In In In 3) = oo. If p ^ 1, then 

3 x (lnx) [In (lnx)] b^ooji, x (\nx) [In (lnx)] b->oo 



-L 



oo 



dx 



x(\nx) [In (lnjc)]^ 



r f°° dx 
= lim / 

b^ooj2, x(\nx)[\n 



— lim 

(\nx)]P b^oo 



[In (lnjc)] 1 -^ 



-ib 



_ 3 



= lim < 

b—>oo 



[\n(\nb)] l -P [ln(ln3)] 1_ ^ 



l-p 



1-p 



[In (ln3)] 1- ^ 

If p < 1, then 1 — p > 0 and / diverges. If p > 1, then 1 — p < 0, so / = , so by the Integral Test, 



p-1 



oo 



1 



ft (Inn) [In (\nn)]P 



converges if p > 1 and diverges if p < 1 . 



54. a. f (x) = e x is positive, continuous, and decreasing on [0, oo), so 



f ( ?° e x dx — lim fi 7 <? x dx — lim ( — e ^ + 1 ) = 1, so the Integral Test shows that e " * s conver g ent ' 



/?— >oo 



OO °° / 1 \ W j OO j 

b. ^ <? _ " = ^ I — I is a geometric series with a = 1 and r = -, so ^ <? -/7 = j- - 

roo 

/ e~ x dx — 1. 
JO 



e- 1 



c. The sum of the series ^ n is « 1.582, and this is not equal to 

55. True. See Figure 1 on page 757. 

56. True. /°° / (jc) dx = J* f (x) dx + f™ f (x) dx = oo^^L 1 a n = X?=i f (») diverges. 

oo ^ 00 /l 1 \ 

57. True. ^ — = ^ ( } is a convergent telescoping series (see Example 1). By the Integral Test, 



oo 



dx 



1 x (x + 1) 



is convergent. 



OO j OO / j OO j 

58. False. The series ^ is a convergent series with positive terms, but ^ — = - is the divergent harmonic series 

ft = l /7= l /?= I 




1. a. See pages 762 and 765. 

b. We use the Comparison Test if a test series ^ b n can be found such that either a n < b n where ^ b n is convergent, or 
a>n > bn where ^ b n is divergent. The Limit Comparison Test may be used if we can find a test series such that 
lim (a n /b n ) = L. 

«— >oo 



oo 2 j 

2. a. No conclusion can be drawn. Consider / and / . Here a n — 

1 n= 1 



2 1 

-^r > = for n > 1 , and both series 



X j OC j i i oo oc i 

converge. Next, consider ^ - and ^ — . Here a n — — > — = b n for n > 1. Then ^ fc w converges, but ^ - 

n=l n= 1 «= 1 1 



diverges. 
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OO j OO j 11 00 

b. No conclusion can be drawn. Consider ^ and ^ -. Here a n = < - — b n for n > 1, and ^ /? n diverges but 

n l ft n l n \ 

n=\ n= 1 n= 1 

OO OO j OO j 11 oc | 

^ a n converges. Next, consider ^ — - and ^ -. Here a n — — < — = b n , but ^ — diverges. 
^— ' " ^— ' 2ft ^— | n 2n n 2n 

n= 1 1 «= 1 n= 1 

3. Since b n + c n < a n and c n is positive for ft > 1, we have b n < a n . So if converges, then ^ ^« converges. Next, 
c n < a n since b n is positive, so if ^ a n converges, then ^ c n converges. 

4. If both ^ £> w and 2] c« are convergent, then ^ a n must be convergent, contradicting the assumption that ^ is divergent. 
So ^ (b n + c n ) must be divergent. Since b n and c n are positive, we see that at least one of ^ b n and ^ c n is divergent. 



9.4 The Comparison Tes 





11 00 1 OO j 

1. — = < forn > 1. Since ^ -rr converges, so does ^ — ^ . 

2ft 2 + 1 n 2 ~ ^,n 2 ^rj In 1 + 1 



11 ^ 1 ^ 1 

2. < forn > 1. Since > converges, so does > . 

n 2 + 2n n 2 ±* n 2 n 2 + In 

t t X ft — X 

I i i oo ^ 

3. > - for n > 3. Since y - diverges, so does ^ . 

n — 2 n n n — 2 

n=3 n=3 

I i OO j OO j 

4. -rrpi > -^-pr for n > 2. Since ^ diverges, so does ^ . 

n L l 5 — 1 n L l 5 n L l 5 n l l 5 — 1 



n=2 n=2 
OO 1 oc 



111 1 1 

5. , > — — = — for n > 2. Since > — diverges, so does > , . 



111 00 1 00 1 

6. . < — — = ^tttt for n > 1. Since y converges, so does ^ . 



7 - yr^j < = (3 J for n ^ °- Since Z (3 J c ° nver g es > s ° d ° es Z 3^n;- 

0 3 W 3" /3\" ^ /3\" S 3 n 

^- ™ 7 >— = (-) for n > 3. Since > I - I diverges, so does > — -. 

2" -4 2 n \2) _\ 2 J ^i2 n -4 



n=3 v 7 n=3 
~>c 1 00 



^ Inn 1 ^ 1 , ^ Inn 
9. > - forn > 3. Since > - diverges, so does > . 

n n ~L n ~L n 

n=2 n=2 

_ cos 2 n 1 ^ 1 , ^ cos 2 n 

10. — — < — torn > 1. Since ^ — converges, so does ^ 



//- //- — //- — n 2 

n=l n= 1 

2 + sinrc 3 1 r t n • ^ 3 • • ^2 + sinn 

11. — < — = r forn > 1. Since > — is convergent, so is > 



,3" 0 ^ 3 n 

n= 1 «= 1 



1 1 °° /1\" °° 1 

12. — - < — for n > 2. Since ^ ( - I is convergent, so is ^ — -. 
n w ~ 2 n ^\2J n n 

n= 1 v 7 «= 1 



n 

2 00 



n n 1 a n n 2 -\- I n 1 
13. If n is large, then a n = behaves like — — — — b n . lim — = lim — T J — — lim = 1 > 0, so > - 

n L + 1 n 1 n «->oo b n n^oo 1 «->oo n 2 + 1 ^ ft 



rc=2 

ft 



diverges => ^ ^ diverges. 

^ ft 2 + 1 

n=2 
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1 



14. If n is large, then a n — — =1 behaves like — 1= = b n . lim ^ — lim ^ — ii m ^ = 1 > 0, so 

■sfn ' n-^oo b n n^oo 1 n-^oo ^/n + 2 



oc j oc i OO j 

Z—= = V —r-pr diverges V — — - diverges. 
n= 1 v «=1 «=1 v 

72 n 1 

15. If /i is large, then = behaves like — = = — b n . 

y/n 5 - 1 Vft5 72-V 2 



72 



/ 5 _ j ^5/2 ^ oo ^ oo 

= lim — — : = lim . — lim = = 1 > 0, so ^ —7-^- converges => ^ 



n 



«->oofc w «^oo J_ ^ooVwTTT /l — (1//1 5 ) ^2 n / ^2 Vn 5 - 1 

w 3/2 v 

converges. 

2t2 + 1 2w 2 1 

16. If ft is large, then a n — — = behaves like — =- = — , so take b n = —. 

3n z — n + 1 3tz z 3tz 72 



,. r 3/2 2 -/2 + 1 r 2n 2 + n 2 Si S 2n + 1 

lim — = lim = — ■ — — lim — = = - > 0, so > - diverges => > — = diverges. 

oo b n n^oo 1 rc^oo 3^2 _ n _j_ j 3 ^ 72 " ^ i,n 2 - n -\- I 

— n=\ n= 1 

72 



3t2 2 + 1 3t2 2 3 1 

17. If 72 is large, then a n — — ■= behaves like — T — — t» so ta ke b n — 

5 2tz 5 + 72 + 2 2/2 5 2n 3 n 3 



lim 

«— »oo /3 



_3/2 2 + 1 



n r 2w 5 +/i + 2 r 3/2 5 + /2 3 3 S 1 ~ 

- = lim -. — ■ — — lim — j = - > 0, so > -^r converges =^> > 

n n ^°° 1 2n 5 + n + 2 2 ^-j 72 3 " , 

— - n=\ n= 1 



3n 2 + 1 

converges. 



72 



2t2 5 + 72 + 2 

3 

n 2 + 1 



18. If n is large, then a n — ^ ^ behaves like = — = b n . lim ^ = lim n ^ "^^ = 1 > 0, so ^ — diverges 

n 2 (/2 + 3) n 3 n n^oob n n^oo J_ ^ /t 



00 /i 2 + 1 

^ 5 ^T^) diverges - 

19. If 72 is large, then a n = behaves like —== — -^r-pr — b n . 

y/n 3 - 72 - 1 Vn 3 n 5 ' 1 

1 



a n Vt2 3 -/2-1 /t 3/2 r 1 , n ^ 1 

lim — = lim — : = lim — — lim . = 1 > 0, so > converges 

72->oo b n n^>oo 1 «^oo y n 3 _ n _ \ n->oo _ 1 _ 1 72 j / 2 



n 3/2 V tz 1 t7 



00 j 

^ = converges. 

n=2 V« 3 - n - 1 



1 

00 



1 1 a n 2 n - 3 2 n ^,1 
20. If 72 is large, then a n — behaves like b n = — . lim — = lim — z — lim = 1 > 0, so > — 

& 2 n -3 2 n n^oo b„ n^oo 1 n^oo 2 n - 3 ^-f 2 n 

n — n=l 

2 n 

00 ^ 

converges => ^ — — - converges. 

n=2 



636 Chapter 9 Infinite Series 

n 

n n a n 2 n — 1 2 n n 
21. If n is large, then a n — behaves like b n — — . lim — = lim — - — = lim = 1 > 0, so > — 

2P n=1 

oc 



Zn 
— - converges. 



n=l 

Inn 

Inn Inn a n ^3 _ i n 3 

22. If n is large, then a n — —5 behaves like b n — —5- . lim — — lim — : — lim —5 = 1 > 0. Since 

n 5 — 1 n- 3 «— >oo «^oo Inn «— >oo ft- 5 — 1 



n 3 



Inn n 1 ^ ^ In 

— r- < — = — > converges by the Comparison Test, so the Limit Comparison Test implies that > — r 

n- 3 n- 3 n z ^-i n 5 — 1 

ft =2 /7=2 



//: 2 

converges. 



23. If n is large, then 0 W = sin - behaves like b n = - . lim — = lim — = 1 > 0, so ^ - diverges => ^shi- 
ft n n^co b n «->oo l/« ^— J n ^— ' n 

' 1 «= 1 

also diverges by the Limit Comparison Test. 



24. If n is large, then a n = tan - behaves like b n = - . lim — = lim tan — 1 > 0, so ^ - diverges => ^ tan — 

n n «->oo /?„ w->oo 1/n ^ n " ^— ' n 



also diverges by the Limit Comparison Test. 



, c V H + 1 jr • 1 . W + 1 U U VI H 1 , / 1 

25. > - — - -. If n is large, then a n — - — - r behaves like — - — ^- = — so we take fr n = — . 

(n + 2) (2n 2 + l) 6 (n + 2) (2n 2 + l) n (2n 2 ) 2n 2 n 2 



n + 1 



(n + 2)(2n 2 +l) n 3 + n 2 1 » 1 ~ 

^ = lim — = - > 0, so > — converges =^> > 

1 n^oo ( n + 2)2n 2 + l) 2 ^ n 2 5 ^ 



n + 1 



lilTl 

™ b n J_ n^6o ( n + 2 ) (2n 2 + l) 2 ' ~' ~ ^ n 2 °" ' (« + 2) (2n 2 + l) 

n 2 

converges. 

x ' \ // 

converges. 



n „ 1 ^ 1 ^ n 

26. , < — ■= — -^12 f° r n > 1. 2^ —3/2 conver g es > so 2^ ~/ == 



Vn 5 +n Vn 3 " « 3/2 ' ^ " 3/2 ' ~| Vn 5 + n 



1 1 00 1 00 r 

„ n — 1 n 1 -.x-^l ^ n — 1 

27. < — = — for n > 1. ^ -j converges, so ^ ^ converges. 



n J + 2 n- 3 n z n z n J + 2 

«= 1 «= 1 

n + 1 n + n 1 ^ 1 ^ n + 1 



28. < 



= for n > 1 . ^ converges, so ^ 



converges. 



2n 3 + 1 2n 3 n 2 ^-j n 2 ^ 2n 3 + 1 

n=\ n= 1 

2« — 1 

29. lim a n = lim = 00. In fact, using l'Hopital's Rule, 

2 X ~^ 2* -1 ln2 2 X_1 (ln2) 2 00 2 n ~^ 

lim — lim = lim = 00. By the Divergence Test, ^ — s diverges. 

x^oo x 2+ x x^oo 2x+l 2 " ^n 2 + n 

1 

1 1 1 00 1 00 1 

30. ^^^= > — = — . Since — is divergent, so is "V . 

n + Vn 2 - 1 n + Vn 2 2n 2n ~J n + Vn 2 - 1 

sin z n l l , „. x - ^ 1 . ■ X"" sin z n 

31. — . < — — = —=-pr torn > 1. Since > —5^- is convergent, so is > — . 

nV^T+T n^R n 3 / 2 ~ ^ n 3 / 2 ^ nV^T+T 

_ tan - 1 n tt/2 tt r ^ M . ^ tt , ^ tan - 1 n 

32. ^ < — w- — — 7 forn > 1. Since > — T converges, so does > . 

n 3 + 1 n 3 2n 3 ~ ^ 2n 3 ^-J n 3 + 1 

33. Inn < n for n > 1, so - — > -. Since ^ - diverges, so does ^ - — . 

Inn n ^— ' n ^1 Inn 

/7= 1 /7 = Z 
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Inn Inn Inn r _ ^ Inn ^ . , Inn 

34. > = torn > 2. Since > diverges (see Exercise 9.3.21), so does > 



ft + 2 n + n 2n ~L n " ^— ' ft + 2 

1 1 11 ^ 1 

35. — = — — - — _ N ,^ < - — — r for n > 3. Since > T is a convergent geometric 

n! „(„-i)(n-2)..-(3)(2)(l) 2-2- ••••2 2»"1 " £o 2 " _1 

ra-1 

oc i 

series, 7 — converges. 

/!=() 

ft z ft z ft n An ^ ft 

36 - ~\ = n{n- l)(n-2)...(3)(2)(l) < (« - 1) (« - 2) • • • (3) (2) (1) < V=l = F " " 4 ' Since 4 2. ^ 

/7 — 1 



00 n 2 



converges by the Integral Test, so does 2_, — r • 



«= 1 



ft! n (n-l) 3-2-1 (2\ (\\ 2 ^2 ^ n\ 

37. a n = — = < (i) (i) (i) . . . I _ I I _ I = _ Since > -= converges, so does > — . 

n n n-n n-n-n \n J \n J n L , n L ^ /i" 

1 1 22°°2 00 1 

38. a n = — = — 7 — — rr- = — — < Since 'V converges, so does 'V — 

1 + 2 + 3 + • • • + ft ft (ft + 1) n (n + 1) ft 2 ^-J n 2 ^-f 1 + 2 + 3 H 



n=\ n= 1 



y/n + \nn jn + *Jn 1 ^ 1 . . ^ ^77 + In ft 

39. = = < = — = for ft > 1 . Since > —^r is convergent, so is > = . 

In 1 + 3 ~ 2ft 2 ft 3 / 2 ~ A| ft 3 / 2 2ft 2 + 3 

1 n= 1 

2« 2 + « 2n 2 + n 2 3« 2 V3 , ~ VI . . ^2, 2n 2 + n 

40. a„ = < — -=- = - -r^ for n > 1. Since > is convergent, so is > 

73k 7 + In n V3^ VI/i 7 / 2 » 3/2 ^ « 3/2 ^ v / 3w 7 + ln« 



OO OO OO 



41. T n — R n — (T — U n ) — (S — S n ) = ^ ^ — ^ — ^ — a^). Since a# < ^ for each positive integer A: 

k=n+ 1 k=n+ 1 

oo oo oo 

and ^ a« and ^ are convergent, we see that ^ (/?^ — a^) is convergent with a nonnegative sum. Thus, 

«= 1 n=\ k=n-\-\ 

T n -R n >0^T n > R n . 

1 11 11 

42. ^ . Since a n — — ^ < — r- for n > 1, we can take b n — — r-. Let / (x) = — r. 

n 3 + 2n n 5 + 2n ft- 3 ft- 3 x J 

1 

Then / is positive, continuous, and decreasing on [1, 00). Using Theorem 2 in Section 9.3, we have 

roo ^ x rb / 1 1 \ 1 

T n < / —5- = lim / x -3 = lim ( T H ^ I = — ^ < 0.005 =^> n > 10. Using the result of Exercise 41, 

J w a: 3 b^ooJ n b^oo\ lb 1 In 1 ) In 1 

oojlOj ^ 2 2 ^ 

RlO < Tio, so 2] n 3 + 2n ~ ^ ft 3 + 2ft ~ l 3 + 2 • 1 + 2 3 + 2 • 2 + 3 3 + 2 • 3 + " ' + 10 3 + 2 • 10 ^ °' 48 ' 



rt=l /7= 1 



_ ^sinft + 2 ^. sinft + 2 3 , f 3 T 3 

43. > j — • Since a n — j — < -j, we can take b n = —r. Let f (x) — —r. Then 

, ft 4 ft 4 ft 4 ft 4 x 4 

/ is positive, continuous, and decreasing on [1, 00). Using Theorem 2 in Section 9.3, we have 

roc ^ d x rb / 1 1 \ 1 

T n < — t~ — lim / 3* -4 dx — lim I H — - 1 = — < 0.005 <=^> ft > 5.8, so we take 6 terms of the series. 

A x 4 b-^ooJn b^>oo\ b 5 ft- 3 / ft- 3 

^S, sin ft + 2 sin ft + 2 sin 1 + 2 sin 2 + 2 sin 3 + 3 sin 6 + 6 

> , % > -j — = — + — + -. — + • • • + -. — « 3.06. 

^ ft 4 ^ ft 4 l 4 2 4 3 4 6 4 

1 /7= 1 
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00 1 11 1 1 

44 2- yTT\- Since a « = yTTX < yT< we can take b » = yi' Let 7 W = F' 



Then 



„=1~ + 1 y ' + 

/ is positive, continuous, and decreasing on [1, oo), so using Theorem 2 in Section 9.3, we 



00 dx ' b 



1 1 

+ 



3* In 3 3"ln3 



1 < 0.005 



3 n In 3 



have T n < I = lim f 3 * dx = lim 

J/7 3 X b^ooJ n b^oo 

1 In (0.005 In 3) 

<^ 3" > — — <^> w > « 4.74, so we need 5 terms: 

~ 0.005 In 3 ~ In 3 

^ 1 1 1 1 1 1 1 

> % > — 1 1 1 1 % o 40 

2- 3" + 1 2- 3» + 1 3 1 + 1 3 2 + 1 3 3 + 1 3 4 + 1 3 5 + 1 

77= 1 77= 1 

tan -1 n . tan -1 n 7r/2 7t 7t 7t 

45. > . Since a n = < — — —r, we can take b n — — —r. Let f (x) = 

Z—t on n on on on+l ' n on+l J v 7 



71=1 

Then / is positive, continuous, and decreasing on [1, oo), so using Theorem 2 in Section 9.3, we have 

roc n ^ x rb 
T n < I — — = lim 7T / 2~ x ~ dx — n lim 

Jn 2* +1 b^oo J n /3->oo 

7T ...... 7T 



1 1 

+ 



2 / >+ 1 ln2 2 W +! In 2 



< 0.005 => — < 0.005 

2"+! In 2 



=> 2 n+1 > => (n + 1) In 2 > In => n > 8.8, so we need 9 terms of the series: 

_ 0.005 In 2 ~ 0.005 In 2 

^ tan -1 n tan -1 n tan -1 1 tan -1 2 tan -1 9 

Z^i-«Z^!- = ^r- + ^- + - + ^-*o-»- 

72=1 77=1 

46. Since <2 n > 0 for n — 1, 2, 3, . . ., we have 0 < a n /n < a n for all n. Since ^a n converges, so does ^ (a n /n), by the 
Comparison Test. 

47. Since ^ b n converges, lhn b n — 0. Therefore there exists a positive integer N such that n > N => b n < 1. So for n > N, 
we have a n b n < a n . Since 2] an is convergent, so is ^ a n b n by the Comparison Test. 

48. Since lim c n = 0, there exists a positive integer N such that n > N => c n < L, where L is a positive number. Therefore, 
a„c„ < La n for n > N, and since * s convergent, the Comparison Test shows that ^a n c n is convergent. 

49. If a w =0 for all positive integers, then ^ a„ = ^0 = 0, and so the series converges. If a n > 0, then using the result 
of Exercise 47, we see that X^ti converges. However, the converse is false. For example, take a n — \/n. Then 

X a n — X (l /^ 2 ) i s convergent, but ^ a w = ^ (1 jn) is divergent. 

oo j 00 1 1 1 1 OO j 

50. y = ^ — • . Let a n — — and c n — . Then both a n and c n are positive for n > 2. ^ — is a 

*—LnP\nn ~L nP Inn nP \nn ~L nP 

77=2 71=2 71=2 

1 °° 1 

convergent ^-series if p > 1 . Also, lim c n = lim - — = 0. Therefore, the result of Exercise 48 shows that ^ — - — 

ti^oo n^oc In 77 nP In 77 



71=2 



is convergent if p > 1 . 



51. a. Since a n > 0 and b n > 0, we see that a n /b n > 0 for all n. Also, since lim (a n /b n ) = 0, there exists a positive integer 

71— >OG 

yV such that n > N => a n /b n < 1. Thus, a n < b n f or n > N . Since ^ b n is convergent, so is ^ a n , by the Comparison 
Test. 

inn 1 a n \nn \ln 2 
b. Leta rt = -^r- and/3„ = ^ttt- Then by l'Hopital's Rule, lim — = lim —r-pr — lim 1 — = lim —r-pr — 0. 

n 2 n 3/2 J r 71^00 b n ti^oo w l/2 7i->oo ^ n -l/2 ti->oo n l/2 

(X) 00 j 00 00 \nn 

Furthermore, / b n = / — r-r- is convergent. So the result of part a shows that / a n = / is convergent. 

^— \ ^— \ n 5 l l ^ ^— \ — \ n l 

77=1 71=1 71=1 71=1 
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11 a n l/n 2 . 1 
52. Let a n — — and b n = —. Then a n > 0 and b n > 0 for all n. lim — = lim = lim — = 0, but 

n z n n-^oo b n rc— >co l/n «— >co n 

oo oo ^ °° 00 i 

^ a n — ^ is convergent, while fr„ = ^ - is divergent. 

w= 1 n= 1 ^ /?= 1 «= 1 

Z^n . sina^ 
a w is convergent, lim a n = 0. Let fc n = sina^- Then lim — = lim = 1 ^ oo, so by the Limit 
n—>oo n—>oo a n n— >co # w 

Comparison Test, 2] sin <3 n converges, 
b. Yes. Let a n — niz. Then ^ a n — ^ mr evidently diverges, but ^ sina n = ^ sinn-7r = 0 is convergent. 

54. a. Let / (x) = ■ - Then / is positive, continuous, and decreasing on [1, oo), so 

y/x (x + 1) (x + 2) 

poo OO j 

/ , converges or diverges in accordance with the series ^ - . Now 

J I y/x (x + !)(* + 2) 5 5 ^ y/n (n + 1) (/i + 2) 



1 1 1 

< 



j CO j CO j 

— t"tt7 , and since > —^r converges, so do > , and 
„3/2' ^„3/2 „4t V" (« + 1) (» + 2) 



^/n (n + 1) (n + 2) y/n~n~^n 

00 dx 



1 V*(* + 1) (jc + 2) " 



1 f°° dx 

b. Let / (x) = - Then / is positive, continuous, and decreasing on [1, oo), so / - converges or 

y/x {X + 1) J \ y/X (X + 1) 

00 1 * 

diverges in accordance with the series ^ - . Now lim ^^+1) _ \[ m _ ij m , = 1 . 



^ y/n {n + 1) "^oo I «^co ^2 + „ n^oo ^ + I 

CO i CO i /.QO 



1 ^ j /-CO 

The Limit Comparison Test implies that ^ - diverges because ^ - diverges, so / - diverges 

^y/n(n + 1) « 7l V^TT) 

55. False. Let a n = l/n 3 and fc w = l/n 2 . Then 0 < a n < b n , but both and ^b n converge. 

56. False. Lettf w = l/n 2 and b n — l/n. Then 0 < a n <b n and ^b n diverges, but ^a n converges. 

57. False. Let a n —b n — l/n. Then ^a n b n = X (V^ 2 ) converges, but ^a n and ^ Z? n both diverge. 

58. True. 0 < a n < yj a 2 + b 2 and 0 < < yja 2 + Z? 2 . Since 2] \f^~+~^i converges, so do ^ a„ and ^ 




CO CO 

1. a. An alternating series is one of the form ^ (— l) n-1 a n or ^ (—1)" An example of an alternating series is 

n= 1 1 

g (-ly 



. n 



CO j 

b. If a„ + 1 < a n for all n and lim <3 n = 0, then the series (—l) n a n converges. Since a n — - is decreasing and 

n—> co ' " n 



n=\ 

•x 



1 ^ (—1)" 

lim tf n = lim - = 0, the Alternating Series Test implies that ^ converges. 

rc— >co «— >co ^ A — \ n 

n=\ 

c. \R n \ < a n +\ 
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^ (-if" 1 1 111 

1. > — - is an alternating series with a n — -. Since a n +\ — - = < = a n and 

^— j n + 2 n + 2 (n + l) + 2n + 3n + 2 

lim a n — lim — 1 — = 0, the AST implies that the given series converges. 
«->oo «-»oo n + 2 



2. ^ - — - is an alternating series with a n = — - — , but lim - — - does not exist (the terms are close to ± i for 
^ 3n- 1 5 3n - 1 «^oc 3n - 1 5 

large n, depending on the parity of n). Thus, the series diverges by the Divergence Test. 

S (-1)"+! 1 11 1 

3. > = is an alternating series with a n = Since a n+ \ = T < — = a n and lim — = 0, the AST 

^ n 2 n 2 (n+1) 2 n 2 n^oo n 2 

implies that the given series converges. 

4. ^ ^ is an alternating series, but lim ^ does not exist (the terms are close to ±1 for large n, 

^ 2n 2 - 1 6 n^oo 2n 2 -l 

n= 1 

depending on the parity of n). Thus, the series diverges by the Divergence Test. 

5. = — is an alternating series with a n — —=. Since a n + 1 — < —= — a n and lim — = — 0, the AST 

™j s/n «Jn V n + 1 V n n^oo ^J n 

implies that the given series converges. 

(-lf +1 n (-l) w+1 

6. ^ — . is an alternating series with a n — , , but lim — . — lim . does not exist 

(the terms are close to ±1 for large n, depending on the parity of n). Thus, the series diverges by the Divergence Test. 

,00 (_if -i y^+T . . v^TT VTTT _. .. , 

7. > is an alternating series with a n — — . Consider f (x) = — . Then / is positive and 

n — 1 n — 1 x — 1 

(jc-l)i(jc + l)- 1 /2_( JC + 1)V2 x + 3 

continuous for * > 2 and f (x) = = ^ — , < 0 for x > 2, showing 

(x-l) 2 2(x-l) 2 V^TT 



V^TT 7(1/") + (i/* 2 ) 



that /* (and therefore {<3 W }) is decreasing. Also, lim — = lim — — = 0, so the AST implies that the 

n-^oo n — l n-^oo 1 — (1 /«) 

given series converges. 

00 (_if-l 1 11 1 

8. ^ — is an alternating series with a n = - — . Since a n . i = - — — < - — = a n and lim - — = 0, the AST 

Inn Inn In (n+1) Inn «->oo Inn 

implies that the given series converges. 

^ (-lfn . ... n (-lfn 

9. > — is an alternating series with a n — - — , but lim — does not exist because, using l'Hopital's Rule, 

Inn Inn n^oo Inn 

n=2 

X 1 

lim = lim = lim x — oo. Thus, the series diverges by the Divergence Test. 

x— >oo \nx x^oo l/x >oo 
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,n XT (-lfln(ft + l) . . ln(/i+l) Infr + l)^ 

10. > is an alternating series with 0 W — — . Consider / (x) = . Then / is positive and 

^— j n + 2 n + 2 x + 2 

i±£-ln(* + l) 

continuous for x > 1 and /' (x) = — — ^ < 0 f° r sufficiently large since as x — > oo, the first term in 

(jv ~|~ 2) 

the numerator approaches 2 but the second grows without bound. Therefore, [a n } is ultimately decreasing. Also, 

1 



lim ^ n jl jj _ ij m * + 1 _ o by l'Hopital's Rule. Therefore, the AST implies that the given series converges. 

jt->oo x + 2 Jt->oo 1 

11. ^ — is an alternating series with a n — — . Consider f (x) = — . Then / is positive and continuous for 

' 4 2 n 2 n 2 X 

n= 1 

2* -x (2*)ln2 1 

x > 1 and / (x) = ^ — < 0 for x > , implying that {a n } is decreasing for n > 2. Furthermore, 

2^ x In 2 

x 1 

lim — = lim = 0 by l'Hopital's Rule. Therefore, the AST implies that the given series converges. 

x ^ oo ^ x 7 oo 2^ in. 

°° (_i\n-l i 1 e n I 

12. 7 is an alternating series with a n — , but because lim = lim — = oo, a n — does not 

A — \ ne n " ne n rc— >oo ne n n— >oc n ne n 

n=\ 



approach 0, and thus the given series diverges by the Divergence Test . 



e n+l 



L ^+1 18 an alternating series with a n = Since — - = = _._ = - 



7T 



n+1 



e w 1 / e \ n 

a„+i < 0 W , and furthermore lim a w = lim —r = — lim — ) = 0, so the given series converges by the AST. 



1A ^ COSftTT ^ (-If ^ (-If" 1 . , ^ 

14. 2^ — — — 2^, 1S conver g ent ( see Example 1). 



. n , n — ft 

n= 1 n= 1 h= 1 



„ ^ 1 . (2n - 1) tt ^ (-!)"-' . 
15. > — — sin = > — — is convergent (see Exercise 5). 

«= 1 v n= 1 v 



°° (2ft — 1) 7T °° 

16. In ft sin = ^ (—If -1 In ft is an alternating series, but ^Ijn^ (— If -1 In ft 7^ 0 so the given series diverges 

n=2 n=2 



by the Divergence Test. 



00 sin ^ 1 1 1 



17. ^ ■ = ■ . H . — . . . is an alternating series. Since 

Sn/^+T yPTT v / 33+T 753TT 

and lim = 0, the AST implies that the given series converges. 



1 



(2k + l) 3 + 1 



is decreasing 



k—>oo 



(2k + l) 3 + 1 



OO 

18. ^ (—1)" cos lim (—1)" cos ^ does not exist because lim cos £ = 1, so the series diverges by the Divergence Test. 
«=1 



OO sin 7T_ 



19. ^ (— l) n ft sin Since hm n sin = lim 7r • _ = 7r, we see that lim (— 1) ft sin 77 does not exist, so the 

w «— >oo w «^oo — «^oo n 

n=\ n 

series diverges by the Divergence Test. 
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20. > is an alternating series with a n — — . — — = {■ = —r • — = | ) < 1 

4l n n B n n a n n\ (w + l) w+1 n\ \n + 1 / 



n n 



a n +\ < a n and furthermore lim — = lim — — (^) (2) (1) ^ j| m I — o, so the AST implies that the 

n^oo n n n^oo n • n • n n • n • n n-^oo n 

given series converges. 



„ ^ (-If Inn . , . . \nn „ r/s In* 
21. > is an alternating series with a n — . Consider f (x) = => 

n=2 

c x (1 I x) — c x In x 1 — x In x 

f (x) = = = < 0 if x > 2, so / is decreasing on [2, oo), implying that {a n } is decreasing for 

e lx xe x 

n > 2. Also, lim = lim \LH. — \ xm _L_ — 0 by l'Hopital's Rule. Therefore, by the AST, the given series 

«— >oo e n «->oo e n n— >oo 

converges. 



„ ^ (-1)"" 1 VhT^ . . VhTn VmT 

22. > is an alternating series with a /7 = . Consider f (x) = => 

n n x 

n=2 

x U) (lnx)- 1/2 (1A) - On*) 1 / 2 ! _ 21nx 

/' (x) = — — = = — < 0 for x > 2, so / is decreasing on [2, oo), showing that {a n } 

x z 2x 2 ^\nx 

VhT^ (In*) 1 / 2 i (Injc)- 1 ^ (i/jc) i 
is decreasing for n > 2. Next, lim = 0 since lim — lim — lim — 0 

n—>oo n x—>oo x n—>oo 1 x^oo 2*V In* 

using l'Hopital's Rule. Therefore, by the AST, the given series converges. 



^ (-1)" 1 flu+i Jn + ^/n+l 
23. y — — , is an alternating series with a n — — — , . Since — — = t , < 1 for n > 1 , we 

f-j y/n + V« + 1 y/n + Vw + 1 a " V" + 1 + Vw + 2 

see that < a n for n > 1, and so {a n } is decreasing for n > 1. Also, lim a„ = lim — — — ^—= = 0, so the AST 

implies that the given series converges. 



24. ^ — — is an alternating series with a n = — — . Consider y — f (x) — f/x = so lny = . Then, 



n */n x 

In* 1/* 



«=1 




using l'Hopital's Rule, In ( lim y] — lim In y = lim = lim — — = 0 =5 lim Zfx — 1, showing that 



1 (-If" 1 

lim a« = lim — — = 1 . Therefore, lim — — does not exist, and the given series diverges by the Divergence Test. 



oo r\\n i 

25. / — is an alternating series with a n — -. \f p < 0, then lim a n — lim (\nri)~ p — oo and so the given 

^ 2 i\nn)P (\nn)P n^oo n^oo 



oo 



series diverges. If p = 0, then the series becomes ^ (—1)", which evidently diverges. If p > 0, then [a n ] = {1/ (lnra)^} 
is decreasing and lim [1/ (lnrc)^] = 0, so by the AST, the given series converges. Thus, the series converges for p > 0 



n^>oo 

and diverges for p < 0. 
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26. ^ (—1)" 1 is an alternating series with a n = ^ n ^ . If /? < 0, then {a n } is eventually decreasing and 

ft=2 



(lnrc)^ 

lim = 0, so the series converges by the AST. 

>oo n 

If p = 0, then = — and the series converges by the AST (see Example 1). 

n 

If p > 0, consider / (*) = => / (x) = = = = < 0 for x > e p , 

x x l x l 

{\xvx) p 

so / (and therefore \a n \) is eventually decreasing. To show that lim = 0, use l'Hopital's Rule p + 1 times 

(rounding down). For example, if p = 2.2, we have 

n ,22 2.2 (In*) 12 | — | vl2 2.2- 1.2 (lnx) 02 ( - ) 
Urn <^ = lim — — W = lim = lim W 

2 2.12(ln*)02 2.2- 1.2- 0.2 (In,)"™ (I) 
- lim — ' U j - lim ^.=0 

Thus, the given series converges for all real values of p by the AST. 

27. ^ — x is an alternating series with a n — . \R n \ < a„+i — = < 0.0005 => 

n 2 + \ * n 2 +\ ~ n+l („+ 1)2+1 

(n + l) 2 + 1 > — — — = 2000 => n > V1999 - 1 % 43.7, so 44 terms of the series are needed. 
v J 0.0005 

00 (_iy*-i 1 i 1 

28. ^ — — is an alternating series with a n = — — . \R n \ < a n +\ — < 0.0005 =^> y/n + 1 > = 2000 => 

V w V n v w + 1 0.0005 

n > 3,999,999, so 3,999,999 terms of the series are needed. 

00 (_2)"+3 00 (— l) n 2 w+3 2" +3 2" +4 

29. ^ — - = ^ — — — is an alternating series with a n — - — . \R n \ < a n+ \ = — - < 0.0005. By trial 

and error, we find that the smallest positive integer satisfying the inequality is 10, so 10 terms are required. 

S (-l) w_1 1 1 

30. > is an alternating series with a n = — — . \R n \ < a n+ \ = — — — < 0.0005. By trial and error, we 

^ n\wn n\xin (n+l)ln(n+l) 

find that the smallest positive integer satisfying the inequality is 342, so we need 342 terms. 

00 (— l) n 1 1 1 

31. ^ — x — is an alternating series with a n — \R n \ — a n +\ — ~ < 0.005 => (n + l) 3 > — — — =^> n > 4.85, so 

~^ n 5 n 5 (n + l) 3 0.005 

00 (—1)" 5 (—1)" 1111 
weneedStermsr^ — ^— =-1 + ^-^ + ^-^-0.90. 

n=\ n= 1 

oo (_iy* 1 1 

32. / is an alternating series with a n — . \R n \ < a n +\ — < 0.005. By trial and 

( 2n V- ( 2w ) ! (2n + 2)! 

error, we find that the smallest positive integer satisfying the inequality is n = 2, so we use 3 terms: 
2 S (2„)! 2j,(2«)! 2! + 4! ^ 
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^ (-I)"" 1 (ft + 1) n+ 1 ft + 2 

33. > — is an alternating series with a n — . < <2 n+ i = — —r < 0.005. By trial 

2 2 2^ 

and error, we find that the smallest positive integer satisfying the inequality is 11, so we use 11 terms: 

~ ( -l)n-i (H+ i) " (_!)»-! (w+ i) 3 4 5 6 12 

2. ^ 2- Y" ~ 1 ~¥ + ¥ + ■ ■ ■ + 2ir ~ °- 56 - 

«= 1 1 



^ (-If" 1 1 1 

34. > — is an alternating series with a n — — — . \R n \ < a n+ \ = — < 0.005. 

n= 1 v 7 

By trial and error, we find that the smallest integer satisfying the inequality is 5, so 

°° (-If" 1 ^ (-If -1 11111 

> - — - % > - — '- = 1 1 & () 41 

n-2 n ^ n-2 n 2 2-2 2 1-2* 4 • 2* 5 • 2$ 

n= 1 n= 1 



35. The series is given by 

111111 11 

1 1 1 1 1_ 

2 3 4 9 8 27 2 n 3 n 



/111 1 \ / 1 1 1 1 

= I - H 1 1 1 1 I - - H 1 1 1 h 

\2 4 8 2 n ) \3 9 27 3' 7 

OO i OO i 1 1 -11 

ZJ_ _ y J_ = _2 3_ 1 1 

n=l n= 1 1 9 1 1 



o i - t 1 2 2 

2 1 1 



The AST is not applicable because the condition a n +\ < a n is not satisfied. 



Ill 1 1 

36 - 1 -4 + 3-16 + -- + 2^ T -^ + 



/ll 1 \ /l 1 1 1 

= ( 1 + 3 + 5 + -- + 2^T + --j-(4 + T6 + 36 + --- + 4^ + 

oc y oc i 

= 2] 2/2 - 1 ~ ^ 4^ 

The first series diverges by comparison with the harmonic series, so the given series diverges as well. The AST is not 
applicable because the condition a n +\ < a n is not satisfied. 



37. a. No. Consider ^a n (—If j\fn — ^b n . Then ^ a n and ^ b n are convergent, but ^ a n b n — ^ l/n is divergent, 
b. No. Consider ^a n =X V n = Z^w- Then ^ a n and ^ b n are both divergent, but ^ a n b n — ^ l/n 2 is convergent. 



oo (_if 1 1 

38. ^ is an alternating series with a n = — . For convergence, — must approach 0; that is, s must be positive. The 

^— ' ft- 9 ft- 9 ft 5 

«= 1 

condition s > 0 also implies that {a n } is decreasing, so by the AST, the series converges if s > 0. 



ff. (-l)"(2w+l) . . 2« + 1 + l 
39. a. > is an alternating series with a n = — . Let j (x) = — . Then 

~ ft (ft + 1) " ft (ft + 1) x (x + 1) 

*fr + l) (2) - (2x + 1) (2* + 1) 2* 2 + 2* + l 

r (x) = = = =- < 0 for x > 1 and hm f (x) = 0, showing that 

x 2 (x + l) 2 x 2 {x + l) 2 ~ x-+°o J 

a n > a n +\ for ft > 1 and lim a n = 0. Thus, by the AST, the given series converges. 
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2n + 1 1 1 

b. We use partial fraction decomposition to write — — — I , so the Nth partial sum of the series is 

n (n + 1) n n + 1 



N 



%=z 



(-l)"(2n + l) 



£<-Wi + 4r) 

n= 1 x 7 



„=1 «(«+!) 



= _ 1 _(i_i) + (i_i)_... + 

(-D w 



(-ir , . (-i) 



= -i + 



N+l N+l 



Since lim Su = lim 

n— >oo n—>oo 



-1 + 



7V + 1 



= -1, we see that f <Z*™!!+22 = -1. 

h m(m+1) 



00 (—1)" 1 l 

40. a. ^ ; — is an alternating series with a n = — . Since a w = — > 



w=0 



- — and lim a n — lim = 0, the AST 
n\ (n+l)! «->oo n->oo w ! 



implies that the series converges. 



oo 



b. To show that S = ^ - — y^— is irrational, suppose to the contrary that it is rational. Then S = — where /? and q are 

rc=() n ' ^ 



positive integers. Using Theorem 2, we see that 



n=0 



£ -Z 

1 n—{) 



N 



("If 



1 



< 



(tf + 1)! 



. Let us choose 



N > q and multiply both sides of the inequality by AH, giving 



4 



N 



-z 

«=0 



(-If AM 



1 



< 



TV + 1 



Observe that because N > q, the expression on the left-hand side is a nonnegative integer, whereas the number on 



the right-hand side is smaller than 1 . The inequality can be satisfied only if 



Nip 



N 



-z 

n=0 



(—l) n N\ 



— 0, so 



N 



("If 



P • 



4 



n=0 



for every N > q. But 5 = — is a constant, whereas the expression on the right-hand side varies with 



N. This is a contradiction, and therefore ^ : — is irrational. 



n=0 



41. True. Suppose on the contrary that X^« converges. Since 0 < (—1)" 1 a n + a n < 2a n , the Comparison Test 
implies that X ^(— l) n ~ l a n + a w J is convergent. Writing (— l) n ~ l a n = 1)" _1 a n + a n ^ — a n , we have 

2] (— If -1 0 n = X [( — I)" -1 % + 0« j — X a n- Since both series on the right are convergent, so is the alternating 
series — a contradiction. 



42. False. Consider the alternating series X a n where a n = 



— 1/rc 2 if n is odd 

. Then lim a n — 0, but X a n is divergent. 
1//2 if n is even «— >oo 



oo 



43. False. Consider S = ^jT 



(-1) 



n-1 



1 ^ 

, with a n — — . Then S\ = / a^n-X — a \ + #3 + + • • • 
i n n i 

ft = 1 /7= 1 



1 1 

= 1 + - + - H and 



oo 111 
^2 = ^ <32« — t: + t + 7 both diverge, but S = S\ — S2 converges. 

— T" U 



00 



00 



44. False. Let a w = 1 for n > 1. Then <3„ + i < a n , but ^ a„ = ^ 1 diverges. 

1 n= 1 
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1. a. See page 775. Answers will vary. 



b. See page 776. Answers will vary. 



2. a. See pages 777 and 779. 



b. Answers will vary. 



c. Answers will vary. 




oc 



(-1) 



n-\ 



oo 



. _ — is a convergent alternating series. (See Exercise 9.5.5.) ^ 

n= 1 v n= 1 



(-1) 



n-\ 



= Z ^ = Z^ 1 

n= 1 v ft= 1 



divergent p-series with p = ^ < 1 . Therefore, the given series is conditionally convergent. 



z f t}T f (-i) 



—J n^/w ^-f 
n= 1 v ft= 1 

convergent. 



OO j OO j 

= "S^ — — = ^ -^r- is a convergent p-series with p — i > 1, so the series is absolutely 
^— ' nJn n 5 l l 

n=\ n= 1 



oo / ONW-l 



3. 



Z 



(-2) 



= ^ r • Since lim — — — lim 



w=l 



-1 o.v-l 

x^>oo x^oo 2x 



In 2 2 x ~ l 
— — lim 

x— >oo 



(In 2) 



= oo, we see that 



lim a n ^ 0, so the series diverges by the Divergence Test. 

ft— >oo 



oo / 

4. X (_2) 



ft=l 



(-If 2" 

We use the Ratio Test on a n = ; , obtaining 



ni 



lim 


a n+\ 


= lim 




a n 


ft— >oo 



2 n+\ 



nl 



(n+1)! 2 n 



— lim 



«->oo n + 1 



= 0, so the series converges absolutely. 



5. ^ j— is a convergent alternating series. ^ 



«=1 



n=\ 



(_!)"+! 

« + 1 



oo j 

= j- is divergent by the Integral Test. Therefore, 



the given series is conditionally convergent. 



00 (—\\n n 

6. -^z is a convergent alternating series since [a n } is decreasing and lim a n — lim 0 

' M Z _i_ I " " ft— >00 n-^nn M Z 



g (-l) w n 

Therefore, the given series is conditionally convergent. 

(-1)" 



= 0. But 



rc 2 +l 



«->oo n * + 1 
oo 



oo n oo i 

= ^ — is divergent by the Integral Test or the Limit Comparison Test using ^ - as the test series 

~ n z + 1 i « 

ft=l n= 1 



7.f)™X lim^ = l im 



does not exist (the terms are close to ± 1 for large values of 



^-j rc 2 + 3 ' «^oo n 2 + 3 ft^oo 1 + (3/n 2 ) 

n, depending on the parity of n) and so the nth term of the series does not approach 0. Thus, the series diverges by the 
Divergence Test. 



{-\) n - { n 
y/ln 2 + 1 



8-Z 



(-l) n - l n 



. Since lim 



n ^°° sjln 1 + 1 



(_1)«-1 

lim , does not exist, the series diverges by the Divergence Test, 

ft— >oo U. 1 



2 + 



5? 



OO (_1\ft 

9. — is a convergent alternating series since {a n } = 

nmn 

n=2 



1 



n \nn 



is decreasing and lim 



1 



ft->oo n\nn 



= 0. But 



oo (_l\ w 00 1 

— = ^ — - — can be shown to diverge using the Integral Test, so the given series is conditionally convergent. 

^ n In n *-~L n\x\.n 

n=2 n=2 
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10. — is a convergent alternating series since [a n } = 

~3 ftVlnft 



1 



ftVlnft 



is decreasing and lim 



1 



= 0, but 



oo 

z 

n=3 



(-If 



ftVlnft 



oo i 

^ 'win ft 



is divergent by the Integral Test, so the given series is conditionally convergent. 



11. ^ — . Using the Ratio Test with a n — — , we have lim 

n=\ 

series diverges. 



ft— >oo 



a n+\ 


= lim 


a n 


n—>oo 



(ft + 1)! 
e n + x ni 



= lim — oo, so the 

ft— >oo e 



^ ^ cos (ft + 1) ^ u 

12. > _ . Observe that 

^— | nJn 

n= 1 v 



cos (ft + 1) 
n^fn 



< 



11 00 1 

— — = —777. Since ^ -^-^r is a convergent p-series with p = f > 1, 

v «=l 



we conclude by the Comparison Test that the given series is absolutely convergent. 

00 



1 f 1 1 

13. y (—If -1 sin - is a convergent alternating series since {a n } = ! sin - ! is decreasing for n > 1 and lim a n — 0. But 

^— J ft W ft->oo 

ft= 1 1 J 



00 



ft-1 



(— 1)" * sin - 

n 



consider ^ 

ft=l 

is conditionally convergent. 



1 



00 



= Z 



1 

sin — 
n 



^ 1 

= > sin -. This series is divergent (see Exercise 9.4.23), so the given series 

n=\ 



n=\ 



n ~ { tan -1 n 



n 

00 



is a convergent alternating series since {a n } = 



tan 1 ft 



n 



is decreasing for ft > 1 and lim a n = 0. 

ft— >oo 



Consider ^ 
«=1 



(-If -1 tan" 1 n 



n 



= Z 

ft=l 



x tan" 1 ft 



. Since 0 < 



tan 1 n ?r 



00 



n 



n 2 2ft 2 



n=\ 



< -Ar and ^ is convergent, so is ^ |a n |. 



00 



n=\ 



Therefore, the given series is absolutely convergent. 

00 0 n 
ft=l 

converges. 

OO / rsn-l 



n\n 



We use the Ratio Test: lim 


a n+l 


— lim 


ft— >oo 


a n 


ft— >oo 



2(«+l) 



(w+l)!(n + l) 2" 



= lim 



2ft 



ft-^oo + i)2 



= 0, so the series 



16. X 



(-5) 



ft=l 



ft 2 -3 w 



We use the Ratio Test: 



lim 


^ft+1 


= lim 


ft— >oo 


a n 


ft— >oo 



71 



ft 2 -3" 



(ft + l) 2 • 3 n+1 5 



ft-l 



= lim 

ft— >oo 



3\n + l) 



= - > 1, so the series diverges. 



17. ± ( - 2) "" 



lim 


a n+\ 


= lim 


ft— >oo 


a n 


ft— >oo 



We use the Ratio Test: 



2*+l (ft + 1) (ft+ 1)3" _1 



(ft + 2) 3 n 



2 n n 



= lim 

ft— >00 



+ 2n + 



2 + 2ft 




= - < 1 , so the series converges 



absolutely. 

(-If +1 lnft 



°° -lf+Mnft „ fj ~ 

18. > - — i . Consider > 

^ ft 2 + 1 ^ 

ft=2 



ft=2 



(-l) 7?+1 lnft 
ft 2 + l 



^1 In ft In ft In ft ^ In ft 

= ^ 2 — j . Since 2 — - < —j- and ^ — ^- converges (see 



ft=2 



ft 2 + 1 ft 2 



ft=2 



ft 



Exercise 9.3.22), the Comparison Test implies that the given series converges absolutely. 



00 



_ ^ (-If In ft ^ 
19. 2^ " — • Consider ^ 

n=2 ~ n=2 



(-If In ft 

TP 



00 1 1 00 

1 In ft In ft ft ft 

= > — — . Since — — < — and > — converges (see Exercise 9.3.28), the 



ft =2 



ft=2 



20. X 



Comparison Test implies that the given series converges absolutely. 

a n+\ 



°° COSftTT ~, (-If 



ft! 



=z 

n=0 n=0 
converges absolutely. 



. We use the Ratio Test: lim 

ft! ft— >oo 



ft! 1 
— lim — lim — 0, so the series 

ft->OC (ft + 1)! ft^ OO ft + 1 
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00 sin^f 



^2 ft (In ft) 2 
converges absolutely. 



sin 



ft7T 



ft (In n) 



1 °° 1 
< y, and since > y converges (see Exercise 9.3.33), the given series 

n(lnw) z ~in(\nn) z 

1 1 — 1 



. We use the Ratio Test: lim 

ft— >oo 



22. VLi* 

n=\ 

series converges absolutely. 

00 (_ iyi+l n n 

23. V - — . The Ratio Test gives 

^— | ft! 

n=\ 

(n + l) n+1 ft! 
(n + 1)! n" 





— lim 




ft^>OG 



(n+1) 



5 e n 



e n+\ n 5 



= I , im ( n -±l) 5 = I 

e ft->oo \ n J e 



- < 1, so the 

e 



= lim 

ft— >oo 



I = lim ( 1 H — I = e > 1, so the series diverges. 

™/\nn\ n , . f . r/lnn\ n l 1/w Inn 

. > ( I . We use the Root Test: lim y/\a n \ = lim ( I = hm = 0, so the series converges 

^—i \ n J « -^00 ft-^co [_\ n / ] « -^00 n 



lim 


a n+\ 


= lim 


ft— >oo 


an 


ft^OO 



ft=2 

absolutely. 
00 (—\) n 

25. V 7 — —. We use the Root Test: lim Ma^ = lim 
^ (ln/iV 1 ft^oc Vl m ft^o 

ft=2 v 7 

absolutely. 

00 

26 



1 



1/ft 



00 (Inn)" 



= lim 



1 



ft^oo Inn 



= 0, so the series converges 



Z( — - — ^ . We use the Root Test: lim ffia^l = lim \( — - — ^ 

TT — 1 



fti l/ft 



= lim — - — = - < 1 , so the series 
n^>oc2n + \ 2 



converges. 

OO 



°° 1 1 1 

27. y (— l) n tan - is a convergent alternating series because tan - is decreasing for n > 1 and lim tan - = 0. Next, 

^— \ n n ft->oo n 

ft= 1 



n 

00 



(-If tan- 

n 



00 j 

= y tan - is divergent by the Limit Comparison Test (use V 1/4 Thus, the given series 
^— ' n 



observe that y 

«= 1 «= 1 

is conditionally convergent. 

oc 

28. ^ (— IV 2 n sin — . Consider lim x sin — . Putting u — — , so w — » 0 as x — > oo, we see that 

f n r — ^nn v X 11 



ft=i 



7T 7T Sin £/ 7T 

lim x sin — = lim = 7r 7^ 0, showing that lim (— l) n n sin — 7^ 0, so the series diverges by the Divergence 



Test. 

00 



29. X 



(-») 



n 



^ [(n+l)tan-lnf 



. We use the Root Test: 



lim U\a n \ — lim 

ft— >00 ft— >00 

absolutely. 

00 



n 



ft 



[(ft + l)tan- 1 n]' 1 



l/« 



ft^oc \ n + 1/ \tan _1 « / 



= — < 1, so the series converges 

7T 



30. y (tin- if. We use the Root Test: lim Z/\aV\ = lim \(y/n- \) n ] l ^ n = lim (tin - l) = 0. (Use FHopital's 

V 7 ft— >oo ft^OO LV 7 J ft— >oo v 7 



ft=2 

Rule to show that lim %fn = 1.) Thus, the series converges absolutely. 

ft— >oo 



00 



„_! 3-5-7 (2w+ 1) 



31. y (-l) w_1 7- . We use the Ratio Test: 

^ 7 1-4-7 (3n - 2) 



ft=l 
lim 

ft— >oo 



^ft+l 



<3 



ft 



= lim 



3-5-7 (2n + 1) (2n + 3) 1-4-7 



(3n - 2) 



2ft + 3 2 

= lim = - < 1. Thus, the 

n^oo [1-4-7 (3ft -2) (3ft +1) 3-5-7 (2ft + 1) J n^oo 3n + 1 3 



series converges absolutely. 
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on 



n 



32. lim (-1) 

ft^oo J 3 



lim 

ft— >oo 



5-7 (2n + 1) 



. We use the Ratio Test: 



a n+\ 


— lim 


\ 2 n+x 3-5-7 (In +1)1 






3-5-7--- 


• • (In + 1) (In + 3) 2 n 



= lim 



n^oo 2n + 3 



= 0. Thus, the series 



converges absolutely. 



°° 4.7. 10 
33. > 



(3n + 1) 



n=\ 



4 n (ft + 1)! 



We use the Ratio Test: 



lim 


a n+\ 


= lim 


ft— >oo 




ft— >oo 



4-7-10 (3ft + 1) (3ft + 4) 



4 n (ft + 1)! 



(ft + 2)! 



4-7-10 (3ft + 1) 



1= ^i(^±l) = l 

ft->oo 4 \ ft + 2 / 4 



< 1 



Thus, the series converges. 



34. X 



(»!) 



We use the Ratio Test: lim 


^ft+1 


= lim 


ft— >00 




ft— >oo 



^-j (3n)! 

ft= 1 V 7 

Thus, the series converges absolutely. 



[(ft + 1)!] 2 (3ft)! 
(3ft + 3)! ' („!)2 



= lim 



(ft + 1) 



n^oo (3ft + 1) (3ft + 2) (3ft + 3) 



= 0. 



35. lim ^ 

n — ^ oo ( d 



ft— >oo " — • n 

n= 1 



a. We use the Ratio Test: lim 

ft— >oo 



^ft+1 



= lim 

ft— >oo 



x n+X ft 



ft+1 x n 



— lim ( — - — ) \x\ = \x\. If \x\ > 1, then the series 
ft->oo \n + 1 / 



diverges, and if — 1 < x < 1, then it converges absolutely. 



b. If x = — 1 , then the series becomes ^ , which converges conditionally, and if x = 1 , then the series becomes 

ft=l 



ft 



oo j 

^ -, which diverges. 
ft=l 



36. Consider the p-series 



oo j 

ies y — . 



ft=l 



We find that for /? # 0, lim 

nP «— >oo 



^ft+1 



a 



n 



= lim 

ft— >OG 



1 



(ft + 1)^ 



1 



nP 



lim 

ft— >oo 



(4t)' " '• 



so the 



Ratio Test is inconclusive. The case p = 0 is trivial: ^ 1 evidently diverges. 



37. Consider the p- series 



oo j 

ies ^ — . 



ft=l 



We find that lim L n / 1 

nP «— >oo V nP 



]\P/n 

= lim I - ) . If / (jc) 

ft->00 * 1 



f-1 , then l'Hopital's Rule 



gives ln I lim ( — 
\ x— >oo * 



= lim 

x— >oo 



showing that lim 

ft— >oo 



en 



,. -pin* ,. 1 

— lim = — p lim — 



x— >oo x 



x— >oo x 



0. Therefore, lim 

*— >oo 



= 1. Thus, the Root Test is inconclusive. 



38. a. Suppose that V is absolutely convergent. Then lim \a n | =0. Therefore, there exists a positive integer N such that 

ft— >oo 



ft > => 0 < |a w | < 1. So 0 < [ for n > N, and the Comparison Test shows that ^ <z„ converges. 



2 



OO ^ |\n OO OO 

b. For the series ^ , ^ a„ = ^ 



(-if 



n2 oo 



ft 



= ^ is convergent, but ^ |a„ | = ^ - is divergent. 

ft=l '* ft=l w=l L ' l J ft= 1 n n= 1 ft= 1 

39. Let X a ft be a divergent series. Suppose, on the contrary, that ^ \a n \ converges. Then by Theorem 17, ^a n converges, a 
contradiction. So ^ \a n \ must diverge, as asserted. 

40. Suppose X^ft converges absolutely. Then — ^ \a n \ and ^ \a n \ are both convergent, and since — \a n \ < a n < \a n \, the 
Comparison Test implies that — ^ \a n \ < ^a n < ^\a n \, which in turn implies that ^ a n < ^\a n \. 
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41. 



If a and b are two real numbers, then (a + b) 2 = a 2 + 2aZ? + Z? 2 > 0 => 2a/? > — ^a 2 + Z? 2 ^ and 

(a — &) 2 = a 2 — 2ab + b 2 > 0 => 2aZ? < a 2 + & 2 . Combining these inequalities gives — ^z 2 + Z? 2 ^ < 2aZ? < a 2 + b 



2 



n\ 2 are 



\2ab\ = 2 |a| |&| < a 2 + Z? 2 . Using this result, we have \a n b n \ < ^ + IW 2 ^. Since ^ |a«| 2 and ^ \b 

both convergent, so is ^ j (\a n \ 2 + IW 2 ^. By the Comparison Test, ^ \a n b n \ is convergent and ^a n b n is absolutely 
convergent. 



42. 



00 2 n n\ 
Consider ^ -. 



n=\ 



lim 


a n+\ 


= lim 









2 w+1 (n + l)! n n 
(n + 1)" +1 ' 2^! 



rc— >oo y/7 1 y «-^oo \ n / n-^oo y n ) 



-1 



e 



so the series converges by the Ratio Test. Therefore, lim 



2 n n\ 



oo 



43. a. ^ np n . We find hm 
converges. 



an 



= lim 



= 0, which is the desired result. 



ftp 



= lim I — - J p — p. Since 0 < p < 1, the series 
«->oo \ n J 



n 



b. The wth partial sum of the series is ^ &p^ = S n = p + 2p 2 + 3p 3 + -- - + wp" <=> 

pS„ = p 2 + 2p 3 + • • • + (n - 1) p n + np n +\ so (1 - p) S„ = p + p 2 + p 3 + • • • + p n - np n+x and 



lim f(l — p) S n ] = lim 



n—>oc 



n—>oo 



n 



Y^p k - np n + x 
k=\ 



n 



. Now lim y p k — — - — , a geometric series with 0 < p < 1 , and 

n^oo f—* r 1 - p 
k= 1 ' 



lim np n ~^~ — 0. To verify the latter, note that because 0 < p < 1, it follows that & = 1/p > 1. Therefore, 

n—>oo 



lim xp x+ * — p lim xp x — — lim x ( — | — — lim 

x— >oo x— >oo K x— >oo \K / K x— >o 



x 1 

— = — lim 



1 



ooK* K x^oo K x \nK 

n 



= 0 by l'Hopital's Rule. 



P 



Therefore, lim [(1 - p) S n ] = (1 - p) lim 5 W = lim V/- lim np w+1 => (1 - p) 5 = ■ 

/WOO L J «-^CXD n ~^°°f^1 «— >00 p— 1 



5 = 



(1-p) 2 ' 



44. The average number is given by > n I ^ 1 . Using the result of Exercise 43 with p = j , we find 
g n (l)* i 



p 

(1 - p) 2 



1 

2 



N 



45. Let 5 n = ^ |a w — %-i |- Then {S^} is increasing since each term is nonnegative. Now \a n — a n -\ \ < \a n \ + \a n -\ 

n=2 



oo 



oo 



N N N N N-l 

^ \a n — a n —\ | < \a n \ + |a w _ 1 1 = + \a n \ < 2 |a w |, which is finite because converges 

n=2 n=2 n=2 n=2 n=\ n=\ n= 1 

We have shown that {Sm} is increasing and bounded above, so by the Monotone Convergence Theorem, lim S n exists; 

oo 

that is, ^ \a n — a n -\ \ converges. 
n=2 
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N N N oo 

46. Observe that — \a n \ < a n < \a n \ for each n > 1, so — ^ \a n \ < ^^a n < ^ \a n \. Since ^ \a n \ converges, 

n= 1 n= 1 1 «= 1 

N oo Af N N 

we have lim ^ \a n \ = ^ \a n \. Therefore, — lim ^ \a n \ < lim ^ a n < lim ^ \a n \ => 

1 «= 1 n= 1 1 «=1 



oo 



oo 



oo 



- 2] \ a n\ < y, % < y, i% 

1 ft= 1 ft= 1 



oo 



«=1 



oo 



«=1 



47. True. Since + b n \ < \a n \ + |Z? W |, and ^ k*#il and 2] \bn \ are convergent, the Comparison Test implies that ^\a n + b n 
is also convergent. But this is the same as saying that ^ (a n + b n ) is absolutely convergent. 



(—1)" 00 |~(— 1)"~| 2 00 1 

48. False. Consider the series V — — . This series converges by the AST, but y — — — y - is the divergent 

v «=i - v - «= l 



harmonic series. 



49. True. Since < yja% + /? 2 and |Z7«| < yfa^-~^, the convergence of X^Li + implies that X^Li and 
Xj^Li are convergent. Thus, X^Li fl « anc * ^« are absolutely convergent. 

50. True. Since V a n converges absolutely, lim \a n \ = 0. This implies that lim = oo, so the nth term of the series 

ft— >OG ft— >OC |<2 n | 

OO j 

y - — - does not approach 0 as n tends to infinity. By the Divergence Theorem, the series diverges. 

n=\ |awl 



9.7 Concept Questions 



1. a. See page 785. 



b. See page 785 



2. a. See page 787. 



b. See page 787. 



c. We use the Ratio Test or the Root Test to determine the number R such that \x — c\ < R. R is the radius of convergence 
If R = oo, the interval of convergence is (— oo, oo). If R = 0, the interval of convergence degenerates to a point {c}. If 
0 < R < oo, substitute c — R and c + R for x to determine the convergence of the power series at the left and right 
endpoints, respectively. The interval of convergence has one of the following forms: (c — R,c + R), [c — R,c + R), 
(c- R,c + R], or [c - R, c + R]. 



3. The interval of convergence is at least (—2, 2), and | lies in that interval. Therefore, the given series converges. 



oo 



4. ^ a n (x — 2) n is centered at 2. Since the series is known to diverge at x = 0, we know that the radius of convergence 

n=0 



oo 



R must satisfy R < 2. Thus, the interval of convergence is as subset of (0, 4]. Therefore, ^ a n 5 n diverges, and no 

n=0 



oo 



oo 



conclusion can be drawn concerning ^ a n 2 n because ^ a n (x — 2) n may or may not converge at x =4. 

n=0 n=0 
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1. Let u — 



x 



n 



-. Then lim 

n -f 1 «->oo 



u n+\ 



= lim 

n—>oo 



x 



n+1 



n + 2 



x 



n 



n+ 1 



= lim 

ft— >oo 



[(" + 2) 



*| = |jc|, so the radius of convergence is 1. 



The series converges for —1 < x < 1. At x = — 1 the series is ^ -, which converges, and at x = 1 it is ^ -, 



which diverges. Thus, the interval of convergence is [—1, 1). 



l nx n . Then lim 


u n+\ 


= lim 


ft— >oo 







(-If (ft + \)x n + l 
{-\) n - { nx n 



r ( n + l \x 1 1 . 
= lim I I \x\ = \x\, 

\ n / 



so the radius of convergence is 1 and the series converges for — 1 < x < 1. At x = —I the series is 

00 PC 00 PC 

^ (-If -1 n (-l) n = ^ (-l) 2 "" 1 ft, which diverges, and at x = 1 it is ^ (-If -1 ft (If = ^ (-1) 

n= 1 n=\ n=\ n=\ 

diverges. Thus, the interval of convergence is (—1, 1). 



n-\ 



ft, which 



x 



n 



3. Letj^ — —=. Then lim 



u n+\ 



u 



n 



= lim 

n—>oo 



x 



VnTT 



x 



n 



= lim 

n—>oo 



x\ = \x I, so the radius of convergence is 1 



and the series converges for —1 < x < 1. At x = — 1 the series is ^ — — , which converges, and at x = 1 it is ^ — = 

Jn 1 V w 

«= 1 v «= 1 v 



which diverges. Thus, the interval of convergence is [—1, 1). 



4. Let u n — 



x 



n 



n 



T . Then lim 

^ ft— >oo 



u n+\ 



u 



ft 



lim 

ft— >oo 



X 



ft+1 



(/I + 1) 2 



ft 



ft 



lim 

ft— >oo 



(«+l) 



x| = \x I, so the radius of convergence is 1 



00 (—1)" 00 1 

and the series converges for —1 < x < 1. At x — —1 the series is ^ — ^ — , which converges, and at x — 1 it is ^ 

n= 1 /?= 1 



5. 



which also converges. Thus, the interval of convergence is [—1, 1]. 

(2xf +1 



Let u n — . Then lim 

n ! ft— >oo 



M ft+1 


= lim 




ft— > (X) 



ft! 



(ft+1)! (2;tf 

convergence is infinite and the interval of convergence is (—00, 00). 



= lim 

ft— >oo 



= 0 for any real x, so the radius of 



(-If x n 

6. Let u n — — — . Then lim 

n ■ 3 n «— >oo 



u n+\ 



u 



ft 



— lim 

ft— >QO 



_1\ft+l x n+\ 



(-1) 



n-3 n 



(n+1) (-If * 



/7 



= lim - 

ft— >(X) 3 



3 \n+l) 



1 

*| = - \x\ < 1 <^=> 
3 



(—If (— 3f ^ 1 

*| < 3, so R = 3 and the the series converges for —3 < x < 3. At x = — 3 the series is ^ = ^ -, which 

^— J n • 3" ^— J w 

«= 1 ft= 1 

00^ ^ |\ft ^ft 00^ ^_ ^\ft 

diverges, and at x = 3 it is ^ = ^ , which converges. Thus, the interval of convergence is (—3, 3]. 

^— ' ft • 3 n ft 



« 00 



ft=l 



ft=l 



7. Let w n = (ft^) 



ft"^.Then lim 


M ft+1 


= lim 


ft— >oo 


Wft 


ft— >oo 



(ft + l) n+1 ^ w+1 



= lim ( 1 + 

ft— >oo 



- I (n 

n) 



+ 1) \x\ — 00 for x / 0, 



so the radius of convergence is 0 and the series converges only at x — 0. 
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u n+\ 


— lim 


(n+l)\x n + l 


(2«)! 


U n 


n—>oo 


(2n + 2) ! 


n\x n 



n\x n 

8. Letw^ = — - - . Then lim 

(2n)! ft->oo 

of convergence is oo and the interval of convergence is (— oo, oo). 



= lim 



x 



n^oo 2(2n + 1) 



= 0 for any real x, so the radius 



x 



n 



9. Let u n — . Then lim 

In n ft->oo 



u n+\ 


— lim 


x n + l Inn 


u n 


ft— >oo 


In (n + 1) x w 



= lim 



Inn 



ft->oo In (n + 1) 



x| = | x |, so the radius of convergence 



is = 1 and the series converges for —1 < x < 1. At x = — 1 the series is ^ — ; , which converges, and at x = 1 it is 



«=2 



Inn 



OO j 

^ , which diverges. Thus, the interval of convergence is [— 1, 1). 

^— ' Inn 

n=2 



x n . Then lim 


w ft+l 


= lim 


ft— >oo 




ft— >oo 



ft+1 v ft+l 



[ln(n + l)f +1 :c 
(lnnf x n 



r [ln(n + l)f +1 
= lim — — \x\ = oo 

n->oo (Inn)" 



for x ^ 0, so R — 0 and the series converges only at x = 0. 



11. Let u n = 



. Then lim 

ft ft— >oo 



M ft+1 


= lim 


Wft 


w— >oo 



e n+\ x n+\ 



n 



n + 1 



= lim 

ft— >OC 



(n + l) 



e Ixl = e IjcI, so the radius of 



1 111 (-1)" 

convergence is - and the series converges for — < x < -. At x — — , the series is V , which converges, and at 

e e e e n 

x — - it is T -, which diverges. Thus, the interval of convergence is —-,-). 
en e e ) 



(-l) n n\x n , 
12. Let u n — . Then lim 

2 n ft->00 



for x 7^ 0, so R = 0 and the series converges only at x = 0. 



Wft+l 


= lim 


(-l) w+1 (n + l)!x n+1 




ft— >oo 


2 ft+l 



2" 



(-l) n n!jc w 



= lim 



(^) w = 0 ° 



13. Let w„ = - — — = — . Then 



Vn 



lim 


M ft+1 


= lim 


ft— >oo 


Wft 


ft— >oo 



(-1) w+1 (jc-3) w+1 



(-lf(x-3f 



= lim 



n 



ft^oo V n + 1 

00 (—1)" (—1)" 00 



x — 3| = \x — 3|, so the radius of 



convergence is 1 and the series converges on (2, 4). At x = 2 the series is / 

, Vn 
«= 1 v 

oo 



= / — — , which diverges, 

, Jn 
ft=l v 



and 



at x = 4 it is y — — , which converges. Thus, the interval of convergence is (2, 4]. 

i V n 
«= 1 v 



Then lim 


M ft+1 


= lim 


ft— >00 




ft— >00 



Vn~+T(2.x + 3f +1 

Vw(2jc + 3) n 



= lim J ^-f- |2jc + 3| = |2x + 3|. Now 

ft— >oo V n 



|2jc + 3| < 1 « 2 



x+l 



< 1 o 



< j, so # = 2 and the series converges on (—2, —1). At x = — 2 the series is 



oo oo 

^ ^/n (— l) w , which diverges, and at x = —1 it is ^ *fn, which also diverges. Thus, the interval of convergence is 

n=\ ft=l 

(-2,-1). 
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(-l)"-lfr-2)" 
15. Let u n — . Then 

n • 3" 

(-1) w (jc-2) w+1 



lim 


u n+\ 


— lim 


ft— >co 


U n 


ft— >co 



(n + 1)3 W +! (-If -1 (x-2) n 
o |x — 2| < 3, so the radius of convergence is 3 and the series converges on (— 1, 5). At x = — 1 the series is 



= lim - ( — — ) |jc — 2| = 4 |jc — 2| < 1 



co 



^ = ^ , which diverges, and at x = 5 it is ^T* = ^ , which 

^— J ft • 3" ^— J ft " ^— | ft • 3" ^— J 

ft= 1 n= 1 ft= 1 /?= 1 

converges. Thus, the interval of convergence is (—1, 5]. 

n (2x + If 
16. Let u n = . Then 



CO 



In- 1 



oo 



«— 1 aft 



ft-1 



ft 



2 ft 



lim 


M ft+1 


= lim 


ft— >oo 


u n 


ft— >co 



(ft + 1) (2* + l) n+1 
2 ft+i 



2 ft 



ft (2a: + If 



= lim I(l±l)|2x + l|==i|2x + l| = 

ft— >CO 2 \ ft / z 



, so 



CO 

/? = 1 and the series converges on ( — | At * = — | the series is ^ 

ft= 1 



ft (-2f ^ 

- = > (— If ft, which diverges, and at 

n=\ 



2 n 



x 



co „ (nn\ co 

= j it is ^ ^ = ^ ft, which also diverges. Thus, the interval of convergence is y — j , ^j- 

«= 1 ~ n= 1 



(— l) n n (jc — ly 1 ^ 
17. Let k„ = - — '—^ — . Then 



lim 

ft— >CO 



u n+l 



u 



ft 



ft z + 1 



= lim 

ft— >co 



= \x-l 



(-lf+1 ( w + 1)^+1 
(ft + l) 2 + 1 



ft 2 + 1 



(-If n(jt-lf 



= lim 

ft— >CO 



/ft+l\/ ft 2 +l \ 
V n )yn 2 + 2n + 2j 



00 (-If ft (-If 00 



x- 1 



so = 1 and the series converges on (0, 2). At x = 0 the series is ^ - — = ^ — , which diverges, and 

ft z + 1 ~ ft z + 1 

ft=() ft=0 

at x = 2 it is —z , which converges. Thus, the interval of convergence is (0, 2]. 

n l 4- 1 



nix + 2) n 
18. Let u n = -r-4 Then 



(ft 2 + 1) 2 n 



lim 

ft— >CO 



w ft+l 



u 



ft 



= lim 

ft— >co 



(n + 1) (x + 2) n + l (« 2 + ! ) 2 



n 



[(« + l) 2 + l] 2«+l » (* + 2 )" 



= lim 

ft— >CO 



/n + l\/ n 2 + l \m 

V n /\ft 2 + 2ft + 2yV2; 



< 1<=>|* + 2| <2 



~ Ik + 21 = 



x + 2| 



00 n(—2) n 00 (—l) n n 
so = 2 and the series converges on (—4, 0). At x = —4 the series is ^ — ^ — = ^ , which converges, 

^ {n 2 + l) 2 n ^ ft 2 + 1 



ft=0 



^ ft(2f °° ft 
and at x = 0 it is > — = > — , which diverges. Thus, the interval of convergence is [—4, 0). 

n=() v / n=0 



19. Let u n = - 1 )"_( x + 2 ) 2 " +1 . Th e n 



lim 


M ft+1 


= lim 


ft— ^co 


u n 


ft^CO 



(2ft + 1)! 

(-lf +1 (x + 2) 2n+3 (2ft + 1)! 



(2ft + 3)! (_i)"( x + 2) 2 "+ 1 

R = oo and the interval of convergence is (— oo, oo). 



— lim 



x + 2| 



"^oo (2ft + 2) (2ft + 3) 



= 0 for any real x , so 
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20. Let u n = ( 1 )^ 3x + 2 > 2 \ Then 



(2n)\ 



lim 

ft— >oo 



u n+\ 


— lim 


(3x + 2) 2 "+ 2 (2w)! 


U n 




(2/i + 2)! (_i)"( 3x + 2) 2 " 



r [3x + 2| 2 

— nm 7—7T — = 0 for any real so 

«^oo (2/2 + l)(2n + 2) 



R — oo and the interval of convergence is (— oo, oo). 



21. 



2" (* + 2f ^ 
Let w w — . Then 



n 



lim 


M «+l 


= lim 


If— >oo 


Mil 





2" +1 (x + 2) n+1 



(/z+lf +1 2"(* + 2f 



lim 

n—>oo 



= lim | — - — | | — - — | \x + 21 =0 for any real x since 
w ->oo \ n + 1/ \w + I J 

— - — | = lim | ) = lim | 1 + - | 1 = -. Thus, R = oo and the interval of convergence is 

n+\J n-^oo \ n ) n-^oo \ n) \ e 



(— oo, oo). 



(3x — If 
22. Let u n = — 5 — . Then 

n 5 + n 



lim 


u n +\ 


= lim 


ft— >oo 




ft— >oo 



(3jc - If +1 



n +n 



(n + l) 3 + (/z+l) (3* -If 



— lim 



/? J + n 



«->oo \ n 3 + 3n 2 + 4/z + 2 



|3jc — 1 1 = 3 



< 1 <=> 



x — 



1 



/ \ 00 (—1)" 
so = A and the series converges on (0, \ ). At x = 0 the series is ^ —z , which converges, and at x — \ it is 

n= 1 

00 l r i 

^ — r , which also converges. Thus, the interval of convergence is 0, 5 . 

ft=l 



(-1)" (3x + 5)" 
23. Let w 7? = . Then 



n In n 



lim 


M ft+1 


— lim 


ft— >oo 


u n 


ft— >OC 



(-!)"+' (3jc + 5)" +1 n\nn 
(« + l)ln(«+l) " (_l)»(3x + 5)" 



ft^oc \« + 1/ |_ ln ( n + !). 



|3x + 5| = 3 



*+§ 



< 1 <=> 



x + | 



so R — \ and the series converges on ( — 2, — 4 ). At x — —2 the series is = , which diverges 

3 V ^ / ^ /z In /z ^ n In n 

ft=2 ft=2 



oo 



(see Exercise 9.3.33), and at x = — | it is ^ 



ft=2 



(-If (If 
n ln/z 



= ^ — — — , which converges by the AST. Thus, the interval of 



ft=2 



n ln/z 



convergence 



is (-2,-1]. 



24. Let u n = 



(-If (x + 2f 



(In nf 



Then 



lim 


u n+l 


= lim 


ft— >oo 


u n 


ft— >oo 



(-lf +1 (x + 2) n+1 



(In n) n 



[In (n + ("If (* + 2f 

real x, so R = oo and the interval of convergence is (— oo, oo). 



lim 

ft— >oo 



1 



\n(n + 1) ln(w + 1) 



Inn 



-ift 



x + 2| = 0 for any 
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25. Let u n — 



x 



n 



n (In ft) 



2' 



Then 



lim 


u n+\ 


= lim 


ft— >oo 


u n 


ft— >oo 



X 



ft+1 



ft (In ft) 



(n+ l)[ln(ft + 1)] 



= lim 

ft^OG 



(n+l)[ 



In n 



-.2 



In (ft + 1) 



x\ — \x\, so R = 1 and the 



oo 



(-1) 



ft 



, which converges, and at x = 



series converges on (—1, 1). At x = — 1 the series is \^ . 

^ft (lnftf 

also converges (see Exercise 9.3.33). Thus, the interval of convergence is [— 1, 1]. 



1 it is y, which 



26. 



lim 

ft— >oo 



ft" 


(3x + 5)" 


. Then 






(2n)! 




M ft+1 


— lim 


(ft + lf +1 (3jt + 5f +1 


(2n)! 




ft^OO 


(2ft + 2) ! 


ft" (3.x + 5)" 



= l im U^t)^)"! 3 ^ 5 ! 

n^oo 2 \2n + 1/ V n ) 



= i(0) (e)|3x + 5| =0 



for any real x, so R = oo and the interval of convergence is (— oo, oo). 



27. Let u n = 



2-4-6 In 

3-5-7 (2n + 1) 



2ft+l 



Then 



lim 

ft— >oo 



u n+\ 


= lim 


2-4-6 (2ft) (2ft + 2)* 2 "+ 3 3 • 5 • 7 • • 


• • • (2n + 1) 


u n 


ft^OO 


3-5-7 (2n + 1) (2n + 3) 2 • 4 • 6 • • • 


• • (2n)x 2n + l 



oo 



/2ft + 2\ l? 2 



lim I I 

ft^oo \2n + 3/ 



x\ — x , so 



2-4-6 2n 



(— l) 2w+1 . Now 

, 3-5-7 (2ft + 1) 



2-4-6 2ft 



2n 



% = - 

oo 



= -2 4 6 - 

3-5-7 (2ft + 1) 3 5 2n - 1 2ft + 1 



ft=l 
1 2 



1 



< — 



< — 



= b n where 



2n+\ 2n + 2 ft + 1 

Z ^2-4-6 (2n) 
b n diverges to — oo, so > a n also diverges. At x = 1, the series is > , which diverges. Thus, 
^— | " ^— f 3-5-7 (2n + 1) 

n=l n= 1 ft= 1 v 7 

the interval of convergence is (—1, 1). 



(-l) n n\ (x - l) n 

28. Leta„ = Then 

1-3-5 (2w — 1) 



lim 


u n+\ 


= lim 


ft— >00 


Wft 


ft— >oo 



(-If +1 (ft + 1)! (jc - If +1 1-3-5 (2ft - 1) 



1-3-5 (2ft - 1) (2ft + 1) (-If n! (* - If 



— lim 



ft + 



ft->00 \ 2ft + 



II 



< 1 <^> \x - 1| < 2 



so = 2 and the series converges on (—1,3). At x = — 1 the series is 



^ (-If ft! (-2)" _ ^ 2"ft! _ 2 n n\ 2-4-6 (2ft) 

^ 1-3-5 (2ft - n ~ ^ 1 • 3 • 5 (2ft - n ' mCe ° n ~ 1-3-5 



ft=l 



n=\ 



(2ft -1) 1-3-5 (2ft -1)' 



(-If ft! (2 n ) 2-4-6 (2ft) 

lim a n ^ 0 and the series diverges. At x = 3, a n = — — = (-1)" — 

ft->oo 1-3-5 (2ft — 1) 1-3-5 (2ft — 1) 



and 



oo 



lim a n does not exist, showing that ^ a n diverges. Thus, the interval of convergence is (—1,3). 

ft 7 OO 

ft=l 
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29. Let u n — 



lim 

n—>oo 





(-If 2 n n\x n 




Then 


5- 


8 • 1 1 • • • • 


• (3n 


+ 2)' 


u n+\ 


= lim 

«— >oo 


(- 


lf +1 


2 n+1 (n + l)!x w+1 


U n 


5-8 


• 11 • • 


•••(3n + 2) (3/2 + 5) 



5-8-11 



(3/2 + 2) 



(-If 2 n n\x n 



lim 2 (5rzr)w = i w 



«^oo " \ 3n + 5 



< 1 <=> IjcI < 



so R = | and the series converges on ( — At * = —| the series is 



oo (-If 2"n\(-l) n _ oo 3 n w! 
2.^.8.11 (3 n + 2) " --Since 



5-8-11 



(3/2 + 2) 



3"w! 



3-6-9 (3/2) 



5-8-11 (3/2 + 2) 5 - 8 - 11 - • 



= 3 6 * 
(3/i + 2) 5 8 



1 , ~ 

= = b n where > b n diverges, 

n + 1 ^-^ 



3/2 



1 3 3 
> > 



3/z-l 3/2 + 2 3/2 + 2 3/2 + 3 



3" +1 (/2 + 1)! 



a„ diverges also. At x = § , = 

z a n 5-8-11 (3/2 + 2) (3/2 + 5) 

^2 — 1 



5-8-11 (3/2 + 2) 3(/2 + 1) 



3 w w! 



3/2 + 5 



, so 



3 n w! 3-6-9 (3/2) 

<2„+i < # w for n > 1. Also, lim a n — lim — — — — — — — lim — — — — — — = 0, showing that 

w+1 ~ «^oc «->oo5-8-ll (3/2 + 2) /i->oo5-8-ll (3/2 + 2) & 



oo 

z 

«=1 



a n converges. Thus, the interval of convergence is (— |, |j. 



™ t (-If 2-4-6 2n(x-7rf 

30. Let w w = - — : — . Then 



lim 


u n+\ 


= lim 






«— >oo 



2-4-6 



[2 (n + l)](x-7rf +1 



(/2 + 1)! 



2-4-6 2/2 (jc - 7rf 



= lim 2 |x — 7r| = 2 Ix — 7r 

«— >oo 



< 1 <=> \X — 7r| < 



1 



so = 2 an d the series converges on (jr — ^, tt + jj. At x = n — ^ the series is 



oo ( 

z- 

n=\ 



If 2-4-6 2n (-j) n 00 2 



oo (-If 2-4-6 

x = 7r + ^ it is ^ 

«=1 



«=1 



2/2 



4-6 2/2 2-4-6 2/2 ^-^ 

= > - — - — — = > 1, which diverges, and at 



2 n n\ 



,2-4-6 2/2 

n= 1 I 



/2! 



ay oo 

= ^ (—1)", which also diverges. Thus, the interval of convergence is 



n=\ 



(tt- ^,tt+ ^y 
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31. 



a. R n (x) = /(*)- S n (x) = — — -Yx k 

1 — x t—i 



1 



1 -x 



1 -x n + l 

1 - X 

x n+l 



x 



k=0 
n+1 



b. lim R n (x) — lim 

n— >oo n— >oo \ — x 

the limit does not exist. 



1 -x 



= 0 for x e (-1, 1). If U| > 1, 



c. 



0 



-5 



-10 




-2 



-1 



0 



1 



32. a. Let w n = 



(-\) n x 2n 
2 2n (n\) 2 



Then lim 


u n+\ 


= lim 


n—>oo 




ft— >oo 



2 2 " (n\) 2 

2 2n+2 [(w+ 1)!] 2 * (_i)i^2» 



= lim - 



2 



«-^oo4( w + l) 2 



= 0, so the 



b. 



interval of convergence (and hence the domain) of Jq is (— oo, oo). 



1.0- 



0.5 -- 



0.0 



-0.5 




1 



0 



-1 -- 



-2 




-10 -5 



0 



10 



-8 -6 -4 -2 0 2 4 6 8 



33. Let u n — 



n 



(-l) w * 2w+1 

1)!2 2 "+ 1 ' 



Then 



lim 

n—>oo 



Un+\ 
u n 



= lim 



_\\n+\ x 2n+3 



n\(n + \)\2 2n+x 
(w + !)!(« + 2) !2 2w + 3 ' (-If jc 2 "* 1 



(-1) 



= lim 



x 



«->oo4(w+ l)(n + 2) 



= 0, so the interval of 



convergence of J is (— oo, oo), and this is also its domain. 



oo 



34. V a n (x-c) n . lim 

n=0 



u 



n+\ 



u 



n 



= lim 

ft— >oo 



a 



w+1 



(*-c) 



n+1 



<3 n (X — C) 



n 



= lim |a| \x — c 

ft— >oo 



< 1 => ■ Ijc — cl < 



1 



<2 



for a^0. The 



radius of convergence of the series is and its interval of convergence is (c — -!- , c + | . 

|a| *" \ |a| 



The case a = 0 is trivial 



35. Let w w = Then lim 

ft— >oo 



M ft+1 



= lim 

n—>oo 



a n+\ x 



n+1 



lim l^±i|UI < 1 



n—>oo 



a n 



x\ < lim 

ft— >00 



a n 



a n+\ 



Since the radius of convergence of ^a n x n is R, we have R = ^lin^ 



On 



. Now let u n = a n x 2n . Then 



lim 

ft— >00 



"ft 



= lim 

ft— >00 



a n+\ x 



2n+2 



a n x 



In 



lim 

n—>oo 



a n+\ 

a n 



x 2 < 1 



x < lim 

ft— >00 



a n 



a n+\ 



= R => \x\ < , so the radius of 



convergence of ^a n x 2n is «/R. 



Then lim 


u n+\ 


= lim 




= lim 


«ft+l 


ft^OO 


u n 


ft— >oo 


a n x n 


ft— >oo 


a n 



x\ < 1 



jc I < lim 

ft— >00 



= — , so the 
L 



radius of convergence is 1 /L 
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37. Let u n = a n x n . Then lim ty\a n x n \ = \x\ lim yl^wl = L\x\ < 1 => \x\ < 1/L, so the radius of convergence of 

ft— >oo n^>oo 



ft— >oo 



M ft+1 


= lim 


(x-2) /7+1 


n 2 3" 




ft— >oo 


(n + 1) 2 3"+! 


(x - 2) n 



= lim - 

n—>oo 3 



K;ttt) 2| *- 2| = ^- 2|<1 



00 (—3)" 00 (— 1)" 

x — 2 1 < 3, so the series converges on (—1, 5). At x = —1 the series is ^ = ^ — ^ — 

^-f rc 2 3" ^-f rc 2 



«=l 



ft=l 



OG -yi OC j 

which converges, and at x — 5 it is ^ — = ^T* — which also converges. Therefore, 

«= l «= l 



OO 



the interval of convergence is [—1,5]. f (x) = ^ 



n(x-2) w " 1 



(x-2) n ~ l 



^-J n 2 3" 



(X) 

~ ^ n3 w 
l 



and 



lim 


u n+\ 


— lim 


ft^>oo 


u n 


ft— >oo 



rc3" 



(* ~ 2)" 

0+ 1)3"+! ' (x-2)"- 1 



= Km ( -0— \ \ x - 2\ = 1 \ x - 2| 



< 1 => |jc - 2| < 3 => /' 



oo 



converges on (— 1, 5). At x = — 1 the series is /' (—1) = ^ 



n(-3) 



n=\ 



n 2 3 



-=z 



(-1) 



ft-1 



ft=l 



3n 



, which converges, and at x = 5 



oo ^3^-1 oo ^ 

it is /' (5) = — z — Z which diverges. The interval of convergence is thus [—1,5). 

n= 1 ft= 1 



39. / (x) = X 



00 *" 



lim 

ft— >oo 



M «+l 



n 



/w = Z 



00 nx n ~ l 



u 



n 



lim 

n—>oo 



x 



n 



n=\ 



n 



n 



= z 



00 n -\ 



and 



n=\ 



n 



n+\ x n ~ l 



— ^lim^ ^ + 1 ) = S ° ^' conver & es on ( — 1)- ^ 



oo 



(-1) 



n-1 



x = —1 the series is f' (—1) = ^ , which converges, and at x — 1 it is f (1) = -, 



n=\ 



n 



00 (n - l)x n ~ 2 

which diverges. Thus, /' has interval of convergence [—1, 1). f" (x) — ^ 



n=2 



and 



n 



lim 


u n+\ 


— lim 


ft— >oo 


U n 


n—>oo 



nx 



n-1 



n 



_ n Y n-2 



n + \ (n — \)x 



00 



. n ^ (n-1) (-If 2 . 

we have f " (— 1) = > , and since lim 

^ n "^o 

/7=2 



«->oo\ n 2 _ 1 I 

(^) 



x\ = \x\, so / /r converges on (—1, 1). At x = — 1 



1 r (n-1) (-If 2 ^ f . f A 
1 , hm does not exist, and 



00 / J \ 

the Divergence Test shows that f" (—1) is divergent. Similarly, f" (1) = ^ I I is divergent, so the interval of 

« =2 ^ n ' 



convergence of f" is (— 1, 1). It is easy to see that the interval of convergence of / is [—1, 1]. 
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40.X 



oo sin 



1 



n=\ 



n 



. Since < 

n z 



sin (n 3 x^ 



< 



n 



1 00 / 1 \ 00 i 

— and both ^ I ^ I anc * ^ ~ converge, the Comparison 

n=\ v 7 «=1 



Test implies that the given series converges for all real values of x . ^ 



d_ 
dx 



sin (n^x^j 



OO 

= ^ n cos ^n 3 x^ . Since 

lim « cos x ) ^ 0, the Divergence Theorem shows that this series is divergent. This does not contradict Theorem 2 

«->oo V / 

because the given series is not a power series. 



oo 



d 



41. Consider ^ x n for |*| < 1. Differentiating the geometric series gives — ^ x n — ^ nx n ~ l , but ^ x" = , 

/7=() 



OO 



oo 



so 



n=0 n= 1 



/?=() 



n= 1 N 7 



1 



for U I < 1 . 



OO j 

42. a. From the result of Exercise 41, we have ^ ft*" -1 = j for |x| < 1. Multiplying both sides of the equation by x 



n=\ 



oo 



oo 



x 



gives x ^ rax" 1 = ^ nx" — T . 



oo^ / 1 \ n oo^ w 1 
b. Replacing x by £ gives X n ( 9 ) = X ™ = "7 — 



= 2. 



00 00 
43. Suppose ^ a„ (x — c) n is absolutely convergent at c + /?. \f x = c + R, then the series becomes ^ a w /? w . Since, by 

n=0 n=0 



00 



assumption, the series is absolutely convergent at x = c + /?, the series ^ |fl w | /?" is convergent. But if x = c — then 

ra=0 

00 00 

the series becomes ^ <2 n (—R) n = ^ (— l) w tf«/? w , and this series must be convergent. This contradicts the fact that the 

n=0 n=0 

series is not convergent at x = c — R. Thus, the series must be conditionally convergent at c + R. 



00 



44. Suppose the interval of convergence of ^ a n (x — c) n is (c — R, c + R) where > 0 and, without loss of generality, that 

n=0 



00 



the series is absolutely convergent at c — R. At x = c — R, the series becomes ^ (—1)" Since this series converges 

n=0 

00 00 00 

absolutely at c — R, the series ^ \{—\) n a n R n \ = ^ |a„| /?" converges. Next, at c + R the series becomes ^ a n R n , 

n=0 n=0 
and so this series must converge at c + R ; that is, the series converges absolutely at the other endpoint. 



n=0 



j 00 

45. a. We begin by observing that = ^ x n for \x\ < 1. Replacing x by f 2 gives 

1-x 



1 00 / \n 00 

— 2 = X (n = X f2n = 1 + * 2 + t4 + r6 + • • • + t2n + • • • for 

1 r w =0 «=() 



< 1 or Ul < 1. 
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b. Integrating both sides of the equation with respect to t gives 

x dt rx / oo \ rx 



tanh 1 x — 



0 1 -t 




t 



2n 



dt = J (\ + t 2 + t A + 



+ t 2n + 



K=z 

n=0 L 



t 



2n+l 



~iX 



In + 1 



_ 0 





t 


3 t 5 




t + - 


- + — + 




3 5 


Next, lim 




— lim 


«— >oo 




n— >oo 



+ 



2n + 1 



IX 



+ 



=z 

JO «=0 



oo x 2n+\ 



2n+ 1 



2w + 3 2n + 1 



2n + 3 *2"+l 



= lim | ^ 1 x 2 = x 2 , so the radius of convergence is 1. 
«^oo\2rc + 3/ 



00 *» 



46. In(l-jc) = - X — • 80 lnl - 2 = ln (! " (-°- 2 )) = " Z = Z — = Z " 



, n A — ; « ' — ? w - — ? 

1 n= 1 «= 1 «= 1 

Using Theorem 9.5.2, \R n \ < a n +\ < 0.000005 => -r < 0.000005. By trial and 

error, we see that n = 6 is the smallest integer satisfying the inequality, so we use 6 terms: 

6 111111 
In 1.2 % 2^ - — ^ — = - - - — - + - — - - - — - + 



oo 



n5 n 5 2-5 2 3-5 3 4 ■ 5 4 5 • 5 5 6 • 5 6 

x 2n+\ 



= 0.18232. 



47. tan -1 x = V (-1V 7 ^ -. Observe that tan £ = -L, so 

^-L J 2n + \ 6^/3' 
«=() 

/ j x2rc+l 
oo I —J= I 00 



1 



n=0 



Theorem 9.5.2, \R n \ < a n +\ < 0.000005 



n=0 {In + 1) (y/fj 

1 



2n+l 



. By 



^3 < 0.000005. By trial and 



(In + 3) (Vfj 

error, we find ft = 8 to be the smallest integer satisfying the inequality, so we use 9 terms: 



8 



1 



7T^6^(-l) n 

n=0 (In + 1) (V3) 



2n+\ 



1 



1 1 

+ 



1 



(VI) 3 (VI) 3 ' 5 (VI) 5 7 (VI) 



7 



+ '•• + 



1 



17 (VI) 17 J 



3.14159. 



00 x n 



n 



ZA, f X X 
— = — I A' + — + 1 h 



n=\ 



n 



and put x = — 



kvo 



mg sin ol 



. Then 



D = 



mvQ 


2 

m g 


k 


k 2 


mvQ 


2 

m g 


k 




mvQ 


mvQ 


k 


k 











(sin ol) In ( 1 + 



Jcvq 



(sin a:) (— 1) 



mg sin a 
-kv 0 



+ - 



kVQ 



mg sin ol 2 V sin ol 



*«0 



sin ol 



kv 0 



mg sin ol 



+ 



+ 



0 



kv 0 



+ 



2g sin ol 3mg 2 sin 2 a 4m 2 g 3 sin 3 a 



+ 



*\ 4 



2g sin a 3mg 2 sin 2 ol 4m 2 g 3 sin 3 a 



b. In the absence of air resistance, k — 0, so D — 



v 



0 



2g sin a 

49. True. Since the power series converges for x = 3, we know that it converges on (— R, R) where R > 3. Since x = — 2 lies 
in this interval, the series converges there. 

50. True. By Theorem 2, /' (x) = ^a n x n ~ { also has interval of convergence (—1, 1), implying that / is differentiable (and 
thus continuous) on that interval. 
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51. True. Put z — x — 3. Then ^a n (x — 3) n = ^a n z n . Since ^a n x n has interval of convergence [—2, 2), ^a n (x — 3) n 
has interval of convergence defined by — 2 < x — 3 < 2 o 1 < x < 5, that is, [1,5). 



OG w 



52. False. Consider the series ^ ^— . The series has radius of convergence R — 2 and interval of convergence (—2, 2), but for 

n=0 



the series — = ^ — ^ - , we have lim 



OO 



OO 



n=0 



x 



n=0 



2 n x 



n=0 



u n+\ 



= lim 

«— >oo 



J2x) n 
(2x) 



n+1 



— lim 



1 



n-^oo 2 \x 



< 1 



x\>\ 



1 



x < —jov x > 2 



j \ in other words, the series converges on (— oo, — ^ U ^> °°)- 



1. a. See pages 794 and 795. 

b. A Maclaurin series is centered at 0. Thus, a Maclaurin series is a special case of a Taylor series. 



2. a. /to (c) = /i!fl„ 



b. /(5)(i) = 5!fl 5 =5!.ii^=4! = 24 



3. a. See page 798. 



b. See page 798. 



c. See page 799. 



4. a. It is not defined. 

b. Derivatives of / above a certain order fail to exist. For example, if / (x) = (1 + x) 5 / 3 , then f' (x) = | (1 + ;t) 2 / 3 and 

/" (jc) = ^ (1 + jt)- 1 / 3 . So /' (-1) = 0, but /to (-1) fails to exist for n > 2. 

c. The results of parts a and b show that the convergence of the binomial series at an endpoint depends on k, and so in 
general, we can assert only that the series converges for \x\ < 1. 




1. / (x) = e 2 \ f (x) = 2e 2x , /" (x) = 4e 2x , /"' (x) = %e lx , . . ., /to ( x ) = 2 n e 2x ,. . . 
/(0) = 1, /'«)) = 2, / ;, (0) = 2 2 , /'"(x) = 2 3 , /to( 0 ) = 2 w , ... 



OO 



The required Maclaurin series is ^ 



/to (0) _ ~ 2"x" 



X = 



lim 


M «+l 


= lim 


«— >oo 




«— >oo 



«=0 

2 «+l x «+l , 



«=() 



(w + 1)! 2 w jc" 



= lim 

«^oo 



(n + l) 



= 1 + 2x + —x 2 + 



H — (), so R = oo. 



3! 



x 3 + 



2 n 

+ —x n + 



2. / (x) = e~*\ f (x) = -3e~ 3x , /" (x) = (-3) 2 e~ 3x , . . ., /to (*) = (-3)" e ~ 3x , . . . 
/ (0) = 1, /' (0) = -3, /" (0) = (-3) 2 , . . ., /to (0) = (-3) w , 

OC 

n! 



^ / (w) (0) 

The required Maclaurin series is > ■ — 

n=0 n - 



x n = 



n=0 



3 2 3 3 



lim 

w— >oo 



Un+\ 



u 



n 



(n+l)! 



w! 



(-If 3V 



= lim 



n->oo n + 1 



x| = 0, so R — oo. 



H : ^ w + 
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3. / (x) = e x , f (x) = e x , f" (x) = e x , .. ., /to (x) = e x , ... 

f (2) = e 2 , f (2) = e 2 , /" (2) = e 2 , .. ., /to (2) = e 2 , ... 

The required Taylor series is 
f(n) (2) 

■ ( A" — 1)" — 7 — 



oo 

z 

n=0 



oo e 2 



ni 



(x-2)" = £ -Ax -If =e 2 



lim 


u n+\ 


= lim 


ft— >oo 


U n 


ft— >oo 



ft=0 

e 2 (jc-2) n+1 



1 



i + (x - 2) + - (x - iy + 



+ L(x-2) n + 



(n + l)\ e 2 (x-2) n 



= lim 

ft— >oo 



| | \x — 2| = 0, so R = oo. 

\n+lj 



4. / (x) = e~ 2x , f (x) = -2e' 2x , /" (x) = (-2) 2 e~ 2x 
f(3) = e~ 6 , f'(3) = -2e~ 6 , /" (3) = (-2) 2 e~ 6 , 
The required Taylor series is 



/(")(*) = (-2) w <T 2 *, ... 
/to (3) = (-2) w e" 6 , ... 



oo 



^ /to (3) , w f,(-2yv-6 

X j — (* ~ 3 ) = X ; (x ~ 3 ) 

ft=() w=() 



1 - 2 (* - 3) + (jc - 3) 2 + 



2! 



lim 


u n+\ 


— lim 


ft— >oo 




ft— >00 



(-2f + 1 e~ 6 (x - 3) n +1 
(n + 1)! 



(-1)" 2" 
+ ^4 (jc - 3)" + 



ni 



(-2) n e~ 6 (x - 3) n 



= lim (——) \x - 3| = 0, 

ft->oo y n + 1 / 



= 0, so R = oo 



5. / (x) = sin 2a:, /' (jc) = 2 cos 2a;, f" (x) = (-1) 1 2 2 sin 2a;, /'" (jc) = (-1) 1 2 3 cos 2a:, (x) = (-1) 2 2 4 sin 2a:, . . 
/(0) = 0, /'(0) = 2, /"(0) = 0, /'"(0) = -2 3 , / (4 >(0) = 0, 



oo 



The required Maclaurin series is ^ 



/ (n) (Q) „ 

: X — 



2x - 



2 3 , 2 5 



«=0 



3! 



+ 



5! 



h 



(-1)^2 2 ^+ 1 
(2* +1)1 



^+1 + 



Note that we have changed the index variable to k, where n = 2k + 1. 

2 2k+3 x 2k + 3 (2k+l)\ 



lim 


u k+\ 


— lim 


k—>oo 


u k 


>oo 



(2k + 3) ! 



(-1)* (2) 2 * +1 x 2 *+ 1 



= lim 



*->oo (2£ + 2) (2A: + 3) 



a: | 2 = 0, so = oo 



6. 



/ (a:) = sin a:, f (x) — cos a:, f" (x) — — sin a:, f" (x) — — cos x, /^ (a:) = sin a:, . . . 

/■ /7T\ _ V2 W /7T\ _ V2 W//7T\_ V2 W// / 7T \ _ V2 /-(4) / 7T \ _ VI 

The required Taylor series is 



oo 

z 

ft=() 



f in) (f ) 



7T\« V2 V2 



+ 



/ 7T\ 1 V5 / 7T\2 1 a/2 / 7T\3 1 a/2 / 7T\4 

\ X -V~v — \ X -V -y — \ x -V +4\ — \ x -V ~ 



lim 


w ft+l 


= lim 


ft— >oo 


u n 


ft^OO 



ft+2 



( _ 1) ( w +l)(ft+2)/2 

(w + 2)! 



(n + 1)! 



( _ 1)W (ft+l)/2 



ft+1 



= lim 

ft^OO 



fch)l x - 



77 

4^ 



= 0, so 



R = oc. 
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7. / (x) = cosx, f (x) — — sin*, f" (x) = — cosx, f'" (x) = sin*, (x) = cosx, 

f (-?) = 4> f (-?) = h f" (-?) = /'" (-?) = -h / (4) (-?) = • • • 

The required Taylor series is 

5^- ^ + = — + - U + - I - - — U + - I - — -U + -) + — — u + - 



rt=() 



/^(-f)/ V3 1/ 7T \ lV3/ 7T\2 11/ 7T\3 1^3/ 7T X 4 



2 2 

73 00 



2 £S (2#i)! r + 6/ + 2 A (2n + IV! V 6/ 



w=0 



First consider the series with even powers: 

(_!)"+! (x + f) 2 "+ 2 
(2n + 2) ! 



lim 


u n+l 


= lim 


n— >oo 




«— >oo 



(2n)! 



(-1)" (* + £) 



2« 



= lim 



(* + ?) 



«^oo (2/i + l)(2w + 2) 



= 0, so R = oo. We can 



similarly show that = oo for the second series, so R = oo for the Taylor series as a whole. 

«./(*) = -. /'w = -^rw = 4' f m (x) = -^r> ■ • w = 

/ (-1) = -1, /' (-1) = -1, /" (-1) = -2, /"' (-1) = -3 • 2, . . ., /W (-1) = -»!, 



x -n! 



The required Taylor series is ^ (* + l) n = ^ (x + l) w = — ^ (* + l) w . 



n=0 



n=0 



n=0 



lim 

n—>oo 



Un+l 


= lim 


(x + 1)' 7+1 


u n 


n—>oo 


(x + iy 



= \x + 1|, so /? = 1. 



9. / (x) = In*, /' (x) = 1 /" to = "i /"' to = 4 • • to = ( - \ (W 1)! 

X x z x* x n 



f (2) = In 2, /' (2) = I /" (2) = -1 /"' (2) = 1 . . ., /to (2) 



(_l)»-l (n _l)! 



2" 



The required Taylor series is 



z 

n=0 



(x-2) n = ln2+ ^ 

«=1 



(-If- 1 (n- 1)! 



oo 



n!2" 



(*-2f = ln2+ ]T 



(-1) 



n-1 



n=\ 



n2 n 



(x - 2) n . 



lim 


u n+\ 


— lim 


n— >oo 







(-l) n (x - 2) n + l 

(n + l)2 w + 1 ' (-I)"" 1 (jc -2) n 



= lim - ( — — | |jc - 2| = i |x - 2| < 1 or 

«^oo 2 \/i + 1/ 2 



jc — 2| < 2, so R = 2. 



10. / (x) = sinhx, / r (*) = coshx, / /r (x) = sinhx, f'" (x) — coshx, . . 
/(0)=0, /'(0) = 1, /"(0)=0, /'"(0) = 1, 

oo 

The required Maclaurin series is ^ 



/ ( " } (0)^_„ , 1,3 , 1„ 5 



« = () 



n\ 3! 5! 



oo v 2«+l 



. The Ratio Test shows that 



R = oc. 



11. / (x) = 



1 



1 



1 



1 



1 



1 + x 2 + (x - 1) 



'--Ml 




n=0 



oo ziyn 

/7 = () Z 



|jc — 1 1 

The series converges for < 1 or |jc — 1| < 2, so R 



= 2. 



oo 



12. / (x) = — 1 — = — ) — = / 1 - = - V (x + 2) n . The series converges if |jc + 2| < 1, so R = 1. 

1 + x -! + (* + 2) l-(x + 2) 
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13. / to = 



1 



1 



oo 



1-2* 1 — 2 (x — 1) — 2 1 + 2 (x — 1) 

oo oo 



1 — = ! = - Y [-2 o - 1)]" 

_ n i _ [_ 2 (x - 1)] z- 1 



= - X ( ~ 2 )" ( * - o" = X (- 1 ) n+1 2 " (* - 1)" 

n=0 n=0 
The series converges for 2 |* — 1 1 < 1 o |x — 1 1 < j, so R = 

1 1 111 

14. / to = 



1 + 3jc 



1 + 3 (* -2) + 6 7 + 3(jc-2) 7 j _ |~_ 3 (jC _ 2) j 



i oo 

-7? 



n=0 - 



in 



i OO /^\" 

- ? s«-«-G) <~* 



The series converges for y |* — 2| < 1 <^=> |x — 2| < ^, so /? = |. 

"•/w = ^t = - 2 (t^)=- 2 ZH"- 

X 7 /?=() 



— X * 2w+2 - The series converges for 
n=0 



x 



< 1 or Ijcl < 1, so 



R=\. 



16. / to = 



1 



1 



1 



1 



1 



A + x 



l + (4) 2 1 l 



-[-(if] 



H=0 



n=0 - 



x = 



z 

w=0 



4«+l 



The 



series converges if 



x 
2 



< 1 or \x\ < 2, so R = 2. 

oo 



17. / (x) = xe-x = x X = S with R = °°- 

«=0 n ' «=0 



oo 



18. / (x) = e 2 * = e [2(*+D-2] = e -2 e 2{x+\) = £ 



[2 (x + 1)]" 



x 2 n 



n=0 



2 n\ 



= V (* + If with R = oc. 



rt=0 



00 (_n«^2n oo /jyi 2ra+2 
19. / (jc) = cos* = x 2 Y V / N| = Y " — with # = oo. 

«=() v y n=0 



(2n)! 



20. / to = *cos3;t =x Y ^ !.\, = Y „ f with* = oo. 

^ (2n)! ^ (2n)! 

1 1 00 (— 1)" (2x) 2n 00 (— If 2 2w ~*jt 2n 

21. / to = cos 2 * = j (1 + cos2x) = ± + ^ cos 2* = - + - — = 1 + X — with R = oo. 

— - — 



«=0 

oo 



(2n)! 



(2#i)! 



22. / (x) = sin 2 x = \ (1 - cos 2x) = \ - \ cos 2x = \ - \ £ ( = £ ( 1} 



n=\ 

oo / t\n—\^n—\J2n 



x 



n=0 



n=\ 



(2n)\ 



with R — oo. 



23. / (*) = shut = sin ((x - f ) + f ) = sin (jc - f ) cos f + cos (jc - f ) sin f = | sin (x - f ) + ^ cos (jc - f ) 



1 ~ (-If (x-f) 2 " +1 V3 ^ (-1)" (x - f ) 



2n 



z 

«=() 



(2n)! 



with = oo. 



24. / to = cos x = cos ((x - £) + f ) = cos - f ) cos f - sin (x - f ) sin ^ = ^ cos (jc - f ) - | sin (x - 



V3^ (-If (^-?) 



2w 



z 

n=0 



(2n)! 



i OO 

4z 



2/2+1 



with = oo. 



, x ^ -i (2^)!x 2 " +1 ^ {2n)\x h ' 1 x ln 
25. f (x) — Jx sin x = Jx > ^ = > x with R = 1. 

^(2»n!) 2 (2« + l) ^ 0 (2^!) 2 (2n+l) 



/x / x 00 r 2/2+1 oo r 2//+l oo 

26. / W = (, + ,2) tan- , = (l + £ (-!)« ^ = £ ("D" ^ + Z 2w + t 

n=() n=0 n=() 



( ' -withJ? = l. 
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oo \x L I oc Jin 



(xA n 

27. / (x) = In (l +* 2 ) = X = X X — with R = 1 



n= 1 h= 1 



28. / (*) = In -p— = In (1 + x) - ln(l - x) = £ (-1)"-' — - £ (-l)"" 1 ^— L 

n= 1 1 

oo ^n oo ^ w oo ^2^+1 

= X( -1 )" _1 X — = 2 X ~ r wim R = 1- Note mat me even terms cancel out. 

/?= 1 A2=l w=U 

(l + x) 2 2! n! 

= | ; (-ir.2.3.4.....( H + i)^ = | :( _ i) „ (w+i)xnwith/; = i 

n=0 " - n=0 

30. / (x) = =(l+x)W = l + \x+ K \, J x 2 + ■■■ + IM 1 \1 L x n + 

3 2! n\ 

OO / 



- (-If -1 -2-5-8 On -A) „ . , n i 

1 + + V - — -x n with R = 1. 

3 ^ M an 



«=2 



31. / (*) = y/l -X 2 = [l + (- x2 )] 



1/2 



+ 



= 1 _, 2 _| ; l i± _^ I 3) 2 „ 

2 Z-^t « on 



n!2" 

n=2 



3z/w =wi=^i4( i+ ir 1/3 



i 

2 



1 - 3 (s) + — 21 (g) +- + ^" Ms) + 



1 1 ^ 



00 (-If .1-4-7 (3/1-2) „ . 



2 2 ^ n\2A n 

n=\ 



x n with R = 8. 



33. / (jc) = (1 - x) 3/5 = [1 + (-*)] 3/5 = 1 + 4 (-*) + V „, 7 * 2 + • • • + 



Hi- 1 ) 2 y 

— ^ 7 -x z + ■ ■ ■ + — ^ ^ ^ ^ L x' 



21 n\ 



^ 2 • 7 • 12 (5w - 8) „ . , n 1 

= 1 - ix - 3 > — — with = 1. 



w!5 

n=2 



oo oo 



34. / Oc) = = x (I + x)~ 2 = x^(-l) n (n + l)x n (see Exercise 1) = ^(-l) n (n + \)x n+x with R = 1 

+ n=0 n=0 

35. / (jc) = tanx, /' (*) = sec 2 *, and f" (x) = 2 sec 2 * tan * , so / (f ) = 1, /' ( J ) = 2, and /" (f ) = 4. Thus, 
/W = /(f ) + //(£) ^_ f ) + ^ r(f ) (x _ f) 2 + .._i + 2( ,_ f)+2(x _ f) 2 + .... 



Section 9.8 Taylor and Maclaurin Series 667 



36. / (jc) = sec* = 



1 



cosx 

1 



i _ 1 r 2 I 1 r 4 _ 

1 jX + j^X 

1 H~ ^-* 2 H~ 



by the long division at right. 



i i 1 r 2 , 5 r 4 , 



1 - 



2^ 2 + 24 ^ 4 



1 
1 



1 Y 2 , 1 r 4 
2 24 



1 r 2 1 r 4 

|^ - K + 
5 ^4 _ 



37. / (jc) = sin" 1 f (x) = , 1 and /" (jc) = 



2\3/2 



.-o/(i) = f./ / ft) = ¥.^r(i) = ¥ 



+ 



38. / (jc) = tan" 1 x, f (jc) = and /" (jc) = — ^ so / (1) = f , /' (1) = and /" (1) = -\. Thus, 



1 + jc 



(l+Jt 2 ) 



/w = /(i)+/'(i)(i-i) + ir(i)(i-i) 2 + - = f+ J(x-i) 2 +---. 



39. / (jc) = e - -* shut = | 1 - x + — + 




jc^ 



= l*- T + 




4 



-x" + — + 

6 




3 5 

jc x 

y ~ 12 + 



2 13 



40. / (jc) = e x tanjc = (l + jc + ^jc 2 H ) (jc + ^jc 3 + ^jc 5 H ) (See Example 12) 



(jc + \x 3 + •••) + (* 2 + ^x 4 + 



) + (£* 3 + ^x 5 + • • • ) = X + x 2 + + 



41. a. / (jc) = ^TTI = (1 + *) 1/3 = 1 + \x + 



Hi- 1 ) 



2! 



jc 2 + 



+ 



oo 



= 1+ + 

b. P 1 (x) = l, fy(x) = l + %x, 
P 3 (x) = 1 + \x - \x 2 



n -l 2-5-8 (3n-4) w 

1 j*r with = l. 



n\3 n 



c. 



n! 



-2 -1 



0 



1 




42. a. / (*) = 



1 



=H i+ (-l)] 



-1/2 



1 

3 



1 + 



H) (-1) 



+ 



-1H-0 



2! 



(- 



xx2 
9) + 



+ 



_l(_l_ 1 )(_l_2)...(-l- ll + l) 



1 1 00 



1-3-5 (2n-l) „ . , „ 



3 3 ^ n!18 w 
«= 1 



jc" with R = 9. 



(-*)" 



+ 
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b. Pi (x) = P 2 (x) = $ + ^x, 
Pi to = j + 51* + 



c. 



1.0 



0.5 



0.0 




-10 



-5 



0 



10 



oo 



43. e 



—x 



= Z 

«=() 



= 1 + 



/i! 



— x 
~ T 



+ 



2! 3! 4! 



* 



x 



8 



+ ••• = 1 -x L + + — - 



24 



so 



g-0.01 = ^-(O.l) 2 % x _ (o.i)2 + 1 ( o.i)4 _ 1 (0 i)6 % i _ 0 oi + 0.00005 = 0.99005. Since 



<24 = ^(0.1) 6 ^1.7xl0 7 < 0.000005, the approximation is accurate to 5 decimal places. 



x 2 X 4 X 6 



44. cos* = 1 -_ + -.--, + .... 3° = ^rad, so cos3° = 1 - \ (^) 2 + £ (^) 4 - 



2! 4! 



6! 



1 - 0.0013708 % 0.99863 



Since 



(tt/60) 
4T" 



3.13x10 7 <5xl0 6 ,the approximation is accurate to 5 decimal places. 



45. 



1 



1 



oo 

= Vf. 



n=0 J l+x J n=Q n={) $n -+- 



46. e~J* = 



oo (-x 1 / 2 ) oo / iyf ti/2 r ^ /• oo / iyi n/2 oo ? /_ n « («+2)/2 



w=0 



«=() 



/i! (/i + 2) 



47. sin* 2 = y v y 

w =0 ( 2w + 1 > ! 



2/1+1 



, so / sin* 



oo / n « „4ra+2 oo / i\«„4n+3 

' 4S (2/1 + 1)! ^ 



«=0 



^-(2n + l)!(4/i + 3) 



n=0 



48. * tan -1 i=iV , so / x tan -1 xdx — 



oo ( _ 1)fi;c 2 n +2 oo ( _ l} n x 2n+3 

> J* = > 1- C 

^2/2+1 (2/i + 1) (2n + 3) 

«=() «=0 v y 7 



49. 



In (1 + *) 



i CO 

/?= 1 



(-1) 



II- I II 



/I 



ln(l+*) J 

, SO / tf* 



oo ( _ 1)n _i^_i 



X 



Z 

«=1 



/i 



dx = x 



~ (-1)»-1jc« 



+ C. 



/i 



50. 



sin a- _ 1 ^ (-l) w x 2w+1 



* * c (2n + 1) 



, SO 



sin* , / ^ (-1) w jc 2w , ^ (-l) n x 2n+1 
dx — \ > — rf* = > — 



* 



n tS(2» + D! 



„t5(2«)!(2n + l) 



+ C. 



51. 



/o 1 ^ 2 <** = Jo 0 " 



r 2 , 1 r 4 1 r 6 , 1 r 8 



1 x 10 + ^12_ 



120 



* 3 + "TfJ* 5 + 



1 x 9 - 



216 



720 



1 *u+ 1 



5040 
13 



1 * 14 + 



) 



-1_1|J Li i 

— 1 5 ' TO 42 ^ 



1 



+ 



1320 
1 1 



9360 



* — 



1 r 15 | "il 1 
75OT X + '"j| 0 



216 T320" ^ 9360 75,600 



+ 



Because 



1 

75,600 



1.3 x 10~ 5 < 0.00005, we need only the first 7 terms: Jq 1 e~ xl dx % 1 - \ -\ h 



0 



rfx=/ 0 1 / 2 x2(l- 



^2 + 1 x 4 _ 1 x 6 + 



/13 15 17 19 M 1 / 2 _ 1 1 1 1 

_^ + _ x + ...j| o _^_____ + ________ 



9360 



0.7468 



) dx = J 0 1/2 (* 2 - x 4 + ^t 6 - + • • • ) dx 



29 



+ 



Because 



1 



54- 2 9 



3.6 x 10 -5 < 0.00005, we need only the first 3 terms: £^ x z e~ x ~ dx % ^ - ^ + t4tt » 0.0360. 



. fl/2 



1 - 1 4- 1 

24 150 1792 
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53. / 0 1/2 cos* 2 <fr = J 0 1/2 (l - \x A + fax* - • • )dx = (x - ^x 5 + ^x 9 - • • .)|^ /2 = i - + — 

Because — ^ ^ % 9 x 10 -6 < 0.00005, we need only 2 terms: J Q 1/2 cos* 2 dx % ^ - 3^ % 0.4969. 

54 f^inr^r- f 1 fr 2 1 r 6 4- 1 r 14 4- //y - f 1 r 3 1 r 7 4- 1 r 11 1 Y 15 ■ \|* 

Jo smx ax - Jo \ x - s x ^ vm x ~ 5m x ^3* -47^ ~ i5$m x H )\ 0 

- 1 ~ 52 + mi ~ 75OT) + 

Because % 1.7 x 10~ 5 < 0.00005, we need only 3 terms: Jq sin* 2 dx « j - ^ + « 0.3103. 

55. Jq 1//2 ^ cosx 3 <ix = f^ 2 x (l — i^ 6 + ^ x12 ) dx = Jq^ 2 — j* 7 + ej* 13 ) ^ 

_/l r 2 18, 1 14 \| 1/2 _ 1 1 | 1 

Because — r-r < 0.00005, we need only 2 terms: fi^ 2 x cos* 3 <£x % - ^ % 0.1248. 

336 -2 14 ' Jo 8 16 - 2 8 

56. J 0 1/2 tan" 1 * 3 </* = j^ 2 ^ 3 - y + ^ - • • • ^ </* = ( | jc 4 - ^x 10 + ^* 16 - • • • ) 

1 1 1 

~ 4-2 4 ~ 30 • 2 10 + 80 • 2 16 

Because l —r K % 3.3 x 10 -5 < 0.00005, we need only 1 term: f n 1/2 tan -1 x 3 dx % —^—r « 0.0156 

30 . 2 10 J J 0 4 . 2 4 

00 (-_ n«-l oo « oo /_iyi-l 

57. V - — - . Because In (1 + x) = V (-If -1 — , we see that V - — - = In 2. 

^— J /z ^— ' /i ^— J /2 

/i= 1 «= 1 1 



1/2 
0 



OO / i\« OO n OO 



(-1)" „ , ^* 



(4)" 



58. y - — — . Because e x — y — , we see that the series is equal to y — — e l / 2 = ^= 

^ n!2" ^ /?! 4 ^ n! 

«=0 n=0 n=Q v 

oo _2/t oo ( n n oo 7n 



7T (— 1) ^ 7T 

59. y (—1)" - — — . Because cos* = y — - — , we see that y (— l) n - — — = COS7T = — 1. 

«=() v 7 /7=() V 7 «=() 



00 (-1)" Tr 2n+1 oo x 2«+l 

60. y 0 , , . Because sin* = y — , we see that the series is equal to 

^(2n+l)!2 2 "+ 1 ±^ (2/i+l)! 4 



n=0 y "' L 1 n=0 

^ ( -ir (f ) 2w+1 . ^ 

> — = sin 4r = 1. 

00 (_i) w- l 00 (— i)" _1 jc n 

61. y . Because ln(l + x) — y , we see that the series is equal to 

^— | /z2^ ^— J /2 

/2= 1 /2= 1 



oo (-l)i-l (1)" 

^ = i n 3 = i n 3 _ in 2. 



n=l 

oo 



(— l) n (—l) n x^ n ~^^ oo^ (—l) n 

62. y - — — . Because tan -1 x = y - — , we see that y - — — = tan -1 1 = - 

^,2/2+1 ^-(2/2+1 ^2/2+1 

«=() «=() /7=() 



sinx-x + ix 3 ^-^x 3 + ^ 5 -i f x 7 + ...j-x + ^ 3 /l x 2 
63. hm — - — = lim ^ = hm I h 



x^0 x 5 x-+0 x 5 *->o\ 5! 7! 9! / 5! 120 



cosjc 2 -1 + ^ 4 . (l-^ 4 +^ 8 -^ 12 + ---)-l + ^ 4 m (x x * 



J 5! 12 



64 - lim « = lim o = lim I — - — ■ + • . 

x 8 x-^0 x% x^0\ 4! 6! / 4! 24 



)=-=- 

J 4! 2^ 
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65. lim 

x^O 



tan x — x — 



1 Y 3 



x 



lim 

x-+0 



( 



r , 1 r 3 , 2 5 , 101 7 , 



) 



= lim 



2 101.x: 2 

+ ~TZT7r + 



*->0\ 15 1260 



15 



66. lim 



lnx 



jt^l x — 1 



r In ((* - 1) + 1) r (* - 1) - \ \x - l) 2 + \ (x - l) 3 - \ (x - l) 4 + • • • 
lim = lim 

A— > 1 X — 1 A" — > 1 



x - 1 



lim 
1 



x - 1 (x - 1) 
1 — + — ^ 



2 



= 1 



-1/2 



- 1 - * (-" ) + 2! (- ) +- + — ^ „/ L (- U ) 



+ 



A 



b. 



= i + U 2 + 



1-3 
2I2 2 



w 4 + • • • + 



1-3-5 (2/1-1) 



n!2 



w 2 " + 




1 12 1 ' 3 

l + £r + TT^r + • • • + 



2!2 2 



4 ■ ■ 13 5 (2 ^ 2 " + - ..\dt 



n\2 n 



+ r 



3 , 1 • 3 .5 



3 ? + 2!2 2 -5 



t J + • • • + 



1-3-5 (2n-l)^ n+1 \r 



n!2 w (2/1 + 1) 



r 



o 



1 , 1-3 

x + ——x- 3 + 



= Z 



2-3 ' 2-4-5 
(2n) ! 



5 j_2_5__J2n-J) 2n+1 

+ + «!2»(2n+l) + 



n ^ (n!2») 2 (2n + 1) 



x 2«+l W ith if = 1. 



68. , / w = ^? = (i + ^ 1/3 = i + + + iiiiiOzj 



x 6 + 



b . /( 6) (0) = ilHKM . 6 , = 1^5 . 6 , = 400 



3! 



3 3 -3! 



1 



1 



a 1 

69. Since * > a > 0, we see that 0 < - < 1, so we can write = — =- = - 

x x—a x[l — (a/x)\ x 



1 + a + ( a \^ + f** V + 



and 



1 



1 



F = 



x + a x[l — (-a/x)] x 

47T£() 



- iri -i + © 2 -0 J 



- + 



. Thus, 



-(— + — ~ 2 -) = 

a \x — a x + a x ) 



qQ 



47T£Q 




a a"- 

X X L X 5 



a a 



x x 2 + x 3 



2 

x 



qQ I a a a 

& +^ + -7 + 



27T£o \ X 3 X 5 X 7 



If x is large, then we can approximate F by the first term: F 



27T£0^ 



3" 



2ttJ 



70. a. Since lim tanh* = 1, we see that if d is large (as is the case in deep water), then tanh is close to 1, so 

a— >oo L 

1/2 



"ir- 



2tt 



x 3 2x 5 



b. Recall that tanh x = x h 



15 



27rJ 27tJ 

— • • • , so if x is small, then tanh x % x => tanh % if d is small, so 



..( 



gL 27RA 1 / 2 /gL 2-Kd 
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71. 



x 



x 



Jx 2 



+ a 



Xyjl + (a/x) 2 



r, ( a \ 2 v y2 , 1 ( a \ 2 ~H~2 _1 )/ fl \ 4 



so 1 - 



V^ 1 



..-,.-,4+14- 



1 a 



3 a 



8^4 



2^-2 



8^4 



+ 



and 



2GmM 
F = B i - 



+ a 



2 



2GmM 

12 



neglected and F 



sfx 2 

IGmM 1 a 2 GmM 




a 



2 



2x 2 



3 a 4 
8? + 



1 a 



. If x is large, then the terms beyond - — can be 

2 x z 



2x 2 



72. 



F = 2na |/z + (fl 2 + tf 2 ) 1/2 - [(/? + /?) 2 + tf 2 ] 



1/2 



2na 



= h + I # 2 I 1 + 



1/2 



/? 2 

2X l/2 



(/? + /!) 



2 



1 + 



2 



-(/? + /i) l + 



(/? + h) 2 

ni/2 



1/2 



= h + R 



1 + r 



1 a 



2 



2*2 



+ 



id- 1 ) 



2 



2 



2! 



* 2 



+ 



-(* + /!) 



<3 



2 



2 (R + /*) 2 



+ 



km 



2! 



-.2 



(/? + h) 2 

If is large in comparison to a and h, we may neglect the terms beyond the second within each pair of brackets, so 
F 1 a 2 la 2 1 „ / 1 1 \ 1 a 2 /z a 2 /i 



+ 



2tt(t 



la 2 la 2 
k + R+ 2T- {R + h) -2R^h 



2 \R R + h) 2 



2' R(R + h)** 2R 2 



(since R + h ^ R) and 



F % 27TCT • 



a 2 h 
2R 2 



TV a her M 9 

= — = — where M — ixcrhcr is the mass of the cylinder. 

R 2 R 2 



73. Using the power series expression of sin 1 x in Table 1, we find 



2 • — 1 ^ 2 

r z sin — = r z 



7 + 2 



l\rj + 2-4-5 W 



+ 



1 /* 3 1-3 A 5 
= r " + 2^V + 2T^73 + 



compared to /z (or, equivalently, if h is small compared to r). In this case, 

1 + 



hjr 2 -h 2 =hr^\-\^ =hr 




— hr ' 




+ 



1 /i 3 1 /i 5 



2! 

1 h 3 
hr - - — 

2 r 



-(*) 



-i2 



+ 



Therefore, if h is small compared to r, then 



V 



= L 1^,2 _ r 2 sin -l £ _ h ^2^j 



— rh —\ hr 




r/z if r is large 



tit 2 1 h 3 

= U—-2rh + - v 
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2 3 4 

x x x 

74. a. Replacing x by —x in Formula 5, we obtain ln(l — x) = — x — ••• for— 1 < x < 1. 

— D T" 

jc 3 x^ x^ 

Subtracting this equation from Formula 5 gives In (1 + jc) — ln(l— x) = 2\ x + — + — H 1 

3 5 7 



In 



3 5 7 

jc x x 

= 2|x + _ + _ + T + 



for —1 < jc < 1. 



b. Let p — 1 + - <=> (1 — jc)p = + = = ^ 



1 — JC 



2-1 1 

c. Let p — 2. Then x = = -. Then using the result from part a, 

2 I 1 3 



ln2 = 2 



+ 



0.6931. 



or 



75. / (0) — 0. Using the definition of the derivative and l'Hopital's Rule, 



-\/h 2 



„, m r f(h)-f (0) r e-'l" l/h h 
f (0) — hm = hm — hm T = hm =- = 0. Similarly, we can show that 

f" (0) = / ;// (0) = • • • = 0, so the Maclaurin series for / is 0 + Ox + Ox 2 H = 0, which cannot represent because / is 

not identically 0. 



76. a. / (jc) = 2jc 3 + 3x 2 + 1 => f (x) = 6x 2 + 6x => /" (x) = \2x + 6 => /"' (jc) = 12 => / ( ") (jc) = 0 for n > 4. 

/ (1) = 6, /' (1) = 12, f" (1) = 18, /"' (1) = 12, and /to (1) = 0 for n > 4. Thus, the Maclaurin series for / at 
x — 1 is 



f (\ } f (1) 18 12 

/(l) + /(l)(x-l) + ^^(x-l) 2 + ^^(x-l) 3 =6+12(x-l) + -(x-l) 2 + -(x-l)^ 

= 6 + 12 (jc - 1) + 9 (x - l) 2 + 2 (jc - l) 3 

b. Expandingthe series obtained in part a, wehave6+12jc — \2+9x 2 — 18jc+9+2jc 3 — 6jc 2 +6jc — 2 = 2jc 3 +3jc 2 +1 = / (jc) 

c. The Taylor series for a polynomial function is equal to the function. This is true in general because 

(n + 1)! 



* n (n - 1) . . . (n _ k + 1) , 

77. If n is a positive integer, then (1 + x) n — 1 + nx + ^ — x K . Since every term in the finite sum is 

k=2 



positive, we have (1 + jc) w > 1 + nx. If n is a positive noninteger, then letting p = [n], where [ ] denotes the greatest 

integer function, we have 

n (n — 1) o 
(1 + jc) w = 1 + njc + jc 2 + 



2! 



w (n - 1) • • • (n - p + 1) 



+ 



n (n- \)---(n- p) p+1 _ w (k - 1) • • • (n - p) (n - p - 1) p+2 

pi L (P + l)! X (P + 2)! 

Now the first /? + 1 terms are positive, and so are each of the bracketed terms, because the series is alternating after the first 

p + 1 terms and the magnitudes of the terms are decreasing. Therefore, (1 + jc)" > 1 + nx. 
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/k\ „ k (k - 1) , k (k - 1) • • • (k - n + 1) „ 

78. a. / (jc) = Y [ )x n = 1 + kx + \, V + ■■■ + -± '- \ '-x n + ■■■ 

^ fi x) = k + k(k-i)x + ... + Hk - 1 ]- (l ;- n+1) x»-i + ...^ 

(n - 1)! 

ffy H1+x) = k+kx + t^( x+ f) + ... + k < k - 1 ]---*-^ 

1! V / (n — 1)! V / 

fc/ (x) = A: + fc 2 jc + - ( \~ l) x 2 + --- + k (k ~ l) "\ (k ~ n + l) x n + ...,so / / (jc)(l+jc)-ik/W = Oupon 

2! n! 

combining like terms. 

b - * W = /i i ^ * W = 7TT^2k = , = 0 b y the result of 

(1+x) (l+x) z/c (l+x) lc + l 

part a. 

c. From part b, we have g' (x) = 0 and so g (x) = c, a constant; that is, / (x) = c (1 + x) k . Since 
/ (0) = 1 + 0 + 0 + • • • = 1, we have / (0) = c = 1, and finally / (x) = (1 + *)* 

79. True. Let P n (x) = a n x n + a n _\x n ~ x + • • • + a^x k + • • • + a\x + a§ be a polynomial of 

degree «. Then (0) = kla^ for k — 0, 1, 2, . . ., n. Thus, the Maclaurin series for P is 



00 (0) " f ^ (0) 

^ p^x" = ^ x k = a 0 + fli* + a 2 x 2 + • • • + a n x n = P„ (*). 



n ^ ! in ^ ! 

OO CO CO CO' 

80. True. / (-x) = ^ a n (-x) n = ]T (-1)" a n x n . Since / is odd, / (-jc) = -/ (x) and (-1)" a„jt" + ^ = 0 

n=0 n=0 n=0 n=0 

CO CO 

for all x, so ^ [(—1)" + x n = 0 for all x => ^ 2a2 n x 2n = 0 for all x. This is true provided ^ = 0 for all n. 

n=0 n=0 

81. False. / (x) = x 5 ^ => f (x) = fx 2 / 3 => f" (x) = ^jc -1 / 3 . Since f" (0) is undefined, / does not have a Maclaurin 
series. 

82. False. / (x) = (1 - *) 7 => /' (*) = -7 (1 - x) 6 => /" (x) = 7 • 6 (1 - x) 5 , . . ., (x) = -7!, so 

f(x) = ^l^ = /(!) + /' (1) (x - 1) + (x - l) 2 + - - • + Z^l) ( X _!)« + ... = _ Zl _ 1)7 

nl 2! 7! 

/?=() 

= (l-x) 7 /(^-l) 7 - 



83. T„e. / „ - (2 + «)« . [2 (, + |)]" . 2> (, + |)' . 2> £ Q g)" . £ Q^A 

«=0 x 7 «=() v 7 

84. True. (1 + *)* = ^ (^) JC "' where = ~~ — ~ T~ — ~ + ~ ^ or n - ^ ^ ^ ^ s a P ositive inte g er ' m en = 1, 

0= 0 for ft > so (1 + x) k — ^ \\x n , a polynomial of degree k. 
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1. See page 809. 

2. Denote the Taylor polynomials in parts a, b, and c by T\, T2, and T3 respectively. 

a. 7| (1) — a\ — |, whereas 7^ (1) = 7^ (1) = 0. Since g' (1) > 0, we see that Ti is the Taylor polynomial of g with 

(!)=!• 

b. 7^' (1) = 2<32 = g > 0 whereas T% (1) = 2^2 = — 3 < 0. Since h" (1) > 0 (the graph of is concave upward), we see 
that T2 is the Taylor polynomial of h . 

c. The analysis of part b implies that T$ is the Taylor polynomial of /, the graph of which is concave downward at x — 1. 

3. See Theorem 1 on page 811. 

4. See Theorem 2 on page 816. 




1. f (x) = e . Using Table 1 in Section 9.8, we find 
P\ (x) = 1 — x, P2 (x) = 1 — x + i?x 2 , and 



2. /(*) = 
Pl(oc) 

P 4 (x) 



sinx. Using Table 1 in Section 9.8, we find 
: x, P2 (x) = P3 (x) = x — ^x 3 , and 



r 1 r 3 

-x - z x 



40 



0 







— 1 — 1 — 1 — 


1 1 1 



-10 



-5 



0 



10 



1 -- 



0 



-1 -- 



-2 




-6 -4 -2 0 



6 



3. / (x) = 2x 3 + 3x 2 + x + 1 => f (x) = 6x 2 + 6x + 1 => f" (x) = I2x + 6 => /"' (x) = 12 => (x) = 0, so 
/ (1) = 7, /' (1) = 13, /" (1) = 18, and /"' (1) = 12. Thus, 

P 4 to=/(1) + /'(1)(*-1) + ^ 



2! 



3! 



4! 



18 12 

= 7 + 13 (* - 1) + — (x - l) 2 + — (x - l) 3 = 7 + 13 (jc - 1) + 9 (x - l) 2 + 2 (x - l) 3 

and /? 4 (x) = J K J (x - l) 5 = 0. 

4. / (x) = x 4 + 3x 3 + 2x + 3 => /' (x) = 4x 3 + 9x 2 + 2 => /" (x) = 12x 2 + 18x => /'" (x) = 24x + 18 => / (4 > (x) = 24 
=> /© (x) = 0, so / (-1) = -1, /' (-1) = 7, /" (-1) = -6, /"' (-1) = -6, and /< 4 > (-1) = 24. Thus, 

P4 (x) = f (-1) + /' (-1) (x + 1) + (x + l) 2 + f '"^~ X) (x + l) 3 + / (x + l) 4 

= -1 + 7 (x + 1) - 1 (x + l) 2 - 1 (x + l) 3 + ^ (x + l) 4 

= -1 + 7 (x + 1) - 3 (x + l) 2 - (x + l) 3 + (x + l) 4 

/ (5) (z) < 
and fl 4 (x) = ^— -— - (x + l) 5 = 0. 
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5. / (x) = sinx =^> f (x) = cos x f" (x) = — sinx => f" (x) = - cos x => (x) = sinx, so / (y) = 1, f (y) = 0, 
/" (f ) = -1, and /"' (f ) = 0. Thus, 

P3«=/(f) + /'(§)(x-f) + ^(x-f) 2 +^^(x-f) 3 
= 1+0 -i-(,- f ) 2 + 0=l-I(x-f) 2 

and 7?3 (x) = ^ -^-^ (x — y) 4 = (x — y) 4 where z lies between x and y . 



6. / (x) = cosx => /' (x) = — sin x => /" (x) = — cos x => f'" (x) = sinx => /( 4 ) (x) = cosx, so / (£) = 
/' (f ) = -h f" (f ) = "f. /'" (f ) = ^ and /« (£) = f . Thus, 
*><*)=/(£) + /'(£) (x-f) + ^(x-f) 2 +^p(x-f) 3 



— ^ 2 (* 6*) ^ (* (0 + 12 (* (0 



3 



and 7?3 (x) — - (x — ^) 4 = (x — ^) 4 where z lies between x and ^. 



7. / (x) = tanx => /' (x) = sec 2 x => f" (x) = 2 sec 2 x tanx => (x) = 2 sec 2 x ^2 tan 2 x + sec 2 x), so / (^) = 1, 



/' (f ) = 2, and /" (f ) = 4. Thus, P 2 (x) = / (f )+/' (f ) (x - f ) + ^|^ (* - f ) 2 = 1+2 (x - f )+2 (x - f ) 



2 



and 7?2 (*) 



( z ) 3 sec 2 z (2 tan 2 z + sec 2 z J 3 
= — — — (x — ^) = (x — where z lies between x and ^. 



8. /(x) = ^c=» /'(x) = ix- 1 ^ = -!==» /"(x) = -ix- 3 / 2 = --4to => /"'« = 



3 



=> /< 4 > (x) = -^72, so / (4) = 2, /' (4) = \, /" (4) = and /'" (4) = ^. Thus, 

(4) f w (4) 

^3« = /(4) + /' (4)(x-4) + ^^(x-4) 2 + ^^(x-4) 3 =2 + | - 4 ) - ^ (x - 4) 2 + ^ (x - 4) 3 and 

R-> (x) — — — (x — 4) 4 = — (x — 4) 4 = (x — 4) 4 where z lies between x and 4. 

* w 4! 4!16z 7 / 2 ' 128z 7 / 2 ; 



9. /(x) = /'(x) = ^x-2/3 = -L, => /» (x) = -2,-5/3 = __L_ ^ r W = 10,-8/3 = _J1_ 

80 

/W W = " SlxlVS ' S ° f (_8) = ~ 2 ' /X (_8) = /" (~ 8 > = TO' and (~ 8 ) = 5^5- Thus > 
^3 W = / (-8) + /' (-8) (x + 8) + (x + 8) 2 + J ^ } (x + 8) 3 

= -2+ ^ (x + 8) + ^ (x + 8) 2 + 20736 (* + 8 ) 3 

and /?3 (x) = - — (x + 8) 4 = n (x + 8) 4 = "TTTT ( x + 8 ) 4 wnere 2 lies between x and -8. 

4 4!81z ' 243z ' 
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10. /(,) = !=>/' (x) = ~ => /" w = 4 =» /'" M = -4 =» / (4) w = ^ => / (5) to = 

a: jc z x 5 jc 4 x- 5 jc° 

720 

=> f {6) (*) = so / (-1) = -1, /' (-1) = -1, /" (-1) = -2, /"' (-1) = -6, /W (-1) = -24, and 

(— n (— n 

/(5) = _ 120 . Thus, F 5 (x) = / (-1) + /' (-1) (x + 1) + (x + l) 2 + 7 ^ (x + l) 3 + 

fW ^~ X) (x + l) 4 + /(5) ^~ !) (x + l) 5 = -1 - (x + 1) - (x + l) 2 - (x + l) 3 - (x + l) 4 - (x + l) 5 and 

y(6) ^\ y20 (jc + 1)^ 

(jc) — — — — (x + l) 6 — — =■ (x + l) 6 — = — where z lies between x and —1. 

6! 6lz' z' 



1 ... 2x 



2 



(3x 2 - 1) 



11. / (x) = tan- 1 x=*f (x) = => /" (x) = -- => /"' (x) = so / (1) = f , /' (1) = I, 

1 + x 2 (1+x 2 ) (1+x 2 ) 3 



and /" (1) = -\. Thus, P 2 (x) = / (1) + /' (1) (x - 1) + (x - l) 2 = f + \ (x - 1) - \ (x - l) 2 and 

/ w (z) 3z^ — 1 
R 2 (x) — (x — l) 3 = (jc — l) 3 where z lies between jc and 1. 

3! 3(l + z 2 ) J 

12. f(x) = \nx => /'(x) = i => fW = -4 => /"' W = 4 => / (4) to = "4. 

x ;c z x J x 4 

so /(4) = In 4, /'(4) = I, /" (4) = and /"' (4) = ^ Thus, 

f /r (41 Z 7 '' (41 

P 3 (*) = /(4) + /'(4)(;c-4) + ^^(;c-4) 2 +^^ 

/( 4 ) ( z ) 6 4 (jc - 4)4 

and Ri. (jc) — — (x — 4) — 7 (jc — 4) = -: — where z lies between x and 4. 

4! 4!z 4 4z 4 

13. / (jc) = xe x => f (jc) = (jc + 1) ^ => /" (jc) = (jc + 2) => /"' (jc) = (x + 3) ^ => 

/(4) ( x ) = (x + 4)^, so /(-l) = -e" 1 , /'(-l) = 0, /"(-l) = and /"' (-1) = 2e~ l . Thus, 

Z 7 ' (—11 f" (—11 11 1 

P 3 (jc) = / (-1) + /' (-1) (* + 1) + (* + l) 2 + \ ; (x + l) 3 = — + -(x + l) 2 + - (* + l) 3 and 

2! 3! e 2e 3e 

(z) a (z + 4)e z 
/?3 (jc) = — — — (jc + l) 4 = — (x + l) 4 where z lies between x and —1. 

14. / (x) = e x sinjc => f (x) = e x (sinjc + cosjc) => f" (x) = 2e x cosjc => f'" (x) = 2e x (cosjc — sinjc), 

f " (01 

so / (0) = 0, /' (0) = 1, and /" (0) = 2. Thus, P 2 (x) = f (0) + /' (0) x + —^-^ = x + xl and 

/ x f^(z) * e z (cos z — sin z) o , , rt 

/?2 u) = x J = x D where z lies between 0 and x. 

3! 3 

15. / (jc) = e* cos2jc ^> /' (jc) = e x (cos2jc - 2sin2jc) => f" (jc) = (4sin2jc + 3cos2jc) 
=1 f"{x) = ^(2sin2jc- 11cos2jc), so /(f) = £e w / 6 , 

f'(%) = ( 1 - V3) ^/ 6 , and r (f ) = - (| + 2V3)^/ 6 . Thus, 

W = / + / (?) (x - ?) + ^ (or - % f = \e*/« + (\ - V3) (x - f )-(| ■ + ^) ^ (, - ?) 

/ W fe) / 7tx3 e* (2 sin 2z-ll cos 2z) ( . r , t w . 

and /?2 (^) = — r; — (^ _ 3") = [x — -g-j where z lies between and x. 



2 
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16. 



f (x) — In sin* => f (x) — cotx =^> f" (x) — — csc 2 x =^> f"'(x) — 2 esc 2 x cotx =^> 

/(4) (x) = -2csc 2 x (csc 2 x + 2cot 2 x), so / (?) = -ln2, /' (?) = >/3, /" (?) = -4, and /"' (?) = 8>/3. Thus, 

W/ /7T\ W// /7T\ 

/ > 3W = /(f) + / / (?)(--?) + ^4r z (--?) 2 + ^ 1 ^(--?) 3 



= _ ln2 + V3(x-£)-2(x-£) 2 + ^(x-f) 



and R 3 (x) = 



(z) 



4! 



(*-f) 4 = - 



esc 2 z (esc 2 z + 2 cot 2 z) 



12 



(x — ?) 4 where z lies between x and ? 



17. / (x) = x 4 - 1 => f (x) = 4x 3 => f" (x) = I2x 2 => f" (x) = 24x, so / (1) = 0, /' (1) = 4, and 



/" (1) = 12. Thus, P 2 (x) = /(!) + /' (1) (* - 1) + 



r (1) 

2! 



(jc - l) 2 = 4 (x - 1) + 6 (x - l) 2 and 



Rl (x) = 



24z 



(jc - l) 3 = 4z (jc - l) 3 . Since z < 1.2, we have |J? 2 (z)l < 4 (1.2) (1.2 - l) 3 % 0.0384 



18. / (x) — sinx =^> f (x) = cosx =^ /" (x) = — sin x => f'" (x) = — cosx => (x) = sinx => /® (x) = cosx 
=> /< 6 > (x) = - sinx, so / (f ) = I, /' (f ) = 4 , f" (f ) = - 1 , /'" (f ) = , f(«> (f ) = I, and 

/ (5) (f) = #Thns,P 5W =l + ^(,-f)-^(,-f) 2 -^(x- ? ) 3 + ^(,-f) 4 + ^(x- ? ) 5 , 



* 5 (x) = 



l*5(*)l = 



/ (6) (z), ^6 sinz 



6! 

sinz 
720 



(*-f)° = -^(*-f)°.«» 



sinz | 
720~ 



x — 



7T 



6 sin 



7T 

T 



720 



(f " ?) 6 % 0000025 • 



19. / (x) = cosx =^> f (x) — — sinx f" (x) — — cosx =^> f" (x) — sinx => (x) = cosx 



/® (x) = -sinx, so / (?) = ^, /' (?) = /" (?) = /"' (?) = 



- ^, and 



/W (f ) = # Thus, P 4 (x) = f (x-f)-f (x-f) 2 + ^(x-f) 3 + ^(x-f) 4 , 

/ (5 > (z) 



«4W = 



1*4 (*)l = 



5! 

sinz 
720 



= -T2?^-^ 5 ' and 



(*"f) 



sinz I 
120 



x — 



7T 

T 



5 sin ^ « 



120 



(?) J ^0.0025. 



20. / (x) = 



x 



1/3 // W = 1,-2/3 = _2 x -5/3 ^ ^//^ = W x -8/3 ^ 

= -^x- n /3, so / (I) = 1, /'(I) = 1, /"(I) = and /'" (1) = Thus, 



p 3 W = /(i) + / / (i)(i-i) + ^(x-i) 2 + - i ; 



2! 



3! 



(jc - l) 3 = 1 + \ (x - 1) - \ (x - l) 2 + ^ (x - l) 3 , 



R 3 (x) = 



/(4) (z) ( X - 1)4 = -^L^i (x - l) 4 , and \R 3 (x)| < (-0.2) 4 « 0.00015. 



4! 



81-4! 



243 



21. / (x) = e 2x => / r (x) = 2^ 2x ^ / r/ (x) = 4^ 2x f" (x) = 8^ 2x => /( 4 ) (x) = 16^ 2x ^ 

/(5) (jc) = 32^ 2x , so / (1) = e 2 , f (1) = 2^ 2 , f" (1) = 4e 2 , f" (1) = 8e 2 , and /W (1) = 16e 2 . Thus, 

P 4 (jc) = e 2 + 2^ 2 (x - 1) + 2e 2 (x - l) 2 + \e 2 (x - l) 3 + \e 2 (x - l) 4 , R 4 (x) = l^J*± ( x - 1)5 = ^±1 ( x 



5! 



5! 



-I) 5 , 



md\R 4 (x)\ < 



32e^ 
5! 



(0.1) 5 % 0.000024. 
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22. f(x) = e 



—x 



2 



f (jc) — —2xe 



-x 1 - f" (x) = 2e~ xl (lx 2 - l) => /"' (x) = 4x(3- 2jc 2 ) e 



2 ^-* 2 ,so/(0) 



= 1, 



f (0) = 0, and f" (0) = -2. Thus, P 2 (x) = 1 - jc 2 , fl 2 (*) = 

2(0.1) [3 — 2 (0.1) 2 1 e' 0 001 
\R 2 (x)\ < ± =! (0.1) 3 « 0.0002. 



3! 



x 3 = 



2z (3 - 2z 2 ) 



e 



—z 



x 3 , and 



23. 



/ (x) = *V2 => /' W = ^-l/ 2 => /" (x) = -1,-3/2 ^ r W = 3^-5/2 ^ /( 4) = _ 15^-7/2^ SQ , (9) 

/' (9) = I /" (9) = - ^, and /"' (3) = ^ . Thus, P 3 to = 3 + \ (x - 9) - ^ (* - 9) 2 + 3^ (x - 9) 3 , 



= 3, 



R 3 (x) = 



/< 4 > W 



4! 



(*-9) 4 = - 



15 



1 



0.000027. 



24. 



/to = - => = -X 



S" to = 



X 



X 



X 



/(5) w = _£1 /(6) (x) = ^, go / (1) = 1, /' (1) = -1, /" (1) = 2, /'" (1) = -3!, /< 4 > (1) 



jc 6 x 7 



= 4!, 



and /< 5 > (1) = -5!. Thus, P 5 (jc) = 1 - (x - 1) + (x - l) 2 - (x - l) 3 + (x - l) 4 - (x - l) 5 , so 



|* 5 (*)l = 



/ (6) (z) 



6! 



(* - I) 6 



(x - l) 6 



< 



(0-1) 
(0.9) 



2.09 x 10 



-6 



25. / (x) = tan* => /' (x) = sec 2 * => /" (x) = 2 sec 2 x tan * => (x) = 2 sec 2 * ^2 tan 2 * + sec 2 ;c^ => 
(,) = 8sec 2 jctanjc (2 sec 2 * + tan 2 *), so / (0) = 0, /' (0) = 1, f" (0) = 0, and f" (0) = 2. Thus, 



P 3 (x) = x + ^* 3 , /? 3 (x) = ^-^-x 4 = 



sec 2 z tan z ( 2 sec 2 z + tan 2 z ) 10 f?) 
^— ^-jc 4 , and \R 3 (jc)| < — 5d2 



1.268 



26. / (jc) = sec jc => /' (jc) = sec jc tan x => f" (jc) — sec jc ^sec 2 x + tan 2 x^ => f'" (x) = sec x tan jc ^5 sec 2 x + tan 2 jc^, so 

w// ^\ sec z tan z (5 sec 2 z + tan 2 z ) 



/ (0) = 1, f (0) = 0, and f" (0) = 1. Thus, P 2 (x) = 1 + ^x z , J? 2 W = 
and |fl 2 Ml < 5 (?) 3 ^ 0.1116. 



3! 



3! 



x\ 



27. f{x) = \n(x+\)^ f'(x) = 



1 



r w = - 



i 



r M = 



3! 



x + 1 ' " v * y (jc + l) 2 (jc+ l) 3 

/ (3) = In 4, f (3) = I f" (3) = and / w (3) = Thus, P 3 W = ln4+ J (x - 3) - ^ (x - 



, so 



(x + l) 4 
3) 2 + T^^" 3 ) 3 ' 



R 3 (x) = 



4! 



4! (z + 1) 



3 4 4! 



0.0031. 



28. 



/ (x) = coshx ^> /' (x) = sinhx ^> / /r (x) = cosh* ^» / w (x) = sinhx ^> (x) = cosh* ^> /^ 5 ^ (jc) = sinhx 
=> /(6) ( x ) = cosh*, so / (0) = 1, f (0) = 0, f" (0) = 1, (0) = 0, (0) = 1, and /^ 5 ) (0) = 0. Thus, 



x 6 , and | /? 5 (jt)| = 



cosh z a 



<l±fl(l)6« 
~ 2 • 720 w 



0.0021432. 



f(n+l) / n 

29. Take / (x) = ^ with c = 0. Then f (x) = f" (jc) = • • • = (jc) = ^, so (jc) = i- ^x w+1 = 

(n + 1)! 

3 0.2 ( 0 .2)"+! 



(n+ 1)! 



JC 



n+l 



where z lies between 0 and 0.2. Thus, \R n (jc)| = 



e z \x\ n + l 
(n+l)! 



(n + l)! 



0.000083 < 0.0001 if n = 3, so 



^0.2 % 



2 3 

ft (0.2)= l+x + y + 



1.2213. 



x=0.2 
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f(n+\) / 7 \ e z 

30. Take / (x) = e x with c = 0. Then f (jc) = f" (jc) = • • • = (x) = e x , so R n (x) = J — ^f-x n+1 = — -x n + l 

+ (n+\)\ 

i e z \x\ n+1 e°(0 5) n + l 

where z lies between -A and 0. Thus, \R n (x)\ = ' ' , < / ' ^— % 0.000022 < 0.0002 if n = 5, so 

z (n + 1)! (ft + 1)! 

~ 1/2 ^ 5 B) = 1+ * + t + S+£+^ ,„ 

x=-l/2 



31. Take / (jc) = with c = 9. Then /' (x) = ^x" 1 / 2 => /" (x) = -\x~ 3 / 2 => /'" (x) = I*" 5 / 2 , so / (9) = 3, 

/' (9) = I and /" (9) = Thus, F 2 (x) = / (9) + /' (9) (x - 9)+^p- (x - 9) 2 = 3 + £ (x - 9) - ^ (x - 9) 2 , 

and so V^OT % P x (9.01) = 3 + £ (0.01) % 3 + 2£i % 3.00167 with error less than % 4.6 x 10" 7 < 0.00005. 

32. Take /(jc) = %x with c = -8. Then /' (jc) = jJC" 2 / 3 , /" (jc) = -§JC -5 / 3 , and 

f w (7) 10 ('jv- _i_ 
/"' (jc) = Mx-V 3 . We consider /? 2 to = - — — (x + 8) 3 = ^ • V ; where z lies 

27 z 3! 27z 8 / 3 3! 

10 (0 2) 3 

between -8 and x. \R 2 (jc)| < ^ • ^— — » 0.0000019 < 0.000005, so we can use 

27 -8 8 / 3 6 

^2 (*) = / (-8) + f (-8) (* + 8) + f,,( ~ S) (x + 8) 2 = -2 + ^ (x + 8) + ^ (* + 8) 2 , so 
^/^2 % P 2 (-8-2) = -2 + ^ (-0.2) + ^ (-0.2) 2 % -2.01653. 

33. Take / to = - with c = -2. Then f (x) = — -=-, f" (x) = -5-, and 

x x l x 5 

z: fill / \ z: 

/'" (jc) = j. We consider # 2 to = (* + 2) 3 = -r (x + 2) 3 where z is 

;c 4 3! 3!z 4 

between -2 and jc. Then |J? 2 tol < ^4 (0.1) 3 » 0.00006 < 0.0005, so we may use 

^2to = /(-2) + / / (-2)(x + 2) + ^|^(x + 2) 2 = -\ - l(* + 2)-£(* + 2) 2 , giving 
-JJ = f (- 2 - 1 ) % p 2 (-2.1) = - 1 (-0.1) - I (-0.1) 2 « -0.476. 

34. Take / (x) = \nx with c = 1. Then /' to = -, /" to = — /"' (jc) = / (4 > (jc) = . . ., 

/( .) w . (_,)-, Now R , w , « „ _ c '.« , izi^L _ „.+, .* _„. ^ <£zi)p:, 

jc" (n + 1)! (n + l)!c" n+1 

(0 2) w+1 

so !!?„ (jc)| < , = 0.000064 < 0.0001 if n = 4, so we use 

ft + 1 

p 4 to = / a) + /' (l) (x - 1) + (x - 1) 2 + (x - 1) 3 + (x - 1) 4 

= 0 + (x - 1) - \ {x - l) 2 + \ (x - l) 3 - \ (jc - l) 4 , 
and In 1.2 » P 4 (1.2) = 0.2 - \ (0.2) 2 + ^ (0.2) 3 - \ (0.2) 4 % 0.1823. 

35. Take / (*) = sin* with c — 0. Then / r (x) = cosx, f" (x) = — sinx, f'" (x) = - cos*, /( 4 ) (x) = sinx, .... We 
consider R 3 (x) = ^ x 4 = ^^x 4 . Observe that \R 3 (jc)| < % 4.2 x 10~ 6 < 0.00001, so we can use 

P3 (x) = f (0) + /' (0)x + -^-x 1 + L JT Lx3 = x - 37. § ivin § ^O- 1 * p 3 (0.1) = 0.1 - ±^f- » 0.09983. 
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36. Take f (x) = cos* with c = 0. Then f (*) — — sin*, f" (x) — — cos*, f" (x) — sin*, 



/( 4 ) (x) = cos*, . . Now |/?4 (*)| < 



/® (*) 



PC 



5! 



< 



(0-5) : 
120 



2.60 x 10" 4 < 0.0005, so 



2 4 

cos0.5^P 4 (0.5)= l-^ + ^L 



= i _ ®sr_ (0-5) 



jc=0.5 



2! 



4! 



0.8776. 



37. Take / (*) = cosx with c = 30° = noting that 32° = £ + ^ = /' (*) = - sin*, /" (*) = - cosx, 
(x) = sin*, /( 4 ) (*) = cos*, /( 5 ) (*) = — sin*, . . .. Now R 2 (*) = — — — (* — ^) , where z lies 



between * and ^. Observe that \R 2 0*01 = 



/'"to I 
3! 



* — 



7T 



< ^ («^) 3 ^ 7.1 x 10" 6 < 0.0001, so we may 



cos32° = cos^ ■ * P 2 (£) = f - \ (ft) - ^ (^) 2 



0.8480. 



38. Take / (*) = sin* with c = 60° = f , noting that 69° = f + ^ = 

f (x) — cos*, f" (x) — — sin*, f"'(x) = —cos*, (*) = sin*, Observe that 



\R 3 (*)| = 



sinz| 



4! 



* — 



7T 

T 



< ^ (|j) 4 « 2.5 x 10" 5 < 0.0001, so we may use 



*>(*) = /(?)+/' (f) (*"f) + 



/" (f ) 



2! 



(-"f) 2 = f + H--f)-^(--f) 2 -2^(--f) 3 'g i ving 



sinoy _ sin - ^3 y-^y j _ ^- + ^ l2()j — [20) ~ \2T)) 



« 0.9336. 



39. / (*) = eT* =» /' (*) = -*T* 

/("+!) (z) 



/" (*) = e"* 



so 



*«« = V^f*" +1 = ( J) 

(ft + 1)! 
Then if |*| < K, we have e 



— X 



(w+ 1)! 

< e K , so (*)| < 



x w+1 where z lies between 0 and *. Now let K be any positive number. 



e K i*r +l 

(n + 1)! 



and lim 



«->00 (ft -f 1)! 



= lim 



* 



n+\ 



n->oo (n+ 1)! 



= 0 



n 



hm R n (*) = 0, and so e = lim ^ (— 1) 

— >oo /woo 

A:=() 



k\ 



40. / (*) = cos* =^> f (*) — — sin* => f" (*) = — cos* =^> f" (*) = sin* => /( 4 ) (*) = cos* 

y(«+l) ^\ 

=^> • • • . R n (x) — — 7ti--x" +1 , where (z) is one of {zbcosz, ±sinz). In any case, 

(n + 1)! 



0 < \R n (x)\ = 



* 



r +1 < 



* 



n+\ 



(n + \)\ 



because I cos u I < 1 and I sin u I < 1. But lim 



* 



n+\ 



n^oo ( n + 1)! 



= 0, so 



00 x 2n 

lim R n (*) = 0, showing that cos* = ^ (— l) 77 

n^oo " ^—f (2n)\ 



41. / (*) — sin* => f (*) = cos* ^> / r/ (*) — — sin* =^> f" (*) — — cos* =^> /( 4 ) (*) = sin* 



0<|^(*)| = 



(n + 1)! 
/0.+D ( Z) 

(/i + l)! 



(* — -J) W+ , where (^) is one of {zbcosz, ± sinz}. In any case, 



* — 



7T 



< 



* — 



7T 



* — 



7T 



■ — because Icoswl < 1 and Isinwl < 1. But lim 
(n+ 1)! "^00 ( n + 1)! 



= 0, 



V2 



00 



7T\n 



so ^lirn^ R n (*) = 0, showing that sin* = ^ X (-l) n(n ~ l)/2 



«=0 
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42. / (x) = s'mhx => f (x) = cosh* => f" (x) — sinnx 



. If k is a positive number and |*| < then 



/("+D (x) 



< M 



M \x\ n+l 

for \x\ <k, where M is the larger of |sinhx| and |coshx| for \x\ < k. Thus, \R n (x)\ < — — — for |*| < k. Since 



lim — 

n^oo (n + 1)! 



= M lim 

n^oo (n + 1) 



oo x 2«+l 



- = 0, we see that lim R n (x) — 0, and so sinhx = ^ — 



43. / (*) = cosh* => /' (*) = sinhx => /" (x) = cosh* 



n=0 

. If A: is any positive number and |jc| < k, then 



f(n+\) ^ < m £ or | x | < ^ where M is the larger of |sinh x\ and |cosh.x| for \x\ < k. Thus, \R n (x)\ < — for 



(n+1)! 



x\ < k. Since lim 



M\x 



ii+l 



«->oo (n + 1)! 



= M lim 



n+1 



«->oo (n + 1)! 



= 0, we see that lim R n (x) — 0, and so cosh* — ^ 

w— >oo *-~> 



oo x 2n 



n=0 



f(n+l) / \ 

44. /(jc) = sin* => /?„ (*) = ^- ^ (jc - ?) \ where (z) = icosz or isinz. So (z) 



< 1, so 



1^(41 = 



(z) 



n+1 



(x) 
(n+1)! 



x — 



7T 



ra+1 



< 



X 6 



n+1 



(n + 1)! 



. Since lim 



x — 



7T 

"6 



n+1 



«->oo (n + 1)! 



= 0, we 



have lim R n (x) = 0, so the function has the given power series representation. 

ft— >OG 



45. The percentage of the nonfarm workforce in the service industries x decades from now is given by P (x) = f 6<? 1 /^+ 1 ) dt. 



Let u — — i — , so that 2? + 1 = — and t — - ( - 
2? + 1 w 2 



Therefore, dt — ~ , so we have 



2m 2 



P(*) = 



W 2 W 3 W 4 . f 

1 + 21 + — + — + — \du = -3 

2 6 24 




1 I \ u u* 
-^ + - + - + - + — \du 

u 2 u 2 6 24 




Therefore, P (x) 



-+ 



(2jc + 1) + In 



\2* + l) 



+ 



1 



+ 



1 



+ 



:+l) 3 ] 



2(2x + l) ' 12(2x + l) 2 72 (2x 
the condition P (0) = 30, we find P (0) = -3 (-1 + In 1 + \ + ^ + ^) + C = 30 => C % 28.79, so 



+ C. Using 



-3[- 



(2* + 1) + In 



(2^+1) 



+ 



1 



+ 



1 



+ 



1 



+ 28.79. Two decades from 



2(2*+ 1) ' 12(2* + 1) 2 ' 72(2* + 1) 3 J 
now, the percentage of nonfarm workers will be P (2) ~ —3 ^—5 + In ^ + jq + 3^ + 9^0) + 28.79 ~ 48.31, or 



approximately 48%. 

46. The average concentration of carbon monoxide between t = 0 and t = 2 is 

A = \ft 0.01 (o.2r 2 + At + 64^ = 0.005 J 0 2 (o.2r 2 + At + 64) </f . To obtain a 

/ 9 \ 2 /3 

second Taylor polynomial of the integrand at t = 0, we compute / (?) = 1 0.2r z + 4? + 64 J 



/' (f) = 2 (^0.2r 2 + 4r + 64) 1/3 (0.4? + 4) = § (0.1? + 1) (o.2? 2 + At + 64) 



-1/3 



f" {t) = I (0.1) (0.2? 2 + At + 64) 1/3 + § (0.1? + 1) (-^) (0.2? 2 + 4? + 64) * /0 (0.4? + 4). Thus, 

/ (0) = 64 2 / 3 = 16, /' (0) = § (64)" 1 / 3 = |, and f" (0) = f (0.1) (64)" 1 / 3 + f (-^) (64) " 4 / 3 (4) * 0.05278. 
Therefore, P 2 (0 = 16 + f ? + ^Z^r 2 % 16 + 0.66667? + 0.02639? 2 , so 



-4/3 



A % 0.005 Jo 2 (l6 + 0.66667? + 0.02639? 2 ) dt = 0.005 (l6? + ^67 ? 2 + 002639^ ^ % 0.167, or approximately 
0. 17 parts per million. 
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47. We are given that y = P\ (x) = / (c) + f (c) (x — c) is the first-order Taylor polynomial of / at c. Now an equation of 
the tangent line passing through (c, / (c)) with slope f (c) is y — f (c) = /' (c) (x — c) or y = / (c) + /' (c) (* — c). 
Comparing y = P\ (x) with this equation gives the desired result. 

48. P n ( x ) = /(c) + /'(c)fr-c) + ^^(jc-c) 2 + .-- + ^^(*-c)» 

2! n! 

1* (x) = /' (c) + /" (c) (x - c) + • • • + (x - c) w " 1 

(n - 1)! 

p^w = r(c)+...+^^(x-cf- 2 



pto (x) = /to (c) 

Thus, P^ (c) = /' (c), P,? (c) = /" (c), . . ., P w (w) (c) = /to (c). 

1 1 2 
49. Let / (jc) = In (1 + x) => /' (jc) = => /" (jc) = T => /"' (jc) = =-. By Taylor's Theorem with 

1 + * (1+*) (1+*) 3 

f " ( Z ) r> X 1 

c = 0, In (1 + jc) = / (0) + /' (0) x + Ri (x), where Pi (jc) = L ^r 1 x 1 = -— -, where 0 < z < x; that is, 

2! 2(l + z) 

In (1 + x) = x - — — < x, since — — > 0. Next, In (1 + x) = f (0) + /' (0) x + 2 | x 2 + R 2 (jc), where 
P 2 (jc) = — — — x 3 — ^ ^ — — , where 0 < z < x\ that is, In (1 + x) — x — ^x L H P ^ > x — , since 



3! 



— where 0 < z < x; that is, In (1 + x) = x — ^x L H = ^ 

3 (!+* 3 ) 3[l + (l + z) 3 ] 



3 

t- > 0. This shows that In (1 + x) < x. 



3(l+z) 

50. By Taylor's Theorem with / (jc) = shuc => f (jc) = cosx => /" (jc) = — sinjc, we find that 



f (c + h) — f (c) + /' (c) /z H — h 2 , where z lies between c and c + h. This can be written as 

Ad 

h 2 h 2 h 2 

sin (c + n) = sine + h cose — — sinz, and so |sin (c + h) — (sine + h cosc)| = — | sin z | < — . 

51. True. Suppose / (x) = a n x n + a n _\x n ~ x + • • • + a\x + ciq, n ^ 0. Then / (0) = aq. Also, 

f (jc) = na n x n ~ x + (n- \)a n _\x n ~ 2 H \- a { ^ f (0) = a\, f" (x) =n(n- \)a n x n ~ 2 H h 2a 2 

/ r/ (0) = 2#2. Continuing, we have f" (0) = 3!a3, . . ., (0) = n\a n , so the Maclaurin polynomial of degree n for / is 

f" (0) f to (0) 

P„ (r) = / (0) + / (0)x+ -^-x 2 + • • • + ^-x n = a 0 + fli* + a 2 * 2 + • • • + = / (*)• 

2! 

52. False. / (x) = P n (x) + P„ (jc), where R n (x) = J — ttt-x^ 1 = —x n + l ^ 0 for any x # 0. Therefore, 

(w + 1)! (« + l)! 

e ai #P»(0.1). 

* 2 JC W 

53. True. e x = 1 + x + — - H 1 H .If* > 0, then e x > \ + x because all terms of the series are positive. If x — 0, 

2 n! 

x 2 

then e° = 1 and the inequality holds. If x < 0, then the series is an alternating series with e x — 1 — x < — , which is 
positive. 

n (n — 1) 9 

54. True. The Binomial Theorem implies (1 + x) n — \ + nx -\ x L + • • • + x n , which is the same as the nth-degree 

— ! 

f" (0) o f to (0) 

Maclaurin polynomial for /: P n (x) = f (0) + /' (0) x + ^— —x 2 + • • • + — x n = 1 + + • • • + x n . 

2! n\ 
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1. a. function; integers; nth term 



b. converge 



c. for every; positive integer; n > N 



2. a. cL; L + M; LM; L/M; 

3. a. partial sums { S w } 



b. lim c n 

n—>oo 

b. geometric; 1; 1 



4. a. 0; diverges 



b. cA + 5 



5. a. convergent; divergent 



6. a. converges; a n > b n 



71=1 

b. a positive number; converge (diverge); diverge (converge) 



7. a. an alternating; <; 0 

8. a. ^\a„\ 



b. a n+ \ 

b. conditionally; absolutely 



c. absolutely 



d. converges; diverges; inconclusive (e) converges; diverges; inconclusive 



oo 



9. a. a n ( x — c ) n 

72=0 

10. a. > (x 

72=0 

d. Taylor series 



-c) n 



b. x — c\x 



b. partial sum 



c. c; /; x and c; (x — c) nJr 

(n + 1)! 




1. lim 



n 



— lim 



1 



n— >oo 3/7 — 2 «— >oo a _ £ 



1 

3 



1 _L 1 

2. lim ~- = lim — = 0 

72— > oo 2« z 72— >oo 2 

3. lim [2 + 3 (0.9fl = lim 2 + 3 lim (0.9f = 2 + 3 (0) = 2 

77— >OO l J n^OO 72— »00 

4. The sequence diverges because the terms grow without bound in absolute value and alternate in sign. 



n x A , x 

5. a n — . Consider / (x) = - — for x > 2. Using l'Hopital's Rule, lim 



1 



Inn 



\nx 



— lim — = lim x = oo, showing that 

Y—^no 1 r — ^ on 



.v— >oo In x x—>oo 1 x— >oo 



n 



lim 

«->oo Inn 



diverges. 



In (x 2 + l) 



2x 



\n(x 2 + \) x 2 + l 2jc 
6. Consider / (x) = — — . Using l'Hopital's Rule, lim — — = lim — ^ — = lim — = 0, so 



x 



x— >oo 



X 



x— >oo 



1 



x 2 + 1 



In (n 2 + l) 
lim — ^ = 0. 



72— >OC 



7. Since 0 < 



n 

cos n 
n 



1.1 ... cos n 
< — and lim — = 0, the Squeeze Theorem implies that lim = 0. 

n 72— >oo n n—>oo n 



684 Chapter 9 Infinite Series 



n 



8. Let x = — . Then n — 3x. Also, x — > 



oo as ft — > oo. Thus, 



lim ( 1 + 



lim + = 

ft— >oo 



*f = H 
ft / x- 



lim I i + — ] 



2(3*) 



= n m [(, + Iff = [ n m (i + Iff = 



<? 6 , so 



9 ^ 

9. The series is a geometric series with a = 1 and r = | , so > I - I = 

«=0 



1 



= 3 



1 - 



in v (— - -L \ - v /"IV _ I v /IV - — I _J_ _ I _ I _ 

^3" 4"+lJ"^V3/ 4^U/ 1-4 4 * i _ 1 ~ 2 3" 

ft=0 N 7 ft=() x 7 n=0 x ' 3 4 



7 
6 



11. 



1 1/1 1 \ 

^ — = - ^ ( I (use partial fraction decomposition). Thus, 

^— j ft (ft + 3) 3 ^— j \n n + 3 / 



so 



oo 



z 



ft (ft + 3) 

n=\ 
1 

3 ^ 

1 



+ ••• + 




-— VI 

N + 3J_ 



1 



1 



1 



2 3 JV + 1 7V + 2 7V + 3 



, — = lim % = lim - 

^— i n in + 3) Af->oo iV->oo 3 



3 V 2 3 N+l N + 2 N + 3) 3\ 2 3) 



11 

18 



n= 1 x 7 ft= 1 N 7 5 



.—1 — 5 



1 OO 1 oo 

n 1 1 

13. Here a„ = — ^ < — ^ = — Since > — ^ converges, the Comparison Test implies that > — > also 

2ft- 3 + 1 2ft 3 2ft z , 2ft z ^— ' 2ft 3 + 1 



converges. 



14. Here a n = 



H - , and since lim a n = lim 
2ft- 3 — 1 «->oo 



ft- 3 + 1 1 



ft->oo 2ft 3 — 1 



- # 0, the Divergence Test implies that the given series 



diverges. 



15. lim 

ft— >oo 

Test. 



u n+\ 



u 



ft 



(ft + l) 3 



ft->OC 2" +1 



— lim 



2 n ( n + 1\ 3 /1\ 1 

— — lirn^ I J ( — 1 = — <: 1 and so the given series converges by the Ratio 



16. This is an alternating series with a n = 



1 



Vft+T 



. Since %+i = 



1 



1 



< 



</{n + 1) + 1 ^ft+T 



= we see that / is 



decreasing. Furthermore, lim 



1 



</x+ 1 



= 0, showing that a n +\ < a n for n > 1 and lim a n — 0. Thus, the given series 



ft— >oo 



converges by the AST. 



1 1 °° j 

17. Since — ^=^= < —^r and ^ converges, the given series converges by the Comparison Test. 



18. 



sin ft 



ft 2 + l 



1 



1 00 1 

< — . Since ^ — y converges, so does ^ 



oo 



< 



- ft 2 + l 



sin ft 



ft 



ft=l 



ft 



r1« z +l 



n=\ 



19. 



ft + COS ft 

ft 3 + 1 



< 



ft + 1 



2ft 



< 



< 2U - 



ft- 3 + 1 ft- 3 + 1 ft 



ft 



2 00 2 

— for ft > 1. Since — converges, the given series converges absolutely 



ft 



(and thus converges). 



Chapter 9 Review 685 



n ^ (— l) n \nn . , . . Inn _ In* „, , * (1/*) — lnx 1 — In* 
20. > is an alternating series with a n — . Consider / (x) — => / (x) — ^ = - — < 0 

n=2 



n 



n 



x 



x 



x 



forx > 3, so / is decreasing on [3, oo). Furthermore, lim 
Therefore, the given series converges by the AST. 



\nx 



= 0, showing that a„+i < a n for n > 3 and lim a n — 0. 

x— >oo x ft— >oo 



21. Consider / (x) = 



3 



*2 



. Using l'Hopital's Rule, lim 



= lim 

X— >OC X .X— >00 



3 
5 



= oo. This shows that the nth 



(-If 3" 



term of the series, — — , does not approach 0. Therefore, the series diverges by the Divergence Test. 



n 



n 



— lim 



22. We use the Root Test: lim vKT= nm 

ft— >oo ft— >oo V _j_ \y n ft— >oo ( n _j_ 1)^ 



= 0, showing that the given series converges. 



23. Here a n = 



1 



n (In ft) 



is positive and {a n } is decreasing for n > 2. Since 



00 /** Jjc 
, y = lim / y = lim 

72 x(\nxY b^ooJ2 x(\nx) z 6->oo 



1 



In* 



= lim 

/?— >oo 



( \nb + \nl) 



— — !— , the Integral Test shows that the 
In 2 



given series converges. 



24. Let a n = 



tan 1 n 



tan 1 n 



1 a n 
and take b n = —. Since lim — = lim 

n ft->oo b n ft->oo y 2 _j_ ^ 



• ft = lim (tan 1 ft ) 

ft— >oo \ / 



1 



1 + 4 



7T 

— > 0 and 
2 



oo j 

^ - diverges, the Limit Comparison Test implies that the given series diverges. 



n=\ 



25. Since lim 

n—>oo 



a 



a 



n 



— lim 



1-3-5 (2ft - 1) (2ft + 1) 2-5-8 



(3n - 1) 



n^oo 2-5-8 (3ft - 1) (3ft + 2) 1-3-5 



(2ft - 1) 



2ft + 1 2 
lim — - < 1 , the Ratio 

«^oo3ft + 2 3 



Test shows that the given series converges. 



26. Since lim 



gw+1 
an 



= lim 

«^oo 



1-3-5 (2ft - 1) (2ft + 1) 

(n + l)\3 n + l 



ft!3" 



1-3-5 (2ft - 1) 



lim — 

>oo 3 



1 / 2ft + 1 \ 
3 Vft+1 / 



= - < 1, the 



Ratio Test implies that the given series converges. 



oo 



27. £ 

n=\ 



(-1) 



n-\ 



2ft + 1 



oo y 00 i 

= / diverges by the Limit Comparison Test using / — as the test series. But a n 

\ 2ft + 1 ^— i ft 

n= 1 n= 1 



1 



2ft + 1 



satisfies a n . j < a w and lim = 0, so the given alternating series converges by the AST. Thus, the given series converges 

n— >oo 

conditionally. 



28. Here a n = 



1 



■ satisfies a n >\ < a n for n > 2 and lim - 
ft In ft «-» oo n In n 



1 00 (-1)" 

— = 0, so by the AST, 

" M ^— ' ft In ft 



ft =2 



converges. 



00 dx t . /** rfjc 
= lim 



oo j 

= lim In (lnx)|5 = lim (In In/? — In In 2) = oo, so by the Integral Test, ^ 

£->ooL Z J /?^oc " " ^ ft In ft 

« =2 



2 xlnx b^oo J2 xlnx 
diverges. We conclude that the given series converges conditionally. 

oo ( _ 1)n J 



29. We use the Root Test on V n 
the given series converges absolutely. 



- lim pr\ lim y/\a n \ = lim 1 ..... r _ 

"-^ 00 (In ft)" /2 n ^°° _i}nn) n ' z _ n ^°° Vhift 



ll 1 /" 1 

= lim = 0, so 



oo 



30. Consider ^ 

ft=l 



(-1)" tan -1 ft 
ft 2 + 1 



= Z 



00 tan- 1 ^ 



n=l 



«2 + l 



. Since 



tan n 

W 2+l 



7T 



ft 



2ft 2 



00 j 

and ^ — converges, the given series 

^— ( ft 2 

«= 1 



converges absolutely. 
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31. 



> — — — — is an alternating series with a n — - — — . Consider / (x) = for x > 1 . 



n=\ 



In + 1 



In + 1 



2x + 1 



/' to = 



(2* + 1) (^jc" 1 / 2 ) -x 1 / 2 (2) 



1 -2jc 



(2x + 1) 



2V^(2jc+ 1) 



2 < 0 if x > showing that [a n ] is decreasing. Furthermore, 



1 




lim ^ — lim ^_ 

«^oc 2« + 1 «^oo 2v« + (1/^/n 

r An r y/n 
lim — = lim 

ft->oo ft->oo 2n + 

is conditionally convergent. 



= 0, so the given series is convergent by the AST. Next, take b = 1 j*Jn % Then 



n 1 00 1 00 

- . y/ft = lim — -. Since ^ — = diverges, so does ^ Therefore, the given series 

n= 1 v «= 1 



32. Here = (— 1) 



so 



lim 



u 



u 



n 



— lim 



n 1-3-5 

2-5-8 (3« + 2) ' 

1-3-5 (2n + 1) (2n + 3) 



2-5-8 



(3/1 + 2) 2n + 3 

= lim 



«^oo 2-5-8 (3n + 2) (3w + 5) 1-3-5 (2n + 1) 3n + 5 



- < 1. Thus, the 



given series converges absolutely. 
33. 1.3617 = 1.3617617617617 . . . = 1.3 + 0.0617 + 0.0000617 + - - - = H + ^IZ + 



_ 13 617/ J_ 1 

~To + To4\ + To3 + To6 + 



617 



1 



_ 13 

~ To + 10,000 * i _ i 



_ 13 617 

~ To + To* 

617 1000 



1 + 



1000 



_ 13 

~ To + 10,000 ' "999 



10 3 

6802 
4995 



03 + (lO^) 



+ 



34. Here a n = -^r. Now \R n \ < a n +\ and so 



n 



in + l) 3 



< 0.0005 o 



/ 1 y/ 3 

n > I 777777777" I — 1 ^ 1 1.6, so we take n — 12, that is, 
V 0.0005/ 



oo 



we add 12 terms: ^ - — 

n 3 



n-\ 



111 1 

1 " F + 33 " i 3 + ' " ~ T2 3 



0.901. 



35. False. If lim a n ^ 0, the series diverges by the Divergence Test. 

n— >oo 

36. False. Take a n = — and b n = — • Then y]b n diverges, but V a n converges. 

n l n 

37. True. Suppose, on the contrary, that ^ \a n \ converges. Then by Theorem 9.5.2, ^a n also converges — a contradiction. 

38. True. {S n } is monotonically increasing because a n > 0 for every n. If lim S n is finite, then {S n } is bounded above, and by 

ft— >oo 

the Monotone Convergence Theorem, ^ a n converges — a contradiction. Therefore, ^ a n diverges. 

39. It converges for all values of x such that x ^ kir (k = 0, ±1, ±2, . . .). 



Since lim 


u n+l 


— lim 


(n+ \)x n+x 


ft— >oo 


u n 


ft— >oo 


nx n 



— lim \ + 1 ) \x\ — |jc|, we see that the radius of 
ft->oo \ n J 



convergence of the power series is 1, so the series converges for |jc| < 1. Thus, if \x\ < 1, then the nth term of the series 
approaches 0 as n tends to 00. In other words, lim nx n — 0. 

ft-»00 

41. If J] a n is convergent, then {5^} is convergent and hence the {S n } are bounded for n > 1. 

On the other hand, assume that the {S n } are bounded for n > 1. Then since a n > 0, {S n } is monotonically increasing, and 
so by the Monotone Convergence Theorem, ^ a n converges. 



42. Suppose on the contrary that ^ ca n converges. Then ^ ca n = c^a n where ^ a n is convergent, a contradiction. 
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43. We find lim 

ft— >oo 



u n+\ 


— lim 


(-l) n+1 X n+1 


n + 1 


U n 




n + 2 


(-1)" x n 



— lim (— — — | \x\ — \x\, so R = 1 and the series 



00 (—1)" (—1)" 00 1 

converges for— 1 < x < 1. If * = — 1, then we have ^ = ^ , a divergent series. If x = 1, 

^ n + 1 ^ n + 1 

«=() «=() 



then the 



OO 



("If 



series becomes ^ , a convergent alternating series. So the interval of convergence is (—1, 1]. 

n + 1 



n=0 



44. We find lim 



M ft+1 


= lim 


(n + l) 2 (x - 2f +1 


Wft 


n— >oo 


2 «+l 



2" 



n 2 (x - 2)" 



= lim n \x — 21 = A \x — 21 < 1 or 

«^oc 2n 2 2 



^ n 2 (-2) n ^ 

^ — 2| < 2, so /? = 2 and the series converges for 0 < x < 4. If x = 0, the series is > — — = > (— l) w n , which 



n=\ 



n=\ 



oo n 2 2 n 



, which also diverges. So the interval of convergence is (0, 4). 



n=\ 



45. We find lim 


Wft+1 


— lim 


n—>oo 




n—>oo 



(-2x) 



n+\ 



n z + \ 



(n + l) 2 + 1 (-2x) 



n 



= lim 2 

ft— >oo 



yn 2 + 2n + 2 J 



x\ = 2 \x\ 9 so R = ^ and the series 



00 1 00 (— 
converges on ( — j, jj. Atx = — ^, the series is ^ , which converges. If x = ^, the series is ^ , which 

ft=0 U n=0 n 

also converges. Thus, the interval of convergence is — j , | J . 

/ ( x _|_ 2) n \x + 2| 

46. We use the Root Test: lim -y/\a n \ = lim "/ - — = lim = 0, so R = oo and the interval of convergence is 



ft— >oo 



ft— >oo 



ft— >oo n 



(— oo, oo). 



47. We find lim 

ft — > CXD 



M ft+1 


= lim 


Jt n+1 n(lnn) 2 




ft— >CO 


(n+l)[ln(n+l)] 2 x n 



ft-^cxD \ n + 1/ |_ln(n + 1)_ 



oo 

the series converges on (—1, 1). If x = —1, the series is which converges, and if x = 

which converges by the Integral Test. Thus, the interval of convergence is [—1, 1]. 
48. We find 

' (-If + 1 (n + 1)! (x - l) n+1 2-4-6 (2n) 



x\ — \x\, so R — \ and 



1, it is "V — 

^n(lnrc) 2 



lim 


u n+\ 


= lim 


ft— >oo 


"ft 


ft— >oo 



2-4-6 (2n) (2n + 2) (-1)" rc! (x - 1)" 



— lim 



ft->oo \ 2n + 




x — 1 1 = ^ |x — 1 1 < 1 



oo w j2« oo 

or \x — 1| < 2, so R — 2 and the series converges on (—1, 3). If x = — 1, the series is ^ - — - — — = ^ 1, which 

^— \ 2-4-6 2n i 

n=\ ft= 1 



oo 



00 (_ xy 1 n\2 n 

diverges, and if x = 3, it is 7 - — - — — = 7 (—1)", which also diverges. Thus, the interval of convergence i 



n=\ 



IS 



ft=l 



(-1,3). 

3 



49. 



CO 



00 



1+ x 1 - (-Jt) 



^](-;tf = 2](-l)"^+ 3 



ft=() 



ft=() 



. 00 (-x 2 ) 00 /_ n ft 2ft+l 



«=() 



ft=() 



00 (-1)" (x 2 ) 00 r 4ft 

«• »" 2 - Z — aV- - Z (-■>" 



ft=0 



ft=0 



(2n)! 
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52. lnx = ln(3 + (x 



-3)) = ln (s( 



1 + 



x-3 



53. yr 



+ X 2 = 



))=ln3 + f;(-l) 

/ / n=l 

/1 2\ 1/2 1 12 _1 ) / o\ 2 

(l + x 2 ) = 1 + 2* 2 + — — ^(x 2 J + ••• + 

1 12 ^ , nB 1 1-3-5 (2n-3) 2w 

«=2 



n=l 



n3 n 



+ 



54. cosx = cos + (x — ^)) = cos ^ cos (x — ^) — sin ^ sin (x 

„ (x - f) 2 " _ 1 «. ( _ 1} „ (x - f) 2 "* 1 



-f) 



^i(-i) 



2 



n=0 



2n\ 



n=0 



55. lim 



56. lim 



M /2+l 


— lim 


(2/z + 2)!x" +1 


(n!) 2 




u n 


n—>oo 


[("+1)!] 2 


(2n)!x w 




u n+\ 


— lim 


(n + If +1 (x - 


lf+1 




U n 


(2* + 2)! 





(2/z+l)! 



r (2/i + 2) (2w + 1) , 
lim = |x 

(w+1) 2 



= 4 |x| < 1 <=> |jc| < |, so # = I 



(2n)! 



lim 



(/i+l)(*±i) U - 1| 
(2n + 2) (2/2 + 1) 



= 0, so = 00 



57. 



— x 



dx = - 



1 

2 



2 3 
x L x J 



(-If 



dx 



1 , x x 2 (-If „ , 

1 + + ••• + - — —x n ~ l + 

x 2! 3! n! 



00 



dx = ln|x| + ^(-lf 

«=1 



/1 



/z!n 



+ C 



58. 



x x 



2 3 
x z X J 

1 + * + 2! + 3! + 



n 



+ — + 1 



w! 



dx = 




x x^ 
1+ 2! + 3! 



+ ••• + 



+ 



dx 



00 n 
X 



•y 2 -y 3 y ft 

«= 1 



2!2 3!3 



/l!/2 



+ C 



59 



JO 



x 



2 dx = 



0.2 



0 



■ ♦ 1 H) ♦ %^ p) 



2! 
0.1 



+ 



/•0.2 
dx = j ( 1 



(>- 



1 r 2 1 Y 4 



....) 



dx 



= (*-£* 3 -w* 5 -"-)lo * a 



199 



60, 



0 



0.1 H).l 

cos^/xJx = / 

JO 



2 



2! 



4! 



- f r _ 1 r 2 . 1 r 3 _ 1 4 , 

- jx ^x + ^x 2880 x + 



6! 



) 



dx = 




2 3 

1 H 

2 24 720 



+ 



dx 



0.1 
0 



0.098 



61. / (x) = = 1 + x + £ + t + .. • , so / (-0.25) = ,-0.25 = ! _ 0 .25 + ^ - ^ + ( °- 25)4 



62. / (x) = 



2! 3! 

3 5 
x J x J 

sinx = x — — + 



6 



24 



0.779 



x 



+ • • • and 2° = 



3! 



5! 7! 



7T 

90 



radians, so 



sin2 ° = l> " 5 (^) 3 + 120 ) 5 " ' ' ' w 00349066 " 00000071 * 00349 - 

63. / (x) /' (x) = lx"V2 => (,) = _ l x -3/2 ^ /W (JC) = 3^-5/2 ^ /( 4) (jt) = .15,-7^ so 

/ (1) = 1, f (1) = \, f" (1) = -|, and f" (1) = |. Thus, P 3 (x) = 1 + ^ (x - 1) - \ (x - l) 2 + £ (x - l) 3 and 



*3 W = 



4! 



(x - 1) 



4! 



(J - 1} 4 = £ "I) 4 

7 128z 7 / 2 



, where z lies between x and 1 . 
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64. / (x) — cosx => f (x) = — sinx =^> f" (x) — — cosx => f" (x) — sinx => /( 4 ) (x) = cosx, so / (?) = ^, 



/? 3 (x) = 



/ W \4 = COS£ 

4! V Tj 24 



(x — yj , where z lies between x and ?. 
65. / (x) = cscx =^> /' (x) = — esc x cotx => /" (x) = esc x cot 2 x + esc 3 x => (x) = — esc x cot x ^cot 2 x + 5 esc 2 x^, 



so 



/ (f ) = 1, /' (f ) = 0, and /" (f ) = 1. Thus, P 2 (x) = 1 + \ (x - f ) 2 and 



f" ( 7 \ „ esc z cot z (cot 2 z + 5 esc 2 z) 

Rl(x) = Up. {x -*f = v ) 



v z , (x — y) , where z lies between x and 

66. f (x) = lncosx => f'(x) = -tanx => /" (x) = -sec 2 * => f"'(x) = -2sec 2 xtanx, so / (^) = ln-^, 



- and /" (£) = -|. Thus, P 2 (x) = In ^ - ^ (x - £ ) + § (* - £) 2 and 



/'(?) = " 



*2 (*) = 



^ (x — £) 3 = — S6C ^ ( x _ 2E) 3 ; where z lies between x and £. 



67. 0 < - V^") = (V^O - 2 (V^O (V^w) + W^n) =a n - 2^/a n b n + b n => y/a n b n < j(a n + b n ). Using this 



inequality, we see that if X^Li a n an d X^Li ^« are convergent (so that ^ + b n ) is convergent), then by the 

Comparison Test, so is Y^L\ a nb n - 

68. We write the series in the form S = ( — J J- — ) + ( J- | H h ( —J- J- ) + 

VV2-1 V2+1/ VV3-1 >/3 + l/ + 



1 



1 



for n > 2. The nth term a n = — ^ ^ _ 

diverges (by comparison to the divergent harmonic series). 

R 2 fi Q IR 2 1 fi 0 IR 2 



2 2 

> - for n > 2, showing that the series 

n — 1 n 



69. 5 = 



Mo 7 



(* 2 + y 2 ) 3/2 



|y 2 [l + (*/y) 2 ]) 



3/2 



2y 3 



1 + 




21 "3/ 2 



2y 3 



2 



-K9 



2! 



a- 



If y is large compared to R, then all subsequent terms within the square brackets are small compared to the first term, and so 



B 



2y3 ' 



70. E = 



1 



2XL 



XL 



1 



XL 



4n£0 yVy 2 + L 2 2 ^^oy 



XL 



2ir£ 0 y 



1 



(y 2 [l + (L/y) 2 ]} 



V2 27T£ 0 y 2 



1 + 




21-V2 



If y is large compared to L, then all subsequent terms within the square brackets are small compared to the first term, and so 



E 



1 



2XL 



47T£o y 



2 ' 
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Challenge Problems 



1. Xn — 



1 1 

+ 



y/n 2 + 1 x/n 2 + 2 



+ ••• + 



1 



1 



y/n 2 + n y/n 2 + 1 sj n 2 + 1 



1 1 

+ ••• + 



n 



1 1 1 

+ , + • •• + 



1 



y/n 2 + 1 y/n 2 + 2 



> 



+ 



1 



y/n 2 + n V n 2 + n y/n 2 -\-n 
That is, y w < x /7 < z /7 . Now since lim y w = lim 

y/n 2 + n n 



+ ••• + 



Vn 2 + 1 y/n 2 + 1 
1 



= z /7 and 



y/n 2 -\-n y/n 2 + 



= y« 



= lim 

— >oo 



1 



= 1 and 



lim z,2 = lim 



n 



= lim 



1 



1 + ^ 



= 1 , the Squeeze Theorem implies that lim x n = 1 . 



2. / (x) = lim 



x 2n - 1 

n—>oo x 2n + 1 



9 . Jt 2 " - 1 

a. If \x\ < 1, then lim x = 0 and so lim — 

77— >oo n— >oo + 1 



= -i; 



b. 



if \x\ = 1, then lim 



x 2n - 1 



0 



— lim — = 0; and if 

77— >oo x ln + 1 n—>oo 2 



y | 
1-- 



x I > 1 , then lim 



x 2n - 1 



1 - 



1 



= lim 



x2n = 1. 



-1 o 



77— >00 



1 + 



1 



X 



In 



Therefore, / (x) — 



-1 if U| < 1 
0 if |*| = 1 



-l 



1 if |*| > 1 



3. a. cq = l,ei = ^ + ^ = t, 



4 > 



C2 = 



ft + h) + ft + 0 = (§) 2 < 



0 



1 

3 



2 
3 



b. lim c n — lim f i\ 

77— >oo 77— >oo V J / 



= 0 



a ,• , 1 / 9 7 \ i- , y/n 2 +\-n y/n 2 + 1 +n 

4. lim 4/? 1 v n +1 — /i 1 = lim 4/? , = lim 



77^00 




An 



77— >oo 



1 



= lim 



= 2 



77— >oo 



1 + ^T+l 



77 



5. Suppose lim x n = L. Then lim jc w +i = L, so lim * w _i_i = lim J a + *« , where x n =Ja + Ja-\--J--- + Ja 

77— >oo 77— >oo T ra— »oo * T 77— >oo V v 

L = la + lim * w = y/a -\- L => L 2 = a -\- L ^ L 2 — L — a — 0 => L = — — — . Since a > 0, we see that 



77— >OC 



L > 0, and therefore L = \ (l + VI +4a). 



2w 2 . 2x 2 
6. a /7 = 7^7. Consider f (x) = — = . Then / is continuous on [l,oo) and 



3w 3 + 400 



3x 3 + 400 



(3x 3 + 400) (4*) - 2* 2 (9* 2 ) 2* (800 - 3x 3 ) r , , ^ n _ 

/' (x) = ^— - — * — " " = — ~i t-, so /' (x) = 0 => x = J ^ % 6.4 is a critical number of / 

J ' (3* 3 + 400) 2 (3x 3 + 400) 2 J W V 3 7 

By making a sign diagram for we see that / has a relative maximum value at x ^ 6.4. Thus, the largest term of the 

2-6 2 2-7 2 
sequence is either or a-j. Since = - — ^ 0.0687 and aj = - — —5 ^ 0.0686, we see that the largest 



3 • 6 3 + 400 



3 • 7 3 + 400 



term is a^. 



I n 1 n 

7. lim -rr 7 1^1 = li m • • 7 ^ 

77— >oo 17^ -^-^ 77— >oo 

n k=\ n k=\ 



1 + 



1 n (n + 1) i h- ( 1 // ) -v 

= x lim -rr • = x lim 

77^00 2 77— >oo 2 2 
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N ( 1\ 2 N ( 1 \ N N Jchi N 1 

8. ^ I ^fa^ I — ^ I a n y_JL _| — - J — ^ a n — 2 ^ y_JL + ^ — . Since all terms of the finite sum on the 

i \ ft / i\ ft ft J i \ ft \ ft 



iV Af A/' 1 N r— N N , oo 



left are nonnegative, we have a n — 2 + 4^- > 0 => ^>/^« < ^ ^ + ^ _^ Since ^ a w and 

i 1 ft t ft i ft i 1 ft i 

«= 1 1 n= 1 «= 1 1 1 /?= 1 



oo 1 Af 



1 2^fa~ \ 2*JcT~ 1 

^ and a n > 0 for all n, we see that ^ - is bounded above by a positive number. Also, the terms ! w 1 are 

, n z i w ' w 

«=l «= 1 1 J 

positive, and so the partial sums of the series ^ - are increasing as well. By the Monotone Convergence Theorem for 
sequences, lim ^ exists — in other words, ^ ^v^L converges, and therefore ^ \f^*}_ converges. 

A^ ^ oo . fx , fX . fx 

n= 1 «= 1 «= 1 



00 n k n k 
9. Consider the series ^ — for a > 1. Let u n = — . Then 

n= 1 



lim 

n—>oo 



u n+\ 



u 



n 



= lim 

n—>oo 



(n + 1)* a n 



a 



n+1 



n 



1 r (n+l\ k 1 
= - lim I I = -. Since a > 1, hm 

a «— >oo \ n J a «— >oo 



< 



00 rc^ 
1 , and therefore ^ — 



n=\ 



n 

converges. So the nth term of the series must converge to 0 as n goes to infinity; that is, lim — - = 0. 

«->oo a n 



7T/b 



2tt 



10. a. If 0 < x < then / (x) = e ax sinbx > 0, and so A 0 = / e ax sinbx dx.lf f < x < then / (x) < 0 and 



so Ai 



p27T/b 

Jir/b 



—ax 



r37r/b 

s'mbx dx.lf < x < then / (x) > 0 and so A 2 = / 

JlTZ/b 



—ax 



sinbx dx. Continuing, 



we see that A n — {—\) n 



{n+\)n/b 
niz/b 



—ax 



sin bx dx for n = 0, 1,2, 



b. To find J e ax sinbx dx, let u = e ax and dv = sinbx dx, so that du — —ae ax dx and v = — ^ cos/?^:. 
Then I — J e~ ax sinbx dx — —\e~ ax cosbx — % § e~ ax cos bx dx (1). Next, we evaluate 

/ 



—ax 



e — cosbx dx by letting u — e ax and dv — cosbx dx, so du = — ae ax dx and v = ^ sinZ?x. Then 

-<3X 



J e ax cosbx dx — \e ax sinbx + ^ ^ sinbx dx — \e ax sinbx + ^1. Substituting this expression 
into (1) yields / = -\e~ ax cosbx - % (\e~ ax sinbx + £ /) = cosbx - sinbx - ||/ <^> 



/ = — (a sin bx + b cos bx). Finally, / e~ ax sin bxdx — — 



b^ 



—ax 



a 2 + b 2 



(a sin bx + b cos bx) + C. 



c. A n =(-l) n - 



« 2 + b 2 



(a sin bx + b cos bx) 



(n+l)7r 
5 



/77T 



(- 


-1)" 




+ /72 


(" 


-1)" 


a 2 


+ i 2 



HC17T 



. (tt + l)fl7T # 1 

^ (a sinn7r + bcosn7r) — e s sin (n + 1) 7r — Z?cos (n + 1) 7r] [ 



(-If b^~— - (-l) w+1 be'— ■ e~—\ = 



nair 



be b 
a 2 + b 2 



(\ + e C 'b^j for = 0, 1, 2, .. . 
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d. The sum of the areas of the regions Aq, A\, A 2 , • • • is 

OO OO r ^ 



n=0 «=0 L 



a 2 + b 2 



( 



CY7T \ /7<Y7T 



\ + e ~Z~\e ~f> 



) 



00 



a 2 + b 2 



00 OO 

(air \ ^ — > nciTv ^ — , nira v — > / ttci \ n 
1 + e~~b~\ 2^e 5~. But ^ ^ 5" = ^ K"" 5 ") 

n=0 n=0 n=Q 



-na 



is a geometric series with common ratio e b , so its sum is 



1 



7T<7 



7ra 7ra 



. Therefore, 



00 



TVtl 



n=0 



e b + \ 



a 2 + b 2 e Y- X 



1 - y/\ + X 2 COSX 

11. lim = hm 



1 - 



1 + \x 2 + 



Hi" 1 ) 



J 4 + 



2 4 

1- — + — + 

2 24 



14. 1 ,4 1 ,A 



= lim 

x^O 



^x^ + — + higher-degree terms in x 1 



12. lim (- 

w— >oo \ 



-2 + 3- 4H 2n 

>/4w 2 + 1 



= lim 

n—>oo 



= lim 

n—>oo 



x 4 3 
(1 - 2) + (3 - 4) + • • • + [(In - 1) - 2n] 



V4/i 2 + 1 



= lim 



—n 



n ->°° ^4n 2 + 1 



-1 



13. / to = 



1 



1 



1 + x + + x 



OO 



l-* 4 

1 -X 



1 - x 



1 

2 

00 



00 00 00 

(1 - x) £ (* 4 ) = X * 4n " S ^ 4 " +1 

«=() w=0 «=0 



14. Consider the series n^e n . We use the Ratio Test: 

n=\ 



u n 






= lim 


u n+1 





lim 

Ti^OO 



100 — n • 



convergent. 

OO / 



( w + 1)100 e -( w +i) 



w 100 e -n 



— lim 

«^oo 



H) 



100 



-1 



= - < 1, so the series converges. Since 



given series is absolutely convergent, by the Comparison Test. Therefore, the series is 



15. ^ =- is an alternating series with a n = Since a n . 1 = ^ < =■ = a n , we see that is 

^— ( n + x z " n + x z {n + X)+x l n + x z 

ft — 1 



1 00 (—\\n-i 

decreasing. Furthermore, lim a n — lim ^ = 0 for each fixed x in (— 00, 00). Therefore, ^ =- converges 

n^oc n^oo n + x 2 n + x 2 

n= 1 

for all real numbers. 



f (c\) 9 

16. / (x + 2/i) = / (x) + /' to (2h) + J v 17 (2/i) 2 , where ci lies between x and 

/"(c 2 ) 9 

2/z. / (x + /z) = / to + /' (x) /z H — — where C2 lies between x and 

h. Thus, / (jc + 2/i) — 2/ (jc + /i) + / to = /z 2 [2/ r/ (c x ) - /" (c 2 )], and so 



lim J2/" (ci) - r (c 2 )] = lim 

h—> 0 /i^ 0 



2/" (x) - /" (x) = f" (x) = lim 



f(x + 2h)-2f(x + h) + f(x) 

h 2 

f(x + 2h)-2f(x + h) + f(x) 



. But as h — > 0, ci — > x and c 2 — > so we obtain 



h^0 h 2 

17. f(x) = (X+xY = \+x-x + X{X ~ l) x 2 + X{X ~ l l (X ~ 2) x 3 + . . • = \+x 2 - 5 x 4 + ... 9SO 



2! 



3! 



P 3 = 1 +x 2 - kx 3 for |jc| < 1. 



Conic Sections, Plane Curves, and 
Polar Coordinates 



10.1 Concept Questions 



1. a. See page 828. 



b. i. See page 829 



ii. See page 830. 



2. a. See page 833. 



b. i. See page 834 



ii. See page 834. 



3. a. See page 836. 



b. i. See page 838 



ii. See page 838. 



10.1 Conic Sections 



9 9 

1. x = — 4y has the form x — Apy with p = —1, so it represents the parabola with vertex (0, 0), focus (0, —1), and 
directrix y = 1, labeled h. 



x 



2 



2. y = — <=> x 2 = 8y has the form x z = Apy with p = 2, so it represents the parabola with vertex (0, 0), focus (0, 2), and 
directrix y — — 2, labeled a. 

9 9 

3. y = Sx has the form y = Apx with /? = 2, so it represents the parabola with vertex (0, 0), focus (2, 0), and directrix 
x — —2, labeled c. 

4. x = — ^-y 2 y 2 = —4.x has the form y 2 = 4/?* with p = —1, so it represents the parabola with vertex (0, 0), focus 
(—1,0), and directrix x = 1, labeled e. 



2 



2 2 2 2 

* y * y . r~i ? /- 

5. — — I — — = 1 has the form — + — = 1 with a — 3, b — 2, and c = V a L — b z = a/5, so it represents the ellipse with 



4 



a 



2 £2 



vertices (±3, 0) and foci (±a/5, 0^, labeled b. Its eccentricity is 



3 • 



2 2 2 

6. x 2 + — = 1 has the form ^ H — t = 1 w i tn a = 2,b = 1, and c = V a 2 — b 2 — a/3, so it represents the ellipse with 



b 2 



a 



vertices (0, ±2) and foci (o, ±V5) 

, labeled f . Its eccentricity is ^ . 



2 



2 ..2 



7. — — -— = 1 has the form — =■ — = 1 with a = 4, Z? = 3, and c — yja 2 + b 2 — 5, so it represents the hyperbola with 



16 9 



a 



2 b 2 



vertices (±4, 0) and foci (±5, 0), labeled d. Its eccentricity is |. 



2 2 2 

8. y 2 — = 1 has the form ~ — 1 with a = 1, b = 2, and c — y a 2 -\- b 2 — a/5, so it represents the hyperbola with 



2 £2 



vertices (0, ±1) and foci ^0, ±a/5^, labeled g. Its eccentricity is a/5. 
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9. y — 2x L o x A — 4py with p = i, so the parabola has 10. * z = — 12y = 4/?y with /? = —3, so the parabola has 




11. x — 2y <=> y = ^x — Apx with /; = so the parabola 12. y — — 8x = 4px with /? = —2, so the parabola has 




13. 5y 2 = 12.x y z = -^x = 4px with /? = ^, so the 
parabola has vertex (0, 0), focus ^| , 0^, and directrix 



2 12 



14. v 2 = —40x — 4px with /; = — 1 0, so the parabola has 
vertex (0, 0), focus (—10, 0), and directrix x = 10. 



_ 3 
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2 2 

x y 

15. h — = 1 has a = 5, b = 2, and 

c — y/a 2 — b 2 = so the ellipse has foci ^0, 
and vertices (0, ±5). 



±V2T) 




1 A" 



2 2 

16. 1 = 1 has a = 4, b = 3, and c = V a 2 — b 2 = -\/7, 

16 9 

so the ellipse has foci (±V7, 0^ and vertices (±4, 0). 



y \ 




/ y 2- 




"¥ "2 0 
\. — 2- 


1 3 

2 A ; 


-4- 





2 2 

17. \x L + 9y 2 = 36 X — + ^- = 1 has a = 3, b = 2, and 18. 



2 2 

25x z + 16y 2 = 400 ^ + = 1 has a = 5, b = 4, 

16 25 



c = V a 2 — b 2 — V5, so the ellipse has foci (± >/5, 0^ 



and vertices (±3, 0). 



and c = \J a 2 — b 2 — 3, so the ellipse has foci (0, ±3) and 
vertices (0, ±5). 





19. x z + 4y z = 4 o — + y L = 1 has a = 2, b = 1, and 

c = y/a 2 — b 2 = y/3, so the ellipse has foci (±\/3, 0^ 
and vertices (±2, 0). 



x 2 y 2 

20. 2x 2 + v 2 = 4 «=> — + ^- = 1 has a = 2, b = y/2, and 
c = Va 2 - b 2 = V2, so the ellipse has foci (0, ±2) and 



vertices 



(o, ±V5). 
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21. 



x^ 
25 



y 



144 



— 1 has a = 5, b = 12, and 



c = y] a 2 + b 2 = 13, so the hyperbola has foci (±13, 0), 

1 9 

vertices (±5, 0), and asymptotes y = 



V J 1 










y 




/ / 


\ \ 






/ f 


10+5/ 


3 

\ 5 - 


\ A 


I/O- 














"-20- 





2 2 

22. y — - ^— = 1 has a = 4, 6 = 9, and 
16 81 



c = v« +^ — v97, so the hyperbola has foci 

(0, ±V9l), vertices (0, ±4), and asymptotes y = ±%x 



y 




-8 




23. x 2 - y 2 = 1 has a = 1, b = 1, and c = V« 2 + £ 2 = V?, 24. 4y 2 - = 4 <=> y 2 - — = 1 has a = 1, & = 2, and 
so the hyperbola has foci (± 75, o) , vertices (± 1 , 0), and c = ^^2^2 = ^ so the hy p er bola has foci 
asymptotes y — x. ^ ±V5^, vertices (0, ±1), and asymptotes y = ±^jc 





y 2 a: 2 

2 c - 2 — oc " — — = 1 has a = 5, & = V5, and 



25. y 2 - 5x 2 = 25^ 



26. x 1 - 2y 2 = 8 



x 2 y 2 



rt - — = 1 has a = 2V2, b = 2, and 
8 4 



c = yj a 2 + b 2 — V30, so the hyperbola has foci 



c — yj a 2 + b 2 — 2\/3, so the hyperbola has foci 
(0, ±V30), vertices (0, ±5), and asymptotes y , vertices and asymptotes 

_. V2 



\ 10- 

\\ 


M / 

II 

/l 


\\ 


yi 




/ 




1 




; 1— > 


-71 


\ 5 - 


-V 


\ 


// 


\\ 


// 

//-10- 


V 
V 



y = =b^-x. 




27. The parabola with focus (3, 0) and directrix x — — 3 has /? = 3 and axis the x-axis, so an equation is y 2 = 4px = \2x. 

28. The parabola with focus (0, —2) and directrix y = 2 has p — —2 and axis the y-axis, so an equation is x 2 — Apy — — 8y 

29. The parabola with focus §, o) and directrix x — | has p = — | and axis the x-axis, so an equation is 

y 2 = 4pX = - 1 Ox . 

30. The parabola with focus ^0, and directrix y = — | has /? = | and axis the y-axis, so an equation is x 2 = 4py = 6y. 
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31. The ellipse with foci (±1,0) and vertices (±3, 0) has a — 3, c — 1, and b — V a 2 — c 2 = 2y / 2, so an equation is 

2 2 

9 + 8 

32. The ellipse with foci (0, ±3) and vertices (0, ±5) has a = 5, c = 3, and £ = y/a 2 — c 2 = 4, so an equation is 

2 2 
£ + £ = 1. 

16 25 

33. The ellipse with foci (0, ±1) and major axis of length 6 has 2a — 6<^a — 3,c — 1, and Z? = V 'a 2 — c 2 = 2+J2, so an 

x 2 y 2 
equation is — + — = 1 . 

c Ax 2 y 2 

34. The ellipse with vertices (0, ±5) and minor axis of length 5 has a = 5, 2b = 5 <£=> b = so an equation is — — + — = 1. 

2 2 
Jt V 

35. The ellipse with vertices (±3, 0) has a — 3, so the ellipse has an equation of the form — H — =■ = 1. Substituting the point 

9 £> z 

/ /-\ l 2 (^) 2 8 o o x 2 Ay 2 

\\, V2J, we find — + ^ — 1 <^=> ^ = - ^> b L — |, so an equation of the ellipse is — + — 1. 

36. By plotting the points (1, 5) and (2, 4), we see that the ellipse's vertices must lie on the y-axis, so we substitute the 

• • u j j . x 2 y 2 l 2 5 2 n 2 2 4 2 1 1 25 4 16 

points into the standard equation — + — = 1: — 4- — = 1 and — + — = 1^> — + — = — + — <^> 

b L a L b L a 1 b L a 1 b L a 1 b L a 1 

l 2 5 2 28 

a 2 + 25b 2 — 4a 2 + \6b 2 <^=> a 2 = 3b 2 . Substituting, H ^ = 1 <^=> b 2 — — , so a 2 = 28. An equation of the ellipse is 

b z 3b l 3 

3x 2 y 2 
thus — + ^— = 1. 
28 28 

2 2 
x y 

37. The ellipse with vertices (0, ±5) has a = 5, so the ellipse has an equation of the form — + — = 1. Substituting the point 

b z 25 

2 ,.2 



/ o „ , 4 27 400 . . 73* z y 

(2, ^J, we find — + ^— ^ = 1 ^ b L = — , so an equation is + — = 1. 



38. The ellipse with * -intercepts ±3 and y-intercepts ±^ has a = 3 and £ = ^ with major axis along the x-axis, so an equation 

is — + 4y 2 = 1. 
9 

39. The hyperbola with foci (±5, 0) and vertices (±3, 0) has a — 3, c — 5, and b 2 — c 2 — a 2 — 16, so an equation is 

x ±-y± = x 

9 16 

40. The hyperbola with foci (0, ±8) and vertices (0, ±4) has a = 4, c = 8, and £ 2 = c 2 — <3 2 = 48, so an equation is 

2 2 

z_ _ _ = i 

16 48 

41. The hyperbola with foci (0, ±5) and conjugate axis of length 4 has c = 5, 2b = 4 = 2, and a 2 = c 2 — £ 2 = 21, so an 

2 2 

equation is = 1 . 

H 21 4 



x 2 v 2 /_ o\ . 5 2 9 



42. The hyperbola with vertices (±4, 0) has a = 4 and equation — = 1. Substituting ^5, |^ gives — ^ ^ 



= 1 <^> 



x 2 v 2 

25& 2 - 81 = 16b 2 o 9b 2 = 81 <^/? 2 = 9, so an equation is — — = 1. 

16 9 



43. The hyperbola with vertices (±2, 0) and asymptotes y = ±jx has a — 2 and | = |, so b = | (2) = 3 and an equation is 



2 2 



698 Chapter!) Conic Sections, Plane Curves, and Polar Coordinates 



44. The hyperbola with y-intercepts ±1 and asymptotes y — ±j^=x has a = 1 and ^ = j^=, so b = 2^/2 and an equation is 

r 2 

2 x 1 

~ T 

45. Referring to the table on page 840 and Figure 26, we see that (x + 3) 2 = — 2 (y — 4) is an equation of the parabola with 
vertex (—3, 4) opening downward, labeled b. 

(x — 2) 2 (y + 3) 2 

46. — 1 = 1 is an equation of an ellipse centered at (2, —3), labeled d. 

16 4 

(y _ 3)2 ^ _j_ J\2 

47. — — = 1 is an equation of a hyperbola centered at (—1, 3), labeled c. 

16 9 

48. (y — 1) = — 4 (x — 2) is an equation of the parabola with vertex (2, 1) opening to the left, labeled a. 

49. The parabola with focus (3, 1) and directrix x — 1 has vertex (2, 1) and opens to the right with p — 1, so an equation is 
(y - l) 2 = 4 (1) (* - 2) or (y - l) 2 = 4 (* - 2). 

50. The parabola with focus (—2, 3) and directrix y = 5 has vertex (—2, 4) and opens downward with p — —1, so an equation 
is (jc + 2) 2 = 4 (-1) (y - 4) or (x + 2) 2 = -4 (y - 4). 

51. The parabola with vertex (2, 2) and focus y^, 2j opens to the left with p = — so an equation is 



(y - 2) 2 = 4 (- J) (* - 2) or (y - 2) 2 = -2 (jc - 2). 



52. The parabola with vertex (1, —2) and directrix y = 1 opens downward with p = —3, so an equation is 
(x - l) 2 = 4 (-3) (y + 2) or (x - l) 2 = -12 (y + 2). 

53. Referring to the table on page 840, the parabola with axis parallel to the y-axis has equation 

(-3 - h) 2 = 4p (2-k) 

(x — h) 2 = 4p (y — k). Substituting the three known points gives the equations \ (0 — h) 2 — 4p (— j — kj =^> 

(1 -h) 2 =4p(-6-k) 

h 2 + 6h + 9 = 8p-4pk 

h 2 = —lOp — 4pk Subtracting the second equation from the first gives 6h + 9 = 18/?<=>2/z + 3 = 6p 

h 2 -2h+ 1 = -24p-4pk 

(call this equation a), and subtracting the third from the second gives 2h — 1 = \4p (equation /3). Subtracting /3 from ol 
gives 4 — —8p<^> p = — if. Thus, from a, 2h + 3 = — 3 o h = —3, and finally, from the second original equation 

(-3) 2 = — 10 ( — 2 j — 4 y—jj kok = 2. An equation of the parabola is thus (x + 3) 2 = -2 (y - 2). 

54. Referring to the table on page 840, the parabola with axis parallel to the x-axis has equation 

(6 - k) 2 = 4p (-6 - h) 

(y — k) 2 — 4p (x — h). Substituting the three known points gives the equations (0 — k) 2 = 4p (0 — h) => 

(2-£) 2 =4p(2-h) 

k 2 - 12^ + 36= -24p- 4ph 

k 2 = — 4ph Subtracting the first equation from the second gives 12& — 36 = 24p o k = 2p + 3 

k 2 -4k + 4 = 8p-4ph 

(call this equation a), and subtracting the third from the second gives 4k — 4 — —%p^k — —2p + 1 (equation /3). 
Adding ol and /3 gives 2k = 4 o k = 2. Thus, from a, 2 = 2p + 3<^=>/? = — ^, and finally, from the second original 

equation 2 2 = — 4 (— jj h ^ h = 2. An equation of the parabola is thus (y — 2) 2 — —2(x — 2). 



Section D.l Conic Sections 



699 



55. The ellipse with foci (±1,3) and vertices (±3, 3) has center (0, 3), a — 3, and c = 1. Thus, b 2 = a 2 — c 2 = 8, and an 

. x 2 (y-3) 2 
equation is — H — 1 . 

56. The ellipse with foci (0, 2) and (4, 2) and vertices (-1,2) and (5, 2) has center (2, 2), a = 3, and c = 2. Thus, 

999 (*-2) 2 (y-2) 2 

/? — <2 — c z = 5, and an equation is 1 — 1. 

57. The ellipse with foci (±1,2) and major axis of length 2a = 8 <^> a = 4 has vertices (±4, 2), center (0, 2), and c = 1. Thus, 

b 2 = a 2 — c 2 = 15, and an equation is — H = 1. 

16 15 

58. The ellipse with foci (1, ±3) and minor axis of length 2b = 2 <=> Z? = 1 has c = 3, so a 2 = Z? 2 + c 2 = 10 and an equation is 

(*-d 2 + ^ = i. 

59. The ellipse with center (2, 1), one focus at (0, 1), and one vertex at (5, 1) has a = 3 and c = 2, so Z? 2 = a 2 — c 2 = 5 and an 

t . . (s-2) 2 , (y-l) 2 , 

equation is 1 — 1 . 

60. The ellipse with foci (2 - \/3, -l) and (2 + >/3, -l) has center (2, —1) and c = \/3 o c = 3, so its equation has the 

(x — 2) 2 (y + l) 2 (2 — 2) 2 (0 + l) 2 
form T — - + ^ — = 1. Substituting the known point (2, 0), we get + — r — — = 1 o 1 = a 2 - 3 o 

a z <3 Z — 3 a 1 a 1 — 3 

(x — 2) 2 

a 2 = 4, so Z? 2 = 1 and an equation is h (y + l) 2 = 1. 

61. The hyperbola with foci (—2, 2) and (8, 2) and vertices (0, 2) and (6, 2) has center (3, 2), so a — 3, c = 5, and 

*2 2 2 1* A , • • t u ~ 3) 2 (y - 2) 2 

Z?^ = — or = 16. An equation is thus — 1. 

4 9 16 

62. The hyperbola with foci (—4, 5) and (—4, —15) and vertices (—4, —3) and (—4, —7) has center (—4, —5), so a = 2, 

(y + 5)^ (* + 4) 2 

c = 10, and b 2 — c 2 — a 2 — 96. An equation is thus — — = 1. 

63. The hyperbola with foci (6, —3) and (—4, —3) and asymptotes y + 3 = ±^(x — 1) has center (1, —3), so c — 5. The 
slopes of the asymptotes are ±| = ±5 and a 2 + Z? 2 = c 2 — 25, so by inspection a — 3 and Z? = 4. An equation is thus 
(x - l) 2 (y + 3) 2 



16 



= 1. 



64. The hyperbola with foci (2, 2) and (2, 6) and asymptotes x = — 2 + y and x = 6 — y has center (2, 4), so c = 2. The 
slopes of the asymptotes are ±^ = ±1 and a 2 + Z? 2 = c 2 = 4, so by inspection a — b — \fl. An equation is thus 

(y-4) 2 (*-2) 2 _ 

2 2 

65. The hyperbola with vertices (4, —2) and (4, 4) and asymptotes y — 1 = ±| (* — 4) has center (4, 1), so a — 3. The slopes 

(y — l) 2 (jc — 4) 2 

of the asymptotes are±| = ± | , so b = 2 and an equation is ^ ^ = 1 . 

66. The hyperbola with vertices (0, —2) and (4, —2) and asymptotes x = — y and x = y + 4 has center (2, —2), so a = 2. The 

(jc — 2) 2 (y + 2) 2 

slopes of the asymptotes are ±| = ±1, so b = 2. An equation is thus = 1. 
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67. We complete the square and put the equation into standard 

form: y 2 - 2y - Ax + 9 = 0 <^ (y - l) 2 - 1 - Ax + 9 = 0 

<=> (y — l) 2 = Ax — 8 = A (x — 2). This equation has 
p — 1, so it represents a parabola with vertex (2, 1), focus 
(3, 1), and directrix x = 1. 




68. y 2 - 4y - 2* - 4 = 0 o (y - 2) 2 - 4 - 2x - A = 0 <^> 
(y — 2) 2 = 2 + 4) represents a parabola with vertex 

(—4, 2), focus (—2,2), and directrix x = — 2. 




69. x 2 + 6x - v + 1 1 = 0 <^> (x + 3) 2 - 9 - j + 1 1 = 0 <^> 70. 2x 2 - Sx - y + 5 = 0 ^ 2 (x - 2) 2 - 8 - y + 5 = 0 ^ 
(x + 3) 2 = y — 2 represents a parabola with vertex (x — 2) 2 = A (y + 3) represents a parabola with vertex 




71. 4y 2 -4y-32x-31 = 0 <^> 

2 

4 (^~l) - 1 -32x -31 = 0<=> 

(y — = 8 (x + 1) represents a parabola with vertex 

(—1, ^ focus ^1, and directrix x = —3. 



72. 9x 2 + 6x + 9y - 8 = 0 o 9 (x + ±) 2 - 1 + 9y - 8 = 0 

(* ~*~ l) — — — 1) re P resents a parabola with 
vertex ^— |, 1^, focus ^— ^, and directrix y = |. 



2- 



v 



5 

y = 4 



73. (x - l) 2 + 4 (y + 2) 2 = 1 has center (1, -2) and vertices (0, -2) and (2, -2) 
c = yV - b 2 = y/l - i = ^L, so the foci are (l ± -2^. 



74. We complete the squares and put the equation into standard form: 

2x 2 + y 2 - 20* + 2y + 43 = 0 <=> 2 (jc - 5) 2 - 50 + (y + l) 2 - 1 + 43 = 0 <=> 

2 (x - 5) 2 + (y + l) 2 = 8 <=> + = 1 has center (5, -1) and 

vertices ^5, — 1 ± 2y/lj. c = V a 2 — b 2 = 2, so the foci are (5, —3) and (5, 1). 

75. We complete the squares and put the equation into standard form: 

x 2 + 4 y 2 - 2x + 16y + 13 = 0 <^ (x - l) 2 - 1 + 4 (y + 2) 2 - 16 + 13 = 0 ^ 

(x - l) 2 + 4 (y + 2) 2 = 4 <=> + (y + 2) 2 = 1 has center (1, -2) and 

vertices (—1, —2) and (3, —2). c = V 'a 2 — b 2 — >/3, so the foci are 
(l ± 73, -2). 

76. 2* 2 + y 2 + 12x - 6y + 25 = 0 <^ 2 (jc + 3) 2 - 18 + (y - 3) 2 - 9 + 25 = 0 <=> 
(* + 3) 2 + (y ^ 3)2 = 1 has center (-3, 3) and vertices (-3, 3 ± Vfj- 

c = V 'a 2 — b 2 — 1, so the foci are (—3, 2) and (—3, 4). 



77. 4* 2 + 9y 2 - 18* - 27 = 0 <^ 4 (x - |j - ^ + 9y 2 - 27 = 0 <=> 

16 ^~ 9 ? ^ + ^ = 1 has center (f , 0) and vertices (| ± ^3, o). 
c = VS^ = y^^=^ f solhefoda«(|±^,o). 



78. 9x 2 + 36y 2 - 36.x + 48y + 43 = 0 

2 



1 has 



9 0-2) 2 -36 + 36(y + §) - 16 + 43 = 0 o (x - 2) 2 + 4 (y + §) = 
center ^2, — |^ and vertices ^1, — |^ and ^3, — c = s] a 2 — b 2 = so the 
foci are (2 ± ^,-3). 
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79. We complete the square in y and put the equation into standard form: 

2 (.+ 1)2 



= 1 



3x z - 4y^ - %y - 16 = 0 <=> 3x z - 4 (y + l) z + 4 - 16 = 0 <=> \ - 

has center (0, —1) and vertices (±2, —1). c = yj a 2 + b 2 = V7, so the foci are 
^±V7, — 1^. The asymptotes have slopes ±^ = d=^, so their equations are 

y + 1 = ±^jc <=> y = - 1. 

80. 4* 2 - 9y 2 -16;c-54y + 79 = 0^4(x- 2) 2 - 16 - 9 (y + 3) 2 + 81 + 79 = 0 
<^ 4 (jc - 2) 2 - 9 (y + 3) 2 = -144 « - ^2^- = 1 has center (2, -3) 

and vertices (2, —7) and (2, 1). c 2^13, so the foci are 



(2, -3 ± 2V13). The asymptotes have slopes ± | = ± | , so their equations are 



y + 3 = ± | (x - 2) <^ y = |* - and y = -|jc - |. 

2x 2 - 3y 2 - 4* + 12y + 8 = 0 <^ 2 (x - l) 2 - 2 - 3 (y - 2) 2 + 12 + 8 = 0 <^ 
2 (x - l) 2 - 3 (y - 2) 2 = -18 <=> ^=2^ - = 1 has center (1, 2) and 

vertices (l, 2 ± Vo"). c = yfa 2 + b 2 = VT5, so the foci are (l, 2 ± VB"). The 

asymptotes have slopes so their equations are y — 2 = ±^ (x — 1). 



81. 




y 
2 



2 

^2 



-4- 



X 





H h 



-15 -10 -5 



1 — ► 



Q /5 10 15 20 x 



s X 





6 a: 



82. 4y 2 - 9x 2 + 18* + 16y + 43 = 0 o -9 (jc - l) 2 + 9 + 4 (y + 2) 2 - 16 + 43 = 0 

<=> -9 (jc - l) 2 + 4 (y + 2) 2 = -36 <=> - = 1 has center (1, -2) 

and vertices (—1, —2) and (3, —2). c = yj a 2 + Z? 2 = V?3, so the foci are 
^1 ± yi3, —2^ . The asymptotes have slopes ±| and equations 

y + 2 = ±S(x-l). 




83. 4x 2 - 2y 2 + Sx + 8y - 12 = 0 o 4 (jc + l) 2 - 4 - 2 (y - 2) 2 + 8 - 12 
(pc+Vf _ (y-2f = { has center 2 ) and vertices (-1 ± >/2, 2). 

so the foci are The asymptotes are 

y-2 = ±V2(x + 1). 



84. 4jc 2 - 3y 2 - 12y - 3 = 0 <^ 4x 2 - 3 (y 2 + 4y + 4) = 3 - 



= 3- 12<=> 



4x 2 - 3 (y + 2) 2 = -9 <^> 



(y+2) 



975 



= 1 has center (0, —2) and vertices 




6 x 



4 j 



(0, -2 ± c = J a 2 + Z? 2 = ^1 + 3 = so the foci are (o, -2 ± ^) 



_ 1 V3 



The asymptotes are y + 2 = ±^t§ (* — 0) => y = ± -3 



x - 2. 
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85. We set up a coordinate system with the origin at the vertex of the parabola and the positive x-axis pointing to the right. By 
inspection, the parabola has equation y 2 = x, so its focus is 0^ . The light source should be placed | ft from the vertex 
along the axis of symmetry of the parabola. 



86. The length of the cable is exactly s = 2 J yj \ + {y') 2 dx = 2 J ^Jl + (^^j 



2 



dx. Expanding the integrand 



using the binomial series, we get 



1 + 



2hx\ 



2-|V2 



a 



= 1 + T 



1 (2hx\ 2 h (-?) (2hx\ A 

2 1^7 



7 



H , so 



a 



s^2 



0 



1 + 2 



1 (2hx\ 



dx = 2\ x + 



2h^ 
3a 4 



x 



= 2a[\ + 



2h 



_ 0 



3a 2 



. Substituting the given values a = 200 and h — 80, 



wegets^ 2-200| 1 + 



2-80 



2 



3 • 200 2 



443 ft. This is quite close to the calculated value of 439 ft in Example 3. 



87. We proceed in Example 3, but with y — 



60x 2 x 2 



x 



-> — - => y' — ——. The length is thus 
300 2 1500 y 750 6 



300 



l + (-J-) dx = ^l v/750 2 + x2 rfx = ^ 



s =2 



0 



750J0 



375 



i v / 750 2 +^ 2 +^ln (jc + V750 2 + xA 



750 



2 



-i 300 



_ 0 



616 ft 



88. Using the formula for the area of a surface of revolution, 



A = 2nfixjl + {yfdx = 2tt /<? xJl + (fax) dx = ^- /<? x J (f)' + *2 dx. 



Substituting u — x 



2 



du = 2xdx, we calculate 



!H((¥) 2 + ") 



3/2' 



-.81 



_ 0 



= ^^^1X745 - 7T % 299.54, or about 300 in 2 



OA dy W 



W 7 , W 9 

y = — — + C and y (0) = 0 => y = -rrjx , a parabola. 
2rz 2rz 

W 



90. As seen in Exercise 89, the parabolic cable has equation y = — — * , and since (a, /*) is the 

2/z 

topmost point, h = <3 Z <=$ H = — ar. The tension at the topmost point has magnitude 

2H 2h 



y/(T cos 0) 2 + (T sin </>) 2 = y// 2 + (W*) 2 = 



W 
2h 



a 



+ (Wa) 2 = 



aWy/a 2 +4h 2 



2h 



91. If the origin is at the center of the ellipse, then one arch has major axis of length 2a — 24 and minor axis of length 



2 2 

x y 

2b — 16, so an equation is — — + — = 1. So 6 units from the center of the base, we have — — + — 1 <=> 

144 64 144 64 



6 2 y 2 



36-64 r- 

y = 1 64 = 4V3 » 6.93 ft. 

144 



92. a. y = ax 2 => y' = 2ax. When x = xo, an equation of the tangent line c. 
is y — axQ = 2«xq (x — xo) or y = axQ (2x — xq). 

b. Setting y = 0, we get qxq (2x — xq) = 0 => * = xq/2. 



y = ax 2 
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93. Suppose a parabola has equation y — ax 2 . Then the tangent line where x = xq has slope 2axQ and equation 

y = axQ (2x — xq), and the tangent line where x — x\ has slope 2ax\ and equation y — ax\ (2x — x\). Solving these two 

equations gives axQ (2x — xq) = ax\ (2x — x\) => x = \ (xq + x\), the x-coordinate of the unique point of intersection of 
the two tangent lines. 



94. a. Differentiating implicitly, we get y 2 = 4px => 2yy f — Ap 

2 

y' — — .At (xq, yo), the tangent line has equation 



y 



2p 



y - yo = — (x - xq) <=> yy 0 - y?j = 2p (x - xq) <=> 

yo 

yy 0 - 4pxQ = 2px - 2pxQ <^> yy 0 = 2p(x + xq). 
b. Setting y = 0, we get 0 = 2p (x + *o) => x = —xq. 



c. 



o 



y 2 = 4px 




\ 



p > 0 



2 2 

* y 



95. Differentiating implicitly, we get — H — - = 1 => b L x L + a L y L — a L b L 



a 



2 b 2 



2b 2 x + 2a 2 yy' = 0 — 



& Xr\ 

An equation of the tangent line at (xq, yo) is y — yo = ~ — 

a 2 yo 

xxq t yy 0 *o , ^0 



(x - xq) 



yyo yo _ x o (y . 



+ 



<3 



£ 2 



= -£ + ^ = 1. 



<2 



£ 2 



96. At ^1, ^p), the tangent line satisfies 



*(1) 



+ 



y (¥) 

25 



= 1 => 



4. 5V3 



^y = -25x + 100 => y = -^x + -^p. 



2 2 
X y^ 



97. Differentiating implicitly, we get — ^ = 1 => Z? 2 * 2 — a 2 y 2 — a 2 b 2 => 2b L x — 2a L yy' = 0 



2,.,./ 



(2 



2 £2 



Z? 2 x 

y' — An equation 

a 2 y 



of the tangent line at (xq, yo) is y — yo = 



b^XQ 
a 2 y 0 



(* - xq) 



yyo yp 
b 2 b 2 



XQ XXQ 

-^(x- xq) => - T - 



<3 



a 



£ 2 ^ 2 fc 2 



98. At (4, 3V3) , the tangent line satisfies 



x 2 2y 2 

99. We differentiate each equation implicitly: + = 1 => Z? 2 * 2 + 2a 2 y 2 = 1 => 2/? 2 x + 4<2 2 yy' 



Z> 2 



= 0 



, _ b 2 x x 2 2y 2 

y ~ 2^2? a 2 ^ 2 



= 1 



b 2 x 2 -2 (a 2 - b 2 } y 2 = b 2 (a 2 - b 2 } => 2b 2 x - 4 (a 2 - b 2> ) yy' = 0 



b 2 



x 



y = 



2 (a 2 - b 2 ) y 



— . The two curves are perpendicular at a shared point (xq, yo) if the slopes of their tangents are negative 



reciprocals. The product of these slopes is — 



b 2 XQ 



b 



XQ 



b 4 x 2 

o X Q 



b 



2 ^o 2 



2<2 2 y 0 2 (a 2 - b 2 ) yo 4a 2 (b 2 - a 2 ) y 2 



x 0 , 2y 0 



(xq, yo) lies on both curves, so -± + 



,2 r 2 
x Q 



2y 2 4y 



<=> 



2 
0 



4^0 ( b2 ~ a2 ) al 

2^2 



, but 



a 



b 2 a 2 -b 2 b 2 b 2 



-x 2 ( 1 L\- 0 

°\a 2 -b 2 a 2 ) (b 2 -a 2 )a 2 " 



so our 



2 



h 1 I ^q 

expression for the product of the slopes becomes — ^ I ^ 

point of intersection. 



= — 1. Thus, the two curves are perpendicular at every 
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100. Suppose that (x, y) lies on the hyperbola with foci (±c, 0). Then by definition, yj (x + c) 2 + y 2 — yj (x — c) 2 + y 2 = 

a constant. But (#, 0) is on the hyperbola, so y (a + c) 2 — yj {a — c) 2 = (a + c) — (c — a) = 2a, since 

c > a. Continuing, ^(jc + c) 2 + y 2 - -y/(jc - c) 2 + y 2 = 2a <^> ^jc + c) 2 + y 2 = 2a + ^0* - c) 2 + y 2 => 

* 2 + 2c* + c 2 + y 2 = 4a 2 + 4ayJ(x - c) 2 + y 2 + x 1 - lex + c 2 + y 2 o ^(jc - c) 2 + y 2 = -a 2 + ax => 

(x 2 - lex + c 2 + y 2 ) = a 4 - la 2 ex + c 2 * 2 «=> (c 2 - a 2> ) x 2 - a 2 y 2 = a 2 (c 2 - a 2 ^. If we let b 2 = c 2 - a 2 > 0, 



a 



2u2 



2 2 

x L y L 



then dividing by a L b L gives the familiar equation T = 1. 



£ 2 



101. 



x 2 v 2 6 



3 2 



= 1 => v = ± - V 1 x 2 — a 2 . Consider 

a 



lim ±-x — ( ±- | V* 2 — a 2 =±— lim fx — -J x 2 — a 2 \ = ±— lim fx — \/ x 2 — a 2 ) 

x^oo a \ a ) a x^oo \ 'a x—>oo \ J 



x 



+ 7x2- 



a 



x + V 1 x 2 — a 2 



b 

= ±- lim 



a 



= 0 



b 



ax^oo x + y / x 2_ a 2 
2 2 

x y 



This shows that y = ±-x are asymptotes of =■ = 1. 



a 2 b 2 
ft 



102. a. The difference in distances is (800 /las) 980 — = 784,000 ft % 148.5 mi. So 2a « 148.5 => a % 74.25 and c = 100, 



giving & = yj c 2 — a 2 % V 100 2 — 74. 25 2 ~ 67. Thus, the hyperbola's equation is roughly 



x 



y 



74.25 2 67 2 



= 1. 



b. In this case v = 20, so we solve 



x 



20 



74.25 2 67 2 



= 1 ^x = 



\ 



74.25 2 ( 1 + 



20 2 
6T 2 



77.5. The ship is located at 



approximately (77.5 mi, 20 mi) in the coordinate system shown. 
103. Differentiating implicitly, we find Ax 2 + 25y 2 = 100 => 8x + 50yy' = 0 



4 x 



2 x 



y 25 y 5 ^^2 



for y > 0. So using the arc length formula and the symmetry of the ellipse, we can write 



C = 4fSJl + (y') 2 dx=4j* 



\ 



1+1? x 



5 725^ 



dx % 23.013, using a computer algebra system. 



2 2 
X V 



2 ,.2 . „2, .2 „2l2 



104. We are given 2a = 7.33 x 10* and 2/3 = 7.08 x 10*. The ellipse has equation —- + :— = 1 => b L x L + <2 z y z = a L b 



a 



2 ' b 2 



2Z? 2 x + 2a 2 v/ = 0 ^> y' = . Also, for positive x and y,y = by/ 1 — x 2 la 2 , so we can write y f — , 

a 2 y a y/a 2 - x 2 



So the approximate length of Pluto's orbit is 4 Jq y 1 + ( v r ) dx = 4 f£ 
using a computer algebra system. 



\ 




dx % 2.2637 x 10 10 mi, 



2 

105. a. To calculate tan /3, we first calculate the y-intercept of £. Note that y 2 = Apx ^> 2yy r = 4p, so at P, y' — — 



yo 



2p 2 dxq 
and an equation of the tangent is y — yo = — (x — xq). Substituting x = 0 gives y = yo , so 

yo ^ yo 



yo 



tan f3 = 



( 2p*0 \ 

~ V° ~ — ) 



XQ 



2pxp _ 2p_ 

*oyo yo 
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b. tan <fi = 



yo 



by inspection. 



XO — P 

c. (f> and ol + /3 are alternate angles, so <fi = a + /3 

^0 2 P 

2 



cx — cj) — f3 and 



tana = 



tan0 - tan/3 * () - /? 



1 + tan cf) tan /3 



1 + 



yp - 2p (*o - p) 

yo 2P ~ (x 0 - p) y 0 + 2py 0 



. Substituting Vq = 4/?xq, we find that this is equal 



*o - p yo 



4pxQ — 2p (xq — p) 2p (xq + p) 2p 
tQ ^j_u — = r\ u — = — . In other words, a = 0. 

Oo - p) yo + 2/7^0 jo (p + *o) yo 



106. Using the result of Exercise 95, we see that the slope of I is 



m — tan 6 \ — — 



a 2 y 0 



o tan 62 = 



a 2 y 0 



. Next, 



tan 0 3 = 



yo 



C-XQ 



and #3 = ol + 62 <=> o: = 03 — so 



tan q: = tan (0 3 — #2) = 



tan #3 — tan O2 
1 + tan 0 3 tan 0 2 



yo 



c-xq 



a 2 y 0 



1 + 



yo 



b z x 0 




c - xq a^-yo 
a 2 y^ — b 2 cxo + b 2 x^ 



2 7,2 l.2 „2 /,2 — 1 7,2, ..2 



- - a3 z cxq + b L x 



2„2 . „2,.2 



2 7.2 



a 2 cyo - a 2 *oyo + £ 2 *oyo <* 2 cyo + (£ 2 - « 2 ) -wo 

2 /„2 _ \ u2 



(since 2r;tQ + a L y^ — a L b L ) 



(a 2 — cxq^ b 2 (a 2 — cx$j b 



a 2 cyo - c 2 xoyo (a 2 - cxq) cy 0 



(since a 2 — b 2 = c 2 ) = 



cyo 
yo 



b 2 x 0 



Next, /3 = 04 + 02, so tan /3 = tan (0 4 + 0 2 ) = 



tan 04 + tan 02 
1 — tan 04 tan 02 



+ 



xq + c a 2 y 0 



a 



1 - 



yo 



2 yl + b 2 x 2 + b 2 cx 0 
b 2 x 0 a 2 xoy 0 + a 2 cyo - b 2 xoyo 



a 2 b 2 _ b 2 x 2 _j_ b 2 x 2 + ^2 CJCQ 



« 2 cjo + 2 - £ 2 ) *oyo 

We have shown that tan a = tan/3, and so a = /3. 



*o + c a 2 yo 

(a 2 + cx 0 ) /? 2 (a 2 + cx 0 ) £ 2 ^2 

a 2 cy 0 + c 2 * 0 yo (* 2 + c*o) c yo c yo 



107. Using the result of Exercise 97, the slope of lj at (xq, yo) is 

9 9 
b xq a yo 

mj — —= — , so the slope of £^ is ra# = — = — . Note that 



a 2 y 0 



b 2 



XQ 



to prove that ol — (3, it suffices to show that 6\ — 02, since 
0! + /3 = 0 2 + ol = y . Also note that 0\ = 0 3 + 0 4 , 

0 2 = 05 — ck, and 05 = n — 0^. An equation of the normal 

2 

line £n is v — yo — = — (* — xq). Setting v = 0 gives 



b 2 x 0 



the x -intercept of as ^1 = xq + 



<3 



2 " 
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Now tan 64 = 



yo 



X\ -XQ 



2 

a y °, tan 0 3 = and tan0 6 = — so 



b 2 x 0 



xq + c 



x 0 -c 



tan 7r — tan 0 a vn 99999? 
tan #5 = tan (n - #5) = 1 i ^ - = — tan #5 = — . Using the relationships b L x^ — a A y^ — a^b 1 - and 



1 + tan 7r tan #5 



c-x 0 



,2 _ „2 , *,2 



a A + Z? , we can show that tan 6\ — tan (#3 + 64) = 



tan + tan #4 
1 — tan 03 tan O4 



yo a2 yo 



xq + C b 2 XQ 



1 - 



a 2 y 0 



cyo 

b 



and 



+ c b 2 x 0 



yo 



tan 0 2 = tan (0 5 - 0 4 ) = 



tan 05 — tan 04 



a 2 yo 

= c-xq b 2 xp 

l + tan0 5 tan0 4 ^ j () a 2 y 0 

c-x 0 b 2 XQ 



cyo 



= — — . Therefore, tan0 j = tan 02, showing that 



01 — 02 and thus a = /3. 



108. Rays coming toward the parabolic mirror from a great 

distance may be assumed to be parallel to the shared axis of 
the parabola and the hyperbola. Using the result of 
Exercise 105, we see that ot p — f3 p , and so the ray is 

reflected toward the focus F p of the parabola. Using the 

result of Exercise 107, we see that = /3 H , and since F# 
and Fp are the same point, we see that the ray is finally 




Hyperbolic mirror 



Parabolic mirror 



focused at F' H . 



y 



109. True. If F > 0, then 2x L - y L + F = 0 <^=> — - 



x 



F 



0 



= 1 is a hyperbola with transverse axis the y-axis. If F < 0, then 



2x 2 - y 2 + F = 0 <^> 



x 



y 



IfL \f\ 



= 1 is a hyperbola with transverse axis the x-axis. 



110. False, y 4 = \6ax 2 o y 2 = ±4y/ax, whose graph is two 111. True. The ellipse b 2 x 2 + a 2 y 2 — a 2 b 2 {a > b > 0) is 
parabolas that are reflections of each other in the y-axis. contained in the circle x 2 + y 2 = a 2 and contains the 

y * circle x 2 + y 2 = £ 2 . 




2 1 2 2 

r + / = a~ 




112. True. The asymptotes have the form y = ±x. 

113. False. Take A = 1, C = 4, £> = 0, £ = 0, and F = 5. Then we have + 4y 2 + 5 = 0 <=> x 2 + 4y 2 = -5 which has no 
solution. 

114. False. Take A — 1, C = —1, D = 0, E = 0, and F = 0. Then we have x 2 — y 2 = 0, whose graph is two intersecting lines 
passing through the origin. 
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1. For the definition of a plane curve, see page 849. The plane curve C : x — cos 6, y = sin 0, 0 < 6 < 2-k is a plane curve 
(circle) that is not the graph of a function. 



2. C\ and C2 have the same graph (the circle x 2 + y 2 = 1), 
but C\ has initial point (1,0) and counterclockwise 
orientation, whereas C2 starts out at the point (0, 1) and 
has clockwise orientation. 











I 0 









(1,0) x 




3. C\ and C2 have the same graph, but C\ has initial point 
A) (/ (0) , 8 (0)) and terminal point P 1 (f (1) , g (1)), 
whereas C2 begins at the point Pi and traces the curve in 
the opposite direction, ending at Pq . 



0 



y 




X 



0 




1. a. 



x = It + 1 



x - 2 v - 7 = 0 



x = 2 (y + 3) + 1 or 



b. 



y\ 

5- 



-15 -10 -5 0 



-10 ■ 



10 x 



The orientation is found by observing that as t 
increases, so does x. 



3. a. 



x = \ft 

y = 9-t 



y = 9-x 2 ,x > 0 



b. 




The orientation is found by observing that as t 
increases, so does x. 



2. a. 



x — t — 2 
y = 2t-l 



y = 2 (x + 2) - 1 or 



y = 2x + 3, -3 < x < 3 



b. 




-4- 



The orientation is found by observing that as t 
increases, so does x. 



x — t 

4. a. [ for 0 < t < 3 => x = (y + l) 2 for 

y = t-\ 

-1 < y < 2 



b. 




Note that as t increases, so does x 



5. a. 



x = t 2 + 1 
y = 2t 2 - 1 



• for -2 < f < 2 



y = 2 (* - 1) - 1 => y = 2jc-3, 1<*<5 



b. 




6 x 



Observe that the curve starts at (5,7), moves 
along the line segment to (1, —1), then returns to 

(5,7). 



7. a. X * \=>x = y 2/3 , -8 < y < 8 
y = r 



b. 




Observe that y increases as t increases. 
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6. a. 



x = t 3 
y = It + 1 



or 8* = (y - l) 3 



t = 



y-1 ( 



>' - 




b. 




Observe that as t increases, so does x. 



8. a. 



y = t + \ 



x = \ + 



1 



y-i 



b. 




4 x 



Observe that as t increases, so does y 



9. a. 



x — 2 sin 0 
y = 2 cos 0 



sin 6 — \x 
cos 6 — jy J 



i? x ) 2 + i? y ) 2 = sin2 ^ + cos2 ® = ^ s ° 



+ y 2 = 4. 



b. 




Observe that as 0 increases from 0 to 27T, the 

curve C is traced once in a clockwise direction 
starting from the point (0, 2). 



10. a. 



x — cos 20 
y = 3 sin 6 



x — 1 — 2 sin 2 0, so 



* = 1 - 2 (|y) 2 <=> 2 (^y 2 ) = 1 - * <=> 
2y 2 = 9-9x, -1 <* < 1. 



b. 




2 * 



As 0 increases from 0 to 27T, the curve C is 
traced from (1, 0) to (-1, 3), back through (1,0) 
to (-1, -3), and finally back to (1, 0). 
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11. a. 



b. 



x — 2 sin 0 
y = 3 cos 6 



sin 6 — jx 
cos 6 = J 



(j x ) 2 + (h) 2 = sin2 ^ + cos2 6 = 1 



+ ^ 2 = i 




-2 -1 0 



12. a. 



X — cos 0 + 1 

y = sin 0 - 2 



cos 6 — x — 1 
sin 0 = j + 2 



(jc - l) 2 + (y + 2) 2 = sin 2 0 + cos 2 0 = 1 

(x _l)2 + (}; + 2) 2 



= 1 



b. 



y a 



o 



-l - 



i 



2 •* 




13. a. 



x = 2cos0 + 2 
y = 3sin0- 1 



cos 0 = \ (x - 2) 
[ sin0= £(y + l) J 

2 2 
[i(*-2)] +[l(y+l)] = sin 2 0 + 

2 0 = l^I(x-2) 2 + I(j+l) 2 = l 



b. 




14. a. 



x = sin 0 + 3 
y = 3 cos 0 + 1 



sin 0 = x — 3 
[ cos 0 = ±(y- 1) 



2 

(x-3) 2 + [j(y- 1)] = sin 2 0 + cos 2 0 = 1 
^(*-3) 2 +^(y-l) 2 = l 



b. 




15. a. 



X — cos 0 
y = cos 20 



x = cos 0 
j = 2cos 2 0- 1 



j = 2x 2 - 1, -1 < x < 1 



b. 



16. a. 



x = sec 0 
y = cos 0 



1 



=> x = 



cos 0 



1 

y = -> 



^ e (-co, —1) U (1, oo) 




b. 




Observe that 0 = 3£ ± fZ7r for w = 0, ±1, ±2 
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17. a. 



x — sec 6 
y = tan 6 



x 2 — sec 2 6 
y 2 = tan 2 0 



From the 



identity sec 2 0=1 + tan 2 6, we obtain 
x 2 -y 2 = \,x > 1. 



b. 




18. a. 



x — cos 3 0 
y — sin 3 0 



cos 6 — x 1 / 3 
sinfl^ 1 / 3 



(V 1/3 ) 2 + (j 1/3 ) 2 = cos 2 6 + sin 2 0 = 1 



x 



2/3 + y 2/2> = j 



b. 
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23. a. 



x = In It 

y = t 2 



e x = 2t => t = ne 



- 1 „x 
1 



y = (H* = 



b. 








4- 






3- 






2- 






1 


1 1 3 




-5 -4 -3 -2 -1 0 


1 2 j 




-1- 






-2- 





25. a. 



x = cosh t 
y = sinh f 

x 2 — y 2 = cosh 2 1 — sinh 2 * 
x > 1 



= 1 



* 2 -y 2 



= 1, 



b. 




27.a. X ~ (f ' 1) l \^y = x y 2 ,0<x<\ 
y = (t-l) 3 



It 



x — 



28. a. 



\ + t 2 
\-t 2 

l + t 2 



24. a. 



x = e l 



y = \nt 



inx = ? => j = In (lnx), x > 1 



b. 



2- 



0 

-2 

— 44i 



H 1 1 1 1 1 1 h 



10 20 30 40 * 



26. a. 



x = 3 sinh t 
y = 2 cosh t 

2 



(l>') ~ (l*) = cosn2 * ~ sinn2 1 = 1 



*y 2 - ** 2 = l,y> 1 



b. 




2 4 x 



b. 




x 2 + y 2 = 



4^2 + (l _ 2T 2 + Z 4 ) ! + 2 ,2 + ,4 (l+r 2 ) 



(l + f2) 



(l + , 2 ) 



2 



(1+/2) 



2 



X 2 + J 2 



b. 




At r= 0, the point is at (0, 1). But lim 



It 



t^oo 1 + t 2 



= 0 and 



lim = — 1 , so the curve is traced in a clockwise 

>oo 1 -j- ,2 

direction and approaches but does not get to (0,-1) along 
the unit circle. A similar analysis holds for t < 0. 
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29. 



y = y/x - 1 and 0 < t < 4 => 1 < x < 5. At t = 0, the 



x = t + 1 

y = Vt 

particle is located at the point (1,0). As t increases, the particle moves 
along the parabola toward the point (5,2). 





i 


2 




1 

i 




1 0 






30. 



x — sin 7Tf 



V = COS 7Tt 



x z + y — sin z 7rr + cos z izt = \. The particle starts 



_ 



out at the point (0, 1) and traverses the circle of radius 1 centered at the 
origin in a clockwise direction, making a total of three circuits. 




31. 



X — 1 + cos t 
y = 2 + sin t 



(x - l) z + (y - 2) 2 = cos z t + sin z r = 1. The 



2, _ 



particle starts out at the point (2, 2) (corresponding to ? = 0) and traverses 
the circle of radius 1 centered at the point (1,2) exactly once in the 
counterclockwise direction. 



it =00 




32. 



x — 1 + 2 sin 2t 
y = 2 + 4sin2f 



y = 2x and 0 < t < 2tt => -1 < x < 3. The 



particle starts out at the point (1,2) and moves along the line y = 2x 
toward the point (3,6), then reverses direction and moves to the point 
(— 1, — 2), at which it reverses direction again before returning to (1, 2) 



33. 



x = sin t 
y = sin 2 1 



y = x 2 and 0 < t < 3n => -1 < x < 1. The particle 



starts out at (0, 0) and moves to the right along the parabola y = x 2 until it 
reaches the point (1, 1). It then reverses direction and moves to (—1, 1), 
then again to (1, 1), and finally back to (0, 0). 

34. x = e~ l , y = e 2t ~ l 



t 


0 


1 


2 


3 


X 


l 


l/e 


l/e 2 


l/e 3 


y 


l/e 


e 


, 3 


e 5 



The particle starts out at (1, 1 /e) and moves along the curve y = 
toward its vertical asymptote x — 0 as t — > oo. 



1 



ex 



(-1, -2) 



(-1, 1) 



(3,6) 
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35. 



x = tan (0.02571*) 
y = sec (0.0257rf ) - 1 



A y (miles) 



(y + l) 2 = sec 2 (0.0257T?) = 1 + tan 2 (0.0257rt) = 1 + x 2 . In 
rectangular coordinates, the equation is thus (y + l) 2 = x 2 + 1. If t = 0, 
x = 0 and y = 0. If t = 4£,x = V3andy = 1. 
36. x = (vq cos a:) y = (dq sin o:) J — jgf ^. 

a. The shell is on the ground when y = (oq sin ex) r — ^gf = 0; that is, when t = 0 and when r = 




2 x (miles) 



2dq sin ol 

8 



. The range is 



X — VQ COS OL • 



2vq sin ol 2v^ sin a cos a o 



0 



8 



8 



= sin 2a ft. 



b. y' — vq sin ct — gt = 0 o r = — Sm — , so the maximum height is 



8 



. /y 0 sina\ g{v 0 smcx\ 2 v 2 sin 2 
ymax = (vo sm a) I — I - - I — I = - 



C. t — 



X 



Vq COS OL 



, so j = (oq sin a) 



vq cos a: 



2# 

X 



ft. 



uq cos a 




(tan ol) x — 



8 



2vq cos 2 ol 



x 2 , which represents a 



parabola. 



x — X\ 

37. a. x = + (x2 — x\)t and y = y\ + (y2 — yi) t. From the first equation, we find t — . Substituting this 

x 2 - x\ 



-y\ x\ (y2-y\) , . . . 

— x , which is a 

x\ X2-x\ 



expression into the second equation gives y — y\ + (y2 — y\) I — — — ) = >'i + — — 

\x 2 -xij x 2 - 

linear equation in x and y. Since (x\ , y\) and (x 2 , y 2 ) both satisfy the equation, we see that P\ (x\, y\) and ?2 (x 2 , y 2 ) 
both lie on the line. 

b. If t — 0, x — x\ and y — y\ , so {x\ , y\) is on the line. If t — 1, then * = X2 and y = y 2 , so (*2, ^2) * s on tne nne - As J 
increases from t — 0 to t — 1, the line segment joining Pi (x\, y\) and P2 (*2> y2) is traced out. 



x — h y — k 

38. x = a cos r + h and y = Z? sin t + & => — cos ? and — : — = sin t 



a 



b 



x — h\* ( y — k 
+ 



a 



b 




cos 2 1 + sin 2 t <=> 



( x -h) 2 (y-k) 2 

H 77; — = 1, which is an equation of the ellipse with center (h, k) and axes with lengths 2a and 2b. 



a 



x — h y — k 

39. x — a sec t + h and y = £ tan r + k => = sec t and — - — = tan t 



a 



(^) 2 - ( 



y-k 




sec 2 f — tan 2 / <=> 



(jc - hf (y - k) 



a 



b 2 



= 1, which is an equation of the hyperbola with center (h, k) and transverse and conjugate axes 2a 



and 2b respectively. 

40. Referring to the first and second diagrams, point C is (rO, r) and point Q is (rO, r + d cos (6 — 7r)) = (rO, r — d cos 6). 
The point P on the trochoid is thus (rO + d sin (0 — 7r) , r — d cos 6) — (rO — d sin 6, r — d cos 6). Therefore, if P (x, y) 
denotes the point in rectangular coordinates, we have x = rO — d sin 6 and y = r — d cos 6. The second diagram shows the 
trochoid for d < r, and the last shows it for d > r. 
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41. AB — x — 2acoi0 and PB is perpendicular to the x-axis, so PC is parallel to it. Therefore, 
y = ~OC sin 0 = (2a sin 0) sin 0 = 2a sin 2 0. 



y = 2a 




42. The point Q is (a cos 0, a sin 0). Since <2P was unwound from the arc 
QA, the length of Q P is aO. Also, a = ^ - 0. Therefore, 

x — acosO + aO cos ot = acos0 + aO cos — 0) 



and 



= # cos 0 -\- aO sin 0 — a (cos 0 -\- 0 sin 0) 



y = <z sin0 — a0 sin a = a sin0 — <20 sin — 0) 




= # sin 0 — aO cos 0 — a (sin 0 — 0 cos 0) 




716 Chapter!) Conic Sections, Plane Curves, and Polar Coordinates 



47. 



1 -- 



0 



-1 




-1 



0 



1 



48. 



2- 



0 




-2 



0 



49. 



1 -- 



0 



-1 " 




-1 



0 



1 



50. 



1 



0 




-1 



0 



1 



51. False. The curve with parametric representation x — cos 2 1, y = sin 2 1, — oo < t < oo is contained in the line segment 
joining (0, 1) and (1,0). 

52. True. Put x — t and y = / (t), where t lies in the domain of /. 

53. True. If (x f , y') is a point on the curve with parametric equations x = f (t) + a and y = g (t) + b, then x' — f (to) + a and 

y' — g (r 0 ) + b for some fy- But the point (/ (?q) + a,g (?o) + is obtained from the point (/ (?q) , g (to)) by shifting it a 
units horizontally and b units vertically. 

54. True. If the major axis lies on the *-axis, then the required equations are x — a cos t, y = b sin t, 0 < t < lit. If the major 
axis lies on the y-axis, the equations are x — b cos t, y = a sin t, 0 < t < lit. 
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1. x = t 2 + 1, y = t 2 - t => 



dy 
dx 



t = \ 



dy/dt 
dx/dt 



t=\ 



dx 
It 

2t - 1 
It 



= 2< and % 



— It — 1. The slope of the tangent line at t — 1 is 



t=\ 



1 

2 



2. x = t 3 - t, y = t A - It + 2 



dy 
dx 



t=2 



dy/dt 
dx/dt 



t=2 



It -2 



dx _ 0,2 

It - M - 



2 

IT 



land£ 



= 2t — 2. The slope of the tangent line at t = 2 is 



t=2 



r I dx 

3. x — y/t, y — - ^ — 

t dt 



dy 
dx 



t=\ 



dy/dt 
dx/dt 



t=\ 



2*Ji 
-1/t 2 



1 dy 
and — 

dt 



= — 4r- The slope of the tangent line at r = 1 is 



= -2. 



/ = l 



4. x — e 2t , y — \nt 



% = ^ and % 



— \/t. The slope of the tangent line at t — 1 is 



dy 
dx 



t=\ 



dy/dt 
dx/dt 



t=\ 



111 
2e 2t 



1 



t=\ 



2e 2 



5. x = 2sin0, y = 3cos0 — ^ 



</0 



__ 

dx 



0=7r/4 



dyA/0 
Jx/J0 



= 2cos0 and ^ 
-3sin0 



0=tt/4 2cos0 



0=7r/4 



— 3 sin0. The slope of the tangent line at 0 = -j is 

3 



6. x = 2 (0 - sin 0), y = 2 (1 - cos 0) => ^ = 2 (1 - cos 0) and ^ = 2 sin 0. The slope of the tangent line at 0 = £ 



__ 

dx 



0=7T/6 



dy/d0 
JI/J0 



dO 
2sin0 



e=7r/6 2(l-cos0) 



1 



1 



0=7T/6 



2(l-^) 2-V3 



= 2 + V3. 



7T 

6 



7. ^ = 2t - 1, j = t 3 - t 



2^^=2and^=3 f 2- 2? 



dy dy/dt 3t 2 - 2t 



dt 



dt 



is (x (1) , y (1)) = (1,0) and the slope of the tangent line is 
y — 0 = A (x — 1) or y = A* — A. 



dx 
. dy 



dx 



dx /dt 2 
3t 2 - It 



t = \ 



t = \ 



The point of tangency 



]- , so an equation is 



|g = cos0 - 0sin0 and ^ = sin0 + 0cos0. The 



8. x — 0 cos 0, y — 0sin0 =j 

point of tangency is (y) , y = (0, ^) an ^ the slope of the tangent line is 



dy 
dx 



0=7T/2 



dy/dO 
dx/dO 



0=7T/2 



sin 0 + 0 cos 0 
cos 0 — 0 sin 0 



7T 



= , so an equation is y — -j 

0=7r/2 77 



= -£(*-()) or 



9. x = t 2 + r, y = t 2 - t 3 ^ = 2r + 1 and ^ = 2? - 3? 2 , so 

dt dt 



dy dy/dt _ 2t - 3t 2 
dx dx /dt 2t + 1 



. The given point of tangency (0, 2) corresponds to 



dy 

t = — 1 . The slope of the tangent line is — 

dx 



t=-\ 



2t - 3t 2 
2t + 1 



t=-\ 



-5 

^1 



= 5, 



so an equation is y — 2 = 5 (x — 0) or y — 5x + 2. 



2" 



0 




-0.5 



0.0 



0.5 
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* - t dx t dy _ t 
10. x = e , y = e =^> — = e and — — —e , so 

dy dy/dJ —e~ l 1 

= — — = — 7T-. The point (1,1) corresponds to t — 0. The slope 



dx dx /dt 



dy 

of the tangent line is — 

dx 



= —1, so an equation is y — 1 = —1 (x — 1) or 



t=0 



y = — x + 2. 



2- 



0 




-2 



0 



11. x = 2r - 1, y = t 5 => — = At and ~i~ = 3t z , so = 



dy dy/d? _ 3r _ 3* 
dx dx/d? 4r 4 



r = 4, so the required point is 



(*(4),y(4)) = (31,64). 



12. x = t 3 , y = t 2 + t 



dx „ o , dy ~ . dy dy/dt 
— = 3t 2 and -f = 2? + 1, so -- = 
dr d£ dx 



2r + 1 



= 1 => 2r + 1 = 3r 



3r 2 - 2t - 1 = (3/ + 1) (* - 1) = 0, giving t = or t = 1. One point is , y (-3)) = ( _ 27> _ §) and the 

other is(x(l),y(l)) = (1,2). 



13. x = t L - 4, y = t 3 - 3t 



the tangent line is horizontal, set ^ = 0 



£fc = It and $L = 3t 2 - 3. To find the point(s) where 

3f 2 - 3 = 3 (t + 1) (t - 1) = 0 => 

t = ±1. Since ^ ^ 0 at either of these f -values, the required points are 

(x (-1) , y (-1)) = (-3, 2) and (* (1) , y (1)) = (-3, -2). To find the point(s) 



where the tangent line is vertical, set^ = 0=>2? = 0=>? = 0. Since ^ ^ 0 at 
this value of t, we see that the required point is (x (0) , y (0)) = (—4, 0). 



H h 



8 




4 






1 1 — ► 




1 2 x 


-4' 




-8 





1 o dx o dy 

14. x = t J - 3r, y = t l => — = 3t L - 3 and — = It. To find the point(s) where the 

dt dt 

dy dx 
tangent line is horizontal, set — = 0 => It — 0 => t — 0. Since — ^ 0 at this 

dt dt 

lvalue, the required point is (x (0) , y (0)) = (0, 0). To find the point(s) where the 

tangent line is vertical, set — = 0 => 3? 2 - 3 = 3 (t + 1) it - 1) = 0 => t = ±1. 

dt 

dy 

Since — ^ 0 at either of these t -values, the required points are 
dt 

(x (-1) , y (-1)) = (2, 1) and (x (1) , y (1)) = (-2, 1). 




dx dy 
15. x — 1 + 3 cos t, y = 2 — 2 sin t => — - = —3 sin ? and — - = — 2 cos r. To find the 

dt dt 

dy 

point(s) where the tangent line is horizontal, set — = 0 => —2 cos t = 0 

df 



dx 
dt 



t = y + H7T, w an integer. Since / 0 at these ^-values, the required points are 



dx 



(1,0) and (1,4). To find the point(s) where the tangent line is vertical, set — = 0 

dt 

dy 

=>— 3shU = 0=>£ = hit, 7r an integer. Since — ^ 0 at these r-values, the 



dt 



required points are (4, 2) and (—2, 2). 




-1 



4 x 
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16. x = sin/, y = sin 2/ 



— = cos / and — =2 cos 2t. To find the point(s) where 
dt dt 



dy 



the tangent line is horizontal, set -j- — 0 => 2 cos 2f = 0 => 2/ = y + nir => 

(2n + 1)tt . djc , „ , , , r 

t — , n an integer. Since — ^ 0 at these /-values, the four points are 

4 dt 



(±^, ±lj . To find the point(s) where the tangent line is vertical, set 



dx 
dt 



= 0 



dy 



cos t = 0 => t = y + n-7r, 7r an integer. Since — - ^ 0 at these /-values, the 

6/ 1 



required points are (± 1 , 0) . 




17. x = 3t 2 + l,y = 2t 3 



18. * = / 3 - /, y = / J + 2/ 



_ ,3 



dx^~~ 



dx ^ dy ^ j dy -tt 6t 2 d 2 y 

— = 6t and -f- = 6r, so = = t- = * and — r 

<// d/ djc 4* 6t dx 2 

dt 

^ ? , , dy „ 7 ^7 
=> — = 3/ 2 - 1 and -f- = 3/ 2 + 4t, so -- = 
dt dt dx dx 

dt 



d (dy\ 

277 \277 y 

dx 
It 

3t 2 + 4/ 
3/ 2 -l 



1 



6? 



and 



dt 



1 j/ 3 / 2 + 4/ \ 1 fc 2 - l) (g + 4) - ( 3 / 2 + At) (fit) 
3t 2 - 1* dt \ 3t 2 - 1 )~ 3t 2 -l' ( 3r 2 _ !) 2 



2 (6/ 2 + 3/ + 2) 
(3/ 2 - l) 3 



r- Id* 

19. x = y/t, y = - => — = —= 

t dt 2V7 



1 dy 1 dy % 

and — = — so — = 



-1/t 



dt 



t 



dx 4* 1/(2^/2) 



= _ 2? -3/2 = _ 



2 



f3/2 



and 



(Py _cfi_ 
d^~~ 



\ax) 



d 
dt 



dx 
dt 



(-2f- 3 / 2 ) 

l/(2f!/2) 



= 3f- 5 /2. 2f l/2 = ^. 



^ J d dy 

20. x = sin2/, v = cos2/ — = 2cos2/ and — = -2sin2/, so — = ^- 

dt dt dx dx 

dt 



-2 sin It 
2 cos It 



— — tan It and 



d 



d L y _ It 
dx 2 ' - 



^ (- tan It) -2 sec 2 2/ 



It 



2 cos 2? 



2 cos It 



= - sec 3 2/. 



21. x = 6 + cos 0, y = 0 - sin 0 



dx dy dy 

— = 1 — sin 0 and — = 1 — cos 0, so — = 
dO dO dx 



dy 
dO 



1 — cos 0 



1 - sin 0 

dO 



and 



d 2 y _ 

dx 2 ~~ f** ~~ 1 -sin0 d0 
sin 0 + cos 0 — 1 



d (dy\ 
dO \lx~) 



1 



d 



/ l -cos0 \ _ 1 
\l-sin0 / ~ 1 -sin0 



(1 - sin 0) (sin 0) - (1 - cos 0) (- cos 0) 

(1 -sin0) 2 



(1 -sin0) 3 



22. a- = e *, y = e Ll => 



2^ ^ = _ e - ; and dy = 2g2f; ^ 



dt 



dt 



so 



2e 



It 



dx dx 
IT 



-e-t 



= -2e 3t and 



0 d 
d 2 y _ It 

dx^~~ 



(i) i("2^) -6^ 



77F 



-e-t 



-e- { 



= 6e 4t . 



23. x = cosh J, y = sinhr 



dx . , , <iv , dy -T7 cosh? 

— - = smh r and — - = cosh t, so — = = — - — 

J? rfx ^ smh/ 



= coth/ and 



J z v _ It 
Ix 2 ^^ 



(^) 



d 



f t (coth 0 - csch 2 1 



dx 
dt 



sinhr 



sinh/ 



si 



1 

inh 3 r 
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24. x = yjt 1 + 1, y = t\nt 



dx 



t 



dy 



= and — = In t + 1, so — = -r- = 

dt J t 2 + j dt dx dx 



lnf+1 y/fi + lQnt + 1) 



dt 



t /V^TT 



. Next, 



dt 



(r 2 + lj (hu+1) 



t 



\ (t 2 + l) 



2 - 1 / 2 



1/2 (' 2 + 0 



-(? 2 + l) 1/2 (lnr+l) 



t 2 -\nt 



so 



d 2 y 277 (^l) t 2 -\nt jt 2 + 1 f 2 - 



hu 



^x 2 



25. x = t 2 , y = t 3 - 3t ^ c jfc = It and ^ = 3t L - 3, so 



dy 
dx 



dy 
TIT 

dx 
It 



(- 2 - ■) 



It 



and 



9 d 
d l y It 

lx^~~ 



(If) 



d 2 y 



1 J 

2f dt 



(■ 2 - o 

2r 



4rdf(' r) 4r( 1 + r2) 



3 (r 2 + l) d 2 

A We see that — 4 < 0 if 



4? 3 



Jx 2 



t < 0 and — T > 0 if ? > 0, and so the curve is concave downward on (— oo, 0) for t < 0 and concave upward on (0, oo) 



dx 2 



for t > 0. 



26. x — t 2 ,y — t 3 — 3t. Observe that the curve is at the point (3, 0) when t\ — a/3 and ti — a/3, so the curve crosses 



dx „ , dy „ 9 

= It and -i- = 3t z - 3, so = 



4y 



(< 2 - o 



. At the first point of intersection, 



itself at the point (3,0). 

dt dt dx 2t 

3(3-1) r n n 

= — — — a/3 and an equation of the tangent line is y — 0 = — V3 (x — 3)ory — — V3 (x — 3) 



mi 



dy 
dx 



At the second point, — 
y = V5(jc-3). 
21. x — a cos 3 r, v = a sin 3 ? 



3 (3 — 1) 

= — — = a/3 and an equation of the tangent line is y — 0 = a/3 (x — 3) or 

r=V3 2V3 



cos t 



/x\i/3 . /y\i/ 3 /*\ 2 / 3 /y\ 2 / 3 

— y—J and sin t = y—J , so ^-J + y-j = cos^ t + sin^ t 



^2/3 _|_ ^2/3 _ a 2/3 an( j SQ ^ p arame tri c equations indeed represent the astroid x 2 / 3 + y 2 / 3 = a 2 / 3 . The slope of the 



dy A 



• dl = W dt 

dx 



(a sin 3 t) 3a sin 2 t cos t 



tangent line to the astroid is — — -j— = —, — = = — tanr. Setting — = — 1 gives tan? = 1 

Zfc £ (a cos 3 t) ~3a cos z t sin t 



dy 

dx 



dy 



t = ^- + nir, n an integer, and setting — = 1 gives tan? = — \^ t — ^-4- nir, n an integer. These values of t give the 

points (^flj T a ) an( ^ ( — T^' — wnere tne s l°P e of the tangent line is —1 and the points ^— ^a, ^-aj and 
^^a, — -^^^ where the slope of the tangent line is 1. 



28. x = 



1 sin u rln/ 



du, y — I e u du. Using the Fundamental Theorem of Calculus, Part I, we have 
1 u J2 



dx d 



1 



dt 



d^y 
dx 2 



smu f sinr dy d f lnt , n/ d t t dy -77 

du = and -f- = — / e u du = g ln/ • — lnf = - = 1, so ~i~ = = ^~ 

dtj\ u t dt dtj 2 dt t dx dx sin? 



t 



sin? 



and 



d 
It 



dx 
dt 



_ 1 d / r \ _ £ sin r — t cos ? _ ? (sin t — t 
"sin? dt \sin*/ ~ sin? (sin?) 2 ~ sin 3 r 



— r cos r) 
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29. x = t 5 + 5t 3 + lOf + 2, y = 2t 3 - 3t 2 - \2t + 1, -2 < t < 2 



dy § ^ (2.3 - 3 ^ - 12r + l) 6t 2 _ 6t _ l2 6 (r-2)(r+l) . . dy _ . 

^ " f " (,5 + 5r 3 + 10f + 2) " 5^+15^ + 10 " 5(r2 + l)(^ + 2 )^ etting ^ - UglVeS '" ° r 

r = 2. Since the domain is -2 < f < 2, we evaluate (jc (-2) , y (-2)) = (-90, -3), (x (-1) , y (-1)) = (-14, 8), and 
(x (2) , y (2)) = (94, —19), and see that / attains an absolute maximum value of 8 at x = —14 and an absolute minimum 
value of -19 at x = 94. 

* * dx * dy . dy 2t 

30. x = — t, y = t => — = 3. z — 1 and — = 2?, so — = — ^ -. The slope of the line with parametric equations 

4-(2t + A) dy 2t ~ 

x = 2t, y = 2t + 4 is m = —, = 1. Setting — = 1 gives — = = 1 o 3t 2 - 2t - 1 = (3f + 1) (t - 1) = 0 

jfc (2r) dx 3t z - 1 

=^ t = - j or t = 1. Thus, the points are (x (- , y (~^)) = ((~l) 3 ~ » (~i) 2 ) = ^) and 

(* (1) , y (1)) = (0, 1). 

31. x = 2t 2 , y = 3t 3 , 0 < t < 1 => ^ = 4f and ^ = 9? 2 , so as = J (4t) 2 + (9t 2 ) 2 dt . Thus, 

o 1 

L = /J as = /J >/l6f 2 + 81f 4 dt = /J ty/\6 + m 2 dt = • § (l6 + 81f 2 ) = ^ (97 3 / 2 - 64) « 3.67. 



32. x = 2? 3 / 2 , y = 3* + 1, 0 < t < 4 ^ = 3t l > 2 and = 3, so <fc = A / (3* 1 / 2 ) 2 + gdt = $Jt + \dt. Thus, 

4 



L = J 0 4 ^ = 3/ 0 4 </t + \dt = 3 (§j (t + 1) 3/2 = 2 [5V5- l). 

33. x = sin 2 r, y = cos2r, 0 < t < tt =^> %L = 2 sin r cos r = sin2? and ^ = -2sin2r, soo\s = Vsin 2 2t + 4 sin 2 2t dt. Thus, 
L = £ y/5 sin 2 2t dt = V5Jq |sin2*|o7 = 2^5 f£ /2 sin2r dt = 2^5 cos2f|^ /2 = ->/5(-l - 1) = 2^5. 

34. x = e* cost, y = e* sint, 0 < t < tt => ^ — e l cost — e l sin r = e* (cos r — sin t) and ^ = ^ ? (sin t + cos so 

= (cos t - sin 0 2 + e 2t (sin f + cos t) 2 dt = V2e l dt. Thus, L = \p2 e l dt = V2e* |^ = V2 (^ 7r - l). 

35. x = a (cos t + r sin r), y = a (sin r — ? cos 0 < r < y => §^ = a (— sin r + sin t + r cos = a? cos t 

and ^ = a (cos? — cos? + t smt) — atsint, sods — ^ (at cos t) 2 + {at sin t) 2 — atdt. Thus, 

T r 7r/2 , /«7r/2 , 1 ,2 1 71 "/ 2 1 2 

L = J 0 ds = a )q 1 t dt — | 0 — y a7r • 

36. x = ^ 2 - 2) sin? + 2tcost, y = (2 - t 2 ^ cos t + 2f sin?, 0 < f < 7r ^> 

^ = 2f sinr + ^r 2 - 2^ cos? + 2cos?-2r sinf = ? 2 cos f and ^ = -2? cos? - ^2 - t 2 ^ sint + 2sint + 2t cost = t 2 sint, 

80 L = So sl(wf+(%f dt = So Vr4 co S 2 t + ,4 sin^ i A = / 0 - f 2 A = 1 ,3|* = 1^3. 

37. x = a (2 cos ? — cos 2?), y = a (2 sin £ — sin 2t) => ^ — a (—2 sin r + 2 sin 2f ) and ^ = a (2 cos ? — 2 cos 2f ), so 

= y« 2 (-2 sin t + 2 sin 2r) 2 + a 2 (2 cos f - 2 cos 2f ) 2 Jr. Thus, 
L = J 0 27r = 2V2<3 J 0 27r y (sin 2t - sin f) 2 + (cos t - cos 2r) 2 dt = 2^2a J 0 27r VI -costdt 



= 2^/2a J 0 27r ^2 sin 2 \t dt = 4a / Q 27r sin \t = -8a cos \t ^ = -8a (-1 - 1) = 16a 
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38. x — acos^t, y = a sin 3 ? => ^ = — 3a cos 2 ? sin ? and ^ — 3a sin 2 ? cos t dt , 



so 



(£) 2 + (£) 



= 9a 2 cos 4 ? sin z ? + 9a A sin"* ? cos z ? = 9a L sin z ? cos z ?. Thus, 



2 



2 -4 



2 • 2 



— /i r*V 2 (dx\ 



+ (^) ^ = 4(3a)/ 0 7r/2 sin?cos?^= 12^^)sin 2 r 



7T/2 

0 



= 6a 



39. x — cos 2 ?, j = sin z ?, 0 < t < 2tz =^> ^ = — 2 cos ? sin ? and ^ = 2 sin ? cos ?, so the distance covered is 



dx 



dy 



D = J 0 27r ds = J 0 27r J(jf) + (0) dt = J 0 27r y (-2 cos ? sin ?) 2 + (2 sin ? cos ?) 2 dt = 2^2 |cos ? sin ?| dt 



= 2V2 (4) f* /2 cos ? sin ? dt = 8^2 (± sin 2 ?) |^ /2 = 4^2 



40. x = 4^2 sin?, y = sin 2?, 0 < t < 2n => ^ = 4>/2cos? and ^ = 2 cos 2?. The length of the course is 

L = 4 Jo 71 " 72 * = 4 J-/ 2 y(f) 2 + (^) 2 ^ = 4 Jo 7172 y(4V2cos?) 2 + (2cos20 2 ^ 

= 4 Jq /2 y/32 cos 2 ? + 4 cos 2 2? J? = 4 /J 1 " 72 y^cos 2 ? + 4 (2 cos 2 ? - l) 2 dt 

= 4 J^ /2 y/4 (4cos 4 ? + 4cos 2 ? + l)J? = 8 f" /2 -J (2 cos 2 1 + l) 2 J? = 8 j^ 2 (2 cos 2 ? + l) dt 

= 8 f" /2 (1 + cos 2? + \)dt = 8 ^2? + \ sin 2?) |^" /2 = 8tt 



41. * = 800(? 7 / 9 -? n /9), y = 



1600? 



J? 



= 800(^?" 2 / 9 -^? 2 / 9 ) = 



800 (7-H? 4 / 9 ) 

9T 2 / 9 



and 



dy_ 
dt 



= 1600. The boat is at A when ? = 0 and at B when ? = 1, so the distance travelled by the boat is 



1 



D = 



0 



dyY _ 



0 



\ 



800 



('- 



11? 



4/9 



) 



^2 



9,2/9 



+ 1600 2 dt » 1639 ft (using a CAS) 



1 ? o , • • * • • , 1 ( eE \ ( x \ 2 1 / eE \ 9 

42. x = oo*> y = — ( — I ? . Substituting ? = — into the expression for y gives y = — I — II — I = — I — T I* , 

2\mJ vo 2\m/\vo/ 2y m v^J 



an equation of a parabola. 



43. From the result of Exercise 42, we have y = — - I — =- I * . At x = a,we find y = — - 1 — y | 0 , so the electron hints 

2 \ mt>Q y 2 \ mo 0 



the screen at the point 
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44. From Example 4, we see that the length of the arc of the cycloid from 0 to 



t is L — 



—4a j^cos J 



= 4a 1 1 — cos 



We want to determine t that 



2- 



will give us the point one-quarter of the way along the arc. Again referring 
to Example 4, the length of this arc is 8a, so we solve 

4a (l — cos 7£t) = 5 (8a) = 2a => 1 - cos jt = ^ <^> cos = ^ => 
f = 2 • y = Thus, the and y-coordinates of the required point are 

(^) = *<f- sinOI 2 7T/3 = « " ^r) = H 4?r " 3V5 ) 



0 




0 



x 



a and 



= a (1 — cosr)l27r/3 — fl [l — (~ ^)] = so tne re q urre d point is (^ ^47r — 3*f$j jfl^. Next, 



dy 
dx 



a smt 



dy 

W _ 

4*. a (I — cost) 1 — cos? 



sinf . dy 
, so the required slope is — 

dx 



73 



t=2ir/3 1 



-H 



= . Thus, an equation of the 



tangent line is y — ^a = ^ ^x — ^ ^47r — 3^3^ a J 



ory = ^ 



yx + ^2 — ^7^71") (In the graph, we have taken a = 1.) 



45. x = C (0 = /q cos (y u2 ) du,y = S (t) = Jq sin w 2 ) 

As ? — > 00, the curve spirals about and converges to the point 



0 



-1 




(?> l)' ^ st ~~ > — 00 ' tne curve spirals about and converges to the 
point 

f = 37 Jo cos (f" 2 ) * = cos (?^) and 



-1 



0 



1 



a 



L = 



0 



(£) 2 + 



= / 0 a l^=f|g=a 

46. * = / (0, y = g (t) => ^ = f (t) => dx = f (t)dt. If / is increasing on [a, then 

/' (0 > 0 and A = jj 7 y ox = g (t) f (t) dt. If / is decreasing on [a, then /' (0 < 0 and 
A = j b a ydx = -jPg it) f (0 o7 = j£ g (0 /' (0 Jr. 

47. x = a (0 — sin 0), y = a (1 — cos 0). Using the result of Exercise 46, we find 

A = / 0 27r y dx = / 0 27r a (1 - cos 0) a (1 - cos 0) d0 = a 2 / Q 27r (l - 2 cos 0 + cos 2 0) o"0 

= a 1 / 0 27r [l - 2cos0 + \ (1 + cos 20)] dO = a 2 (\0 - 2sin0 + \ sin 2^1^ = 3tt« 2 



48. x — a cos 0, y = b sin 0 

A —4 f®/2 ydx —4 f®/2 Q> sin 0) (—a sin 0) dO [since x (0) is decreasing on (0, y )] 

= 4ab f* /2 sin 2 0 dO = 4ab f* /2 \ (1 - cos 20) o"0 = 2a/? (0 - \ sin 20^ |^" /2 = nab 



49. x = « cos 3 0, y = a sin 3 0 => 

A —4 f®^2 ydx —4 f®/2 sin 3 (—3a cos 2 0 sin 0 J0^ [since x (0) is decreasing on (0, y )] 

= 12a 2 f" /2 sin 4 0 cos 2 0 J0 = 12a 2 / Q w/2 sin 4 0 (l - sin 2 0^ J0 = 12a 2 f* /2 (sin 4 0 - sin 6 0) dO 
Using Formula 79 from the Table of Integrals repeatedly, we obtain A — ^iza 1 . 
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A = 



50. x = a sin t, y = Z? sin 2? => 

4 Jj 71 ^ 2 j dx = 4 J^ 2 (/? sin 2f) (a cos r dt) 
= 4a& JJ 71 ^ 2 (2 sin r cos J) (cos t) dt — Sab J^ 2 sin t cos 2 £ 

7T/2 R 

o 3 



8 



— — ^ab cos 3 t 





y\ 


k 




a 








\ > 

\ A x 




—a ■ 





51. x = 4^2 sin y = sin 2? 

A =4f* /2 ydx = 4f£ /2 (sin 20 (4^/2 cos = 16V2 £ ' /2 (2 sin t cos 0 (cos 0 = 32 72 J^ 72 sin t cos 2 f <fr 



0 

32V2 



cos r 



71-/2 3272 
- ~~3 



0 




53. x = t 3 , y = t 2 , 0 < t < 1 => £fc = 3t 2 and ^7 = 2f, so 
S = 2tt /J yy J (3t 2 ) 2 + (2t) 2 dt = 2ir /J f 2 ^ 4 + 4/ 2 </f 



= 2tt /J t 3 y/9fi+4dt 
= 2tt J 4 13 £ (w - 4) w 1 / 2 </w) 

= £ jH ^3/2 _ 4m 1/2^ du = _n_ Q M 5/2 _ 8^3/2) 

2(247713 + 64) 
= T2T5 



(where u = 9? 2 + 4) 

13 
4 




54. x = >/3f 2 , ;y = r-r 3 ,0<r<l=>4f = 2>/3r and ^ = 1 - 3f 2 , 



It 



It 



so 



S = 2ttJo y<fa = 27rJo (f - ? 3 ) ^{ly/^t^ + (l - 3r 2 ) 2 

= 2tt Jq 1 (V - f 3 ) 79r 4 + 6r 2 + ldt = 2tt /J (V - r 3 ) (3f 2 + l) dt 

= 2tt /J (3t 3 + f - 3r 5 - f 3 ) ^ = 2tt /J (2f 3 - 3? 5 + f ) 
= 2 7 r(^-^ + lt 2 )|^ = 7r 



J A 
1- 
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55. x = A? , y 



S = 



±t 3 , y = 4 - It 2 , 0 < t < 2V2 => & = t 2 and & = so 



2tt J 2 ^ y = 2tt J 2 ^ 2 (4 - ^ 2 ) y/i* + fldt 

= 2tt J 2V2 ^vT^TT - ^a/^TT) A 

2V2 



= (27 



- l)-7r/j 9 ( M - l)^«V2 rfM (where« = f 2 + 1) 

2^2L _ * jf ^3/2 _ „l/2) rfM = 2^r _ ^ (2 u 5/2 _ 2 M 3/2^ = 

56. x — e l sin t, y = e l cos 0 < t < ^ => ^ = e r (sin f + cos t) and 
— e l (cos £ — sin £), so 

2 2 

(w) + (w) = e2t [( sint + cos? ) 2 + ( cos ^ - sinf) 2 ] = 2e 2 '. Thus, 

S = 2tt /J 1 "/ 2 y = 2tt / q w/2 (e l cos f ) V2e' = 2 V2tt J* /2 e 2t cos t dt 
Using Formula 99 from the Table of Integrals, we obtain 




148-tt 
~3~ 



5 = 2V27r 



2t 



-17T/2 



4+1 



(2 cos t + sin 0 



= 2^(^-2). 



_ 0 



57. x = 



t — sin t, y = 1 — cos t => ^ = 1 — cos ? and ^ = sin t. Thus, 



5 = 2-7T Jq W y ds — 2ir J^ 71 " (1 — cos t) yj (\ — cos t) 2 + sin 2 ? J? 
= 2tt J 0 27r (1 - cos t) V2V1 - cos tdt = 2V2it J 0 27r (1 - cos f) 3/2 dt 
— 87T Jq 7 * sin 3 dt — 877 Jj^ 71 " ^1 — cos 2 j sin ^ 

= 16-7T COS + ^7T COS 3 jt^j 



jtdt 



= 871- (-2 cos ^ + ^cos 3 ^1 = 
58. x = t, y = 2t, 0 < t < 4 



64-7T 



s = 



2tt f£xds = 2tt Jq l 2 + 2 2 r = 2V5-7T J 0 4 1 dt 



V5iTt 2 = \6V5tv 

0 



59. x = 3t 2 , y = 2t 5 , 0 < t < 1 => 



5 = 2tt /J x = 2tt /J 3t 2 y/(6t) 2 + (6t 2 ) 2 dt = 36tt /J t 3 VT+fi dt 
= 36tt J 2 (w - 1) (2) " 1/2 ^ M (where 21 = 1 + r 2 ) 
= 187T / 2 (a 3 / 2 - M V2) du = l 87r ( 2 M V2 _ 2 u 3/2^ 2 




-1 0 





i — ► 

5 x 
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60. x — a cos t, y = b sin t, — y < t < -j => 

5 = 4-7T /J 7 ^ 2 jc = 4-7T J^^ 2 # cos tyj (—a sin 0 2 + (£> cos O 2 <i£ 
= 47r JjJ 1 "^ cos f >/ a 2 sin 2 1 + Z? 2 cos 2 f 

= 47r /J 1 "/ 2 <3 cos t^ja 2 sin 2 f + Z? 2 - sin 2 ^ <fr 
= 4tt J^ 2 « cos f ^ (a 2 - b 2 ) sin 2 t + b 2 dt 

= 47r /J 1 "/ 2 a cos ty/b 2 + c 2 sin 2 ? (where c 2 = a 2 - Z? 2 ) = 

47va 




4na 



J^ 2 c cos tyj b 2 + (c sin t) 2 dt 



Let u — c sin £ . Then S = — — Jq \Jb 2 + w 2 dw, and we can use Formula 37 from the Table of Integrals to get 
S = — [uy/b 2 + u 2 + b 2 In |u + y/b 2 + w 2 = — \l cJb 2 + c 2 + b 2 In c + vV + c 2 h - (0 + & 2 ln 



27T<3 



r«\/Z? 2 H-M 2 H-Z? 2 ln|w + y/b 2 + w 2 |] 

r , ? , / x , ? , , l 27rav 2 - £ 2 

\ca + Z? z In (c + a) - b z \nb \ = = = 

L J a 1 — b l 



61. x = e l - t, y = 4e^ 2 , 0 < t < 1 => 

S = 2n$xds = 2tt /J (e< - t) J (e f - l) 2 + (2e*/ 2 ) 2 dt 
= 2ir$ (e l - t) (e* + \)dt = 2tt /J (e 2t - te* + e l - tj 

= 2lZ {^e 2t - (t - \)e f +e* - ^ 2 )|q [since JV rff = (f - 1) e' + C] 

= 7r (e 2 + 2e - 6^ 



dt 



8 

64 
4- 

2- 



-1 



0 



(1.7,6.6) 



(1,4) 



1 



-• — > 

2 x 



62. x — a (2 cos £ — cos 2?), y — a (2 sin t — sin 2?) 

^ =a(-2sinr + 2 sin 2f) and ^ = a (2cosf - 2 cos 20, so 

2 2 

(w) + (^) = 4<2 2 (^sin 2 r - 2 sin ? sin 2? + sin 2 2r 

+ cos 2 1 — 2 cos ? cos 2t + cos 2 2f ^ 
= Sa 2 (1 — cos 0 using cos t = cos (2t — t) 

and = 2V20VI — cos? <i?. Thus, 
5 = 2tt Jq 71 " y ds = 4j2TTa 2 (1 - cos 0 3/2 sin t dt = 



16 V2 




iz a 



(1 -cos0 5/2 



7T 



1287TA 



0 



3 



63. x — a cos t, y = a sin t 



^(ll) 2 + (w) 2 =y(-3«cos 2 ?sin/) 2 + (3a sin 2 ? cos ?) 



= 3a sin ? cos ? for 0 < t < y 



Thus, 



5 = 2 (27r) /J 1 "^ 2 J ^ = 4-7T J^^ 2 ^« sin 3 (3a sin r cos 0 dt 

7T/2 



= 127ra 2 Jq 71 " 72 sin 4 1 cos ? rff = 



127H2 



sin 5 t 



12na 



0 
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64. x — a (0 — sin 0), y — a (1 — cos0) => ^ = a (1 — cos0) and ^ — as'mO, so 

2 2 

(fl) + {%) = * 2 0 ~ cos °) 2 + « 2 sin2 6 = al {} - 2cos0 + cos2 # + sin2 °) = 2al 0 ~ cos0 )- Thus > 
ds — J {^jg^ + — V2a^/\ — cos 6 dO. The area of the surface obtained by revolving about the x-axis is 

S = 2tt J 0 27r j ^ = 2tt J 0 27r a (I- cos 0) Via Vl - cos 0 dO = ijlna 1 J 0 27r (1 - cos 0) 3 / 2 </0 
= 2V27T^ 2 J 0 27r ^2 sin 2 \Q} dO = 8tt« 2 J 0 27r sin 3 ^0</0 = 87ra 2 J 0 27r (l - cos 2 ^0) sin \Q dO 

= 8tt<2 2 |^-2 cos ^0 + f cos 3 ^0j Q = — - — 
The area of the surface obtained by revolving about the y -axis is 

S = 2tt J 27r x ds = 2tt J 27r a (0 - sin 0) VWl-cos0d0 = 2V2na 2 J 0 27r (0V1 -cos0 - Vl-cos0sin 0) dO 

= 2V27iyz 2 J 0 27r 0V1 -cos0J0 - 2 V2t™ 2 J 0 27r VI - cos 0 sin 0 </0 
We use parts for the first integral: u — 6 and do = Vl — cos Odd => = dO and 

1 /2 

0 = J Vl — cos0 dO — J (l sin 2 ^0^ J0 = V5 / sin ^0J0 = — 2V2cos ^0 (omitting the constant of integration). 
Thus, S = 2^2na 2 [-2V20cos \Q + 4V2sin * 0 - | (1 - cosOfl 2 ^ = 16ttV 



65. x 2 + (v — b) 2 — r 2 ,0 < r < b. The circle can be written in the parametric form 
x — r cos t, y = b + r sin t, 0 < t < 2tt, so ^ = — r sin £ and ^ = r cos Thus, 

5 = 2-7T Jq 77 y ds — 2-7T J^ 71 " (/? + r sin ^ (— r sin £) 2 + (r cos ?) 2 



= 2-zrr J 0 27r (£ + r sin 0 dt = 2nr (bt - r cos OIq 71 " = 47r z rZ? 



2tt _ 




66. Since /' (?) 7^ 0 for a < t < b, we see that f' (t) > 0 for all t in (a, b) or f' (t) < 0 for all tin (a, b). 

Therefore, / is monotonic and / _1 exists. This means there exists an inverse function / such that t — f~ l (x), so 

y = g (t) = g ( / -1 (x) ). Define F — g o Then F is the desired function. 



67. a. 



0.4 -- 



0.2 



0.0 




b. 1 = 2t 2 , y = t — t J , 0 < t < 1 



3 



L = 



/0 1 JW+W d < 

= Jo 1 7(40 2 + (l-3r2) 2 ^ 

= Jo 1 + 10r 2 + 1 dt « 2.2469 (using a CAS) 



0 



1 
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68. a. 



1 -- 



0 



-1 -- 




-1 



0 



1 



(b) x = sin (0.5f + OAtt) => $L = 0.5 cos (0.5f + 0.4tt) and y = sin* 



= cos t, so 



L — 2 J 0 27r V0.25 cos 2 (0.5f + 0.4tt) + cos 2 1 dt 



9.3948 (using a CAS) 



69. a. 



1 -- 



0 



-1 -- 




-1 



0 



1 



b. 



x — 0.2 (6 cos t — cos 6t) => 

^ = 0.2 (—6 sin t + 6 sin 6?) = — 1 .2 (sin t — sin 6r) and 
y = 0.2 (6 sin t — sin 6t) => ^- = 1 .2 (cos f — cos 6t), so 

(<f) + 0*f) = (1.2) 2 [(sin?-sin60 2 + (cos^-cos60 2 ] 



= (1 .2) 2 (sin 2 1 - 2 sin t sin 6r + sin : 



6t 



+ cos 2 J — 2 cos ? cos 6t + cos 2 6f ^ 



= 2 (1.2) 2 (1 — sin J sin6r — cos? cos 6t) 



;2 2 
(If) + {if) dt = ^ 2 - 4 ) V2 JiT VI - sin f sin 6t - cos t cos 6r » 9.6000 (using a cas). 



70. a. 



20- 



10 



0 




-10 



0 



10 



b. x = 2t(l - f 2 ) => ^ = 2 (l - 3r 2 ) and y = -? 2 (l - |f 2 ) 



^ = -2,(l-3, 2 ),so 



(If) 



dy\ 2 _ 



= 4 1 



- 



3r 2 ) + 4f 2 (l-3f 2 ) 

2 



= 4(l-3r 2 ) ( 1 + ?2 ) 



* = 2 Jo* /(£) 2 + (t) 2 * = 2 Jo 27(l-3. 2 ) 2 (l + r 2 ) * 



49.5553 (using a cas) 



71. x = 4sin2r, y = 2cos3?, 0 < t < £ 



+ 



eft 



4tt /J 1 " 76 cos 3^(8 cos It) 2 + (-6 sin 3r) 2 dt 

4tt J^ 6 cos 3rV64cos 2 It + 36 sin 2 3* « 33.66 (using a cas) 
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72. a. x = f" (?) cos t + f (?) sin ? => ^ = /"' (0 cos ? - /" (?) sin ? + /" (?) sin ? + f (?) cos ? = [/'" (0 + /' (?)] cos ? 
and y = -/"(?) sin? + /'(f)cosf =^> 

4fc = -/"' (t) sin t - f" (?) cos t + /" (0 cos t - f (?) sin t = - [/"' (?) + f (?)] sin ?, so 

L = fa y(f) 2 +(§) 2 ^ = J? y^w + rcol^cos^ + sin^)^ = j; [r (o + /' (o] dt 



= Sa[f"(t) + f{t)]dt = [f"{t) + f{t)] b a 



b. Here / (?) = ? 3 , so L = [/" (?) + / = (6? + ? 3 ) | * = 7. 



_/ 2at \ 



2 a (l - ? 2 ) ] 2 ^2,2 + fl 2 _ 2fl 2,2 + a 2 ? 4 a 2 (? 4 + 2? 2 + l) a 2 (? 2 + l) 



73. * 2 + y 2 = — ^ + 



1 + ? 



2 



(l + ? 2 ) z (l + ? 2 ) z (l + ? 2 ) 

an equation of the circle with radius a centered at the origin. 

lat dx (i+t 2 )(2a)-2at(2t) 2a (l - A a (l - t 2 ) 

74. x = it => — = ^ » = ^ ^- and y = — ^ ^- => 

1 + r 2 A (1 + ? 2 ) ( ! + f2 ) 1 + f 

dy (l + t 2 ) (-2«f) - a (l - t 2 ) (20 4a , ( dx ^2 ( dy ^2 4a 2 (l - t 2 ) + 16a V 



= a 2 , 



* (1 + r 2 ) 2 ~ (i + *2) 2 \*/ 

so 



4a 



(1+? 2 ) 4 (l+? 2 ) 



2' 



L - 

— -x 



/ay V , 2a , „ f b 2a 1 A / , \ 

( — ) + ( — I dt = 2 T dt — 2 lim / T a7 = 4a hm (tan -1 ?) 

\d?/ \</f/ </0 1 + b^ooJo 1 + ? 2 2>->oo V / 



0 



= 4« lim (tan 1 & ) = 4a • ? = 2-7ra 

&->oo V / 2 

75. ? = — => y = ?.*:, and substituting this into the equation of the folium gives x 3 + (?x) 3 = 3ax (?;*:) <=> + r 3 x 3 = 3ax 2 t 

JC 

3at 3at 2 



<=^> x 3 (l + ^ 3 ^ = 3ax 2 ? =^> x = -y^ — , so y = tx 



f3 + r-' r3 + i - 

3ar 0 3 + 0 ( 3 «) " (3*0 (3^ 2 ) 3a (l - 2r 3 ) 3a? 2 
76. x = — =^> — = — - = ^- and y = 



' 3 + l dt (^ 3 + l) 2 (^ 3 + l) 2 ?3 + 1 

(t 3 + l) (fiat) - (3at 2 ^) (3t 2 ^j 3at (2 - t 3 ^j 2 / j v \ 2 9a 2 (l - 4f 3 + 4t 6 + 4? 2 - 4t 5 + t s ^j 



dy^ 

dt (? 3 + 0 2 (' 3 + 0 2 ^^ dt ) '\ dt ! ( f3 + !) 4 

3a? 3a? 2 

Next, setting y — x gives ^ — - — ^ ^ <=^> 3a? (? — 1) = 0 ^> ? = 0 or t — 1. Thus, by symmetry, 

L = 2 i,VU) + (i) " f = 2 - 3fl i) ^ ^ (using a cas). 

77. x = a cos? => ^jj = —a sin? and y — bs'mt ifc = bcost, so 



(if) 2 + (af ) = v 7 a 2 sin 2 ? + b 2 cos 2 ? = ^a 2 (l - cos 2 ?) + b 2 cos 2 ? = ^ja 2 - (a 2 - /? 2 ) cos 2 ? = ay 7 ! - <? 2 cos 2 ? 



since e — 



V « 2 - /? 2 _ . p9tt //^v\ 2 



. Therefore, by symmetry, L = J 0 27r J (jjf) + dt = 4a /J 1 "/ 2 v 7 ! - e 2 cos 2 ? a 1 ?. 



a 

Now we substitute ? = y — w, so dt — —du, t = 0 => w = y, and ? = y ^> u = 0, and so 



L = 4a \^~ e [ cos (y — m )] (~du) = 4a J Q VI - r sin 2 w Jm. The desired result follows by replacing w with 
?. 
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O 10 2 — 6 2 n7 r/2 I O - 

78. Here a = 10 and b = 6, so e z = — — — = 0.64, so the circumference is L = 4 • 10 L 1 V 1 - 0.64 sin z tdt ^51 .054. 



10 2 



79. False. In fact, 



Jy 



g'(0 
/' (0 ' 



so 







d 


r (o i 


d 2 y d 


r «' (o i 


dt 


L/'(oJ 


dx 2 dx 


. /' (0 . 




dx 



/' (0 g" (0 - g' (0 f" (0 



/' (0 g" (0 - g' (t) f" (0 



80. False. Let C : / (t) = ? 3 + 1, g (t) = r 3 , — oo < f < oo. Then upon eliminating J, we have y — x — 1, which is an 
equation of a line. Yet / and g are nonlinear functions. 



1. Besides P (r, 0), we have P (r, 0 + 2&7r) and P (— r, 0 + Jen), where & is an integer. 



2. a. x = r cos 0, y = r sin 0 



b. r 2 = + y 2 , tan0 = y/x (jc ^ 0) 



3. a. The graph of r — f (0) is symmetric with respect to the polar axis if and only if / (— 0) = / (0). 

b. The graph of r — f (0) is symmetric with respect to the vertical line 0 = y if and only if / (n — 0) = / (0). 

c. The graph of r — f (0) is symmetric with respect to the pole if and only if (— r, 0) = (r, 0). 



4. a. Seepage 874. 



b. Seepage 874. 



c. See pages 874 and 875. 




1. x — 4 cos ^ 



y — 4 sin -J = 
(2V2, 



= 2^2 and 
= 4 = 2V5, so the point is 




2. x = 2cos^ = 2 (^) = v/3 and 

y = 2 sin ^ = 2 (2) = 1, so the point is l) 




0 



3tt 



3. x = 4 cos ^j- = 0 and y 
the point is (0, —4). 



3tt 



= 4sin^ = 4(-l) = -4, so 



3tt 




4 (4, ¥) 



4. x 



6cos37r 
6 sin 3-7T 



6(-l) = -6 and 

6 (0) = 0, so the point is ( 

(6, 377) 



-6,0). 
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5. x = -V2cosf = -72^) = -1 and 

y = -Vising = -V5(^) = -1, so the point is 



(-1,-1). 




\ 



77 



O 



6. * = (-1) cos f = (-!)(£ )=- 



j and 



>' = (-l)sinf = (-1) (^r) , so the point 

/ 1 _V3\ 

V 2' "2";- 




7. a- = (-4) cos (-^) = (~ 4 ) (~ir) = 2\/2 and 
y = (-4) sin = (-4) (-^) = 2^2, so the 

point is ^2^2, 2 . 




8. x 



= 5cos(-^) 



V3\ _ 5V3 



2 



and 



y = 5 sin ^— = 5 ( — — — |, so the point is 
V 2~» 




( 



9. r = V2 2 + 2 2 = 2V2 and tan0 = § = 1 



6 = tan -1 1 = ^, so the point is (2^2, 2^ 



2- 



0 



(2,2) 



10. r = yl 2 + (-l) 2 = V5andtan0 = ^ => 

6 = tan -1 (-1) + 2tt = so the point is (^2, 



4 



0 



-1 



1 



X 



(1, -1) 



11. r = VO 2 + 5 2 = 5 and tan 6 is undefined, so 6 = f . The 12. r = J3 2 + (-4) 2 = 5 and tan 6 = 



-4 



point is (5, 



0 



(0,5) 



6 = tan 1 ^— j J + 27T, so the point is 
(5, tan" 1 + 2tt). 



"0 



-4- 



(3,-4) 
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13 



r = J + (-V3) = V6 and tan0 = 
0 = 7r + tan -1 1 = ^p, so the point is ^Vo~, . 



0 



(-V3, -V3) 



-\/3 ■• 



-12 



15. r = y]5 2 + (-12) 2 = 13 and tan 0 = 
0 = tan -1 ^— 4?^ + 27r, so the point is 

(l3, tan" 1 (-^)+2ttV 



y 1 


1 5 


0 


5 


-12- 


• 




(5,-12) 



17. 




18. 




21. 



0= 77-/4 




22, 





/e= 7T 


f 0 


^ — * 




3 



=> 14. r = 



(2>/3^ + (-2) 2 = 4 and tan 0 = 



-2 
2s/3 



0 = tan" 1 (^|) + 2tt = 1^, so the point is (4, ^) 



0 

2 + 



2x/3 



a: 



(2n/3, -2) 



16. r = ^32 + (-1) 2 = VlOandtan0 = 
0 = tan -1 



( — ^\ + 27r, so the point is 
_ 1 / 1 \ _ \ 



(Vidian" 1 (-i)+27rV 



0 



1- 



3 



(3,-1) 



19. 






V 0 


> 

2 



20. 



(- 













23. 




6/ = 7T-/6 24. 



0 = -77-/6 



0=tt/2 




- 

■s 








\ 




- N 


\ 




\ 

\ 


\ 




I 






? ' 






r 


1 

1 


\ 




/ 




* 

* 





25. r cos 0 = 2 => * = 2 



26. r sin0 = — 3 => y = — 3 27. 2r cos0 + 3r sin0 = 6 28. rsin0 = 2rcos0 

2x + 3y = 6 j = 2x 



29. r 2 = 4r cos 0 => x 2 + y 2 = Ax <^=> x 2 + y 2 - Ax = 0 



4 _ .2 



30. r 2 = sin20 = 2 sin 0 cos 0 => r 4 = r 2 (2 sin 0 cos 0) = 2 (r sin 0) (r cos 0) => (x 2 + y 2 ) = 2xy <=> 
x 4 + 2xV + v 4 - 2x;y = 0 



31. r = 



1 

1 - sinO 



r - r sin0 = 1 VT^+y 2 - y = 1 <=^ ^fx^^y 2 = y + 1 => x 2 + y 2 = y 2 + 2y + 1 <^> 



jc 2 - 2}; - 1 = 0 
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32. r = 



4 — 5 cos 0 
9x 2 - 16y 2 + 30x + 9 = 0 

33. x — 4 => r cos 0 = 4 => r = 4 sec 0 



4r - 5r cos 0 = 3 => 4y/x 2 + y 2 - 5* = 3 => 16 (x 2 + y 2 ) = 25x 2 + 30x + 9 <=> 



34. x + 2y = 3 => r cos 0 + 2r sin 0 = 3 



r — 



cos 0 + 2 sin 0 



35. x z + = 9 => r z = 9 => r = 3 



2 



36. x 2 -y 2 = 1=> (rcos0) 2 - (rsin0) 2 = 1 => r 2 (cos 2 0 - sin 2 fl) = l=>r 2 cos20 = l=>r 2 = sec20 



37. xy = 4=> (rcos0) (rsin0) = 4 



r 2 cos 0 sin 0 = 4 => r 2 = 



4 



4 



cos 0 sin 0 1 s in 20 



r 2 = 8 esc 20 



38. y 2 - x 2 = 4y/x 2 + => (r sin 0) 2 - (r cos 0) 2 = 4r => r 2 (sin 2 0 - cos 2 = 4r => -r cos 20 = 4 



cos 20 



r — -4 sec 20 



39. 





1 — ) 




3 







40. 









43. r — 3 cos 0 o r 2 = 3r cos 0 => ;t 2 + y 2 = 3x <=> 

— l) + = ?• The curve is a circle with radius | 
and center I I 




41 





/# = 7T 








- * 



42 



0 = -77-/6 



44. r = — 4 sin 0 o r 2 = — 4r sin 0 => ;t 2 + y 2 = —4y <=> 

* 2 + (y + 2) 2 = 4. The curve is a circle with radius 2 and 
center (0, -2). 




45. r — 3 cos 0 — 2 sin 0 o r 2 = 3r cos 0 — 2r sin 0 

x 2 + j 2 = 3x - 2y <^ (x - §) 2 + (y + l) 2 = ^. The 

curve is a circle with radius and center — 1^ . 




46. r = 2sin0 + 4cos0 <=> r 2 = 2r sin 0 + 4r cos 0 

x 2 + y 2 = 2y + 4x <=> (jc - 2) 2 + (y - l) 2 = 5. The 

curve is a circle with radius y/5 and center (2, 1). 
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47. r = 1 + cos 0. The curve is a cardioid. 48. r — 1 + sin 0. The curve is a cardioid. 




49. r = 4 (1 — sin 0). The curve is a cardioid. 50. r — 3 — 3 cos 0. The curve is a cardioid. 




-8 



51. r = 2 esc 0 — — — - o r sin 0 = 2 <=> y = 2. The curve is 52. r = —3 sec 6 = <=> r cos 6 — — 3 <^> x = — 3. The 

sin 0 cos 0 

a horizontal line. curve is a vertical line. 
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61. r — sin 30 



62. r = 2 cos 40 



63. r = 4 sin 40 



64. r = 2sin50 







65. r = 4 cos 0 => m = 



_ / / sin0 + /cos0 
0 =7r/3 ~ fcos6-f sin 0 



7T/3 



-4 sin 2 0 + 4 cos 2 0 
—4 sin 0 cos 0 — 4 sin 0 cos 0 



V3 



7T/3 



66. r — 3 sin 0 => m = 



/' sin 0 + / cos 0 
0 =7r/4 /' cos 6 - f sin 0 



7T/4 



3 cos 0 sin 0 + 3 sin 0 cos 0 
3 cos 2 0-3 sin 2 0 



but at 0 = 



7T/4 



numerator is nonzero while the denominator is zero. Thus, m is undefined and the tangent line is vertical. 



f the 



67. r = sin0 + cos0 



m — 



dy 
dx 



_ /' sin 0 + / cos 0 
e=7r/4~ / / cos0-/sin0 



(cos 0 — sin 0) sin 0 + (sin 0 + cos 0) cos 0 
^4 (cos 0 — sin 0) cos 0 — (sin 0 + cos 0) sin 0 



7T/4 



68. r = 1 + 3 cos 0 => m = 



dy 
dx 



/' sin 0 + / cos 0 
0=tt/2 f'co&O- /sin0 



-3 sin 2 0 + (1 + 3 cos 0) cos 0 
^2 — 3 sin 0 cos 0 — (1 + 3 cos 0) sin 0 



= 3 



7T/2 



69. r = 0 => m = 



dx 



/' sin 0 + / cos 0 
0=tt /' cos 0 - / sin 0 



7T 



sin 0 + 0 cos 0 
cos 0 — 0 sin 0 



= 7T 



7T 



70. r = sin 30 => m = 



dy 
dx 



_ /' sin 0 + / cos 0 
0=tt/3 /'cos0-/sin0 



7T/3 



3 cos 30 sin 0 + sin 30 cos 0 
3 cos 30 cos 0 — sin 30 sin 0 



= 73 



7T/3 



71. r 2 = 4cos20. If < 0 < then cos 20 > 0, so we may write r = V4 cos 20 = 2Vcos 20 

2 sin 20 

/'sin0 + /cos0 



m — 



dy 
dx 



6=7T/6 f cos 0 f sin 0 



V cos 20 



sin 0 + 2 Vcos 20 cos 0 



2 * 2$ 

7T/6 

— cos 0 — 2 Vcos 20 sin 0 
Vcos 20 



= 0 



7T/6 



72. r = 2 sec 0 = 



COS0 



r cos 0 = 2 or, in rectangular coordinates, x = 2. So the curve r = 2 sec 0 is a vertical line, and 



therefore the slope of the tangent line is undefined. 



73. r — 4 cos 0 => x = r cos 0 = 4 cos 2 0 and v = r sin 0 = 4 cos 0 sin 0 = 2 sin 20, so ^ = — 8 cos 0 sin 0 — —4 sin 20 and 



^=4cos20. 



For horizontal tangents, ^ ^ 0 and ^ = 0 => cos 20 = 0 => 6 — ^, ^JL, ^p, or so the points with horizontal 
tangent lines are {l^fl, ^ and (-2V2, (Note that 0 = and 0 = ^ yield the same points.) 

For vertical tangents, ^ ^ 0 and ^ = 0 => sin 20 = 0 => 0 = 0, y , 7r, or yL, so there are vertical tangent lines at 
(0, f ) and (4, 0). Note that (0, f ) is the pole. 
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74. r — sin 0 + cos 0 => x — r cos 0 = sin 0 cos 0 + cos 2 0 = ^ sin 20 + cos 2 0 and 

y — r sin 0 = sin 2 0 + sin 0 cos 0 = sin 2 0 + ^ sin 20, so ^ = cos 20 — 2 cos 0 sin 0 = cos 20 — sin 20 and 

^ = 2 sin 0 cos 0 + cos 20 = sin 20 + cos 20. 

For horizontal tangents, ^ = 0 => sin 20 + cos 20 = 0 => tan 20 = — 1 => 0 = ^ or ^ . jg ^ 0 for these values, so 
the points are (sin ^- + cos ^f, ^) and (sin ^ + cos 

For vertical tangents, ^ = 0 => tan 20 = 1 => 0 = ^ or ^ . Because ^ ^ 0 at these values of 0, we see that the points 
where the tangent line is horizontal are (sin ^ + cos ^, ^) an d (sin ^ + cos 



75. r — sin 20 => x = r cos 0 = sin 20 cos 0 = 2 sin 0 cos 2 0 and v = r sin 0 = sin 20 sin 0 = 2 sin 2 0 cos 0, 
so = 2 cos 3 0 - 4 sin 2 0 cos 0 = 2 cos 0 (cos 2 0 - 2 sin 2 0) = 2cos 0 (l - 3 sin 2 0^ and 

^ = -2 sin 3 0 + 4 sin 0 cos 2 0 = 2 sin 0 (2 cos 2 0 - sin 2 0) . Now ^=0^0 = 0, 

tan -1 V2, 7T + tan -1 (-V5), tt, tt + tan -1 \fl, or 2tt + tan -1 (-V2); and || = 0 => 

0 = sin" 1 f , tt + sin" 1 (-^), * + sin" 1 ^, ^, or 2tt + sin" 1 (~^)- The lists 

are mutually exclusive, so the tangent line is horizontal at (0, 0), (sin ^2 tan" 1 V5) , tan" 1 

(sin2 (tt + tan" 1 (-V 2 )) , tt + tan" 1 (-V2)) = (sin (2tan _1 (~v^)) , tt + tan" 1 (-V2)), 
(0, tt), (sin (2 (tt + tan -1 , tt + tan -1 V?) = (sin (2 tan -1 v^) , tt + tan -1 V^, and 

sin (2 (2tt + tan" 1 ("V5))) , 2tt + tan" 1 (-V5)) = (sin (2 tan" 1 (-V2)) , 2tt + tan" 1 (-V2)); 
and the tangent line is vertical at (sin (2 sin -1 , sin -1 (0, y), 

(sin (2 (tt + sin" 1 ("#))) , >* + sin" 1 (-f )) = (sin ^sin" 1 (-^)) , tt + sin" 1 {-f )), 
(sin (2 (tt + sin -1 , tt + sin" 1 ^) = (sin (2sm _1 ^) , tt + sin" 1 (0, ^f), and 
(sin (2 (2tt + sin" 1 ("#))) , 2tt + sin" 1 (-^)) = (sin (2 sin" 1 (-^)) , 2tt + sin" 1 ("#))• 



76. 



r 2 = 4cos20 => r = 2Vcos20 if 0 lies in [0, f ] U [^,7r]. 2rr' = -8sin20 => r' = - 



dx , „ 4 sin 20 cos 0 —4 sin 20 cos 0 — 4 cos 20 sin 0 

= r cos 0 — r sin 6 = r sin 0 = = and 



4 sin 20 
r 

4 sin 30 



, so 



dO 

dy_ 

dO 



, „ „ 4sin20sin0 
= r sin 0 + r cos 0 = h r cos 0 = 



r r 
-4 sin 20 sin 0 + 4 cos 20 cos 0 4 cos 30 



dy - 0 

5-7T \ dx 



0 = 



7T 

"6 



or and since ^ ^ 0 at these values of 0, the tangent line is horizontal at (±V5, ^ and (±\/2, . 
0 = 0, and since ^1^0, we see that the points where the tangent line is vertical are (±2, 0). 



= 0 
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77. r — 1 + 2 cos 0 => x — r cos 0 — cos 0 + 2 cos 2 0 and y = r sin 0 = sin 0 + 2 sin 0 cos 0 = sin 0 + sin 20, 
so = — sin0 - 4 cos 0 sin 0 = — sin0 (4 cos 0 + 1) and 

^ = cos0 + 2cos20 = cos0 + 2(2cos 2 0- l) = 4cos 2 0 + cos 0 - 2. ^ = 0 => 0 = cos" 1 ^f 111 , 

cos" 1 (~ 1 ~ 8 V ^), 2tt - cos" 1 (^g^), or 2tt - cos" 1 and || = 0 => 0 = 0, cos" 1 (-^), tt, or 

27T — cos -1 (— From this, we see that the points where the tangent line is horizontal are ^1 + v ^|~ 1 , cos -1 ^'^f" 1 ), 



(l _ V33+1 , cos-l (=^=±)), (l - ^±1, 2tt - cos- 1 (=^)), and (l + ^=1, 2tt - cos" 1 ^=i); 
the points where the tangent line is vertical are (3, 0), yj, cos -1 y— | (— 1, 7r), and y^, 2ik — cos -1 y— 



and 



78. r — 1 + sin 0 => x = r cos 0 = cos 0 + sin 0 cos 0 and y = r sin 0 = sin 0 + sin 2 0, so 

|* = - sin 0 + cos 2 0 - sin 2 0 = -2 sin 2 0 - sin 0 + 1 and ^ = cos 0 + 2 sin 0 cos 0 = cos 0 ( 1 + 2 sin 0) . ^ = 0 <=> 

0 = f , ^, 2*L, or and ^ = 0 <^ 0 = f , ^, or 4f . The tangent line is horizontal at (2, f ), and 



(1 , i^), and vertical at (§, , 2"), and (o, ^ ). 



79. x 4 — 2;t 3 + 2x 2 y 2 — 2xy 2 — y 2 + y 4 = 0. Letting x = r cos0 and y = r sin0, we find 
r 4 cos 4 0 - 2r 3 cos 3 0 + 2r 4 cos 2 0 sin 2 0 - 2r 3 cos 0 sin 2 0 - r 2 sin 2 0 + r 4 sin 4 0 = 0 
r 4 (cos 4 0 + 2 cos 2 0 sin 2 0 + sin 4 0^ - 2r 3 cos 0 (cos 2 0 + sin 2 0^ - r 2 sin 2 0 = 0 o 



<=> 

2 



= 0 o r = 0 or 



r 4 (cos 2 0 + sin 2 0^ - 2r 3 cos 0 - r 2 sin 2 0 = 0 o r 2 [V 2 - 2r cos 0 - (\ - cos 2 0^] 

r 2 — 2r cos 0 + cos 2 0—1 = 0<=>r = 0or(r — cos 0) 2 — lor = 0orr = cos 0 ± 1 . This shows that r = 1 + cos 0 has 
the given equation as its rectangular equation. 



80. r — a sin 0 + Z? cos 0 => r 2 = a r sin 0 + Z?r cos 0 => x 2 + y 2 = ay + Z?x <=> x L — bx + y z — ay = 0o 

2 2 

x 2 - bx + (-|) + y 2 - ay + (-|) 2 = ^ + ^ <J=> - |) + (y - f ) = ^ (a 2 + 6 2 ). This is an equation of the 



circle with center §) an ^ radius jy/a 2 + b 2 . 



81. a. d 2 = (x2 — x\) 2 + (y2 — yi) 2 . Here = r\ cos0i, yi = r\ sin0i, X2 = r2 cos 02, and y2 = sin 02, so 
d 2 = (>2 cos 02 — n cos0i) 2 + (r^ sin 02 — rj sin0j) 2 

= r 2 cos 2 02 — 2rir2 cos 0\ cos 02 + r 2 cos 2 0i + r 2 sin 2 02 — 2rir2 sin 0\ sin 02 + r 2 sin 2 0i 

= r| (cos 2 02 + sin 2 02^ — 2r^2 (cos 0\ cos 02 + sin 0\ sin 02) + r 2 (cos 2 0\ + sin 2 0^ 

= r 2 + r 2 — 2r\ri cos (0\ — 02) 



sod — Jrf + r\ - 2r\r 2 cos (0\ - 0 2 ). 



b. Letting r\ = 4, 0\ = r 2 = 2, and 0 2 = y , we find the distance between ^4, and (2, y) to be 
d = J A 2 + 2 2 — 2 (4) (2) cos (^f - f ) = ^20- 16 cos f = 2-^3. 
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82. Let C\ :r\ — a sin 0 and C 2 : r 2 — a cos 0- To find the slope of the tangent 
line to C\ , we compute 

r\ sin 0 + r\ cos 0 a cos 0 sin 0 + a sin 0 cos 0 

m l — i 7, 7 ~ o o — tan 20. 

rj cos 0 - r\ sin 0 a cos 2 0 - a sin z 0 

The slope of the tangent line to C 2 is 







0 


— ^— j * 

l y a 



m 2 



r f 2 sin 0 + r 2 cos 0 



-a sin 2 0 + a cos 2 0 



72 cos 0 — r 2 sin 0 —a sin 0 cos 6 — asm 0 cos 0 
Since raj ra 2 = —1, the curves intersect at right angles. 



= - cot 20. 



83. a. 



-rH 1 




1 1 


H|- 


—2a 




J \2a 


— i 


8 

1 1 


U 

1 1 1 


1 — 



b. Let C\:r\ — a (1 + cos 0) and C 2 \r 2 — a{\ — cos 0). To find the 
points of intersection of C i and C 2 , we solve 



a (1 + cos 0) = a (1 — cos 0) <=> cos 0 = 0 



0= ^ or They 



also intersect at the pole. The slope of the tangent line to C\ is 



m\ 



r[ sin 0 + r\ cos 0 -a sin 2 0 + a cos 2 0 + a cos 0 

r J cos 6 — r\ sin 0 —a sin 0 cos 0 — a sin 0 — a sin 0 cos 0 



and the slope of the tangent line to C 2 is m 2 — — 



2 cos 0 + cos 0 — 1 
sin 0(2 cos 0+ 1) 
r' 2 sin 0 + r 2 cos 0 _ 2 cos 2 0- cos 0- 1 

" sin 0(2 cos 0- 1) 



2 cos 6 — r 2 sin 0 



, so at 0 = the slope 



2cos 2 0 + cos0- 1 

or the tangent line to C i is m i = — 

sin0 (2cos0 + 1) 



= 1 and the slope of the tangent line to C 2 is 



7T/2 



m 2 = - 



2cos 2 0-cos0- 1 
sin 0(2 cos 0- 1) 



= — 1. Therefore, C\ and C 2 intersect at right angles at {a, y). Similarly, at 



7T/2 



0 — y,we find m\—— \ and m 2 — 1, so C\ and C 2 intersect at right angles at (a, 



84. We find 



tan iJj — tan (0 — 0) = 



tan 0 — tan 0 
1 + tan0tan0 



^-tan0 
l + ^tan0 



J0 

do 



- tan0 



1 + |E t an0 
W 

rcos 0 + r^# 

cost/ 



(r' sin 0 + r cos 0) — (r' cos 0 — r sin 0) tan 0 

(r' cos 0 - r sin 0) + (r' sin 0 + r cos 0) tan 0 r > cos # _j_ r / sin 2 fl r 

1 0 



= " = — = r 



</0 

j7 



85. 



1 -- 



0 



-1 -- 




86. 




-1 



0 



1 



-1 



0 



1 
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87. 




-1 



0 



1 



88. 



0 



-5 




-1 



0 



1 



89. 




90. 




-1 



0 



1 



-1 



0 



1 



91. 



92. 



0.5 



0.0 



-0.5 




-0.5 



0.0 



0.5 



1 



0 



-1 




0 



1 



93. False. P (2, ^) and P ^—2, represent the same point in polar coordinates, but r\ = 2 ^ — 2 = r2- 

94. False. P (2, and P (-2, ^) represent the same point in polar coordinates, but 6 

95. False. Take r = 1 + sin 0. Then ^ = 0 at 0 = 3f , but the graph has a 
vertical tangent line at the point ^0, (see the figure). Note that 



2 




\ o 


t ^- > 
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UA = /fJ [/ (0)] z dO = f£ ^r 2 dO. See Figure 2a. 

b - A = Si \ {[/ W] 2 - [s W] 2 } ^- See Fi § ure 6 - 

* * = Si Af w] 2 + [/ w] 2 ^ = j£ + r2 de 



3. a. 5 = 2tt j£ r sin 0J (r'f + r 2 </0 



b. S = 2nfP r cos 0 J (r'f + r 2 dO 




1. a. r = 4 cos 0 => r 2 = 4r cos 0 + y 2 = 4x => — 4x + y 2 — 0 => (x — 2) 2 + y 2 = 4, an equation of the circle 

with center (2, 0) and radius 2. Its area is 7r (2) 2 = 4tt. 

b. A = ^ J^[/(0)] 2 dO = \$ (4cos0) 2 d0 = 8 Jo 71 " cos 2 0 dO = 4 (1 + cos20)d0 = 4 (fl + \ sin20)|^ = 4tt 

2. a. r = 2cos0 - 2sin0 => r 2 = 2r cos0 - 2r sin0 =^> x 2 + j 2 = 2* - 2j => x 2 - 2x + y 2 + 2j = 0 => 

(x — l) 2 + (j + l) 2 = 2, an equation of the circle with center (1,-1) and radius \pl. Its area is it (a/5) = 2n. 

b. A = £ Si[f (°)] 2 d0 = \ So ( 2 cos 0 - 2 sin 0) 2 dO = 2 f£ (cos 2 0 - 2 cos 0 sin 0 + sin 2 0) dO 
= 2/ 0 w (l- sin 20) d0 = 2 (0 + ± cos 20) |* = 2tt 



3. A = I/ o 7r 0 2 J0= 10 



_ U3 



7T 



0 




7T/3 



1 1 

+ 



tt/6 2(f) 2(f) 27T 



* A = \ .0 = 1 ^ = 1.20 



0 



l-e 



— IT 



- 1 



-7T/2 



46' 7r 



6. A = 



1 .-40 

8 



1. A — 



\ f* /2 (vco70) dO = \ f* /2 cos 0 d0 = \ sin 0 



7T/4 

0 

7T/2 

0 



= 4(^-1) = 



e n - 1 



1 

1 



8. A = 1 J^ 16 (cos20) 2 </0 = 1 f£ /16 cos 2 20</0 = J tf' 16 (1 + cos 40) <*0 = \ (o + | sin 40) |^ /16 = J + ^) 

_ 7T+2V2 

- 64 



9.A=i /o 3,r/2 ^^=^ 3 ir /2 =^ 



7T/4 

0 



=^ 2 



2 

10. By symmetry, A = 2 J^ 4 £ (a Vcos20) de = a 2 f* /4 cos 20 de = \a 2 sin 20 

11. A = \£ (1 - cos 0) 2 </0 = ^/q 71 " (l - 2 cos 0 + cos 2 0) de = [l - 2 cos 0 + \ (1 + cos 20) J J0 



= ^/o 77 (| -2cos0+ ^cos20)</0= \ ^0-2sin0+ ^sin20)| o = ^ 
12. By symmetry, 

A = 2 • \ Jq /6 (2 cos 30) 2 de = 4 / 0 w/6 cos 2 30 J0 = 2 J^ 6 (1 + cos 60) J0 = 2 (0 + £ sin 60) 



7T/6 

0 



7T 

T 
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\ Jq (3 sin 0) z dO = \ Jq sin 2 0 dO 
I f£ (1 - cos2O)d0 = l(0-\ sin20) 



14. A = \ J 0 27r [2 (1 - cos 0)] z dO 



7T 



0 



9-7T 

~4~ 




= 2 J 0 27r ( 1 - 2 cos 0 + cos 2 0) d0 

= 2 J 0 27r [ 1 - 2 cos 0 + ^ (1 + cos 20) j c 

= 2 (|0 - 2 sin 0 + \ sin 20) |^ = 6tt 




sin 0 => r — Vsin0 for 0 < 0 < 7r, so 
2 J o 7r ^r 2 d0 = /J 1 " sin 0</0 = - 



cos0|J 



2. 




16. r 2 = 3sin20=> r = V3sin20forO < 0 < \ , so 
A = 2 L 7 ^ 2 1 r 2 </0 = r /2 3 sin 20 dO 



= 3(-^cos20)|^ /2 = 3 



'0= 77-/4 




2 sin 20 



4 / 0 W/2 1 r 2 J0 = 2 / 0 W/2 (2 sin 20) 2 dO 



8 /J 1 " 72 sin 2 20 dO = 4 /J 1 1 " ( 1 - cos 40) J0 



0 

_ A rTT/2 



18. r = 2sin30=> 

A = 3 C /3 \r 1 dQ=l C /3 (2 sin 30) 2 dO 



= 6 f" /3 sin 2 30 J0 = 3 / 0 w/3 (1 - cos 60) dO 



4(0-1 sin 40) |" /2 = 



= 2tt 



= 3(0- \ Sin 60) I = 7T 



7T/3 

0 
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19. r = cos 20 => 

A — 2 C ,A Ar 2 dO = C /4 (cos 20) 2 dO 



0 

1 r?r/4 



= £/ 0 7 (1 + cos40)d0 



= £(0 + | sin 40) 



7T/4 

0 



7T 

8 



/0= 77/4 




20. r 

A 



2 cos 30 
2/( 



77/6 ^2^_ r*/ 6 (2cos30) 2 Jfl 

_ 0 r 7T/6 



0 i^ de = Io 



= 4 /J 1 " 76 cos 2 30 J0 = 2 J" 1 w (1 + cos 60) J0 



= 2^0 + \ sin 60) 



7T/6 

0 



7T 

3 



0=7r/6 , 




21. r = sin 40 

A = A Jo 7774 r 2 J0 = A fij^ 4 (sin40) z J0 



2 JO 

= ! /J^ 4 (1 - cos 80) 0 
= 1(0-1 sin 80) [J*- 



77 

16 



6/= tt/4 




22. r = 2 cos 40 

A 



= 2/ 0 7r/8 \r 2 dQ = Jo 71 " 78 (2cos40) 2 J0 
= 4 /7 /8 cos 2 40 dO = 2 /J 1 " 78 (1 + cos 80) dO 



= 2 



(0 + I sin 80) | Q 



7T/8 



7T 

4 



0= tt/8 




23. r 

A 



1 + 2 cos 0 

1 ..2 



0= 



= 2/ 2 7 ; / 3^J0 = / 2 7 ; / 3(l + 2cos0)^ 
= J^p (l + 4 cos 0 + 4 cos 2 0) dO 
= J 2 ^r/3 [1 + 4 cos 0 + 2 (1+ cos 20)] d6 



dO 



373 



= (30 + 4 8010 + 8^20)1^3 =7T- ^ 



2 77/3 




^ 1/ 

\ / 
\ / 
\ I 
\ 1 
\\ 


^^^^ — ^ 


Of 




-V 
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24. r — 1 + 2 sin 0. Let A\ be the area of the region enclosed by the outer 
loop: 

A i = 2 1-Se = f-l% (l+2tmO)U0 

= Ci% ( 1 + 4 sin 0 + 4 sin 2 #) </0 

= X^/ 6 ( 1 + 4sin6, + 2 - 2cos2 ^)^ 

= (30 - 4 cos 0 - sin20)|^ 2 /6 = 2tt + ^ 

3-v/3 




0= -7776 



The area of the region enclosed by the inner loop is A 2 = 7r ^— (see Exercise 23), so the area of the region between the 



loops is A x -A 2 = (2tt + 2Vl) - (n - ^) = tt + 3^3. 



25. The two circles intersect along the line 0 — ^ because setting sin 6 — cos 6 gives tan 0 — 1 or 0 — ^ . Therefore, 
A = 2 j^ 4 1 r 2 </0 = ft I* (sin 0) 2 J0 = \ fi' A (1 - cos 20) dO=\(p-\ sin 2d) 77-2 



8 



1 r*72 



26. A — j J 0 /4/ " [(1 + sin0) 2 - l 2 ] d0 = \ f* /2 (2sin0 + sin 2 0)d0=\ f" /2 (isinO + \ - \ cos 20) dO 



= \ (-2cos0 + \0- ^sin20) 



7T/2 

0 



7T + 8 

8 



27. The area of the region under the outer curve and above the polar axis is 

A\ = 2 Jo r 2 dQ=\ (1 + cos0) 2 dO = \ $ (l + 2cos0 + cos 2 0) dO = \ £ (\ + 2cos0 + \ + \ cos 20) dO 

3-7T 



= \ ^0 + 2sin0 + ±sin20)| Q = 



4 



The area of the region under the inner curve and above the polar axis is 



1 f*74 ? 



dO — j Jj^ 4 ^Vcos 20) dO — j /J^ 4 cos 20 dO = ^ sin 20^ ^ = ^. Therefore, the area of the 



shaded region is A = Aj — A2 = 



3tt 1 3tt - 1 



28. The area of the region under the outer curve (which is a semicircle with radius 1) is A\ — y. 
The area of the region under the curve r — 2 cos 30 and above the polar axis from 0 to 2 is 

A 2 = \ f£ /6 r 2 de=\ J* /6 (2 cos 30) 2 dO = 2 f£ /6 cos 2 30 dO = f£ /6 (1 + cos 60) dO = (o + \ sin 60) 



0 



7T 

"6 



Therefore, the area of the shaded region is A = A\ — A2 = y — ^ = y. 



29. r = 1 and r — 1 + cos 0. Equating the two, we find 1 + cos 0 = 1 => 
cos 0 = 0, so 0 = |ory and the points of intersection are (l, y) and 
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30. r — 3 and r — 2 + 2 cos 0. Equating, we find 2 + 2 cos 0 — 3 => 

cos 0 — j, so 0 = jory and the points of intersection are (3, y) and 



31. r = 2 and r = 4 cos 20. Equating, we find 4 cos 20 = 2 => cos 20 = ^, so 
20 = f , If, or i^L, implying 0 = f , ^, ^, or By 

symmetry, the points of intersection are (2, (2, y), ^2, 
(2, ( 2) 2*), (2, £). (2, and (2, 



32. r = 1 and r = 2 cos 20. Equating, we find 2 cos 20 = 1 => cos 20 = ^, 
so 20 = f , ^, ^, or ^ 0 = f , ^, ^, or and the points 

of intersection are (l, £ ), (l, (l, and (l, 



33. r = sin 0 and r = sin 20. Equating, we find 2 sin 0 cos 0 = sin 0 => 

sin0 (1 - 2cos0) = 0 => sin0 = 0 or cos 0 = ^ => 0 = 0, f , tt, or , 

and so the points of intersection are y), |-y, and the pole. 



34. r — cos 0 and r = cos 20. Equating, we find 

cos 20 = cos 2 0 — sin 2 0 = cos 0 => 2 cos 2 0 - cos 0 — 1 = 0 <^> 
(2cos0+ l)(cos0- 1) = 0=> cos0 = - \ or cos 0= 1 => 0 = 0, ?JL, 

or 4^, so the points of intersection are (1, 0), ^— ^, ( — 2' ^r)> anc * 
the pole. 
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35. r — 1 + cos 0 and r — 3 cos 0. Equating, we find 1 + cos 0 — 3 cos 0 <=> 
cos 0 — ^ => 0 = j or y, and so the points of intersection are 

and(|, 3fY Thus, 



/ 0=7r/3 



A = 



2 J^ 3 £ [(3 cos 0) 2 - (1 + cos 0) 2 ] </0 

= /J 1 "/ 3 (8 cos 2 0 - 2 cos 0 - l\dO 

= Jq /3 (3 + 4 cos 20-2 cos 0) dO 
= (30 + 2sin20-2sin0)|J" /3 = tt 



r = 3 cos 0 



r — 1 + cos 0 




36. r = 1 — sin 0 and r = 1 . Equating, we find 1 — sin 0 — 1 o sin 0 — 0 = 
0 = 0 or 7T, and so the points of intersection are (1, 0) and (1, 7r). Thus, 

A — 2 f* /2 2 [l 2 - (1 - sin 0) 2 ] </0 = Jq /2 (2 sin 0 - sin 2 0) dO 



0 

= Jq /2 (2 sin 0 - \ + I cos 20^ J0 
= f-2cos0- ^0 + ^ sin 20^) 



7T/2 

0 



8-7T 









1 sj' =1 




> 




r = 1 — sin 0 


-2 





37. r — 4 cos 0 and r — 2. Equating, we find 4 cos 0 = 2 <=> cos 0 = ^ 
0 = ^ or ^. The points are (2, f ) and (2, ^ V Thus, 



0= 77/3 



A =2 



= 4 K/3 - *SZ/3 0 + cos 20) J0 

87r r- - 1 . ~ .AT 71 "/ 2 47T + 6V3 



3 



- ^8 (0+ ^sin20^j 




7T/3 



' 0= 577/3 



38. r = 3 sin 0 and r = 2 — sin 0. Equating, we find 3 sin 0 = 2 — sin 0 <=> 
sin0 = ^ => 0 = ^ or so the points of intersection are ?) anc * 



= 3 sin 0 



|,^).Thus, 



( 

A = 2 [J06 2 (2 " «n 6? dO - j£ /6 \ (3 sin 0) 2 do] 

= f$6 ( 4 " 4 Sin 6 + Si " 2 °) dB ~ 9 sin2 e d ° 

= & (I " 4 sin * " 2 cos 20 ) d0 - 2 J&/6 0 " cos 20) dO 



6>=5tt-/6 



0= 77-/6 




5-7T/6 
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39. r — 1 — cos 0 and r = ^ . Equating, we find 1 — cos 0 = | <=> cos 0 — — 



1 

2 



0 = 



27r/3 r 
0 



, so the points are ^> an( ^ ( |j 3^)' Thus, 



HI) -i(l-cos0) 
= Jo 271 " 73 [i + 2 cos 6/ - ^ (1 + cos 26>)] 
= (|0 + 2sin0- ±sin20) 



J0 



27T/3 _ 4-7T + 9^ 

o ~ 8 




0 = 4tt-/3 ' 



r=3/2 



40. r = 1 and r = 2 cos 30. From the figure, we see that by symmetry the 
required area is three times the area of the region inside the loop between 
0 = — ^ and 0 — ^ and outside the circle. To find the points M and N of 

intersection, we solve 2 cos 30 = 1 => cos 30 = i => 30 = ±y 
0 = ± 7r 



A = 



■9, so 

3[^-5 9 (2cos30) 2 dO-m&do] 

7T/9 
-7T/9 



= 3(2/^ 9 /9 cos 2 30J0-[l0] 



= 3 [ (1 + cos 60) J0 - ^] = 3 (0 + ^ sin 60) 



7T/9 
-7T/9 



7T 

9 




277 + 373 



41. r = 1 and r = 2 sin 0. To find the points of intersection, we solve 

2 sin 0 = 1 ^> sin 0 = ^ => 0 = ^ or giving the points (l, ^) and 



^1 , ^£ J . The area of the required region is 
A=2[l/ o 7r / 6 (2sin0)2 d6 + 10 6 2 1^0] 



= 2 



(2 /(f/ 6 sin 2 0^0 + [£»]^J = 2 [j^ 76 (1 - cos 20) dO + f ] 



= 2 



0- ^sin20)|^ /6 1 77 



4tt-3V3 



7* = 2 sin 0 



0= 577-/6 




0= 77/6 



42. r = cos 0 and r = V3 sin 0. Equating, we find cos 0 = V5 sin 0 



tan 0 = 



_ 73 



3 



0 = 



so the points of intersection are (f , and the 



pole, since both equations are satisfied there. Thus, 
A = \ fifl (cos0) 2 </0 + \ f* /6 (75 sin 0) 2 J0 

= k SZ/6 V + cos 20 ) ^ + I /o 7 " 76 0 " cos 2 #) ^ 



I [0 + ^ sin 20] 



7T/2 



sin20l ' + | [0- ^sin20j 



17T/6 _ 5tt-6V3 

0 ~ 24 





/* — \fi sin 0 




J d= <7T/6 

/ 

/ ** s \ 

/ .-* / \ 
/ s \ 
** \ 

*— ^ ► 




L / 1 




r — cos 6 
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43. r — sin 0 and r — 1 — sin 0. Equating, we find sin 0 = 1 — sin 0 => 
sin0 = ^ => 0 = ^ or so the points of intersection are 

( 2 s IT/' anc * tne P°^ e - Thus, 

A — 2 f* /6 \ (sin 0) 2 dO + 2 \ (1 - sin 0) 2 

= \ Jq /6 (1 - cos 26) dO + /^/? (l - 2 sin 0 + sin 2 0\ dO 

?r/ " 7r/2 (§-2sin0- ± cos 20) </0 



J(«-£«n2fl)| n ' +/ 7r/6 



7T 

12 



~ IT + (i0 + 2cos0- ^sin20) 



7T/2 7tt - 12V3 



7T/6 



12 



44. r — cos 0 and r = 1 — cos 0. Equating, we find cos 0=1— cos 0 
cos 0 = ^ => 0 = yor^,so the points of intersection are ( 

(i' )' anc * tne P°l e - Thus, 

A — 2 f£f* \ (cos 0) 2 dO + 2 /J 173 I (1 - cos 0) 2 d0 
= f£f* cos 2 0 </0 + /J 1 " 73 (l - 2 cos 0 + cos 2 0) dO 

1 , ^^ Jfl , rw/3/3 _ 2 cos0 + | cos 20^0 



=2j;/3 (1+008 20)^+^ 

7T/2 



^0 + |sin20j| + U 



(§0-2sin0 + I sin 20^ 



7T/3 

0 



_ 7tt - 12^3 
~ 12 

45. r 2 = 4 cos 20 and r = V5. To find the points of intersection, we solve 
4 cos 20 = 2 => cos 20 = ± => 0 = ^, ^, or so the points of 

intersection are Ul, £ ), (V5, and Thus, 



A — A 



\£'*(J2) dO + 4 cos 20 J0 



= [2 (20)]^ /6 + 



/6 3 

46. r = V3 sin 0 and r = 1 + cos 0. To find the points of intersection, we 
solve V3 sin 0 = 1 + cos 0 => 3 sin 2 0 = (1 + cos 0) 2 



3 - cos 2 0) = 1 + 2cos 0 + cos 2 0 



2 cos 2 0 + cos 0- 1 = (2 cos 0 - l)(cos0 + 1) = 0 => 0 = f , tt, or 



5tt 



— , the last value being extraneous. Thus, the points of intersection are 



0=5ir/6 



0 = 77-/6 






8= tt/3 

V / 

\ / 
\ / 

1^— — 

/// \ 


;* = 1 — cos 0 


j \ 

0=5tt/3 



0=77-/4 



0= 77-/6 



r 2 = 4cos20 








iB= tt/3 

/ 

\. t 
\/ 

/ \ 




/ 

/ 

/ 

/ 

/ 

/ 


* 




0 


2 






r = 1 + cos 6 



(§' t) anc * ^ e P°l e ' an( ^ 

2 

A = f* /3 \ L/3 sin 0) </0 + /^ /3 ^ (1 + cos 0) 2 dO = | /J 1 " 73 (1 - cos 20) J0 + J^ /3 + cos 0 + i cos 2 0^ 



dO 



3 



(^0 - \ sin 20^) |q ^ + (|0 + sin 0 + i sin 20^ 



7T 

7T/3 



(tt-V3) 
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47. r — 5 sin 0 => L — 



48. r = 20, 0 0 2tt 



L = f£ ^(r') 1 + r 2 dO = yj(5 cos 0) 2 + (5 sin 0) 2 </0 = 5 /J 1 " </0 = 5tt 



l = / 0 27r ftrf + ^do = / 0 27r + (20) 2 j0 = 2/ 0 27r 7770^0 = (0VT+02 + in \o + TIT^I) 

= 2-ttV 1 + 4tt 2 + In (in + 7 1 + 4tt 2 ) 



2tt 

0 



49. r = e -6 *, 0 < 0 < 4?r => 



L = ft" J (r') 2 + r 2 J0 = / 0 47r J(-r») 2 + {e^f dO = ft* ^° dO = -J2e~ 6 



Aiz 

0 



= V2(l-e- 47r ) 



50. r = 1 + sin 0,0 < 0 < 2tt 



r = 1 + sin 6 



L = 



= J 27r V2 + 2sin0J0 = 2V2 J 37 // 2 VI + sin 0 dO 



2tt 



(cos0) 2 + (l + sin0) 2 d0 



= 2-^/2 f 



37r / 2 -cos0d0 



tt/2 V 1 — sin 0 



= 4V2Vl-sin0 



37T/2 
7T/2 



= 8 




_ ,;«3 0 



51. r = sin- 3 f ,0 < 0 < tt = 



J- A /(sin 2 fcosf) 2 + (sin3 f) Z J0 
47T-3V3 



2 



3 • 20 x 77 

2 sm T 



) = 



q 71 " sin 2 f d0 



l/-(l-cosf)j0 



8 



52. r — cos 2 ^ . The curve is traced once around as 0 increases from 0 to 27T 
By symmetry, 



r = cos 2 (0/2) 



L=2tfJ(rf + r 2 dO 



e ■ e 



= 2 W(- 



= 2j 0 7r cosf </0 = 4sinf =4 



cos j sin 2) + (cos 2 2) ^0 

7T 



0 



53. r = a sin* ^ ^ r = a sirr ^ cos ^ 




r = asin 4 (^/4) 



2 _ „2 sm 6 0 co§ 2 0+^2 sm o ^. _ a - sm ^ SQ 



(r / ) z + r 2 =fl- z « 

L = J 0 47r ^ 2 sin 6 f J0 = 4a JJ 1 " sin 3 21 
= 4a Jj 71 " ^1 — cos 2 sin u du 

— 4a ^— cos u + ^ cos 3 |^ = i^a 



8 0 _ „2 e :„6 0 




54. r = sec0, 0 < 0 < f => r' = sec0tan0 => 
(r') 2 + r 2 = sec 2 0 tan 2 0 + sec 2 0 = sec 4 0, so 



L = J^ 3 j(rf + r 2 dO = Jq P sec 2 0d6 = tan0| 7 ; /3 = ^3. 



>/3~ 



1 
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55. r — 4 cos 6 => r' = -4 sin 0 



S = 



2tt J* /2 r sin 0^j(r') 2 + r 2 dO 
2tt Jq /2 4 cos 0 sin 0^16 sin 2 0 + 16 cos 2 0 d0 

7T/2 

0 



= 32tt J^ 72 sin 0 cos 0 dO = 16tt sin 2 0 




= 16tt 



56. r = 2cos0 => r' = -2sin0 => 
S = 2tt /J 1 " r cos O^r') 2 + r 2 d0 
= 2tt /J 1 " 2 cos 2 0^4 sin 2 0 + 4 cos 2 0 d0 
= 8tt /J 1 " cos 2 0 </0 = 4tt /J 1 " (1 + cos 20) dO 
= 4tt (0+ \ sin 20^|^ =4tt 2 



cl 


3 

^ ^^^^^ ^ 


0 





57. r = 2 + 2cos0 => r' = -2sin0 
S = 2tt Jo 71 " r sin 0^ (r'f + r 2 dO 

= 2tt /J 1 " (2 + 2 cos 0) sin Oy] (-2 sin 0) 2 + (2 + 2 cos 0) 2 dO 
= 8 V2tt /J 1 " (1 + cos 0) 3 / 2 sin 0 J0 = -8 V2tt • § (1 + cos 



7T 

0 




58. r 2 = cos 20. The graph of r 2 = cos 20 is shown in the solution to Exercise 59. We can take r — Vcos 20 for 

1 



_ n — , sin 20 , /N 2 0 sin 2 20 

< 0 < ?, so / = - r "™ 1 ~ 2 



V cos 20 



. Thus, {r') +r l = 



cos 20 



+ cos 20 = 



cos 20 



. By symmetry, 



S = 2 ■ 2tt C /4 r sin 6 J (r'f + r 2 </0 = 4tt f^ 4 V3ol20 (sin 0) 1 dO = 4tt C /4 sin 0 </0 = -4tt cos 0\^ /4 

ju v v ) ju Vcos 20 u u 

= 2tt (2 - Vfj 



59. r 2 = cos 20. We can take r = Vcos20 for - ? < 0 < £ , 



so 



sin20 ^ / a 2 9 sin 2 20 ^ 1 

. Thus, (r ) + r z = — + cos 20 = — , and so 



Vcos 20 v 7 cos20 

S = 2tt J^ 4 r cos 0^ (r'f + r 2 dO 

1 



cos 20 



74 

•7T/4 



= 2tt rL, A V^oi20 (cos 0) ■ dO 
J_7r/4 V^oi20 

= 2tt f?l 4 /4 cos 0 J0 = 2tt sin 0|^ /4 = 2^277 
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60. r = e a0 , 0 < 0 < f => r' = ae a0 => (r'f + r 2 = (a 2 + l) e 2a0 , so 
S = 2tt /J 1 " 72 r cos oJ(r f f + r 2 dr = 2tt C 11 e a0 cos 0^ + l^ 6 * dO 



= 2ny/a 2 + 1 



2a 0 



-I7T/2 



l + 4a 2 



(2<2 cos 0 + sin 0) 



_ 0 



(by parts or using the Table of Integrals) 



2 ^H ( e ™ _ 2a) 

4a 2 + 1 V ; 




3 

61. (x 2 + y 2 ^ — \6x 2 y 2 . The polar equation is 



3 

(r 2 ) = 16 (r cos 0) 2 (r sin 0) 2 

2 

r 6 = 16r 4 sin 2 0 cos 2 9 = 16r 4 ( 222 ^) = 4r 4 sin 2 20 o 
r 2 — 4 sin 2 20. Using symmetry, we find 

A — A g 12 \r 2 d0 = 2 f£ /2 4 sin 2 20 dO = 4 J^ /2 (1 - cos 40) J0 
= 4(0- 1 sin40j| o = 2tt 




62. x 4 + = 4 (x 2 + >' 2 ). The polar equation is 

(r cos 0) 4 + (r sin 0) 4 = 4r 2 <^ r 4 (cos 4 0 + sin 4 0) = 4r 

4 



r 2 = 



cos 4 0 + sin 4 0 



= 8y ^r 2 </0 = 4 



. By symmetry, 



7T/4 



4J0 



J0 



= 16 r 71 "/ 4 

0 cos 4 0 + sin 4 0 J0 cos 4 0 + sin 4 0 



Now 




2 

cos 4 0 + sin 4 0 = cos 4 0 + 2 cos 2 0 sin 2 0 + sin 4 0-2 cos 2 0 sin 2 0 = (cos 2 0 + sin 2 0^-2 cos 2 0 sin 2 0 



so A = 64/^ 



Section 7.3. 



= 1-2 cos 2 0 sin 2 0 = 1 - 2 sin 20) = \ (l - sin 2 20) = ^2 - \ (1 - cos 40)] = ^ (3 + cos 40) 
dO 



3 + cos 40 



using the techniques of 



63. a. r = e m0 => ^ = m^ m6> , so tan-0 = 



0 



dr_ 
dO 



e— 1 

a — — , showing that t/? is constant. 

/72 \J 



me 



m 



r 1 
b. Suppose that ^ — k, where k is a constant. Then, by part a, tan i/> = tan & = - yr , and this means that, if m = 



tan&' 



J0 



= mr 



= / m dO => ln|r| = mO + Q => |r| = C 2 e m0 , where C 2 = e Cl => r = Ce m0 , where C = ±C 2 . 
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64. r = ae m 



6 _^ dr _ nrn/J mB 

w - ame 



(r'f + r 2 = a 2 m 2 e 2m0 + a 2 e 2m0 = a 2 (m 2 + l) e 



2m 0 



, SO 



e 



e 



m 



Since 



o 



a\l m 2 + I . 



m 



is a constant, the desired result follows. 



1 x 

65. For the parabola y — ——x 2 ,y f = — , and so its length is 



2p 



P 



Li = 



a 



1 + 1 -) dx = -!- I Jp 2 + x 2 dx. 

P) \p\Jo 



For the spiral r = pO, 0 < r < a, we find 0 < p0<a<=>0<6< ^, and its length is 



L 2 = 



a/p 



{r'f + r 2 dO = J^y/p 2 + P 2 ° 2 d0 = p£"Jl + 0 2 dO. If we put 0 = ^-,then</0 



a/p 



0 



a 



L2 = / Q pjl + 



X 



2 dx 



P 2 P 



I pa 

= — / y/ P 2 +x 2 dx = L\. 
\p\fo 



dx 
= — and 

P 



66. 




0.0 0.5 



67. a. 



A — 2 f* /2 \r 2 dO = Jq /2 sin 2 (3 cos 0) dO 
Using a CAS to integrate, we obtain 

Jq /2 sin 2 (3 cos 0) dO % 0.6671. 



0 



-5" 

-5 




b. r = Vl + 0 2 



r' = 



0 



0 



y/6 2 + l 



e 2 



+ 

Using a CAS to integrate, we find 



2 _ fl 4 + 30 2 + 1 
0 2 + 1 



2tt /^4 + 3 0 2 +1 
0 2 + 1 



</0 % 22.01 



68. a. 



2 -- 



0 



-2 -- 




-2 



0 



b. r = O.20 1 / 2 + 1 => r' = O.10 _1 /2 

^ 2+ ^ 2 = (^) 2 + ( a20l/2 + 1 ) 2 

O.Ol + O.O40 2 + O.40 3 / 2 + 0 



0 



L = I* n j(r') 2 +r 2 d0 



0 



67r / O.Ol + O.O40 2 + O.40 3 / 2 + 0 



d6^ 29.80 (using a CAS) 
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69. 




-1 



0 



1 



b. r — 3 sin 0 cos 2 0 



r' = 3 cos 3 0-6 sin 2 0 cos 0 = 3 cos 0 (cos 2 0-2 sin 2 



(r') 2 + r 2 = 9 cos 2 0 (cos 2 0-2 sin 2 0^+9 sin 2 0 cos 4 0 

= 9 cos 2 0 (cos 4 0-3 sin 2 0 cos 2 0 + 4 sin 4 0^ = 

= 2 • 3/ n 7r/2 cos Oy/ cos 4 0-3 sin 2 0 cos 2 0 + 4 sin 4 0 </0 



5.37 (using a CAS) 



70. a. Using the definition given in Section 5.7 and the facts that x — r cos 0 and ds = ^ (r'f + r 2 dQ, we write 



x — 



tfxds grcose^fT^de — £yds f£r sin ej(rf + r 2d0 
— — . Similarly, y = ^ — 



J?* 



a cos Oy/0 + a 2 dO a 1 J* cos 0 d0 



b. x = 



Tva 



Tva 



— 0 by symmetry, and 



fgasm0y/0 + ^d0 a 2 f*sin0dO "* 2 cos 6 



y = 



tvci 



TV 



0 



-a 2 (-1-1) 



tt a 



TV a 



2a 

TV 



71. a. 



1 



0 



-1 




0 



1 



b. The area of the region is 

A — 2 f£ /2 \r 2 dO = tf /2 (2 cos 3 0) 2 dO = 4 £ /2 cos 6 0 </0. 

Using a CAS or Formula 70 from the table of integrals, we find 

A = ^L. Next, we superimpose a Cartesian coordinate system so that 

the origin coincides with the pole and the *-axis lies along the polar 

axis. Then we have x = r cos 0 = 2 cos 4 0 and 

y = r sin 0 = 2 cos 3 0 sin 0. By symmetry with respect to the x-axis, 

we see that y — 0. Next, we calculate 



x = 1 (2) J 0 2 xy dx = 2 (J^j J^ 2 (2 cos 4 0) (2 cos 3 0 sin 0) (-8 cos 3 0 sin 0} dO = §^ J^ 72 cos 10 0 sin 2 0 dO 

= lg f£ /2 (cos lo 0-cos 12 0)j0 
and using a CAS or Formula 70 again, we find x = Thus, the centroid is (^, 0^ . 



72. a. 



0 



-2" 




0 



b. The points of intersection are found by solving 1 + cos 0 = 3 cos 0 

^ 2cos 0 = 1 <^ cos 0 = £ => 0 = f or ^ on [0, 2tt]. So, 
treating r and 0 as rectangular coordinates, the points of intersection 

of the graphs are and , Viewed as polar equations, 

the pole is also a point of intersection of the graphs, as we saw on 
page 884. But (0, 0) is not a point of intersection of the polar curves 
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73. a. Put x — r cos 0, y = r sin 0. Then 

(r cos 0) 3 + (r sin 0) 3 = 3 (r cos 0) (r sin 0) <=> 

r 3 ^cos 3 0 + sin 3 0^ = 3r 2 cos 0 sin 0 o 

3 cos 0 sin 0 



r = 



_ 7T <-()<- 37T 

cos3 0 + sin3e' T T ' 



c. Using symmetry and a CAS, we find 



7T/4 2 /-7T/4 

A = 2/ T ^=/ 

0 2 Jo 



n2 



b. 



0 



-2 — 




-2 



3sin0cos0 V „ /* 7 sin 2 0cos 2 0 ^ 3 

— 5- </0 = 9/ o<lO=-. 

_ cos 3 0 + sin- 3 0 . Jo / ? ~ . . 7 2 



(cos 3 0 + sin 3 0) 



0 



/ 9\l/2 

74. a. Put* = r cos 0, y = r sin 0. Then (r z j -cos40 = O<=> 
r = cos 40, 0 < 6 < 2n. 

c. Using symmetry, we find 

A = 16/ o 7r/8 ^r 2 J0 = 8/ o 7r/8 cos 2 40J0 

= 8 Jq /S \ (1 + cos 80) d0 = 4 (^0 + £ sin80y 77/8 



0 



- 4 . 7L 7L 
~* 8 _ 2 



b. 



l -- 



0 



-1 -- 




-1 



0 



1 



75. True. If / (0q) = g (0q) for some 0q, then the points (0q, / (0q)) an d (#0> £ (^0)) are me same 



76. False. See the example on page 885. 




1. The number d gives the distance between the pole and the directrix and e gives the ratio of the distance between a point P 
on the conic and its focus and the distance between P and its directrix. See pages 888 and 890. 



2. The conic is an ellipse if its eccentricity e satisfies 0 < e < 1 , it is a parabola if e — 1 , and it is a hyperbola if e > 1 . See 
Figure 1. 



3. a. Since e = 2 > 1, the conic is a hyperbola. The transverse axis is vertical. 

6 j(6) 



b. r = 



3 + cos0 l + ^cos0 



, so e — 3 < 1 and the conic is an ellipse. The major axis is horizontal. 



2 



c. r — 



2 
3 



d. r = 



3(1+ cos 0) l+cos0 



5 
3 



, so e = 1 and the conic is a parabola. The axis of symmetry is horizontal. 



2 
3 



3-2sin0 1 2 sin 0 !_2 sin 0 



±— — -. Since <? = | < 1, the conic is an ellipse. The major axis is vertical. 
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1. Here d — 2 and e— 1 , so an equation of the conic is 
r — - — - — - . Since e — 1 , the conic is a parabola. 



1 — cos 6 




2. Here d — 3 and e — ^ , so an equation of the conic is 



r — 



1 + ^ cos 0 
conic is an ellipse. 



or r — 



3 + cos 0 



. Since e — ^ < 1, the 




3. Here d = 2 and e = ^ , so an equation of the conic is 



2(2) 



2 



1 - ^sin^ 



or r = 



2 — sin 0 



. Since e = j < 1, the 



conic is an ellipse. 




4. Here J = 3 and e = 1 , so an equation of the conic is 
r = ^ — - . Since e — 1 , the conic is a parabola. 



l-sin0 




5. Here d — 1 and <? = | , so an equation of the conic is 



r — 



3 
1 



or r = 



1 + | cos 0 
the conic is a hyperbola. 



. Since e = | > 1, 



2 + 3 cos 0 



6. Here J = 2 and e — | , so an equation of the conic is 



r — 



1(2) 



10 



1- f sin0 



or r — 



4-5sin0 



. Since e = | > 1, the 



conic is a hyperbola. 
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9 9 

7. Here d — 0.4 = ^ and e — 0.4 = ^, so an equation of the 



2 
5 



conic is r — 



(i) 



1 + §sin0 



or r = 



25 + 10 sin 0 



. Since 



e = | < 1 , the conic is an ellipse. 







2 

? = 5 






4 
35 






4 

25 iV 






4 




0 








4 
15 







8. Since r — — 2 sec 0 is equivalent to r cos 0 = x = — 2, we 
see that J = 2 and = j, so an equation of the conic is 



r — 



1 - ± cos 0 



or r = 



2 - cos 0 



. Since e — ^ < 1, the 



conic is an ellipse. 



x = -2 J 

2 / 
3/ 






V 0 


> 

2 


-1 





8 i (4) l 

9. r — — —. , so d = 4 and e = -. 

6 + 2sin0 l + ^sin0 3 

a. The eccentricity is ^ and an equation of the directrix 
is y = 4. 

b. The conic is an ellipse because e = ^ < 1 . 



c. 




10. r = 



8 



6-2sin0 i 



1(4) 
l 



, so J 

^ sin0 



— 4 and e = - 



1 

3 



a. The eccentricity is ^ and an equation of the directrix 
is y = —4. 

b. The conic is an ellipse because e = ^ < 1 . 



c. 




11. r = 



10 



3 
2 



(!) 



4 + 6cos0 l + |cos0 

3 



, so c/ = 



| and e = | 



a. The eccentricity is ^ and an equation of the directrix 

5 



is x — 



3- 



b. The conic is a hyperbola because e = | > 1 . 



c. 




12. r = 



10 



3 
2 



(i) 



4-6cos0 l-|cos0 



, so d = 



| and e — j 



a. 



The eccentricity is | and an equation of the directrix 

5 



is x = — 



3- 



b. The conic is a hyperbola because e = | > 1 . 



c. 



A' = 



\ / 
\ / 
\ / 
s / 

* 



/ \ 
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13. r = 



5 

2 



2 + 2cos0 l + cos0 



, so d = | and <? = 1 . 



a. The eccentricity is 1 and an equation of the directrix 
5 



is x — 



T 



b. The conic is a parabola because e — 1 . 



c. 




14. r = 



5 

2 



2-2sin0 l-sin0 



, so d — | and e = 1. 



a. The eccentricity is 1 and an equation of the directrix 
is )> = -§. 

b. The conic is a parabola because e — 1 . 




15. r = 



1 



2 
3 



(i) 



3-2cos0 l-|cos0 



, so J = 2 and ^ = ^ . 16. r = 



a. The eccentricity is | and an equation of the directrix 



is x = — 



1 

2- 



2 



b. The conic is an ellipse because e — ^ < 1 . 



c. 



1 




— 3 


I 0 


yi 



12 



1(12) 



3 + cos0 l + ^cos0 



, so d — 12 and e — ^. 



a. The eccentricity is ^ and an equation of the directrix 
is x — 12. 

b. The conic is an ellipse because e — ^ . 



c. 




17. r = 



1 



l-sin0 



, so d = 1 and e — \. 



a. The eccentricity is 1 and an equation of the directrix 
is y = — 1. 



18. r = 



1 



1 + cos 0 



, so J = 1 and e = 1. 



a. The eccentricity is 1 and an equation of the directrix 
is x = 1. 



b. The conic is a parabola because e — 1 . 



b. The conic is a parabola because e = 1 . 
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19. r = - 



sin0-2 l-^sin0 l-±sin0 



, so d = 6 20. r = — 



2 
3 



and e = 2- 



• 1 



a. The eccentricity is ^ and an equation of the directrix 
is y = —6. 

b. The conic is an ellipse because e = j < 1 . 



c. 




cos0-3 l-l C os0 



, so d = 2 and e = A 



a. The eccentricity is ^ and an equation of the directrix 
is x — —2. 

b. The conic is an ellipse because e = ^ < 1 . 



c. 




X 2 y2 C /j 

21. — + — = 1. Here a = 4 and & = 3, so c = V16-9 = V7. Therefore, e = - = — 
9 16 a 4 



x 2 v 2 ^ /- , r- c 2V5 2VT0 

22. — - — = 1. Here a = V5 and Z? = V3, so c = V5 + 3 = 2V2. Therefore, e = - = — — = —— 
5 3 a V5 5 



23. x 2 - y 2 = 1. Here a = 1 and b = 1, so c = y/l 2 + l 2 = V2. Therefore, e =- = —-= VI 

a 1 



2 2 

2 , oc,.2 _ ooc _ 1 _ 1. Here a = 5 and & = 3, so c = V25 - 9 = 4. Therefore, e = - = -r. 



24. 9x £ + 25y z = 225 ^ — + 



4 

a 5 



25. x 2 -9y 2 +2;t-54y = 105. Completing the squares in x and y gives (x 2 + 2x + l) -9 (y 2 + 6v + 9^ = 105+1-81 = 25 



<=> 



(* + l) 2 (y + 3) 



25 



25 



= 1. Here a — 5 and b — |, so c = ^5 2 + = 



5VTo 



. Therefore, 



_ c _ 5VT0 1 _ VTo 

*~ a ~ 3 " 5 ~ "IT 



26. 2x 2 + y 2 + 4x - 6y + 7 = 0. Completing the squares gives 2 (x 2 + 2x + l) + (j 2 - 6y + 9^ = -7 + 2 + 9 = 4 ^=> 



V2 



— + — — = 1. Here a = 2 and b = y/l, so c = V4-2 = V5. Therefore, e = - = 

2 4 a 2 
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27. Let Ci : r = and Co : r = - . Using Equation 10.4.3 (9.4.3 in ET), we find the slope of the tangent line 

1 + sin 0 1 — sin 0 

to C\ at (r, 0): 

—c cos 6 . c 

dr • * r. k sin 0 H cos 0 

dy -jQsmO + rcosO (1 + S in0) 2 l + sin0 -ccos0sin0 + ccos0 + ccos0sin0 cos0 



dx ^4cos0-rsin0 -ccos0 c -ccos 2 0 - c sin0 - c sin 2 0 l + sin0 

a(7 ?r COS (7 — ; — — sin (7 

(l + sin0) 2 l + sin0 

Similarly, the slope of the tangent line to C2 at (r, 0) is 

dcosO „ d 

• sin 0 + : — - • cos 0 



dy (l — sin 0) 2 1 — sin 0 d cos 0 sin 0 + J cos 0 — d cos 0 sin 0 cos 0 

— = - — TV 1 ; — ~ = . So at a point of 

dx dcosO d dcos 2 6- dsin0 + dsin 2 0 l-sin0 

7T ■ COS (7 ; — — ■ Sill (7 

(l-sin0) 2 l-sin0 

cos 0 1 cos 0\ 

intersection (r\ , 6\), we find the slope of the tangent lines to C\ and C2 to be m\ = — - — — and mi — 



1 + sin 0i 1 — sin 0i 

. , „ cos 0i cos 0i cos 2 0i cos 2 0i 
respectively. Because mi ra? = — • — = — ^ — — ■= — — 1, we see that the two curves 

F 3 12 1 + sin^i 1- sin 0i 1- sin 2 0i cos 2 0i 

do intersect at right angles. 



28. We are given that the eccentricity is e, the directrix is x = d, and the focus 

d (P, F) r 



is at the origin. Thus, e — 



d(PJ) d-rcosO 



O ed = er cos 0 + r — r (1 + e cos 0) <^> r = 



<=> e J — er cos 0 = r 



ed 



1 + e cos 0 





k 










F 






0 




? 

x — d 



29. We are given that the eccentricity is e, the directrix is y — d, and the focus 

d (P, F) r 



is at the origin. Thus, e — 



<=> ed — r (1 + e sin 0) o r = 



d(P,f) d-rsin0 



<^=> <?d — sin 0 = r 



1 + e sin 0 







/ F 






/ 0< 





30. We are given that the eccentricity is e, the directrix is y — —d, and the 

d(P, F) r 



focus is at the origin. Thus, e — 



d(PJ) d-r sin (-0) 

ed 



<=> 



ed + er sin 0 = r <^=> ed = r (1 — £ sin 0) o r = 



1 — e sin 0 
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a — c a — c 
31. a. By the definition of eccentricity, = e k = . Also, 



e 



c 



d — k + a — c and, by Equation 5, — = e <=> c — ea. Thus, 

a 



ed 



r — 



e (k + a — c) 




a — c 



+ a — c 



1 — e cos 0 1 — e cos 0 1 — e cos 0 

a — ea + — e 2 a a y ~ e ) 




a — c + ea — ec 

1 — e cos 0 1 — e cos 0 1 — e cos 0 

b. Using the result of part a, we find that r is minimized when 0 = 7r, so the perihelion distance is 



<2 



r(7T) = 



1 — £ COS 7T 



= a (1 — e). 



32. c = 0.017 and a = 92.957 x 10 6 , so r = 



a(l- e 2 } 92 93 x 1Q 6 



1 -ecos0 1 -0.017 cos 0 



. The perihelion distance is obtained by 



92 93 x 10^ 

setting 0 = 7r, giving w 91.377 x 10^ miles. The aphelion distance is obtained by setting 0 = 0, giving 



92.93 x 10 6 
1-0.017 



1+0.017 
94.537 x 10 6 miles. 



33. e = 0.056 and a = 1.427 x 10 9 , so r = 



a(\- e 2 } 
\-ecos0 ~ 1 -0.056 cos 0 



1.423 x 10 9 



. The perihelion distance is obtained by 



1.423 x 10 9 q 

setting 0 = 7r, giving — ttttt^ - ^ 1.347 x 10 km. The aphelion distance is obtained by setting 0 = 0, giving 



1.423 x 10 9 
1 - 0.056 



1 + 0.056 
1.507 x 10 9 km. 



34. e = 0.249 and the perihelion distance is 4.43 x 10 9 . Using the result of Exercise 31, we find a (1 - 0.249) = 4.43 x 10' 



<=> a = 5.899 x 10 9 . Therefore, r = 

l — e cos u 

a(l+e) = 5.899 x 10 9 (1 + 0.249) % 7.37 x 10 9 km. 



a (\ - e 2 } 5.899 x 10 9 (l - 0.249 2 ) 



1 -ecos0 1 -O.249cos0 



. The aphelion distance is thus 



35. We are given that a (1 — e) = 4.6 x 10 7 and a (1 + e) = 7 x \0' , so 



,7 



1 + e 



7 



1 - e 4.6 



4.6 + A.6e = 1 - le => e % 0.207. 
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Concept Review 



1. a. equidistant; point; line; point; focus; line; directrix 

2. a. x 2 = 4py 

3. a. sum; foci; constant 




2 2 

4. a. - T + - T = l;a z -b z 
a z b z 



5. a. difference; foci; constant 

2 2 

6. a. — - — ^ = 1; + Z? 2 ; y 



Z>2 



a 



b. vertex; focus; directrix 

b. F(p,0);x = -p 

b. foci; major axis; center; minor axis 

b. (0, ±c); (0, ±a) 

b. vertices; transverse; transverse; center; two separate 



b. (0, ±c); (0, ±a)\ a 2 + b 2 ;y = ±~x 

b 



a 
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7. x — f (t), y — g (t); parameter 



8. a. 



9. a. f' (t); g' (t); simultaneously zero; endpoints 



b. 



d 
dt 



dx 
TIT 



b. J* J[f (0] 2 + [* fr)] 2 * = J* 7(f) 2 + 



2 



10. r = fl , 2tt Jj 7 V[/ / W] 2 + U / W] 2 ^; 2tt J* x7[r (0] 2 + [*' Wf dt 



11. a. rcosO; r sin# 



b. x 2 + >; 2 ;^(x/0) 



12. = 0; ^ 0; = 0; ^ 0; zero 



13. a. A=\£r*dQ=\SP[fmf dO 

14. once; L = f£ J[f> (0)f + [f (O)] 2 dO 



d(P, F) 

15. = e: 0 < e < 1: e = 1: e > 1 

d(P,£) ' 



b. A = 



i/5{[/w] 2 -bw] 2 )^ 



16. r = 



1 ± £ COS 0 



;r = 



1 ± e sin 0 



;Q < e < \\ e — \; e > 1 




2 2 

1. h : — = 1. Here a = 3 and = 2, so 

4 9 

c = — b 2 = \/3 2 — 2 2 = V5. The center of the 
ellipse is (0, 0), so the vertices are (0, ±3) and the foci are 



(o, ± Vs) . 



(x-l) 2 , (y+1) 2 _ 

2. = 1. Here a — 2 and b — *J2. so 

2 4 

c = V^ 2 - b 2 = Jl 2 - (V 2 ) 2 = V2. The center of the 
ellipse is (1, —1), so the vertices are (1,-3) and (1,1) and 
the foci are (l , — 1 ± \/2j . 
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3. x 2 - 9y 2 = 9 => — = 1. Here a = 3 and b = 1, so 

7 9 1 

c = y/a 2 + b 2 = y/3 2 + 1 = VlO. The center of the 
hyperbola is (0, 0), so the vertices are (±3, 0) and the foci 

are ^zbVlO, 0^. The asymptotes are y = = ±3*. 




4. y 2 - 2y - 8* - 15 = 0 => y 2 - 2y + 1 = 8* + 16 => 

(y - l) 2 = 8 (x + 2). Thus, 4p = 8 => p = 2. The vertex 
of the parabola is (—2, 1) and the focus is (0, 1). The 
directrix is x = —4. 




5. y 2 - 9x 2 + 8y + 7 = 0 => y 2 + 8y + 16 - 9x 2 = 9 
(y + 4) 2 x 2 

^ — = 1, so a = 3, b = 1, and 

c = Va 2 + /? 2 = V3 2 + 1 = VlO. The center of the 
hyperbola is (0, —4), the vertices are (0,-1) and (0, 

the foci are (0, -4±vTo), 

and the asymptotes are 



-7), 



y = ±3x- 4. 



4- 
2- 



-3 -2 HI 




2 



6. 4x 2 + 25y 2 - 16* + 50y - 59 = 0 => 

4 [x 2 - 4x + (-2) 2 ] + 25 [y 2 + 2y + l] = 59 + 16 + 25 

=> 4 (jc - 2) 2 + 25 (y + l) 2 = 100 ^ 

fr^ + k + ^ = lf „ fl = 5.» = 2.»d 
25 4 

c = Va 2 - b 2 = V5 2 - 2 2 = V2T. The center of the 
ellipse is (2, —1), the vertices are (—3, —1) and (7, —1), 

and the foci are {i± V2T,-i). 




-4 



7. If the focus of a parabola is (—2, 0) and its directrix is x — 2, then its equation can be written (y — k) 2 — Ap (x — h). 
Because its vertex is (0, 0) and p — —2, an equation is y 2 = — 8x. 

8. If the parabola's vertex is (—2, 2) and its directrix is y = 4, then its equation can be written (x — h) 2 — Ap (y — k). 
Because h — —2, k — 2, and p = —2, an equation is (x + 2) 2 = — 8 (y — 2). 



9. An equation of the ellipse with vertices (±7, 0) and foci (±2, 0) has the form 



(x-h) 



a 



2 + b 2 



Its center is 



(0, 0), a = 7, and c = 2 => b 2 = a 2 - c 2 = I 2 - 2 Z = 45. Thus, an equation is — + = 1. 

_ /j) 2 (y _ ^) 2 

10. An equation of the ellipse with foci (±2, 3) and major axis of length 8 has the form ^ 1 ^ — = 1 with 

a 1 b l 

2a — 8 => a — 4. Its center is (0, 3), and because c — 2, we have b 2 — a 2 — c 2 — A 2 — 2 2 — 12. Thus, an equation is 

x 2 (y-3) 2 _ 1 
16 + 12 " 



2 



2 2 

;t z y z 



(y - k) 2 (x - h) 2 



b 2 



— 1 . Its center 
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11. An equation of the hyperbola with foci ^0, ±^V5^ and vertices (0, ±3) has the form 

is (0, 0), and so h — k = 0. Since a — 3 and c — |\/5, we have b 2 — c 2 — a 2 — — 3 2 = |, so b — |. An 

2 2 

equation is thus — — = 1 or y 2 — Ax 2 — 9. 



12. An equation of the hyperbola with vertices (±2, 0) and asymptotes y — ±|x has the form 



a 



b 2 



= 1. Here 



3 b b x 2 y 2 
h = k = 0 and 0 = 2, so - = - = - => b = 3. Therefore, a required equation is — — = 1. 



13. Let m be a real number and let (xq, yo) be a point on the parabola x 2 = 4/ry. Differentiating, we find 2x = 4/?y' 

x xq xq 

=> y = — , so the slope of the tangent line to the parabola at (xq, yo) is — . This is equal to m, so — — m. 
2p 2p 2p 

An equation of the tangent line is thus y — yo = rn (x — xq) => y = yo + mx — mxq. But Xq = 4/?yo, so 



2 
0 



2„„2 



4/? z m 



y = h — mxo — 

4p 4p 



+ — m (2pm) = pm 2 + mx — 2/?m 2 => y = mx — pm 2 . 



x 2 y 2 . 2x 2yy' 
14. Let m be a real number and let (xq, yo) be a point on the ellipse -^r H — T = 1. Differentiating, we find -^r H — = 0 



a- b 2 



a- b 2 



b z x 



y f — =— , so the slope of the tangent line to the ellipse at (xq, yo) is — 

ay 



b 2 x 0 



b 2 x 0 



= m => y 0 = ■ 2 
a z yo a L m 



x t) yo 

Thus, an equation of the tangent line is y — yo = m (x — xq) => y = yo + mx — mxQ. But -4r H — 5f = 1 



fc2 



X 



-0=1-^0=1-1- 

fl 2 fc2 




2„2 



a 2 m ) b 2 „4™2 X 0 



arm 



/ 1 b 2 

\a 2 a^m 2 



= 1 => x 0 = ± 



2 

am 



y/a 2 m 2 + b 2 



. Finally, 



.2 



fr z fr z a 2 m 2 a 2 m 2 + b 2 — ~ y 

yo = =F => v = T + mx T — - — mx ± — - => y = mx ± V a L m L + /? . 



y/a 2 m 2 + b 2 



y/a 2 m 2 + b 2 



y/a 2 m 2 + b 2 



y/a 2 m 2 +b 2 



15. a. x = 1 + 2/ ^> ? = ^ (x — 1), so 

y = 3-2? = 3- 2^)(x-l)=4-x=>y=4-x. 
b. As f increases, x increases and y decreases, as shown in the diagram. 




6 x 



16. a. x = e*, y = e~ 2t = {e 1 ) 2 = -~ 2 



1 



x 



y = 



X 



b. As t increases, x increases and y decreases, as shown in the diagram. 
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17. a. < 



x = 1 + 2 sin J 
y = 3 + 2 cos J 



sin t + cos f = 1, 



sinr = j (x — 1) 
cos f = i (y - 3) 



(x-l) 2 , (y-3) 



Thus, by the identity 



+ 



= 1 



(x - l) z + (y - 3) 2 = 4. 



b. If t — 0, then x = 1 and y = 5. A small increase in t results in a small 
increase in x, but a decrease in y. This gives the direction of the path. 




4 x 



18. a. 



x = cos 3 t 
y = 4 sin 3 £ 



cos r = x 



_ vl/3 



smt 



1 /3 Thus, the identity 



cos 2 r + sin 2 r = 1 gives the rectangular equation 



x 



2/3 



(\ \2/3 



b. 



If t — 0, then x = 1 and y — 0. As t increases, x decreases and y 
increases (for 0 < t < y ). This gives the direction shown. Similar 

analyses show that the orientation is counterclockwise in all 
quadrants. 




1 x 



19. 



x = t 3 + 1 
y = It 2 - 1 



dx 



= 3t 



It 



Thus, — = ^r- = -^4 = — and the required slope is — 

dx ix 3t 2 3t M v dx 

at 



t=\ 



4 

3 



20. 



x = VF+T 

y = V16 - t 



dy 
dx 



1 



dt 
dy 

dt 



1 



2aATT 



2V16-? 



f=0 



VT6 



1 

4 



Thus, 



dy 
dx 



dx 
It 



VTTT_ 



and the required slope is 



21. 



y 



dy 
dx 



t=0 



te- f 
1 




— = e 1 -te t = (1 
df 

dy 2f 


t 2 + \ 




<*' (f 2 +l) 2 


dy 
It 




2f 1 


dx 
It 


r=0 





= 0 



r=0 



Thus, the required slope is 



22. 



x = 1 — sin 2 1 



y — COS 3 t 



dx 



t=7T/4 



dy 

dx 
W 



dx 
dt 



— — 2 sin t cos / 



= 3 cos 2 r (— sin t) — —3 cos 2 £ sin J 
3 cos 2 1 sin r 3 3 V5 



f=7T/4 



2 sin r cos f 



f=7T/4 



2v^ 



Thus, the required slope is 
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23. « 



x 

y 



d 2 y 
dx 2 



24. 



t 3 + 1 
t 4 + It 2 



dx i+2 



dy 



ifr=4t 3 +4t dx 



dy 

dt 

dx 
777 



At (t 2 + l) 

3^ 



4 (t 2 + lj 

3t 



d_ /dy\ 
dt \dx) 



d 



4 (t 2 + l) 



dx 
It 




d 



(t + r 1 ) 4(1 -r- 2 ) 4(^-1) 



4— If + r 

dt 

9t 2 



9t 2 



9t 4 



X 


— e t sin £ 


y 


— e t cos / 


d 2 y 


J (dy\ 
277 \c[x J 


dx 2 


dx 
It 



& = (sin t + cos t) e* 
h£ = (cos £ — sin t) e l 



dy 
dx 



dy 

~cfi~ 

dx 
dt 



cos t — sin t 
cos £ + sin t 



1 



(sin t + cos r) e ? 



(cos t + sin 0 (— sin t — cos t) — (cos £ — sin t) (— sin £ + cos t) 

(cos f + sin t) 2 



25. 



y -- 
t = ± 



(sin? + cos?) 3 e* 

f 3 - 4f 
t 2 + 2 



If the tangent line is vertical, then ^ = 0 and ^ / 0. Since 3t 2 - 4 = 0 <^> 



and ^ 0 for these values of t, the curve has vertical tangent lines at ^±-^~^, -i^. 



If the tangent line is horizontal, then ^ = 0 and ^7 7^ 0. Now ^ = 0 => f = 0 and 4? 



^7 



777 



777 



t=0 



= -4^0. Thus, the curve 



has a horizontal tangent line at (0, 2). 



26. 



-1 = 1 — 2 cos ? 
y = 1 — 2 sin £ 



§ = 2sinf 
^=-2cosf 



If the tangent line is vertical, then ^ = 0 and §7 # 0. Since 2 sin J = 0 



27. 



t — nir (n an integer) and ^ ^ 0 for these values of t, the curve has vertical tangent lines at (—1, 1) and (3, 1). 

If the tangent line is horizontal, then $L = 0 and ^ ^ 0. Now -2 cos r = 0 => f = Qll^JL ( n an integer) and ^ ^ 0 for 
these values of t. Thus, the curve has horizontal tangent lines at (1, —1) and (1,3). 

5 

Thus, 



x 

y 



It 6 

2-1.4 



777 



= t 



= -t 3 



3/2 



#8 



0 



13 
T 



28. « 



= y/3t 



y = t -t 



dx 
dt 

dy 

TfT 



2jht 
1 -3t 2 



Thus, 



L = fa JW+W dt = /-l ^t)\(\-^fdt = SU ^/(3/2 + l) 2 * = ji, (3 ? 2 + l) A 

= (' 3+ C= 4 



29. 



x = ^ r cos ? 
y = sinf 



777 



dx = —e 1 (cos f + sin t) 
ijL = e ~t (cost - sinf) 



Thus, 



- /a V (w) 



^ 2 dt = f" /2 y/[-e-' (cost + sinf)] 2 + (cosf - sinf)] 2 *** = J^ 2 ^F^F </f 



+ wt - jo 



= Jlfi /2 e-t dt= V2 {-e-*) = V2 (l - e-^ 2 ) 
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30. 



x = V3 0- l) 2 

y = (t - i) _ (, _ 1)3 



dx 

It 

dy 
TIT 



2V3 0- 1) 
1 - 3 {t - l) 2 



Thus, 



2 
0 



(fr) 2 + (^) 2 ^ 



= / 2 y[2V3(r-l)] +[i-3(r-l) 2 ] 

= J 2 ^[3 (/-l) 2 + l] 2 ^ = J 2 (3r 2 -6t + 4)dt = 




31. 



x = t 2 



dx 



= 2t 



Tfi 

d y - 1 -t 2 



Thus, 



v=^3-, 2 ) ^ 

S = 2tt /* y <fc = 2tt £f (3 - f 2 ) y^) 2 + (l - t 2 f dt = ?f f^t (?> - f 2 ) (V 2 + l) dt 



32. 



x = In (sec t + tan t) — sin £ 
y = cos t 



2tt / 


1 




"6 


dx 




dt 




dy 




dt 





sec r tan t + sec z r 
sec t + tan /; 

= — sinf 



— cos r = 



sin 2 1 
cost 



Thus, 



b rir/3 

= 27r / y ds = 2ir 

a JO 



7T/3 



COS £ 



\ 



sin 2 £ 
cos? 



2 



+ (- sin?) 2 dt 



^ 1^ sin? / ,7r /3 /o 

= 2-7T / COS ? dt — lTTl SUit dt — —2lT COS t\^' — 7T 

0 cos? Jo 



33. The graph of r = 2 sin 0 is the circle with radius 1 and 
center (0, 1). 



(2, tt/2) 



34. r = 3 -4cos0 




(3, 77-/2) 




(3,37r/2) 



35. r = 2 cos 50 




(2, 277-/5) 



36. r = e-°.AsO increases, r decreases. The curve spiral; 
toward the pole. 
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37. r 2 = cos 20 



38. r — 2 sin 0 cos 2 0 





39. r = f (0) = e 10 => /' (0) = 2e 26 



dy _ /(0)cos0 + .f(0)sin0 _ e 19 cos 0 + 2e zt ' sin 0 _2sin0 + cos0 
~dx~ ~ -f{0) sin0 + /' (0) cos0 ~ - e 20 sin 0 + 2e 2e cos 0 ~ 2cos0-sin0' 
2 sin 0 + cos 0 



20 



so the required slope is -— 



0=7r/2 



2 cos 0 — sin 0 



= -2. 



0=7T/2 



40. r = / (0) 

dy 



= 2 — sin 0 => /' (0) = — cos 0, so the required slope is 



dx 



_ f (0) cos 0 + f (0) sin 0 
0=tt/2 ~ -f(0)smO + f (0)cos0 



(2 — sin 0) cos 0 — cos 0 sin 0 
0 =7r /2 ( sm 0 — 2) sin 0 — cos 2 0 



= 0 



0=7T/2 



41. 



r = sin 0 
r = 1 — sin 0 



sin0 = 1 - sin0 o sin0 = \ => 0 = f or ^. If 0 = £ , then r = \\ if 0 = ^, then r = \ 



Thus, the points of intersection are and the pole. 



42. 



r = cos 0 
r = cos 20 



cos0 = cos 20 = 2cos 2 0- 1 => 2cos 2 0 -cos0- 1 = 0=> (2cos0 + 1) (cos0 - 1) = 0« 



cos 0 = — j or cos 0=1 
pole. 



0 = 0, 2^, or and the points of intersection are (1, 0), ^Tj> ( — 2' "x)' anc * tne 



43. A = - 



i /*27T i r7.1T 

r 2 d0=- (2 + cos0) 2 </0 
2 Jo 2 Jo 

2tt 



= (4 + 4 cos 0 + cos 2 0}d0 



I / 2?rr 
27o 



4 + 4cos0 + 



1 + cos 20 



dO 



2tt 



= 1 (40 + 4sin0 + \0+ ^sin20^| o = 



9tt 
"2~ 



44. A = - 



1 f2lZ 1 /-27T 

r 2 dO=- (l + sin0) 2 J0 

2 J() 2 Jo 



1 

27o 



2tt 



(l +2 sin 0 + sin 2 0) dO 



- \s: ( 



l + 2sin0 + 



1 - cos 20 \ 



sin 



dO 

2tt 



3tt 




(2, 7T/2) 
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45. 



The required area is 8 times the area of the shaded region R. By symmetry, 
R = J 71 "/ 8 1 (2sin20) 2 dO + C/g 4 i (2cos20) 2 </0 



r = 2 sin 20 



= 2 (2) /<T /8 ( 2 sin 26 >) 2 de = 4 JcT /8 sin2 261 J6/ 



(>/2, W8) 



= 2/ 0 7r/8 (1 - cos 40) dQ =l(o-\ sin 4fl) 



7T/8 

0 



2(f-|) = |(7r-2) 



so the required area is 8 • \ (n — 2) = 2 (7r — 2). 




r = 2 cos 20 



46. The required area is twice the area of the shaded region R. 

7tt 



|(4)(^-f)+J^|(3H-2sin^ J0 



= + 1 j3tt/2 ^ + 12sm 0 + 4sin 2 0) </0 
= 3" + h$ln/l( 9 + 12sin0 + 2-2cos20)d0 
= ^ + [3 (110 - 12cos0 - sin20)l 



-|3tt/2 

77T/6 



19-7T 

~6~ 



ll-v/3 



so the required area is ^ - ±1^ = \ (38tt - 33 V?). 




= 3 + 2 sin 0 



47. r = 0 



dO 



= 20, so 



L = 



27T 



0 



8 

3 



( 



7T 2 + 1 



y/2 _ 



1 



48. r = 2 (sin 0 + cos 0) 



— 2 (cos0 — sin0), so 



L = 



j2tt y/ r 2 + (jfe^) 2 dO = J 0 27r y [2 (sin 0 + cos 0)] 2 + [2 (cos 0 - sin 0)] 2 d0 = V8 / 0 27r d0 = 4V2tt. 



49. r = / (0) = 2sin0 => /' (0) = 2cos0, so 

S = 2tt fg f (0) sin 0 V / [/(0)] 2 + [/' (0)] 2 ^0 

= 2tt Jo 71 " 2 sin 2 0^/(2 sin 0) 2 + (2 cos 0) 2 d0 
= 8tt Jq 71 " sin 2 0 dO = 4tt /J 1- (1 - cos 20) dO 
= 4tt (O - \ sin 20) J W = 4tt 2 

sin 26? 

50. r = / (0) = Vcos 20 => f (0) = — 3 so 

Vcos 20 

S = 2nfPf (0) cos Oy/[f(0)] 2 + [f (0)f dO 



(2, 77/2) 




C3 



(0, tt/4) 



2tt / 1 Vcos 20 cos ( Vcos 20^ 



2 



+ 



sin 20 



cos 20 



dO 




= 2tt Jq /4 cos 0 J0 = 2tt (sin0)|Q /£f = V2tt 



7T/4 
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51. r = 



d = 



1 



. Here e = 1 and the curve is a parabola. 



1 + sin0 
1, so the directrix is y = 1. 







y=\ 











52. r = 



16 5 ^16^ 

— ^ — - — . Here e = 4 > 1 and the 

3-5cos0 i_5 cos0 3 



curve is a hyperbola. J = , so the directrix is x = — 




53. 



1 



0 



-1 




-1 



0 



1 



54 




-1 



0 



1 



55. 



1 -- 



0 



-1 -- 




-1 



0 



X 56. 



1 



0.5 



0.0 



-0.5 




-0.5 



0.0 



0.5 



57. 




-0.5 



0.0 



0.5 



58. x — 

When? 



= , and y = 1 (2 , + 1} 3/2 ^ g = (2r + SQ + (£) 2 = , 2 + 2 , + 1 = (f + 1) : 

= 0, the ant is at ^0, and when t — 1, the ant is at V5^, so the distance covered by the ant is 
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59. x 2 +2y 2 = 2 => y = ±^£y/2 — x 2 , so the upper half of the ellipse has equation y = — x 2 . If y = 0, then x = ±>/2, 



so the surface area is 5 = 2-7T J' v ^ yyl + ^^j^ rfjc. But — — 



V2 1 
~2~ ' 2 



2 

-1/2 



(2 - x 2 ) (-2*) = - 



x 



, so 



1 + 



(=) 



7 



= 1 + 



4-* 2 



2(2-x 2 ) 2(2-x 2 ) 



, and therefore, 



L =2tt 



^2 V2 
-V2 2 



V / 2^3t 2 



y^t 2 

V2V / 2^3c 2 
V2 



= 7T V4 - x 2 </* = 2tt J^j4-x 2 dx 



= 27T^ v / 4-jc 2 + 2sin- 1 |J = 2tt • >/2 + 2sin- 1 ^) = 2tt (l + £ ) = tt (tt + 2) 



60. By the Law of Cosines, L 2 = r 2 + x 2 — 2rx cos 0 o 
x 2 - (2r cos 0) x + r 2 - L 2 = 0 ^=> 

2r cos 0 ± J4r 2 cos 2 0 - 4 (r 2 - L 2 ) 
x = 



= r cos 0 ± yL 2 — r 2 (1 — cos 2 6) — r cos 0 ± y/ L 2 — r 2 sin 2 0 
If 0 = 0, x — r -\- L, suggesting that suitable parametric equations are 
x = r cos 0 + \l L 2 — r 2 sin 2 0, y = 0. 





















0 i 


— ^ 


• ► 

.V 












< 


- X > 






1. a. x = ON-MN = OKcosO- JK = jc'cos0-y' sin0 and 



y = MJ + JP = NK + JP = OKsmO + KPcos0 = x' sin0 + 
y' cos 0. 







/>(.*, = />(*', 






- 7\ 

\ 




s 


\ 






* * ^ 




\ M N -v 



b. Using the result of part a, we require that 

Ax 2 + Bxy + Cy 2 + F 

= A [x' cos 0 — )/ sin 6>) 2 + B (jc' cos 0 — y f sin 0) sin 0 + y' cos 0) + C sin 0 + y' cos 0) 2 + F 

= (a cos 2 0 + 5 sin 0 cos 0 + C sin 2 (*') 2 + [b (cos 2 0 - sin 2 $j + 2 (C - A) sin 0 cos 0] x'y' 

+ (a sin 2 0 - B sin 0 cos 0 + C cos 2 (y') 2 + F 

Let us choose 0 such that the cross term x'y' — 0. To do this, we set B ^cos 2 0 — sin 2 0^ + 2 (C — A) sin 0 cos 0 = 0 

- . Finally, writing A = A cos 0 + B sin 0 cos 0 + C sin 0 and 



<^ 5 cos 20 + (C - A) sin 20 = 0 <=> cot 20 = 



5 



C' = A sin^ 0 — B sin 0 cos 0 + C cos 2 0, we can write the given equation in the form A' (x')^ + C' (y f )^ + F = 0. 



a 2 



A 2 
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c. 2x 2 + y/3xy + y 2 - 20 = 0. Here A = 2, B = >/3, C = 1, and 



F = -20, so cot 20 = 



2- 1 _ V3 



3 6 



20 = cot 



Thus, A! — 2 cos 2 £ + y/3 sin £ cos £ + sin 2 £ = § and 

C' = 2 sin 2 ^ — V3 sin ^ cos ^ + cos 2 ^ = ^, so in the x'y f -plane, 



an equation is § (x') 2 + \ (y f ) 2 - 20 = 0 



, (/) 



8 



+ 



40 



= 1<=> 



(*') 



(y') 



2 



(2V5) 2 (2VT0) 2 



= 1. 




2. a. Ax 2 + Bxy + Cy 2 + F — 0. Referring to Exercise lb, we see that the cross term 
can be eliminated by rotating the xy-axis counterclockwise by 0, where 
A — C 

cot 26 = . From the diagram, we see that using the result of Exercise lb, 



>jA 2 + & + (?-2AC 



B 




we can write 



A-C 



A! = A cos 2 0 + B cos 0 sin 0 + C sin 2 0 = A ^~ 



+ cos20\ /sin20\ /l- cos 20 

+ £ — — I + C I : S <-> 



2 




2 



2 A' = A I 1 + 



\-C 



V 'A 2 + B 2 + C 2 - 2AC 



B 



y/A 2 + B 2 + C 2 - 2AC 



+ C 1 - 



A-C 



VA 2 + B 2 + C 2 - 2AC 



= A + C + 



A 2 - 2AC + £ 2 + C 2 



= A + C + 7a 2 + B 2 + C 2 - 2AC 



VA 2 + £ 2 + C 2 - 2AC 

Similarly, we find 2C' = 2 ( A sin 2 0 - B sin 0 cos 0 + C cos 2 0) = A + C - y/A 2 + B 2 + C 2 - 2AC, 
the *'/ -plane, the equation becomes A' (x'f + C' (y f ) 2 + F = 0 <=> A f (x'f + C' (y'f — —F <^> 



so in 



A 2 



+ 



A 2 



= 1. 



The area of the ellipse is 



TtA'C' - 7T 



-1 1/2 



-F 



^ (a + C + y/A 2 + B 2 + C 2 - 2AC") ^ (a + C - ^A 2 + B 2 + C 2 - 2Ac) 



— F 



-I 1/2 



= 7T 



(-F) 



2 



1 
5 



(A + C) 2 - (Va 2 + £ 2 + C 2 - 2Ac) 



1/2 



— 7T 



4(-F) 



ni/2 



A 2 + 2AC + C 2 - (A 2 + B 2 + C 2 - 2AC) 



= 7T 



4(-F) 2 
4AC - B 2 



nl/2 



V4AC - B 2 



b. For the ellipse 2x 2 + ^3xy + y 2 
-2ttF -2tt (-20) 



V4AC - B 2 V4 (2) (1) - 3 V5 



= 20, we have A = 2, B = V3, C = 1, and F = —20, so the area of the ellipse is 

40tt n _ 
= 8V5tt. 
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[* cos u [* smu 1 dx cost dy sin? . 

3. x = I du and y — / du. — — and — — . At the point where 

J\ u J\ u dt t dt t 

the tangent is vertical, ^ = 0 and ^ ^ 0. We see that this is the case when t — y. 

f ^ cos u sin it 

Also, the origin corresponds to t = 1, since / du = 0 = / du. Therefore, 

J\ u Ji u 



4. 




= 27Tfl 2 [COS (0 - f )]^ /4 = 27m 2 (1 - 0) = 27TYZ 2 



5. x 3 + y 3 = 3a*y 

a. x = r cos 0 and y = r sin 0, so we have (r cos 0) 3 + (r sin 0) 3 = 3a (r cos 0) (r sin 0) 

3a cos 0 sin 0 

o / ^ o \ 9 3a cos 0 sin 0 

r J ^cos J 0 + sin J 0J = 3ar z cos 0 sin 0 <^> r — — — — — = - 



cos 



3 0 



3a sec 0 tan 0 



cos 3 0 + sin 3 0 cos 3 0 + sin 3 0 1 + tan 3 0 



7r/2 r 2 



1 r 71 "/ 2 /3asec0tan0\ 2 



b. A = I —d0 = - I I — — ; 1 d0 = 

+ tan 3 0 



cos 3 0 
9a 2 I* 71 "/ 2 sec 2 0 tan 2 0 



0 



2 Jo 



sec 2 0 tan 2 0 



/sc 
0 J0 = - / -=- = -— + C. Therefore, 
. 7 ^2 ^ / ,.2 



(1 +tan 3 0) 



2 -A) (l + tan 3 0) 

\ [du 1 
3 / ^" 3w 



d0. Let w = 1 + tan 3 0. 



A — — 



3a 



(l +tan 3 0) 



^ 3a 2 



0 
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6. r — 3 cos-* 0. By symmetry, y — 0. Next, 



* = 1 f-l 2 /2 **»=\ f-1% (3 cos 3 6) 2 dO = \ cos* 0 dO 



9 

2 



— ^ cos 5 0 sin 0 



7T/2 
-7T/2 



(using the Table of Integrals) 



= T f-l% ™ 4 6d0 = %[l cos3 0 sin 0 1 ^ + § J^ 2 /2 cos 2 0d0^ = % j^ 2 /2 cos 2 0d0 



7T/2 
7T/2 



45 7T 



= ^ (1 + cos20)d0 = %(0+\ sin 20) |^ 

Now My = ^ JC ' but x = r cos ^ = 3 cos 4 0 and y = r sin 0 = 3 cos 3 0 sin 0, so 

M-y = /^0 2 (3 cos 4 0) (3 cos 3 0 sin 0) (l2 cos 3 0) (- sin 0) d0 = 216 J* /2 cos 10 0 sin 2 0 dO 



and x = 



= 216 Jo 
M 



7T/2 



(cos 10 0) (l - cos 2 0) </0 = 216 J"' 2 (cos 10 0 - cos 12 0) dO = (using a CAS) 



A 



567tt 32 63 ^ 

• — — . Thus, the centroid 

256 45tt 40 



idis (l' 0 )- 



7. a. Let us find a polar equation describing the path taken by the ant that starts 
out at the northeast corner. Let P (r, 0) denote the position of that ant and 
let Q denote the position of the ant toward which it is crawling. Since the 

ants are the same distance from the pole, Q — (r, 0 + y). In terms of 

rectangular coordinates, P = (r cos 0, r sin 0) and 

Q = (r cos (0 + f ) , r sin (0 + f )) = (-r sin 0, r cos 0). So the slope 

of the line passing through P and Q is 

r cos 0 — r sin 0 sin 0 — cos 0 




— r sin 0 — r cos 0 



curve at P, which is given by — 



sin 0 + cos 0 

r' sin 0 + r cos 0 



. But this slope must be equal to the tangent line to the 



. Thus, - 



r' sin 0 + r cos 0 sin 0 — cos 0 



r' cos 0 — r sin 0 r' cos 0 — r sin 0 sin 0 + cos 0 

r' sin 2 0 + r' sin 0 cos 0 + r cos 0 sin 0 + r cos 2 6 — r' cos 0 sin 0 — r' cos 2 0 — r sin 2 0 + r cos 0 sin 0 <=> 



r' (cos 2 0 + sin 2 0^ + r (cos 2 0 + sin 2 0^ = 0 <=» r' + r — 0. The equation — = — r is separable, and we find 

J = - J dO ^ \nr = -0 + C { ^ r = Ce~° , where C = ±e C[ . To find C, we note that r (f ) = (remember 

that the ant starts at the northeast corner), giving r (^) = Ce -7r / 4 = =^> C — ^ae*^. Therefore, the required 



equation is 



r = £ae"l*e- 0 = £aeW*)-°. 



b. r> = -^aeWV ~ 0 , so r 2 + (rf = \a 2 e^l 2 ^ ~ 20 + V 7 ^ 2 ) " 20 = a 2 e^ ~ 20 . Therefore, the distance 
traveled by the ant is 



L = /~ 4 yjr 2 + (rf d0 = /~ 4 aeWV ~ e d0 = ae^ 4 hrn^ /* /4 e - 0 rf© = ae^l 4 Km (-e~ 0 ) 
= ae^l 4 lim f-e" 6 + e^/ 4 ) = ae 7r / 4 e - 7r / 4 = a 



7T/4 



